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ABSTRACT. Motsch and Tadmor considered an extended Cucker-Smale model
to investigate the flocking behavior of self-organized systems of interacting
species. In this extended model, a cone of the vision was introduced so that
outside the cone the influence of one agent on the other is lost and hence the
corresponding influence function takes the value zero. This creates a problem
to apply the Motsch-Tadmor and Cucker-Smale method to prove the flocking
property of the system. Here, we examine the variation of the velocity angles
between two arbitrary agents, and obtain a monotonicity property for the max-
imum cone of velocity angles. This monotonicity permits us to utilize existing
arguments to show the flocking property of the system under consideration,
when the initial velocity angles satisfy some minor technical constraints.

1. Introduction. Flocking, where agents in a network adapt by their relative lo-
cations to achieve an uniform velocity, is a universal phenomenon in biological,
social and economical systems. Examples include bird migration, fish schooling
[12, 13, 4, 3, 2, 8] and emergent economic behavior including common belief in a
price system in a complex market environment [5, 3].

Reynolds [10] gave three simple rules for flocking: Separation—avoid crowding
neighbors (short range repulsion); Alignment-steer towards average heading of
neighbors; Cohesion—steer towards average position of neighbors (long range at-
traction). Later, Vicsek[14] characterized flocking in terms of bounded distance-
individuals stay at bounded distance from each other; and alignment—they all move
in the same direction. There were substantial researches including modelling studies
on flocking, but with models seemingly too complex to analyze. In 2007, Cucker
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and Smale [4, 3] developed a model, referred to as CS model [4, 3] here, that pro-
vides a basic framework to describe how agents interact with each other in order
to achieve flocking and this model has inspired very intensive activities to explain
self-organized behavior in various complex systems. See [1, 9, 11, 6] and references
therein.

The CS model describes how agents interact with each other following the simple

rule below[10]:
N

7 :Vi,dit.:az(ﬁij(vj_vi)a (1)

=1

where x; € R? and v; € R? are the location and velocity of the agent “”. In the
model, « is a positive constant, and ¢;; quantifies the pairwise influence of agent
“4” on the alignment of agent “” as a function of their distance. More precisely, in

the CS model, we have

_ olllx; = xill) e !
oy = TEEEL ol =) = e

where ¢ is given above or, in general, is a strictly positive decreasing function, and
[ is a parameter. This influence function is symmetric, that is, agent “/” and agent
“j” have the same influence on the alignment of each other (¢;; = ¢;;). Motsch
and Tadmor [9] later introduced an influence function, which is non-symmetric and
takes into account the relative distance between agents, as follows

B(||%; — xil])
N b
kZ::lfé(HXk —xi)

with ¢ as defined in the CS model. In their celebrated work [9], Motsch and Tadmor
also called attention to a more general situation in which signal transmission is via
vision. In this configuration, it is possible that agent “/” can see agent “j”, but
agent “j” may fail to see agent outside a cone of vision.

Here we show that in this revised CS-model and MT-model, flocking is still
achieved. We provide a proof based on the “cone invariance” which implies that
self-organization does keep all agents within the cone of version and hence the
influence remains once initiated. We will formulate the Motsch-Tadmor (MT) model
in Section 2, and then establish the cone invariance and flocking in dimension 2

(section 3) and dimension 3 (Section 4).

