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stability and existence of periodic solutions can be examined by varying the de-
lays and the habitat complexity parameter. The direction of Hopf bifurcation and

I{I{Egifulo)?lfr'cation the stability of bifurcated periodic solutions are investigated. We also discuss the ef-
Habitat complexity fect of fluctuating environment on dynamical behavior of a corresponding stochastic
Time delays delayed-differential-algebraic system and derive expressions for intensities of popu-
Stochastic behavior lation fluctuations. The model is also used to study the optimal harvesting strategy
Optimal harvesting in order to maximize economic profit while sustaining the ecosystem. Numerical

simulations are designed to illustrate the effectiveness of theoretical analysis.
© 2015 Elsevier Inc. All rights reserved.

1. Introduction

A predator—prey system, intensively studied in the literature (see [22,23,14,20]), is generally given by

&(t) = wg(x) —yf(z,y), 1)
y(t) = Byf(z,y) — dy,

where z and y denote the number of preys and predators, respectively. In the model, g(z) is the per capita

growth rate of the prey in the absence of predation. The trophic function f(z,y) denotes the amount of

prey caught by a predator per unit of time, [ is the rate of conversion of nutrients from the prey into the

reproduction of the predator and d is the mortality rate of the predator in the absence of prey.
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There are different types of functional responses such as the prey-dependent type [25] (including the
Holling I-11T) and the predator-dependent type [12] (including the Beddinton—-DeAngelis function and ratio-
dependent response). It is also noted that (see [5,17,19]) habitat complexity can reduce the probability of
capturing a prey by decreasing encounter rates between predator and prey. This led to incorporating the
influence of habitat complexity into the Holling II [11] type functional response as follows:

a(l —0)x

f@) = 1+ a(l—3d)yz’

(2)
where o and 7y denote the attack coefficient and handing time for predation, respectively. The constant &
(0 < 6 < 1) is a nondimensional parameter that reflects the strength of habitat complexity. When the
habitat complexity is ignored, i.e., § = 0, the function (2) reduces to the classic Holling Type II functional
response. Our work here is based on the aforementioned functional response.

It is well known that extensive and unregulated harvesting can cause species extinction, leading to the
destruction of a natural predator—prey ecosystem. Regulated harvesting thus becomes a necessity to maintain
an interactive biological system. However, such a regulation is always influenced by the cost-benefit of the
harvesting activities. There has already an increasing body of literature for the modelling and analysis of
bio-economic systems, often described by differential-algebraic equations (see, for example, [26,3,27,4,18]
and references therein). In particular, in [26], a stage-structure differential-algebraic predator—prey system
subject to harvesting is proposed to investigate the effects of harvesting on population dynamics. A singularly
induced bifurcation leading to impulses and stability switch occurs at some critical point of economic interest,
yielding rapid expansion of the predator. Zhang et al. [27] studied a ratio-dependent prey—predator singular
model and analyzed the direction and stability of periodic solutions. However, this work ignored the fact that
biological processes normally do not take place instantaneously due to the interaction with environment
and other species, such as gestation, maturity and hunting. Chakraborty et al. [3] introduced a single
discrete gestation delay in a differential-algebraic bio-economic system and established Hopf bifurcations
in the neighborhood of coexisting equilibrium point. Liao et al. [15] investigated Hopf bifurcations of a
three-species predator—prey system with two delays. In their study, it is possible to rescale the time to
regard the sum of these two delays as a natural bifurcation parameter. This idea was also utilized by Song
et al. [21] and Ma [16], while other relevant studies such as [24,8] simplified their analysis by requiring
the two delays be identical. However, since the delays describing different ecological interaction are always
different, it is important to discuss the impact of each delay independently on the dynamics, respectively.

In this paper, we study the following differential-algebraic bio-economic model with two time delays and
habitat complexity:

dr - <1 B x(t—n)) _a(l—d)zy
dt K 14+ ay(l—19d)z’
dy _ Ba(l —6)z(t — )y
dt 1+ ay(l-0)z(t— 1)
E(py —w) —m =0,

—dy — Ry, ®)

where r > 0 is the intrinsic growth rate of prey; K > 0 is the carrying capacity of prey; d is the intrinsic
mortality rate of the predator species. We assume the prey dynamics is delayed by 7 due to slow replacement
of resources and the predator takes time 75 to convert the food into its growth. In the model, the economics
of harvesting is described by the algebraic equation, where E is the predator-dependent harvesting rate,
p > 0 is the harvesting reward, Fw is the total fixed cost and m > 0 is the fixed profit.

The initial conditions for the predator—prey subsystem (3) are

(2|70, Ylj=r0)) € C4([—7,0]; RZ)
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with 7 = max{7, 72}; and when y(0) is given, the initial value of E(0) is given by m/(py(0) — w), so we
always assume that y(0) > w/p.

Our model considers three phenomena, oscillations, fluctuation intensity and optimal harvesting, all
appearing in any predator—prey system. We start with the pure ecological consideration, and study the
local stability and Hopf bifurcations by varying the self-limitation and gestation delay and the habitat
complexity metric. We then address the impact of environmental variation on these dynamic behaviors
by incorporating seasonality, temperature, sunshine and humidity, and the noise in the reproduction and
mortality rate, and we establish the relationship between key ecological parameters such as time lags and
fluctuation intensity for the model system to change its long-term behaviors. We finally address the issue of
biological resources, by incorporating further harvesting policy. These considerations combined provide an
integrative view how the predator—prey systems should be managed to scheme the delicate balance between
optimal management of biological resources and sustainable development subject to uncertainty.

