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-_!T = 0 

=O 

r> o:' rhc: form 

t = C COS I -:- C2 5Jn l . 

., r.crc: c1 ana c2 are arbiuary com can rs, show that 

fa.J There 1s a unique solution to ( 17 J that satisfies the 
ndary condHions y ( 0) = 2 and y ( TT / 2) = O. 
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is called the \Vro11skia11' or YI and 

,1 crucial role in the proof of Theo 1 

(a) Show that W[_r1. Y2 J can be L 

as the :2 X 2 determinant 

IV[Y1 -Y2 ]( t ) 
1

)'1 ( t) J2 l' 

y) (r) Y2 ( t 

y'1( f )Y? ' 1 

nrentl y e~-

(b ) Let y1 ( r). y2 ( r) b~ a pai r" of . r utions to tr~ 
mogeneous equation ay • 1 • ' cy ::: o 
a ;; 0) on an open interval I r'rove that .'i . 

y2(r) are linearly independent on I if and '
their Wronskian is never zero on/. [Hint: ThJS 
a reformulation of Lemma 1.] 

( c) Show that if y 1 ( t ) and Y2 ( t) are any two di~ 
riable functions that are linear I y dependent on/ 
their Wronskian is identically zero on/. 

35. Linear Dependence of Three Functions. T~ · 
rions y1 ( t ), y2 ( t), and y3 ( t) are said to be linear!~ ~
dent on an interval I if, on I , at least one of thes, 
tions is a linear combinati on of the remaining til l' 

if Y1( t) = c1y2 (t ) + c2.Y3 (t) J. Equivalenrl) (•\'" 
Problem 33), Y1> y2, and y3 are linearly depemknt1 
there exis t constants C1, C2, and c

1
, not all :en1. ' lk 

C1Y1 ( L) + C2.Y2 ( L) + C1)'3 (I) ,,,.. () I'll!' ,ti l • 

Otherwise, we say th at these func ti on~ ill°l' lint'.trl~ 
lftr•or, pendent on I. 

""''""" n,, ~'<on, bru; w., oamod >f~nh, PoH,h math'matk;an fl. W mnsk; ( 1778- 1863) 
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Auxiliary Eguations with Complex _F!oots ____ _ 
he .1·/t11J1le /1111·11111nic equation y" + y = 0, so called because of its relation to the fundamental 
ibrntion of " musical tone, has as solutions y1 ( 1) = cos t and Y2 ( t) = sin t. Notice, how

thn~ the auxiliary equ~tion ""~ciated with~ .harmonic equation is r
2 

+ l = O, which 
mury roots r = ± 1, where 1 denotes V - l .1 In the previous section, we expressed the 

solutions tu n !incur second-order equation with constant coefficients in terms of exponential 
fUnctions. It would appear, then, that one might be able to attribute a meaning to the forms e" 

d thut these "functions" should be related to cost and sin t. This matchup is accom-

ulcr's formula, which is discussed in this section. 
b2 - 4ctc < O, the roots of the auxiliary equation 

incc1·s frequently use the symbol) to denote vCl. 
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1
) . · n creneral also complex but not nece . 

r,. r, of 1he au,<iliary equation . rue, 1 0 
• ' • • ssanJy c 

I

• -

1 1 

WI . ~ , a aeneral solut10n to equation (2) still has the fo rm on11i 

o eac 1 oner. 1en '' ~ ' " ' o • 

\efl 
the 
(a) 
(b' 
(c' 

(d 
(e 

32· V' 
SI 
v 
(: 

y( t ) = c 1er1 1 + c 2er2t' 

bul c, and c? are now arbitrary complex-valued constants, and we have lo resort - ~Th 
calcu lations of Example J. 'cl 33. 

We also remark that a complex differential equation can be regardc.J as 
real_ differential equations since we can always work separately with 1 ., _ a 1 systern G1 

S 

'· lea and . 

parlS. ystems are discussed in Chapters S and 9. '""1: 

4.3 EXERCISES 

!11 Proble111s 1-8, the a11xilia1y equation for the given. differ
emial eq11atio11 has complex roots. Find a general solution. 

1. / ' + 9y = 0 2. y" + y = 0 

3. z" - 6.::' + JOz = 0 4. y" - IOy' + 26y = 0 

5. ll'
11 + 4iv' + 6w = 0 6. y" - 4y' + 7y = 0 

7. 4y" + 4y' + 6y = 0 8. 4y" - 4y' + 26y = 0 

In Problems 9-20, find a general solution. 

