
Journal of

Biomathematics) Ô ê Æ Æ � n§n(n) : n

ÄuSEIR��ä&EDÂïÄ

ëû 1 ¿F2,4 Chen, Michael3 Çï÷4

(1 I��E�Æ &EXÚ�+nÆ� �H �â 410073)

(2 Department of Mathematics,Ryerson University,Toronto,Ontario,Canada,M5B2K3)

(3 Mathematics and Statistics Department,York University,Toronto,Ontario,Canada,M3J1P3)

(4 Laboratory for Industrial and Applied Mathematics,York University,Toronto,Ontario,Canada,

M3J1P3)

Á �: �©/ÏSEIR�.£ã�ä&E�DÂ§Ú\
Ä��AéDÂ�K�§é�.?1


�ý�[§¿JÑ
üK&E¿�Ä���.§��ïÄõK�ä&EDÂ�Ä:"

'�c: SEIR¶&EDÂ¶Ä��A¶¿�

¥ã©aÒ: ��=� MR©aÒ: ��ü� ©zI£è: A

©Ù?Ò: 1001–9626(n)n

0 Úó

�X�¬�äÑÖ£SNS¤�uÐ±9��xN^r��ÌÝO\§�5�õ�xN&E

���ä^r�m�íx?1DÂ§~X&E3�Æ!�&!<<���x0þ�^r=u§

@oùK&E�±�=u^r�/Ðl0w�§l
��DÂ�8�"3&E�DÂL§¥§&

E�±kü«�^rw�±9�É��ª§�«´Ï�|±�^rõ�íx�A^�Ä�l


¡�¤k^r§�«´ÏL'éÐl�=u"ïÄ&E3��xN^r�m�DÂ5Æ±9Ä

��AéDÂL§�K�§32w&E\DÚØ�zØ&E��¡Ñk2��A^"

©Ù/Viral Information Propagation in the Digg Online Social Network0[1]¥/Ï
SIR�

.§£ã
&E3Digg�Õþ�DÂL§§éÐ/Ð«
SIR�.3&EDÂ¥�A^§�

L²
61¾DÂ�êÆ�.UéÐ/£ã&E3���ä¥�DÂL§"�©/�
yk

�SEIR�.[2]¿?1
U?§Äk©OJÑ
Ø�ÄÄ��AÚ�ÄÄ��A�DÂ�.§é

�.�Ä�2)ê?1í�¶,�3b�küK&E
Ä��UNB�K&E��¹e§JÑ


üK&E�öÄ���.¶��é¤k�.?1
ê��[¿é(J?1
©ÛÚ?Ø"

1 �.�£ãÚ©Û

1.1 ÃÄ��A�DÂ�.



éu�K�E�DÂ§3Ø�ÄÄ�DÂK���¹e§·�A^�61¾DÂ�.SEIRa

q�½Â§ò?¿��t�^r©�±eAaµ

(1) S(t)�Lvk�ÖL�E�^r§éAuD/¾�.¥�´aö¶

(2) E(t)�L�±�Ö��E�^r§éA�D/¾�.¥��³ö¶

(3) I(t)�L=u�E�^r§éA�D/¾�.¥�a/ö¶

(4) R(t)�Q²=uL��EØ2��Ö��^rÚ�Ö�Ø¬=u�E�^r§éAu

D/¾�.¥�¡Eö"

@o§ÃÄ��A�DÂ�.Ð«Xeµ

ã 1 ÃÄ��A�SEIRDÂ�.


S′ = π − β0SI − µS
E′ = β0SI − σE − αE − µE
I ′ = αE − rI − µI
R′ = rI + σE − µR

(1)

£1¤¥�¤këêþ�K§½ÂXeµ

L 1 ëê�½Â

π �Õ^r#O��Ç

µ ^ròÑ�Õ��Ç

β0 =u�E�DÂÇ

σ �ÖöØ=u�E��Ç

α �Öö=u�E��Ç

r �Öö=uL��EØ2�)K���Ç

du£1¤¥cn�ªf¿vk�9�R§Ïd3?1êÆ©Û�§·��±Õácn�ªf



?1²ï:9­½5�©Û"�â½Â§�±)��.�ü�²ï:�µ(S∗, E∗, I∗) = (πµ , 0, 0)