Our paper is organized as follows. In Section 2, we find the conditions for local stability and occurrence
of Hopf bifurcations of system (3) around the interior equilibrium point in the presence of two delays. We
discuss the direction of Hopf bifurcations and the stability of bifurcated periodic solutions by using the
normal form theory and the center manifold theory in Section 3. In Section 4, we discuss the behavior of
stochastic model and compute fluctuation intensity of populations. In Section 5, we consider the optimal
harvesting strategy. Section 6 contains numerical simulations to illustrate the theoretical analysis, and
Section 7 provides some additional remarks.

2. Local stability and Hopf bifurcation

Let P(z*,y*, E*) be the interior equilibrium of model system (3), where

E*:L’

py* —w
e_ r s
V= a g )+l —aa),

and x* satisfies the following equation:
H(z):= Az® + Ba> + Cx + D =0,
where

A== (1= 9)(8 — d),

B =21(8 = d)(a(1 = 07K —1) +7d,

C=(B=2dpr - a(l = 9)(my +w(f —7d)) + ﬁd—a)
— pr
D= _d(m —w) —m.

In order to obtain the linearization of system (3), we introduce the following translation to reduce
system (3) into state space form:

1 0 0
; 0 1 0 21

= o 1 ,
E 0o -2 1) \E



X. Zhang et al. / J. Math. Anal. Appl. 436 (2016) 692-717 695

and then we can rewrite system (3) as

dr; z1(t — 1) a(l = d)zy

dt rai(l K ) 1+ avy(1—0)x;

d 1-9 t— E*

= fo Jrr(t = 2)un —dy1 — (E1 — p* o )1, (4)
) Py —w

dt 1+a7(1—6)x1(t— T2
(

OZ(El—pp y1)py1 w) — m.

We denote the corresponding interior equilibrium point of model (4) by Py (7, y7, ET), and transform the
equilibrium point into zero by z1 = z§ + 2, y1 = y§ + y2 and Fy = ET + l(z2, y2), where

PE*(yi + y2) . m _ pETy;

. - — E*.
pyy —w p(yi +y2) —w  py; —w

lx2,12) =

This transformation enables us to transform a differential-algebraic system to a system of differential equa-
tions for the new state variables (z2,y2) as follows:

dxzy r] +x2(t — 1) (1 —0)(yi +y2)
dyz Ba(l —0)(z] + z2(t — 72)) PE*(y] + y2)
— = +y —dy — E* — l(xg,1y2) + ———==21].
L R ) B T
The corresponding Jacobian matrix at the zero solution is given by
oL =07ty rai _, _ a(l-o
J_ I+ay(l-9)z3)? K 1+ay(l—0)z}
(Ba(l =0)yi s, pE*y;
(1+ay(1—=9d)a7)? pyp —w
The characteristic equation is given by
A AN+ Ag + (Ash + Ay)e ™M 4 Age™ 2 =0, (6)
where
A - o?y(1=0)%xiy;  pE*y;
1+ay(1=08)x1)2 pyf—w’
A, = PP = 0) iy B
1+ ay(1 = 6)z7)*(pyi — w)’
rT]
Aq = —1
3 K 9
reiy; B
Ay = —THviE
b Kpyi —w)

 Ba2(1— 8y
A5 = Ty = o))"

In the case where 71 = 7 = 0, the characteristic equation (6) becomes

M (A + AN+ Ay + Ay + A5 = 0.
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Thus from the Routh-Hurwitz criteria, the interior equilibrium of model (4) in the absence of time delay is
locally asymptotically stable if the following conditions are satisfied:

A1 +A3>0 and Ay + Ay + As > 0. (7)

Now, we discuss the effects of the two time delays on the stability at the positive equilibrium point P; in
the following four cases.

Case 1. ; = 0 and 7 > 0.
In this case, the equation (6) can be reduced into

N (A + AN+ (Ag + Ay) + Ase ™2 = 0. (8)
If iwa(we > 0) is a root of equation (8), then
—w3 + (Ay + Az)iwg + Ag 4+ Ay + Age™ 272 = ().
Separating the real and imaginary parts, we obtain
—w3 + Ay + Ay = —A; cos(waa),
{(A1 + A3z)ws = As sin(waTs),
from which we have
wi + (A1 + A3)® — 2(As + Ay))wi + (As + Ag)® — A = 0. (10)

There is a unique positive real root wog satisfying the above equation if (7) holds and the following condition
is satisfied:

Ay + Ay — A5 < 0. (11)

The corresponding 7o > 0 such that the characteristic equation (8) has a pair of purely imaginary roots
+iwyg are given by
—w3y+ A+ A 2k
TQk:—aI‘CCOSM+—W, k=0,1,2,---. (12)
wWao —As w20

If Ao+ Ay4—As > 0, equation (10) has no real root and the interior equilibrium of model (3) is asymptotically
stable for any time delay 7 > 0.

Differentiating both sides of (8) with respect to 75 yields

w — (As + Ag)? + A2
(A1 + As + (A2 + As — w3)))? + w3y (2 + T2k(A1 + A3))

. d .
sign (d—TQ Re()\)) 7o = sign( 5) > 0.

Theorem 1. Let (7), (11) hold and define 199 > 0 as

2
. —Wjo + Ur1Ug
Tog = —— arccos ———.
w20 UgU3

The positive equilibrium P of model (3) is locally asymptotically stable for o < Too and there undergoes a
Hopf bifurcation at P when 7o = To9. That is, the model (3) has a branch of periodic solutions bifurcating
from the positive equilibrium P mear 9 = Tog.
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Case 2. 7y > 0 and 75 = 0.
Using a similar analysis as in the Case 1, we can obtain the following result:

Theorem 2. Assume that (7) holds and As + As — Ay < 0. Let wig be the unique positive real Toot satisfying
the following equation:

4+ (A% —2142 —A:Q)) —2A5)w2 + (A2 +A5)2 —Ai =0

and

o 1 (A4—A A3)UJ10—A4(A2+A5)
T10 = —— arccos 2
w10 A =+ A3w10

Then the positive equilibrium P of model (3) is locally asymptotically stable for Ty < 710, and there undergoes
a Hopf bifurcation at 7 = T19.