9. y" - 8y' + 7y = 0 

11. z" + lOz' + 25z = 0 
13. y" - 2y' + 26y = 0 

15. y" - 3y' - l ly = 0 

17. )'
11 

- y' + 7y = 0 

10. y" + 4y' + 8y = 0 
12. u" + 7u = 0 

14. y" + 2y' +Sy = 0 

16. y" + lOy' + 4ly = 0 

18. 2y"+ 13y' -?y = 0 
19. y"' + y" + 3y' - Sy = 0 20. y111 - y" + 2y = 0 

/11 Problems 21-27, solve the given initial value problem. 

21. y" +2y'+2y = O; y(O) = 2, y'(O) = 1 

22. y"+2y' + 17y = 0; y(O) =I , y'(O) = -1 

23. w" - 4w' +2w = O; w(O) = 0, w'(O) =I 

-... 
24. YI/ + 9y = 0 ; y ( 0) = 1 ' y I ( 0) ==: 1 

25. y"- 2y' +2y = O; y(1T) = e-rr, y'(7i) =O 

26. y" -2y'+y=O; y(O) = 1 , y'(0)=-2 

27. y
111 

-4y" + 7y' - 6y = 0; y( O) = 1, y'(O J= 

y"(O ) = 0 

28. To see the effect of changing the parameter bin the :: 
value problem 

29. 

30. 

y" + by I + 4 y = 0 ; y ( 0) = 1 , y' ( 0) = 

solve the problem for b = 5, 4, and 2 and skel\'. 
solutions. 

Find a general solution to the following higher· 
equations. 

(a) y"' - y" + y' + 3y = O 
(b) Y'." + 2y" +Sy' - 26y = 0 
(c) iv+ 13y" + 36y = 0 

Using the representation for e(a+if3 )r in t61. '~nt\ · 
ferentiation formula (7). 
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(II) ;\l tcr h<iVI rmmy i,(;{ .. or:rJ·, ~ 

fi n1 t cnw' the. C-qJiliiJriuc•, ~ 
(1:) When the cquatfon 'Jf rr, 

In ('J ), the m()ti<m ;., '><:id ~~1 ·-:.e t:""""'Tl-.•- _ _ 
qucn(,,')' /3 / 27T. Vind tl-tt:: ~r;;c; _:,- __ 

the spring sy<.tem ()f p--a:: '<:. • • 

33, Vibrating Spring wi th Damping. 
a vibrating spring with dam;:JJr;g .::. 
(a) Find the eq uation of _r:c-G_ r

spring with damping if m = : -! 
k = 250 kg/sec2, J.'G. = r-: 

-0. l rn/sec. 
(b) After how many secon 

first cross the equilibrium 
(c) Find the frequency of os.::-' "- -

system of pan (aJ. [Him: 
frequency given in Problem 3~ ,c .. ) 

(d) Compare the resulrs of Problems ~-2 ::ii::'.: .Y-3- '.h.~ 

determine what effecc rhe dampi..'1g h:: 
frequency of oscillation. "'nar oilier eife-.:;s eoe-, i: 

have on the solution? 

34. RLC Series Circuit In the srud~· of an elecci ~ rr-

cuit consisting of a resistor. capacicor. induccor. anc an 
electromotive force (see Figure 4.9). v:e are led co an 

initial value problem of the form 

(20) 
di q 

L-+RJ+-=E(t ) ; 
dt c 

q(O) = qo , 

I (O) = 10 , 

where L is the inductance in henrys, R is the resistance 
in ohms, C is the capacitance in farads, E ( t ) is the 

electromotive force in volts, q ( t ) is the charge in cou
lombs on the capacitor at time t, and I = dq / dt is the 
current in amperes. Find the current at time t if the 
charge on the capacitor is initially zero, the initial cur

l'btltiis mro, L = 1-0 ff, R = 20 -!1, C = (6260)-
1 

F, 
-.d E(t) = 100 V. (Hint: Differentiate both sides of the 
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figure -UO Top \ie\\ of ;.winging door 

36. Although the real general solution form \9) is co. 
nienL ic is also possible to use the form 

21 l d ,e1a- if3 I - d1e a-i{311 

ro solve initial value problems, as illustrated in Example 1. 
The coefficients d1 and d2 are complex constants. 
a) Use the form (21 ) to solve Problem 21. Verify that 

your form is equivalent to the one derived using (9). 

(b) Show that, in general, d 1 and d2 in (21) must be com
plex conjugates in order that the solution be real. 

37. The auxiliary equations for the following differen
tial equations have repeated complex roots. Adapt the 
"repeated root" procedure of Section 4.2 to find their 

general solutions: 
(a) yiv + 2y" + y = 0 . 
(b) yiv + 4y"' + 12y" + 16y ' + I6y = 0 . [Hint: The 

auxiliary equation is ( r2 + 2r + 4) 2 
= 0.] 