Ú(S∗∗, E∗∗, I∗∗) = ( (µ+α+σ)(r+µ)
β0α

, π
µ+α+σ−

µ(r+µ)
β0α

, απ
(µ+α+σ)(r+µ)−

µ
β0

)"

{ü²ï:(S∗, E∗, I∗)=�EØ2��Ö½=u��¹§
E,²ï:(S∗∗, E∗∗, I∗∗)´�

E©ª��Ö9=u��¹"

Ún1 b�XÚ£1¤¤këê��K§K²ï:(S∗, E∗, I∗) = (πµ , 0, 0)�ì?­½²ï:

��=�(σ + α+ µ)(r + µ)− αβ0π
µ > 0 "

y²µÄk31��²ï:(S∗, E∗, I∗)éXÚ?1�5z§��XÚ3ù:�JocabianÝ


J(S∗, E∗, I∗)�µ

J(S∗, E∗, I∗) =


−µ 0 −β0S

∗

0 −(σ + α+ µ) β0S
∗

0 α −r − µ


-f∗(λ) = Det |λI − J(S∗, E∗, I∗)|,Kk

f∗(λ) = (λ+ µ)[(λ+ σ + α+ µ)(λ+ r + µ)− αβ0S
∗]

w,§f∗(λ)�±Ðm�����ª§·�P�f∗(λ) = a2λ
2 + a1λ+ a0"

�âRouthõHurwitz criterion[2]§XÚ3d²ï:?ÛÜì?­½��=�a0, a1, a2 > 0"

w,§a1Úa2 þ�u0§
�-a0 > 0§7L÷v(σ + α+ µ)(r + µ)− αβ0π
µ > 0"

Ïd²ï:(S∗, E∗, I∗)ìC­½��=�(σ + α+ µ)(r + µ)− αβ0π
µ > 0"2

Ón§©Û31��²ï:(S∗∗, E∗∗, I∗∗)?XÚ�­½5§·�kµ

Ún2 b�XÚ£1¤¤këê��K§K²ï:(S∗∗, E∗∗, I∗∗)�ì?­½²ï:��=

�(σ + α+ µ)(r + µ)− αβ0π
µ < 0 "p y²µÄkéXÚ31��²ï:(S∗∗, E∗∗, I∗∗)??1�

5z§��XÚ3ù:�JocabianÝ
J(S∗∗, E∗∗, I∗∗)�µ

J(S∗∗E∗∗I∗∗) =


−µ− β0I

∗∗ 0 −β0S
∗∗

β0I
∗∗ −(σ + α+ µ) β0S

∗∗

0 α −r − µ


-f∗∗(λ)=Detp|λI − JS∗∗E∗∗I∗∗|§Kk

f∗∗(λ) = (λ+ µ+ β0I
∗∗)(λ+ σ + α+ µ)(λ+ r + µ)− αλ+µβ0S

∗∗

Pdngõ�ª�f∗∗(λ) = a3λ
3 + a2λ

2 + a1λ + a0§�âRouthõHurwitz criterion[3]§X

Ú3d²ï:?ÛÜì?­½��=�µ

(1) a0, a1, a2, a3 > 0

(2) a1a2 − a0a3 > 0

éu^�£1¤§w,a1, a2, a3 > 0§


a0 = (µ+ β0I
∗)(σ + α+ µ)(r + µ)− αµβ0S

∗

= µ(σ + α+ µ)(r + µ) + 2αβ0(σ + α+ µ)E∗∗ − αβ0π

= µ(σ + α+ µ)(r + µ)− αβ0π + 2αβ0π − 2µ(σ + α+ µ)(r + µ)

= αβ0π − µ(σ + α+ µ)(r + µ)



Ïd§�αβ0π − µ(σ + α+ µ)(r + µ) > 0�§a0 > 0"

éu^�£2¤§�
�BL�§PX = β0I
∗ + µ§Y = σ + α+ µ,Z = β1 + µ,@o�\S∗�

�§a1a2 − a0a3�±�¤Xe/ªµ

a1a2 − a0a3 = [XY +XZ + Y Z − β0S
∗α][X + Y + Z]− (XY Z − β0µS

∗α)