Case 3. 71 > 0 and 75 € (0, 79).

In this case, we consider 71 as a parameter and 75 being in the stable interval (0, 79). Assume that, for
some 71 > 0, A = iw is a root of the equation (6), where w is a positive real number. If we substitute iw
into (6) and separate the real and imaginary parts, then we obtain the following transcendental equations:

—w? + Ay + Aj cos(wp) = — Ay cos(wr) — Azwsin(wy), (13)
Ajw — Assin(wrg) = —Asw cos(wTy) + Ay sin(wry),
from which it follows that
wh 4 [A2 — AZ — 245 — 245 cos(wTe)|w? — 241 Asw sin(wT)
(14)

+ A3 — A + AZ + 245 A5 cos(wT2) = 0.

The equation (14) has a positive real root w}, if the condition (A3 + A5)? < A2 holds. In addition, equation
(13) can also be rewritten as

As cos(wr) = — Ay cos(wry) — Aswsin(wry) + w? — Aa, (15)
—As sin(wty) = —Asw cos(wty ) + Ay sin(wr) — Ajw.
We define
. *2_A2 A2+A2w*2+A2—A2 2%k
THe = [arccos G - 2) *g ) —— — 1+ d2] +
2/ A% + Awig/(wid — + Ajwig wio
k= 0, 1,2
where

¢1 = arctan
Agwfo ’
*2

¢o = arctan »
Alwlo

Using the Butler’s Lemma [7], it can be concluded that the interior positive equilibrium P; remains stable
for 1 < 77,. We now examine whether the system (3) undergoes a Hopf bifurcation phenomenon at P when
71 increases through 77;.
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Differentiating (6) with respect to 7, and substituting the eigenvalue iwj, and time delay 71 = 71, we

obtain that
(ReX) dw
ey — | |y, = R,
U ( dTl | 10 + V dTl | 10

d(Re\) dw _
—V( p ) - +U(d_’r1> |‘r1*o_Sa

U = A1 + Az coswiyTiy — T1o(Ag coswiomiy + Aswiysinwiomio)

U

(16)

where

— A5y coswi(Te,

V = —2uwi, + Asgsin w71y + 710 (Aswiy coswiyTiy + —As sinwiy7yy)
— AsTo sinwiyTe,

R = —wiy(Aswiy coswioTiy — Aasinwiymo),

S = wiy(AswiysinwiyTyy + A coswioTiy)-

From these equations, we conclude that

d(Re\) e = UR-VS
dri )™ U2+ V2

# 0.
Therefore, we can obtain:
Theorem 3. Assume that (7) and the condition (Ay + A5)?> < A3 hold. Then the positive equilibrium P

of model (3) is locally asymptotically stable for 71 € [0,77,) and there undergoes Hopf bifurcation when
T1 = T{o, where

*2 A 2 A2 A2 *2 A2 _ A2
[arccos( 10 _ 2) *i + )Wlo + 1 _ *25
wig 2/ A2+ Adwi\/ (Wit - + Ajwij

2
. A4 . w’{o — A2
where ¢1 = arctan ————, ¢2 = arctan ————.
3W1o0 Aywiy

_¢1 +¢2]a

*k
Ti0 =

Case 4. 71 € (0,719) and 7 > 0.
Using a similar analysis as in the Case 3, we can obtain:

Theorem 4. Assume that (7) and (Az+ Ay)? < A2 hold. Let w3, be a positive real root satisfying the following
equation:

wh —2A3sin(wr )w? + [A2 + A2 — 24, +2(A1 A3 — Ay) cos(wTy)]w?
+2(As A5 — Ay Ay) sin(wry)w + A2 + A3+ 245A4 cos(wry) — A2 =0,

and

*

%2 A 2 A2 _ A2 2, %2 AQ _A2
= larccos (—wig +A2)” + ( 3)°wig + +A5 — Al
wa0* —245/Awig + (—w3g + A2)?

_111)]7




X. Zhang et al. / J. Math. Anal. Appl. 436 (2016) 692-717 699

A1wig
—w3 + Ay
for 7o € [0,75,), and there undergoes Hopf bifurcation at 7o = 75.

where 1 = arctan . Then the positive equilibrium P of model (3) is locally asymptotically stable

3. Stability of bifurcated periodic solutions

In this section, we consider the direction of Hopf bifurcation, stability and period of the periodic solution
bifurcating from the positive equilibrium P. Following the ideas of Hassard et al. [10], we derive the explicit
formulae for determining these properties of Hopf bifurcation at the critical value 77 for fixed 75 € (0, 720)
by employing the normal form method and center manifold theorem. Without loss of generality, in this
section we assume that 75 < 7. Let

*

Uy = T2 — Tg,
_ *
U2 = Y2 — Yo,

and uy(t) = za(mit), ue(t) = yo(nt), m = 779 + 4, 4 € R. Then u = 0 is the Hopf bifurcation value of
system (5). Next, we work in the fixed phase space C = C([—1, 0], R?). In space C, system (5) is transformed
into an FDE as

w(t) = L, (ue) + Fp, ue), (17)

where u(t) = (u1(t),u2(t))T € R?, and L, : C — R, F : R x C — R are given respectively by

o®y(1—-0)xiyr  a(l =g}
_ *\2 _ *
Lu(8) = (g + (| (1T Ll SO o)
0 14
pyy —w (18)