Gij = (2)

753
1

2. The model and some preliminaries. We consider a self-organized group
with N agents. For agent “”, its position is denoted by x; € R? and its velocity
by v; € R%, where d > 1 is an integer. Motsch and Tadmor proposed the revised
CS and/or MT model which is incorporating a cone of vision[9]:

dXi
dt

N
dVi
= Vi, = ay wlwixj = %)dij(vj — vi). (3)
j=1

Here, a(o > 0) measures the interaction strength, x(w;, x; —x;) determines whether
the agent “j” can be “seen” by the agent “” who heads in direction w; := v;/||v4]|:

L w2 >y > 1

_x'iH il

0, if otherwise

H(wi,Xj — Xi) = {
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with 27 being the angle of the cone of vision. The Qngs determine the pairwise
alignment within the cone of vision [9], and is defined similarly to the CS or MT
model. Namely, either

1
Gig = 7 Ok = xill), - Niz= {7 # dllwi % —xi) = 1,

or
o(llx; —xll) :
Gij = . JEN;.
Ty olllxk —xil)
kEN;
Here the influence function ¢ is defined as above.
We can rewrite the model as follows:
dVi
dt = Z aij(vj — Vi)7 aij = /@(wi,xj — Xi)qﬁij. (4)

JEN;

In the CS model, we let a;; =1— ) a;; and ﬁz = {i} + N;. Then

JEN;
dVi
dt = Z CLij(Vj — Vi)
JEN;
= Z aij(vj — Vi) + aaii(vi — Vi)
JEN;
=« Z aij(vj - Vi).
jEN;

From the equation a;; = 1 and > a;; <1, we can easily deduce a; > 0 and

jGNi jeNi
E E aijakl = E aij( E akl) =1.
JEN; IENK, jEN; leNy,
Then,
dv
P
— =« E api(vi — v
dt - i (V; »)
jEN,
= E aijj — E aiij
JEN, JEN,
= Z ap;vj — avy( Z aij)
JEN, JEN,
= E aijj — avp.
jEN,

In the MT model, we can easily deduce > a;; =1, so we also have

JEN;

Z Z ;K = Z aij(z akl) =1,

jEN; leN, jEN, IEN,
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and
dv
p _ (v —
di =« E , ap; (Vi — Vvp)
JEN,
= E aijj — E aijvp
JjEN, JjEN,
= Y apvi—avy( Y ay)
JEN, JEN
= E Clijj — an.
JEN,

Definition 2.1. (See [7] p. 416). Let {(x;,v;)}}¥, be a solution of system (3), and
let dx (t) and dy (t) denote its diameters in position and velocity phase space, which
are given by dx(t) = max{||z;(t) — x;(t)||} and dy (t) = max{||v;(t) — v;(t)||}. If
for every such solution, we have

tll>nolo dx(t) < oo and tlggo dy(t)=0 (5)

then we say system (3) converges to a flock. If the above property holds for a
particular solution, then we say the solution flocks.

3. Flocking behavior in 2-D spaces. When agents under consideration are an-
imals moving on the land such as wolf packs and elephant herds, we can consider
the system posed in a 2-dimensional spaces. In this section, we consider the case
where z; € R?, v; € R? for a solution of the system (3).

Lemma 3.1. (Cone Invariance) Let (x;,v;) be the solution of system (3), where

x; € R? and v; € R®. For the group of agents, 0;;(t) =< v;(t),v;(t) > is the angle

of wvelocity v; and v;. Denote by 6(t) = max < v;(t),v;(t) >. If (0) = 0;;(0) <7
Z’j

for some i, j and if 6;;(0) = 0;(0) + 0, (0) holds for all such i,j and for all k, then
we have 0(t) < 0(0) fort > 0.

Proof. As 0;;(t) =< v;(t),v;(t) >, we get cos;;(t) = 7—+2—. Then we have

vl

() V(¢ _ () vyt

Vil Vi) By e arceos — i) Vi)
Vi@ - [[v; @ LIEN Vi@ v (@)l

_ For any given ¢, there exist two agents i9 = io(t) and jo = jo(t)” such that
0(15) = Hiojo (t) =< Vy, (t),Vjo (t) >. We have