= (XY +XZ + Y Z)(X + Y + Z)−XY Z + β0µS
∗α− (X + Y + Z)β0α

Y Z
β0α

= XY (X + Y ) +XZ(X + Y + Z) + β0µS
∗α > 0

Ïd§�÷v^�αβ0π − µ(σ + α+ µ)(r + µ) > 0�§XÚ31��²ï:ìC­½"2

Ú\)ÔêÆ¥Ä�2)ê�Vg[4]§·��±òd�.�Ä�2)êR0½Â�µ

R0 =
αβ0π

µ(σ + α+ µ)(r + µ)

nþ¤ã§éuXÚ£1¤3²ï:?�­½5§·�kXe(Øµ

½n1 b�XÚ£1¤¤këê�K§�R0 < 1�§XÚ3²ï:(S∗, E∗, I∗) = (πµ , 0, 0)?

´ìC­½�;�R0 > 1�§XÚ3²ï:

(S∗∗, E∗∗, I∗∗) = (
(µ+ α+ σ)(r + µ)

β0α
,

π

µ+ α+ σ
−µ(r + µ)

β0α
,

απ

(µ+ α+ σ)(r + µ)
− µ

β0
)

p?´ìC­½�"

1.2 kÄ��A�DÂ�.

��E�íx�Ä��§�E�±��N^rw�"@o��c�.�'§d��E�D

ÂKO\
��å»§�Ò´�±�Ö��E�<±β1��ÇO\"u´�.Xeµ

ã 2 kÄ��A�SEIRDÂ�.


S′ = π − β0SI − β1S − µS
E′ = β0SI + β1S − σE − αE − µE
I ′ = αE − rI − µI
R′ = rI + σE − µR

(2)



du£2¤¥cn�ªf¿vk�9�R,Ón·��±Õá£2¤¥cn�ªf?1²ï

:
(
Ī , S̄, Ē

)
9­½5©Û"Ī , S̄, ĒokXe'Xµ

Ī= αĒ
r+µ

S̄ =π−(µ+α+σ)Ē
µ

Ē�eª���g�§��ê�µ

β0α(µ+ σ + α)Ē2 + [(β1 + µ)(r + µ)(µ+ σ + α)− β0πα]Ē − β1π(r + µ) = 0

lù����g�§��Ē�k���ê�§�Ò´ù��.=�3��²ï:"d�Ē�

��µ

Ē =
β0πα−(β1+µ)(r+µ)(µ+σ+α)+

√
[(β1+µ)(r+µ)(µ+σ+α)−β0πα]2+4β0α(µ+σ+α)β1π(r+µ)

2β0α(µ+σ+α)

3²ï:
(
Ī , S̄, Ē

)
??1�5z§��XÚ3ù:�JocabianÝ
J

(
Ī , S̄, Ē

)
�µ

J
(
S̄ĒĪ

)
=


−µ− β0Ī − β1 0 −β0S̄

β0Ī + β1 −(σ + α+ µ) β0S̄

0 α −r − µ


-f̄(λ)=Detp|λI − JS̄ĒĪ|§Kk

f(λ) = (λ+ β0Ī + β1 + µ)(λ+ σ + α+ µ)(λ+ r + µ)− αβ0S̄(λ+ µ)

Ó�Pf̄(λ) = a3λ
3 + a2λ

2 + a1λ+ a0"·�kXe(Øµ

Ún3 b�XÚ£2¤¥¤këê���K§K�f̄ (λ)÷vRouth-Hurwitz^�[3]§=a3, a2, a1, a0 >

0§a1a2 > a0a3�§
(
S̄, Ē, Ī

)
�XÚ£2¤�ì?­½²ï:"

y²µw,§a3, a2, a0 > 0§éua1 Kk

a1 = (β0Ī + β1 + µ)(σ + α+ µ) + (β0Ī + β1 + µ)(r + µ) + (σ + α+ µ)(r + µ)− αβ0S̄

> (σ + α+ µ)(r + µ)− αβ0S̄

= (σ + α+ µ)(r + µ)− αβ0π
µ + αβ0(σ+α+µ)Ē

µ

�(σ + α+ µ)(r + µ)− αβ0π
µ ≥ 0�§a1 > 0"