0 0 i rey
| pall-0wi ¢<:;>+<——K 0>¢<1>>
(L+ ay(1 = 0)a)? ° 00

and
o?y(1—6)%y a(l =9)
(I+ay(1—0d)x ) ¢1( )~ (1+ omy(l — 6)33?)2(;51(0)%(0)
ay*(1—9)%y
- 01 - G =T )
6 0)6a(0) +
- e A fa(l—9)
F(p, ¢) = (1o + 1) (1 +ar(l—8)a!)? 501 (= 710) 0+ ar(1=0)z7)? ; (19)
el _ . mpw 9 Ba’y?(1 - 6)%yt
H 2O G e O T T = o)
BaPy(1 - 6)? 9, T3
e no> (+ an(t = oy 1 gy 20
mp?w 3
(pyf . ’LU)4 ¢2(0)

where ¢(0) = (¢1(0), $2(0))T € C.
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By the Riesz representation theorem, there exists a 2x2 matrix n(6, 1) of bounded variation for § € [—1, 0],
such that

0
Lo = [ dn6.0)00). for oec.
]

In fact, we can choose

o?y(1=0)Patyt ray —a(l - d)a
. (I4+ay(1=96)z1)2 K 1+ay(l-20)z}
+ , 0=0,
(rio 1) Ba(l — o)y PETy;
T+ an(1— o)t )2 Py —w
rI]
- 0
K T
97 = "y + * ) 0 SH b 2 ) )
n(0, p) (90 + 1) Ba(l — &)y 0 [ = )
(14 ay(l—d)z})?
ra} .
“Hy T
(Tfo"‘ﬂ) K )7 96(—1,— i)7
0 0 T10
O2x2, 0=-1
For ¢ € C1([-1,0], R?), define
d¢(6), -1<6<0
A(p)p = ¢ do
JZydn(s,p)é(s), 6=0,
and
0, -1<6<0,
Ru¢—{
F(u,¢), =0
Then system (17) is equivalent to
tr = A(p)us + R(p)ug, (20)
where u(0) = u(t + 0) for 6 € [-1,0].
For ¢ € C1([0,1], (R?)*), define
_d¢(8) , E (O7 1]7
Ap(s) = ds
f_ol dnT(tvo),(/)(_t)7 s=0,
and the bilinear form
)
(0(s),0(0) = 5(0)00) ~ [ [ (& - 0)an(@yo(6)ic (21)
Z1e20

where 7(0) = n(6,0). Then A = A(0) and A* are adjoint operators.



X. Zhang et al. / J. Math. Anal. Appl. 436 (2016) 692-717 701

Since +iw},1, are eigenvalues of A(0), they are also eigenvalues of A*. Next, we need to compute the
eigenvector of A(0) and A* corresponding to iwi,Ti, and —iwi, 77y, respectively.

Suppose that ¢(8) = (1, A)Te*107i0% is the eigenvector of A(0) corresponding to iw?,7s,, then A(0)q() =
iwioT10q(6). The definition of A(0) and n(f, p) yields

a’y(1 =06)%xty;  raf iy, a(l—d)a]
14+avy(1-9)x7)? K 14+ ay(1—9d)z; 4(0) = ity (0)
Ba(l = O)yi  _iwiyry pETy o
(1+ay(1 = d)z7)? PyT —w

Then we can obtain

ity 4 L gmiwior, 0201 9)wiyt
K (14 avy(1 —9d)xt)?
a(l —0)x; '
1+ ay(1 =)

A:

Similarly, let ¢*(s) = D(1, A*)e™1070% be the eigenvector of A* corresponding to —iwi,7y, we can obtain

a?y(1 = 0)*x1yf
(1+ay(1 - §)z})?
Ba(l —d)yi '
(1+ay(1 - d)z})?

*
T L ow %
- 1 iwi, T
— 710 + —e"*10"10 —

A" =

e
etwioT3

By (21) we get

- ~ TET o Ba(l —S)yimsAx - .
=D |1+ A*A — —16 WioTio 4 e WioT2 | |
( K Tio(1 + ay(1 = §)xt)?

Then we obtain

- —1
ﬁ =1+ EA - me*iwfo"'l*o + ﬁ()é(]. - 5)y17—2 A* 67iw1‘07'2* )
K o1+ ay(1 = §)a})?

Clearly, the conditions (¢*(s),¢(#)) = 1 and (g*(s),q(#)) = 0 are satisfied. Let u; be the solution of (20)
when p = 0. Define

2(t) = (¢", ue),

(22)
W (t,6) = ur(6) — 2 Re{=(t)g(0)}.

On the center manifold Cy, we have
W(t,0) = W(z(t),z(t),0),

and
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2 =2

W(z(t),z(t),0) = WQO(Q)% + Wi (0)2z + Wo2(9)% + (23)

where z and Z are local coordinates for center manifold Cy in the direction of ¢* and ¢*. Note that W is
real if u; is real. We only consider real solutions. For solution u; € Cy of (20), since u = 0, we have

2(t) = iwioTioz + ¢ (0)F(0,W(z,%,0) + 2 Re{2(t)q(0)}))
= iwioT02 + ¢*(0) Fo(2, Z).
We rewrite this equation as
(t) = iwipTioz + 9(2,2),
where

9(2,%) = ¢*(0)Fo(2,%)
22 z° 2’z (24)
= 920(9)7 + g11(0)2Z + 902(9)3 + 921(0)T 4.

From (22) and (23), we have

ur = (u14(0), u2:(0))
= W(t,0) +2 Re{z(t)q(6)},

where ¢(8) = (1, A)Te™i07i0%  then

u1,(0) = W (t,0) + 2 + 7,
U (0) = WP (t,0) + Az + Az,

* *
T T. e x ok x
ult(——f) = V[/(l)(jf7 __i) + ze Wi0T2 4 Zeu’“JIOTQ,
T10 T10
* *
TS 9 Ty Lk ok —— x_x
Ut (——2) = W (t, ——2) + Aze ™0™ 4 Azeo2
T10 T10

Ult(_l) = W(l)(t’ _1) + Ze—iwfoTl*o +§ei"~’f0"'1*0,
Uge(—1) = WP (t, —1) 4+ Aze ™ioTio 4 Aze™ioo,

It follows, together with (19), the following expression:
9(2,2) = ¢*(0)Fy(z,2).