0;;(t) = arccos

io(t) - vjo(t) 1
0. . (t) = (arccos Vio ] ) = - -g(t)
toJjo vio(®)] - v, (¢ _(_VigVig 2 ’
o Toal ~ i (e
where
(io - o) (Vio ll - (150 [ = IVio Il - 1o )" - (Vi - Vo)

g(t) =

[Vio [ - lIvjoll®

Here and in what follows, 0; ; (t) means to fix ig and jo and take the derivative of

the function 0;,;,(t) with respect to t. In other words, ¢; ; () = Gg’j(t)|

i=10,j=jo "
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In the case of the CS-model, we have

dVi0
dt = Z aiokvk —OéViO,
k€N,
dav;
dzo = Z AjorVi — OV,
LEN,
d||v;, II? .
% =2 < v, Vi, >= 20 Z @ik Vi — Vig) * Vig-
kENz,
Hence, we get
d||v 1 Vi - Vi
ol o (057 v = vi) - vio = al 3 a2V v ),
dt Vil Vi l
kENG, kEN,
dl[vjoll vi-
dt ”V]o” Z Aol VL — Vjo * Vi = Z Ajol ” jo” - HVJOH)'
lEN;,
Let
f(t) = (Vlo VJO) : (”VZOH : ||Vj0||) - (HvloH : ||Vj0||>/ : (Vio 'vjo)'
Then
Z AinkVEVjg + Z Aol ViVig — 2Vi0vj0) : HVZOH ) ||Vj0||
keNlO leN
Z aiok ” v Jo||+ Z ]ol ” |]|o v 10”
keN, Vio Nio Vio
: ||vj0||) *VigVios
and

Vi * Vi,

(aigkViVie) - [IVioll - IVjo Il — @igk Violl - Vig Vi

Vil

= aiok Vel - [Vjoll - [[violl - [[vjoll - (cos Orj, — cos b cos O, ).

In what follows, we try to show that 6(¢) < 6(0) for all t by proving that D*0(t) <
0 for all t > 0, where D7 is the Dini-upper derivative.

Recall that for any given t, 3 ig = ig(t) € N, jo = jo(t) € N such that 0(t) =
Biyj0 (t). We prove the following

Claim. 0(t) = 0;,5(t) + Okj, (t) for every k € N.

We prove this claim by contradiction. Note that for a given k, we have only two
cases: either Case 1: 60;,;,(t) = 0;,k(t) + Ok, (t); or Case 2: 0, (t) + ik (t) +
Okjo(t) = 2m. If Case 2 occurs, then 3 ¢y > 0, iy € N, j& € N such that 0(ty) =
Oz jz (to) and 05+ (to) + Oz 1 (to) + Ok (to) = 27 for some k € N. Assume, without
loss of generosity, that 0 ;- (0) = max{0;:;s (0),0;:x(0), Oxj (0)}. Since 0(0) < 7
we must have 6;:;:(0) = 0;x%(0) + O;: (0) < 7. Using the continuity of 6;;(t), we
conclude that there must be the first t§ < to such that ;= (¢§) +0isk (t5) +0kjz (t5) =
2m. Consequently, there must be the first £; > 0 and integers i3 € N and j; € N
such that Gilk(tl) + ijl (tl) + 91‘1]‘1 (tl) = 2.

Suppose 6;,,(t1) is the largest angle among 60;,(t1), 0k, (t1) and 6;,5, (t1). As
0kiy (0) < 0(0) <, Ok, (0) < 0(0) < 7 and 6;,5,(0) < 6(0) < 7, we have 0(t;) =
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Okj, (t1) = 7. Therefore, we can find time 0 < ¢ < 1 such that O, (t) = 0(t) < m
and Og;, (t) = O (t) + 0y, (¢) for all l € N and t € (t2,t1).

We now prove that 0, (t) < 0 for ¢ € (f2,t1) by showing that f(¢) > 0 on
the interval. When 0 < 6, () < F, cosbyj, (1) — cosOxj, (t) cos O () > 0 holds
obviously. We only need to consider the case where 7 < 0; () < 7 and § <
015, (t) < Ogj, (t). Denote by

h(6i;,) = cos 0y, — cos Oy, cos Oy.