�(σ + α + µ)(r + µ) − αβ0π
µ < 0�§�y²a1 > 0§K�y²αβ0(σ + α + µ)Ē > αβ0π −

µ(σ + α+ µ)(r + µ)"Pµ

sqrt =

√
[(β1 + µ)(r + µ)(µ+ σ + α)− β0πα]

2
+ 4β0α(µ+ σ + α)β1π(r + µ)

òĒL�ª�\§Ø�ªC�

αβ0π − µ(r + µ)(µ+ σ + α) + β1(r + µ)(µ+ σ + α) < sqrt

du�mü>þ��Kê§�±Ó�²�§�n���µ

−2β1µ(r + µ)2(µ+ σ + α)2 < 2β1µ(r + µ)2(µ+ σ + α)2

w,ù�ªf¤á§=a1 > 0¤á"

nþ¤ã§a1 > 03?Û�¹e¤á"

e¡y²a1a2 > a0a3"

a1 = (β0Ī + β1 + µ)(σ + α+ µ) + (β0Ī + β1 + µ)(r + µ) + (σ + α+ µ)(r + µ)− αβ0S̄

> (σ + α+ µ)(r + µ)− αβ0S̄ > 0



PX∗ = β0I
∗ + β1 + µ, Y ∗ = µ+ σ + α,Z∗ = r + µ§@oa1 > X∗Y ∗ +X∗Z∗ð¤á"

dL�ª�a2 = X∗+Y ∗+Z∗§
a0 = X∗Y ∗Z∗−αβ0µS
∗ < X∗Y ∗Z∗"w,a1a2 > X∗Y ∗Z∗§

�a1a2 > a0a3�y"2

�âRouthõHurwitz criterion[3]§\\Ä��AK���.3Ù²ï:?´ì?­½�"

u´·�kXe(Ø:

½n2 b�XÚ£2¤¥¤këê���K§KXÚ£2¤k��²ï:
(
S̄, Ē, Ī

)
§�d²ï

:ì?­½"

1.3 k!ÃÄ��A�DÂ�.�'X

w,§�.£1¤́ �.£2¤���A~"=�β1 → 0 �§�.£2¤B£8�£1¤¥�Ã

Ä��A��."e¡ïÄβ1ÚR0 éu�EK�å�'X"

òĪ�L�ª�¤�kR0�/ª§��

Ī =
µR0 − (β1 + µ) +

√
(β1 + µ)

2
+ (µR0)

2
+ 2µR0(β1 − µ)

2β0

�β1 → 0�§

Ī =
µ(R0 − 1) + µ

√
(R0 − 1)

2

2β0

Ïd�R0 < 1�§Ī = 0§ùÒ´ÃÄ��A��.¥31��²ï:��¹"
�R0 >

1�§̄I = µ(R0−1)
β0

§ùÒ´ÃÄ��A��.31��²ï:��¹"eã�Ī(R0)�¼êã�"

ã 3 β0=0.2,µ=0.3�Ī(R0)�¼êã�

�X?ØĪ�β1�m�'X"eã©O´3R0 < 1ÚR0 > 1^�e�Ī(β1)¼êã�"



ã 4 �ã�µ=0.3, β0=0.2, R0 = 0.74�Ī(β1)�ã�§mã¥ùÚ�µ=0.3, β0=0.2, R0 =

4.93�Ī(β1)�ã�§7Ú�Ī = µ(R0−1)
β0

�ã�

��½�K&E3DÂL§¥�Ù¦ëê§·��±ÏLÄ��A�åÝ5N�&EDÂ

���"'X`3mã�½�ëêe§e�¦XÚ¥��­½k6¶^r=u&E§�â¼ê

ã��±��β1��I��u0.1"

1.4 �öÄ��DÂ�.

3¢S¥§Ä�þ��E´¬�âØÓ�E�|±öêþ?1���§u´ék7�?