Comparing the coefficients with (24), we have

_ o?y(1 — 0)%y; Tk s a(l—90)A
— 2D * T Wi0Ti0
920 7-10[(1 + ay(l —0)x;)3 ¢ " (1+ay(1 —6)x;)?
L ) L ST S e Ul ) i TR
(14 ay(1 = d)a7)? (1+ay(1 = d)z7)?
pEfwA?

-

(pyi —w)?
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— o ay(1—0)2y) r it a1 —9) Re{A}
g1 2D710[(1 Toy(1l-0)a7)? K Re{e b 1+ ar (1 — 6)z})2
— Ba(l —6) ot 12 Bay(1—6)2y;
* Re{ Ae™i0T2}
A T e AT T A e T o
_ pPEfwAA 1
(pyi —w)?"”
T 042’}/(1 B 5)224{ T o X Oé(l — (S)Z
goz2 = 2DTlO[u Tl -0 K. Utar(l-0)a)?
4 A*( 5&(1 — 5)Z eiwi‘ofg . BQQ’Y(]' — 5)2yT EQiWIOTg
(1+ay(1—d)z})? (1+ay(1 —d)z})3
_ pEi*wZ2 )
(pyt —w)?™”

:
=W (1)

o?y(1—6)%y;
(1+ay(1—d)x})

(1) 1
W20 (_1) + WQO (0) eiwforl*o + Wl(i)(o)efiwfo‘rl*o)
2 2

g21 = 2D73, (2w (0) + Wi (0)) —

+

(2) ()
Wyo' (0) | W' (0)
- )2(W51(0)+ S+

A+ W (0)4)

3a’y2(1—6)°yy a®y(1-0)? —~
a Tt 0y 75)1:’1‘)3(A+2A)

(2)
—9) W& (0)e o™ 4 W202 (O)QMOT;

T

T ~ (1) Bay(1 = 6)*y;
+— 10 AL W A) —
1 Ti"o) ) (14 ay(1 - d)z7)?

7'2* e s (0 7'2* e s
—)eT T+ Woy (— )t ) —

T10 T10 (py; — w)?

E*
WP (- etk

Hf(z) ”7(2) 0 3¢ ° >2(1 5)3yi< — Wy Ty
( 11 <0) 20 ( ) ) (1 (1 5) T)4e 1oz

BaPy(1=0)* i g 3mp?wAZA
— Ae “"10™2 L 2A) 4 ——
0+ or(1 = D)ap? "t oy =y

I}
We need to compute Wao(0) and Wi1(0). From (20) and (22), we have
W =iy — 2q —2q
AW 2 Re{F(O)Fug(®)}, ~1<0<0,
AW —2 Re{q_*(O)FOq(H)} + F(), 0= 0,
=AW + H(z,Zz,0),
where

2 =2
H(2,7,6) = Hyo(6) 5 + Hi1(0)2% + Hoa(0) 5 + -+ (26)
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Note that on the center manifold Cy near the origin, we have
W =W.z+ Wsz.
Substituting the corresponding series into (25) and comparing the coefficients, we have
(A = 2wl 10 ])Wao(0) = —Hao(6),
AW11(0) = —H11(0).

From (25), we know that for 6 € [—1,0)

H(z,7,0) = —q*(0)Foq(6) — ¢7(0)Foq(6) = —gq(6) — 7q(0).

Comparing the coefficients with (26), we obtain

Hao(0) = —g20q(0) — 902q(0),
Hy1(0) = —g1149(0) — 9,

Ql
—
s}
—~
s
N

From (27) and (29) and the definition of A, it follows that
Wao(0) = 2iwioioWao (6) + 9204 (0) + Fo27(0).

Notice that ¢(6) = q(0)e*1070¢  Hence,

ig?o w0 igOQ - —iwi T 0 29wy, 110
Wao(0) = p— q(0)e"“10m0? 4 3*7*(](0)6 10710% 4 VJ; e @i0T10?
WipT10 WipT10

where M, = Ml(l), Ml(z) € R? is a constant vector.
Similarly, from (27) and (29), we obtain

igll Soox % Zg _ gk
*—*q(o)elwm"'w‘g + *—11*(](0)8 WioTiof + Mo,
WipT10 Wi0T10

Wit (0) = —

where My = <M2(1), M2(2)) € R? is also a constant vector.

In the following we shall find out constant vectors M; and M. From (25) and (26), we have

Ha0(0) = —g20q(0) — 2q(0) + 2775 N1,
H11(0) = —g119(0) — 9119(0) + 277 N2,

where
0627(1 — 6)21/; _ L Wl _ Oé(l — (S)A

N (I1+ay(l1-0)z7)* K (1+ay(1l—0)z})?

L Ba(l — §)Ae~ @i B Baly(1 — §)%yfe 2o B pEfwA?
(1 +ay(1—d)xt)? (I+ay(1l —0d)zt)? (pyt —w)?

OLZ’Y(l - 5)2y1< _ L Re(eiwfofl*o) _ O((l _ 5) RE(A)

(14+avy(1-96)27)3 K (14 ay(1—4d)x7)?
2

Ba(l — §) Re(Ae™io) Ba?y(1 — 6)%y; pEfwAA

(1+ay(1—0d)a7)? (IT+ay(1=0)z7)*  (pyi — w)?