We have (d/df;, )h(6i;,) < 0. So we have h(6;;1(t)) > h(0k;1(t)) = 0. Therefore,
when § < 0, (1) < mand Oy, (t) — 5 < 015, (t) < 5, we have cosy;, (t), cos Ox (t) >
0, and h(y5,(t)) > 0. When § < O, (t) < 7 and 0 < 0y, (t) < Orj, (1) — 5, we get
cos 8y, (t) > | cos by (t)| and hence, h(6;;, (¢)) > 0. Based on the analysis above, we
have 0;; (t) <0 for ¢ € (t2,?1), from which we conclude that Oy, (t) < Oy, (t2) < .
Thus, Okj, (t1) # 7, a contradiction. This proves the claim.

Then, for any given ¢, there exists i, € N and j. € N such that 6(¢) = 6;_;.(t)
and that 0;_ ;. (t) = 0, x(t) + Ok;. (t) for every k € N. Using the same argument as

above, we conclude that 0] ; () <0.
Now we consider DV0(t). For any given time ¢, there exist finitely many i x j €
IxJ={ixjl0;(t)=0(t), i€ N, j € N}, infinitely A, with h, >0, lim hy, =0
n—oo
and O(t + hy,) = 0;;(t + hy,). Then we can find a subsequence {h,,,} of {h,}3>,
and a fixed i* x j* € I x J such that (¢ + Ry, ) = 0;«j« (t + hy,,) holds. Therefore,

O(t + hp,) — 0(t)

DTO(t) = lim sup

Romp —0 hm,
, i« j= (t + I, ) — 0= = (2)
= h,,lilgo sup o = 0. ;- (t) 0.
This concludes that 8(t) < §(0) for all ¢ > 0, completing the proof. O

Lemma 3.1 ensures that monotonicity of the maximal cone of vision. As will
be shown below, this ensures that agents will eventually move towards the same
direction. To describe our arguments, for the ith-agent’s position x; € R? and its
velocity v; € R?, we introduce the rectangular coordinates:

Vi = Vi, + Vo,
dx = max ||x; — x;
x = max [ =

dyn = mg% [V, — Vi, I,

,

dvn,
dt =« Z aij(v"j *Vm)»

JEN;

for n =1,2. Here a;; = k(w;,X; — X;)0s5.
For v; = vy, + v2,, we can get

dXi i

a "

dVi - dvl,; dVQi

dt — dt dt (6)

=a Y a;(vi,—vi,)+ta Yy ai(vy —va,)

JEN; JEN;
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= E : aij(vlj + v, — vy, —va,)
JEN;

=« Z aij(vj —Vi).

JEN;

Lemma 3.2. Let x;,v; € R? and (x;,v;) be a solution of (6). Let Q(O) = 6;,(0),
and assume 6;;(0) = 0;(0) + 05, (0) for every other agent k € N. If0(0) < 2y —m
with g < v <, then we have

d ¢*(dx)

Sy, < —
V=TT

dvn, n = ]., 2.
Proof. By Lemma 3.1, for any ¢ > 0, we have

0(t) < 6(0) < 2y — .

This implies that any agent “i” and agent “j” satisfy one of the following three
situations

1) n(wi,xj — Xi) = n(wj,xi — Xj) = 17
2). k(wi,x; —x;) =0 and K(wj,x; — x;) =1,

3). k(wi,x; —x;) =1 and k(w;,x; — x;) = 0.