(29)
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Substituting (30), (31) and (32), (33) into (27) and noticing that

0
ieotyriol — / ¢ inmio? dn(9) | 4(0) = 0,
21

and
0
~wfyriol — [ e iriotan®) | g(0) =0,
]
we obtain
0
2wl — /eQi“’TOTfﬂedn(Q) My = 27{, Ny,
]
and

0
/ dn(0) My = 273, Ny,

21
Therefore, we obtain

-1

ZiWTO B 0627(1 - 6)235{241‘ + ﬂe_infono 04(1 - 5)£L’T
M. =2 (I4+avy(1-16)z1)2 K 1+ay(l—0)z} N
1= * * ) % )
Ba(l =0)yi o . pETy;
e “WiT 2iwfy — —
1+ay(l—d)aj py; —w
and
rry a?y(1 —6)%aty; a(l — &)y -t
M, =2 K (1+ay(1 —*(5)33’1*)2 1+ a'y(l*—*é)x’{ Ny,
_ Ba(l = )yi . PETYT
(1+ay(1—0d)x})? Pyl —w

Thus, we can determine Waq(0) and Wiq(6) from (30) and (31). Furthermore, go; can be expressed by the
parameters of system (17). Hence, we can compute the following values:

[ 5 lgo2l?
= 2*—*(920911 —2lgn|* — ——) +
W10T10 3
= — Re{c1(0)}
Re{N (1)}’

ﬂg =2 Re{01 (O)},

o Im{ea(0)) + o I ()}
2T wWipTio .

921

c1(0) 5

From the conclusion of Hassard et al. [10], we have the following results.
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Theorem 5. po determines the direction of the Hopf bifurcation: if us > 0 (ue < 0), the Hopf bifurcation
is supercritical (subcritical); By determines the stability of the bifurcating periodic solution: the bifurcating
periodic solution is stable (unstable) if B2 < 0 (B2 > 0) and Ty determines the period of the bifurcating
periodic solution: the period increases (decreases) if To >0 (T2 < 0).

4. Effect of fluctuating environment

In this section we consider the growth of the prey population and natural mortality of the predator
population in a stochastic environment by incorporating white noise in each of the equations of system (3),

leading to:
dv rex(t — 1) a(l = d)xy
dt (r+a)e K 1+ ay(l-0)x’

dy Ba(l =6zt — )y
at 1+ ay(l —0)x(t — 12) + (—d+&(t)y — Ey,

E(py — w) —m =0,

where the environmental parameters r and d have been perturbed by mutually independent white noise

characterized by

G(t)=0, &(t) =0,
§i(t1)&;(t2) = 6i50(t1 — t2), 4,5 =1,2,

where the bar represents the ensemble average of random environment, d;; is the Kronecker delta denoting
the spectral density of the white noise and ¢ is the Dirac delta function with distinct times ¢; and ts.

Introducing a transformation of the form z = z*¢™® and y = y*e™® in system (34) and neglecting the
second and higher terms, we transform this system into the following normal form:

dm a?y(1 - 6)%a*y* ra’* a(l—0)y*
LY NG - pt-7) - — 7
dt G+ (14 avy(1 - 5)x*)2m K mit =) 1+ ay(l —d)z* 2> (35)
dns Ba(l —6)x* pmy*
_— = t t — R E———— .
a O T g Gy ™
Consider a continuous function X (t) in the interval —7'/2 < t < T'/2 and its Fourier transform X (w)
T
2
X(w) = / X (H)e—itdt,
_r
2
1T
X(t) = o / X (w)e™' dw
Hence, the Fourier transform of the system (35) can be expressed as
= ) a?y(1 —8)2x*y* T all =6)y*
g _ ﬂOL(l B 5)1:* —iwWTa 5 ; pmy* 7
52(0'}) - (1 + 0[’}/(1 — 5)%*)26 Ul(w) + (Zw (py* — w)Q)UQ(w)a
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where & and 7;, i = 1,2 denote the Fourier transform of & and 7;, i = 1,2 respectively. For the sake of

simplicity, we rewrite system (36) into the following matrix form:

Q) _ (lwmpm—pae ™ i ) (1) (37)
&2(w) —pae T iw—paz ) \M2(w) )’
where
042"}/(1 _ 6)2$*y*
Pl = ————),
1+ ay(l—0)x*
ra*
P112 = T
a(l — c)y*
pPlg=——"—""—,
1+ ay(l—0)x*
Ba(l —6)x*
P21 = —,
(14 ay(1—68)z*)
P
(py* — w)?
Then
2 ~
fi(w) =D by&w), i=12,
j=1
; —i -1
where bir b2\ _ (iw—pinn —prige” T —pio
ba1  bao —pare— T i — paa .

If the function X (¢) has zero mean value, the fluctuation intensity of the components in the frequency

band w and w + dw is Sx (w)dw formally defined as

Sx(w)dw = lim M

T—o0

Thus

Se(w)dw = lim

And the following equations can be obtained:
2
Sni(w) = Y |bij|*Se, ().
j=1

Therefore, the fluctuation intensity in 7; is given by
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1 o0
012% =5 Sy, (w)dw
1T
52> [ BsPSe ) (38)
=1

27 w)

1 T (w) )
/ B dw, 1 ,2,

where
Ty(w) = p3y + w” + P,
Ta(w) = p3, + P11 + Phia + w? + 2p111p112 cos(wTr) + 2wpri2 sin(wTy),

B(W) = [(Pln + D112 COS(WTI))P22 - W(W + p112 Siﬂ(wﬁ)) — P12P21 003(0”2)}2

+ [paz(w + prizsin(wr)) + w(p111 + pr12 cos(wTi)) — prapa; sin(wre)]?.

In the presence of environmental fluctuation, integral computation of equation (38) makes it difficult to
obtain an explicit form of the spectral densities of prey and predator populations. Hence, we will compute
the population fluctuation intensity with numerical simulations.

5. Optimal harvesting

To maximize economic profit and ensure the population persistence, we discuss optimal harvesting strat-
egy for system (3) without time delays. Due to instantaneous annual discount rate ¢, this optimal problem

can be described as

ty
m(E) = /E(py —w)e”“dt,
to
subjected to system (3) and harvesting constraint
0 < E(t) < E™ar.

Let z°Pt, y°Pt and E°P! be the optimal population densities and the corresponding optimal harvesting
rate, respectively. Our objective is to determine optimal harvesting E°P? such that

m(E°PY) = max{m(E) : E(t) € [0, E™**]}.

In order to find optimal values, we construct the Hamiltonian function as follows:

1-9
H = Blpy = we™ + aafral1 - ) - o0
Ba(l —§)zy
+ U2[m —dy — By,

where o1(t) and o5(t) are adjoint variables.
The partial derivative of the Hamiltonian function H with respect to the harvesting effort can be com-
puted as
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OH

o (py —w)e™ " — ooy = DgH(t),

where the term DgH(t) is called the switching function. The sign of the switching function DgH (t) deter-
mines optimal harvesting F(t) as a bang-bang control problem, i.e., changing from one level 0 to the other
E™*® When DgH(t) = 0, the Hamiltonian function H becomes independent of harvesting E(t). In this
case, it is a singular control problem. Hence, the optimal harvesting solution is

Emer  if DgH(t) >0,
Et)={0 if DpH(t) <0,
E°Pt  if DgH(t) = 0.

For the case of a singular control, we now present the expression of E°P*. When DgH (t) = 0, we have

—€l w
aa(t) = e (p— ). (39)
Y
Using the Pontryagin’s Maximum Principle, the adjoint variables o1(t) and o2(t) satisfy the following
equations:

doy OH  rx ya?(1 — 6)%xy Ba(l —9d)y

e P Gl v s o L Rl s s A W)
dosy oOH _ a(l =)z
e 27 E €t Rt Sl A .
dt oy pre =+ 1+ ay(1- 5)9&01
To solve equation (40), we transfer it into the following second-order ordinary differential equation:
d2o'1+L dO’1+L Gyt (41)
a2 L 201 = e,

where

Crx | ya®(1=6)%wy

b=t ir ey =o?
;. _Ba(1—0)%xy

T (It a1 -d)n)®

o _ _pBa(l—8)yE

.

1+ ar(l— o))

In order to remain the shadow price o1e® bounded, we neglect the integration constant of equation (41)
and obtain o1 (t) = C; exp(—et), where C; = G1/(€? — Lie + Lo).

By a similar computation, we can also obtain oa(t) = Cyexp(—et), where Cy = Ga/(€? — L1e + Lo),
Gy = pE(e+rz/K —~va?(1—6)%2y/(1+ay(1—5)x)?). Combined with equation (39), the optimal harvesting
rate takes the following form:

(2 — Lie+ Lo)(py — w)

E =
py(e — Lq)

(42)

Hence, we can find the optimal equilibrium populations (2!, y°P*) and optimal harvesting rate E°P! by
the solving biological equilibrium together with equation (42).
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Fig. 1. Numerical simulations of the positive equilibrium (z,y, F) when varying é§ € (0,0.54).
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Fig. 2. Numerical simulations of the positive equilibrium (z,y, E) when varying m € (0, 2.3).
6. Numerical simulations

We illustrate the insights of our theoretical analysis through intensive simulations on the following system:

d 6.25(1 — 0)zy
== x(1— - —

g~ (—elt-m) -7 1.5625(1 — 0)z’
dy  9.375(1—8)a(t — )y

dy _ ~2%-F
dt 1+ 15625(1—)a(t —70) 7

0=E@35y—1)— m.

(43)

In this model, corresponding to model (3), we taker = 1; K = 1; « = 6.25; v = 0.25; § = 1.5; d = 2; p = 35;
w = 1. When the parameter m = 0.5 is fixed, model (43) admits a positive equilibrium for § € (0,0.54)
(see Fig. 1). When the parameter § = 0.2 is fixed, model (43) admits a positive equilibrium for m € (0, 2.3)
(see Fig. 2). From these two figures, we know that the prey density x and harvesting rate E are strictly
increasing functions of § and m, whereas the predator density y is decreasing, i.e., the habitat complexity
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Fig. 3. In absence of delay, the positive equilibrium P of model (43) is asymptotically stable.
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Fig. 4. Without any time delay, positive equilibrium point P is asymptotically stable.

and economic profit of harvesting have positive impact on the prey but negative impact on the predator
species.

Next, we consider the case for the fixed § = 0.2 and m = 0.5. In the absence of delay, P(0.4299,0.1753,
0.0974) is a positive equilibrium point of model (43). The dynamic behaviors of species z and y are de-
scribed in Fig. 3, which demonstrates the asymptotic stability of the equilibrium. In Fig. 4, we display the
density of (z,y, E) as functions of time, and the phase portrait of model (43) with the initial condition
(0.6,0.25,0.1).

Obviously, As + A4 — A5 = —0.8046 < 0. Matlab calculations can be used to find the unique positive
solution wgg = 0.8629 of equation (10). Thus, in the absence of delay 71, the critical value of delay 75 defined
by (12) is 0.1470, i.e., the positive equilibrium P is asymptotically stable when 0 < 75 < 799 = 0.1470 and
unstable when 75 > 759, and model (43) undergoes a Hopf bifurcation at the equilibrium P when 75 crosses

through the critical values 79, see Fig. 5. In the absence of delay 73, the critical delay for 71 can be obtained
as 0.8001 by a similar computation.
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Fig. 5. When 1 = 0.15 > 739, a periodic solution bifurcating from the equilibrium point P occurs.
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Fig. 6. The stability region in the plane 71—72.