When n = 1, we can choose the agents p and g which satisfy dy1 = ||vip — vig]|
for any given ¢t. We now consider ¢;; defined in the MT model[9].
If case 1) occurs, we have apq # 0 and ag, # 0. Then

d

2 . .
G =2<v, — v, = >

_ E : 2
=2< Vi, —Vi,Q ApiQqj (Vlj — Vlj) > *20[dv1
i€Np,jEN,
=2<vy, — Vi, g apitq;(Vi, — Vi) >
i€N,—{a},j€N,—{p}
2
+2 < vy, — Vi, Qapaep(V1, — V1) > —2adi,
2
<2< Vi, = Vi, Q E QpiQqj (Vli — Vlj) > —20[dv1
i€Np—{q},iEN,—{p}
< 2a § Apilqj < Vip = Vi, V1,
i€N,,jEN,
2
— Vig > —2aapqa4p < V1, — V1, (V1, —V1,) > —2ady,
= —2aapqaqp < V1, —V1,,V1, — V1, >

= — 20apyaqpdi; -
If case 2) occurs, then we have a,q = 0 and agp # 0, and

d o . .
%d\/ﬂ =2< Vi, —Vi,,V1, —Vq, >
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2
=2<vy, — Vi, g apitq;(vi, — vi;) > —2ady,
iE€N,,jEN,
=2< Vi, = Vi, Q E apiaqj(vli — Vlj) >
1€Np—{k},jEN,—{p}

2
+2 < vy, — Vi, Qpragp(Vi, —V1,) > —2adi,

2
<2< vy, — Vi, Z Apiqi(Vi, — vi;) > —2ady,
i€Np—{k},jEN,—{p}
=2<vy, — Vi, Z Apitqi(V1, — V1) >

i€N,—{k},jEN,—{p}
+2 < vy, — Vi, Qpragp(vi, — vi,) >
—2< vy, — Vi, Qlpagp(Vi, —V1,) > 720¢d%,1
<2a < Vi, — Vi,,V1, — Vi, >
—2< vy, — Vi, Qapragp(Vi, —V1,) > —2ad%/1
< —2aapragy < vy, —Vvy,,Vvi, — Vi, >

< = 200,505 dY -

A similar argument applies when case 3) occurs. So, we have

d
%d%/l < —2aapqaqld%/1.
For the CS model, using a similar argument as that for MT model above, we

have

d
%d%” < —2aap,ag,dy ;-

When ¢;; is defined in the CS model, we have a;; = ¢(”xj"vjxi”) > ¢%X) for any
pair (i,7). When ¢;; is defined in the MT model, we have a;; = % >
% for any any pair (4, 7). Thus, we have

2(d
—20apa4pdyq < —204(;5 ](V;()d%/l,
2(d
*2O‘apkaqu%/1 < -2 ® J(\/'Q)()d%/'l?
¢*(dx)
—2aapaqdyy < 2 N2 diry
Therefore, for both CS model and MT model, we have
d ¢*(dx)
%d\/ﬂ < —« e d\/l7 t> 0.
Similarly, we can get
d ¢*(dx)
—dyy < — dyo.
qtve = o N2 dve2
This completes the proof. O

Theorem 3.3. Let (x;,v;) be a solution of (3), with x;,v; € R%. Assume that
the influence function ¢(r) satisfies fooo ¢*(r) = co and the angle of the cone of

vision vy satisfies 5 < v < w. Furthermore, assume the initial angle of velocities
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satisfies 0(0) < 2y — m, and assume when 0(0) = 0,;(0) for some (i,j), we have
0;5(0) = 0;1(0) + 6x;(0) for every k € N. Then system (3) converges to a flock.

Proof. From Lemma 3.1 and Lemma 3.2 we have

d ¢*(dx)
—dyy, < — dyp, =1,2.
T CR G

Let dx = max |xi — x| = ||xx — x| for some k and 1. Then,

D+d§( =2 < Xp — X, X — X >
=2<Xp—X,Vk— V] >
< 2%k = xi[lvie = il
< 2y dy.