For model (43), our analysis for Cases 3 and 4 provides a guide to draw a critical curve 7 = f(71) w.r.t.
two parameters 71 and 75 (see Fig. 6), i.e., when 72 € (0,729) (71 € (0,710)) is fixed, one can find the critical
values 77 (75;). Fig. 6 draws the stability region, i.e., the shadow enclosed by curve f(71) and two axes.

For the fixed delay 72 = 0.1, based on our analysis in Section 3, we have w}, = 0.9879, 1{, = 0.3198,
N (11,) = 0.1226 4 0.2460¢, ¢1(0) = —1.5550 — 0.44174, ug = 12.6823, S = —3.11, To = —4.8846. According
to Theorem 5, model (43) undergoes a supercritical Hopf bifurcation at the positive equilibrium P and the
bifurcating periodic solution exists for 7y slightly larger than 77, and the bifurcated periodic solution is
stable, as depicted in Fig. 7. Note that for the fixed two time delays 7, 70 and other parameters referred
above, with the increasing of habitat complexity ¢, model (43) undergoes dynamics change from an unstable
situation to a Hopf bifurcation, and then stabilization finally. This process is illustrated in Fig. 7 and Fig. 8.

We now consider the stochastic delay differential equation model with the same parametric values as in
equation (43). In the absence of a gestation delay, Fig. 9 shows stochastically stable population distribu-
tion for prey and predator species. In the presence of gestation delays, stochastic effects can be illustrated
by increasing the magnitude of the delay. Fig. 10 plots the solutions of the stochastic delay differential
model with different delays 71 = 0.1, 72 = 0.1 and 7y = 0.3198, 75 = 0.15. This demonstrates that the
amplitude of fluctuation increases and the model becomes unstable as time delay increases gradually. Vari-
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Fig. 7. When 7 = 77, = 0.3198 and 75 = 0.1, a periodic solution of model (43) bifurcates from the equilibrium point P occurs.
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Fig. 8. Plots of (x,y) as functions of the time for different harvest complexity parameter values § = 0.15 and § = 0.3.

ations of spectral densities of prey and predator populations with respect to time delay 7 are presented in
Fig. 11.

For the optimal harvesting consideration, we choose the instantaneous annual discount rate as ¢ =
0.01. The optimal equilibrium populations (z°P!, y°P*) and optimal harvesting efforts E°P! are plotted in
Fig. 12. It is clear that the corresponding optimal prey population gradually increases and optimal predator
population and the harvesting rate gradually decrease as habitat complexity d increases. This phenomenon
is expected since the impact of habitat complexity on prey is stronger. From Fig. 12, the optimal harvesting
rate is near zero when the habitat complexity = 0.665. This means that when habitat complexity is
beyond the level 0.665, harvesting behavior should not be conducted in order to prevent the predator from
extinction.
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Fig. 9. Solution of the stochastic model (43) in the absence of time delays.
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Fig. 10. Solutions of the stochastic delay differential model (43) with different delays 71 = 0.1, 7 = 0.1 (blue solid line) and
71 = 0.3198, 72 = 0.15 (black solid line). (For interpretation of the references to color in this figure legend, the reader is referred
to the web version of this article.)

7. Conclusions

As pointed in such studies as [13,1], the dynamics of local interacting populations largely depend upon
attributes of local habitats. Moreover, it has been reported form some laboratory experiments [2,6,9] that
habitat complexity reduces predation rates by decreasing encounter rates between predator and prey. This
habitat complexity, largely ignored in existing studies of predator—prey systems, is the main focus of our
current study where we considered a delayed differential-algebraic predator—prey model incorporating a
parameter characterizing the habitat complexity. More precisely, in our model, the attack coefficient «
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Fig. 11. For the fixed time delay 7o = 0.01, spectral density functions vary with increasing time delay 71 € (0,0.4).
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Fig. 12. Optimal equilibrium populations and optimal harvesting rate with respect to habitat complexity 6 € (0,0.665).

is replaced by a(1 — §), with 6 measuring how much encounter rate is reduced due to habitat complex-
ity.

Our work examined the stability region characterized by two time delays: 71, the delay relevant to the
slow food replacement of the prey population; and 75, the gestation delay of the predator. We also, by fixing
time delay 7, and varying 7 as a bifurcation parameter, obtained the direction of Hopf bifurcation and
stability of the bifurcated periodic orbit using the normal form and center manifold theories. This analysis
then guided us in designing the numerical simulations to demonstrate the effects of habitat complexity on
predator—prey interaction with delayed self-limitation and delayed convection to the growth of the predator.
We concluded that as the habit complexity increases, it is more difficult for the predator to catch prey and
hence habitat complexity provides opportunities for the survival of prey species, and hence more food
becomes available later for the predator.

We also examined the stochastic behavior of the delayed differential-algebraic biological system by intro-
ducing fluctuations in the growth rate of prey and mortality rate of predator. By using Fourier transform
methods, we computed the spectral densities of prey and predator population and we conducted the nu-
merical simulations to illustrate that the spectral density is an increasing function with respect to time
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delay, i.e., fluctuation of population density increases as gestation delay increases. We also noted that, in
comparison with the deterministic system, it is easier for the stochastic system to drive population densities
from being stable to unstable.

We further considered the modelling issue how to balance between the maximum of economic profit
and the sustainable development of biological resources. Using the Pontryagin’s Maximum Principle, we
derived the optimal harvesting strategy. We found that the optimal harvesting will gradually decrease as the
strength of habitat complexity increases. In combined, through both mathematical analysis and numerical
simulations, we demonstrated that it is possible to achieve the balance of economic profit and environment
sustainability by optimizing the harvesting policy.

There are many topics remaining to refine our modelling and furthering the analysis. These include
incorporating stage-structure, mutual interference and refuge for the biological relevance; and full bifurcation
scenario and global stability analysis for the mathematical details.
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