Hence, DTdx < dy.
The argument below is similar to that in [9]. Namely, we introduce an energy

function B(dx, dy1, dva)(t) = dy1 (t)+dva(t)+a [2X D W(r)dr, where W(r) = 2.
Then

D+E(dX, dy1,dy2)(t)

< dv1( t) + dyo(t) + ap(dx ) DT dx (1)

< —ap(dx)dvi(t) — ap(dx)dva(t) + ap(dx )dv (t)

< —ap(dx)dvi(t) — ap(dx)dva(t) + ap(dx)(dvi(t) + dva(t))

II/\
e

So the function E(dy,dy1,dvo)(t) = dyi(t) + dya(t) + a [P U (r)dr is non-
increasing along the pathway (dx(t),dv1(t),dv2(t)), and we deduce

dx (t) dx (0)
dyvr(t) + dva(t) + a /O U(r)dr < dy1(0) + dya(0) + a /0 U(r)ydr.  (7)

As fom U2(r) = oo, there mubt be a constant d* < oo, satisfying dx ) < d*, such
that dy1(0 ) +dy2(0) = « fd r)dr. Inequality (7) can be rewritten as
e
dy1(t) + dya(t) < a/ U(r)dr.
dx (1)

Obviously, we have dx ) < d* for all £ > 0. As ¢(r) is decreasing on (0, 4+00), we
obtain

D+an < -«

2 d*
¢]57,2 )an7 n:1,2.
By using the Gronwall’s inequality, we easily get tlim dy,(t) = 0, n = 1,2
e el
Combining with dy < dy1 + dy2, we conclude tlim dy(t) =0.
— 00

4. Flocking behavior in 3-D spaces and remarks. Some of the arguments can
be adopted to the case of phase spaces, as we outlined below. So, we now consider
agent i, with its position x; € R? and its velocity v; € R>.
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Lemma 4.1. Let (x;,v;) be a solution of (3), where x; € R3, v; € R3. For the

group of agents, define 0;;(t) =< v;(t),v;(t) > as the angle of velocity v; and v;

and define 0(t) = max < v;(t),v;(t) >. Suppose 6(0) = 0;;(0) < 5. Then we have
i.j

0(t) < 0(0), for any t > 0.

Proof. Like in the 2D-space, we have

cos 0;(t) Vi ¥ Vi ¥y 0(t) = max arccos MER;

0;;(t) = arccos ———— —_—
Y Ivill - lIvsll” ijEN [vall - l[v

vl Dl

For any given t, there exist two agents i and jo, satisfying 0(t) =< v;, (), v;, ()

> Let hn(t) = a) U bl Gvil-va (v e we get
0 Jo
Vi, (t) - v, (t) 1
0;,, (t) = (arccos 0 20 ) =— ~hi(t).

Vi (E)]] - [| Vi, (T _ VigVj 2
@ Va1~ 1= (e

By Lemma 3.1, we have
Fu#) o= (vig - v5o) = (Vi Il V3ol = (vio Il - V5o D)+ (Vi - Vo)

= of Z QigkVEVjo + Z AjolViVig — 2Viovjo) il - ”Vjo”

kENz, 1SN
Vi -V, ViV,
—af Z aiokfmllvj0|| + Z a’jd#”"ﬁ)”
—~ (Vi |l —~ Vo
keNi, Jo
- 2HV10|| ) ”Vjo”) * Vig Vg -
Note that
Vg - V;
(@iokVieVie) = Vil - [Vl = az‘okﬁ\\va‘o\\ “VigVjo
i0

=gk [[VE[ - 1Vio |l [IVioll - Vo - (o Ojy — cOs 0 cos B, )
If 0,50, Okrjy < 0iy5, and Op, 5, 0i0,,0i,5, € [0, g) for i1,71,k1 € N, we get
cos O, j, — cosB;, 5, cos O,k > 0.

Using a similar argument in Lemma 3.1, we claim that for any given ¢, 3 i, €
N, j. € N such that 6(t) = 0;,;,(t) < 5 and D*6(t) < 0. We then conclude that
0(t) < 0(0) for all t > 0. O

For the agent’s position x; € R? and its velocity v; € R3, denote by dx =
max ||x; — x;||, dv, = max ||[v,, —Vn,||, n = x,y,2z. We introduce the spatial
i,jJEN i,jEN I

,

rectangular coordinate system v; = v, + vy, +v,. Then, we have

vy,
d:l =a Z aij(Va; — V), aij = K(wi, Xj — Xi) by,
JEN;
dv,,
o= Do ai(vy, = vy, ai; = wlwiX; — %),
JEN;
dv,

a @ Z aij(Ve = V) Gy = 6(wi X5 — X;) P
JEN;
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From v; = vy, + vy, + v, we can get ddxti =v;, and

dv; dvy, ~dvy, dv,
dt  dt dt dt

=Q Z ij(Va, = Va,) + Z aij(Vy; — Vy;)

JEN; JEN;
+ o Z Qij (sz - sz‘) (8)
JEN;
=« Z aij(vzj Ty, Ve = Ve, =Yy, — vz)
JEN;
= Z a;j(v; — vi).
JEN;

Lemma 4.2. Let x;,v; € R®, and (x;,v;) be a solution of (8). If
i). T <~ < 3% and the initial condition 6(0) satisfies 6(0) < 2y — =, or
i). 3 <y <7 and the initial condition (0) satisfies 0(0) < Z,
then )
d ¢°(dx)
Zdy, < —
at’vm =TT
Proof. In both i) and ii), we have §(0) < Z. By Lemma 4.1, we obtain (t) < 6(0) <
2~y — m for any t > 0. Then, for any agent i and agent j, one of the following three
situations can occur

an (n:$7ya2)'

1). k(wi, x5 — %) = k(wj,x; —x;5) = 1;
2). k(wi,x; —x;) =0 and k(wj,x; — x;) = 1;
3) n(wi,xj - Xi) =1 and n(wj,xi — Xj) =0.
We can then use a similar argument to that of Lemma 3.2 to prove
d ¢*(dx)

Zdyn < —
v =TT

an; n==uxy, <.
O

Theorem 4.3. Let (x;,v;) be a solution of (3) and x;,v; € R3. Assume the
influence function ¢(r) satisfies fooo ¢%(r) = co and the angle of the cone of vision
v satisfies 5 < v < m. If the initial conditions satisfy one of i) and i) in lemma
4.2, then the solution flocks.

Proof. We consider the case where the initial condition satisfies i), and a similar
argument applies to case ii). From Lemma 4.1 and Lemma 4.2, we have

d ¢ (dx)
R < —
dtdv"_ YNz

Introduce a function E(dx,dy ., dyy,dv.)(t) = dv(t) + dv,(t) + dv.(t) + deX(t)
U(r)dr, where ¥(r) = ]2\,(5) We have
D+E(dX’ dva, dVy7 dVZ)(t) :D+de(t) + dVy(t) + D+de (t) + O“P(dX)DerX (t)
< — ap(dx)dva(t) — ap(dx)dvy(t) — ap(dx)dy:(t)
+ ap(dx)dv (t)
< — ap(dx)dva(t) — ap(dx)dyy(t) — ap(dx)dv(t)

ana n=1uxy, 2.
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+ ap(dx)(dve + dvy + dv.)(t)
=0.
Using a similar argument as in the proof of Theorem 3.3, we can get a constant
d** < oo, (dX(O) < d**) such that dy,(t) + dvy(t) +dy.(t) = afdd;:o) o(r)dr.
Then, we have dx ;) < d** for any ¢ > 0. Hence, we have

d ¢*(d)
&an < _aTana n=xYy,=z.
By the Gronwall’s inequality, we obtain tlim dyn(t) = 0,n = z,y,2. As dy <
—00
dyy + dvy + dy, we conclude that 26liﬁm dy(t) =0. O
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