ØõK�E�öÄ��¡��¹"e¡k?Ø��küK�E§
Ä��Uíx�K�E��

¹"

ã 5 üK�E¿�Ä���.

u´·�kü^�E¿�Ä��ÄåXÚ�.µ





S1
′(t) = π1 − β01S1(t)I1(t)− β11S1(t)[V1(t)− V2(t)]+ − µ1S1(t)

E1
′(t) = β01S1(t)I1(t) + β11S1(t)[V1(t)− V2(t)]+ − σ1E1(t)− α1E1(t)− µ1E1(t)

I1
′(t) = α1E1(t)− r1I1(t)− µ1I1(t)

R1
′(t) = r1I1(t) + σ1E1(t)− µ1R1(t)

V1
′(t) = α1E1(t)

S2
′(t) = π2 − β02S2(t)I2(t)− β12S2(t)[V2(t)− V1(t)]+ − µ2S2(t)

E2
′(t) = β02S2(t)I2(t) + β12S2(t)[V2(t)− V1(t)]+ − σ2E2(t)− α2E2(t)− µ2E2(t)

I2
′(t) = α2E2(t)− r2I2(t)− µ2I2(t)

R2
′(t) = r2I2(t) + σ2E2(t)− µ2R2(t)

V2
′(t) = α2E2(t)

(3)

Ù¥§Si, Ei, Ii, Ri, i = 1, 2©O�L�Ei�DÂXÚ¥§�ÓuXÚ£1¤§£2¤�A�^

ra."Vi (t) , i = 1, 2§L«Q²=uL�Ei�¤k^rêþ§
[V1(t)− V2(t)]+½Â�µ

[V1(t)− V2(t)]+ =

{
1, V1(t) > V2(t)

0, V1(t) ≤ V2(t)

Þ~5`§��E1�\È=uêõu�E2�§K�E1¬�íx�Ä�§ÙDÂå»Òõ


β1Sù�Ü©§�dÓ�§�E2 K��ÏLÄ�DÂ�Å¬"

2 �ý�[

2.1 ÃÄ��A��.�[

Äk�[R0 < 1���¹§K���I(t)�¼êã�:

ã 6 �β0 = 0.2, σ = 0.3, γ = 0.2, π = 5, µ = 0.3, α = 0.1�§R0 = 0.83§É�´S(0) =

1000, E(0) = 30, I(0) = 10, R(0) = 0�¼êã�§ù�´S(0) = 1000, E(0) = 150, I(0) =

50, R(0) = 0�¼êã�§7�´S(0) = 1000, E(0) = 300, I(0) = 100, R(0) = 0�¼êã�"

lã6��§²L�ã�m§/a/ö0�<ê¬ª�u0§�Ò´`3R0 < 1��¹e§�

E�K�Ø¬��±Y§�ª¬��"



eR0 > 1�§�±��µ

ã 7 �β0 = 0.2, σ = 0.3, γ = 0.2, π = 20, µ = 0.3, α = 0.2�§R0 = 6.67,ç�´S(0) =

1000, E(0) = 30, I(0) = 10, R(0) = 0�¼êã�§É�´S(0) = 1000, E(0) = 150, I(0) =

50, R(0) = 0�¼êã�§7�´S(0) = 1000, E(0) = 300, I(0) = 100, R(0) = 0�¼êã�§ù

�´I(t) = απ
(µ+α+σ)(r+µ) −

µ
β0
´ã�§=I∗∗��"

�R0 > 1�§²L�ã�m�§=u#ª�<êª�uI∗∗ù��§XÚ­½"�Ò´`§

3ù«�¹e§�E�K����3§²L�ã�m­½�okI∗∗^rÉ�K�"

2.2 kÄ��A��.�[

Ú\Ä��A�§��u´\\
DÂ
"�Ò´`�E�DÂØ2üX´=ÏL^r�

m�DÂ§��±ÏLÄ�ù�
ÞDÂ�¤k^r"

©O�[R0 < 1ÚR0 > 1��¹§��I(t)�¼êã�Xã8¤«µ

ã 8 �ã��β0 = 0.1, β1 = 0.1, σ = 0.3, γ = 0.3π = 12, µ = 0.3, α = 0.1 �§R0 = 0.95 É�

´S(0) = 1000, E(0) = 0, I(0) = 0, R(0) = 07�´S(0) = 1000, E(0) = 10, I(0) = 5, R(0) = 0ç

�´S(0) = 1000, E(0) = 20, I(0) = 10, R(0) = 0 ù�´I(t) = Ī�ã�,mã��β0 = 0.2, β1 =

0.1, σ = 0.3, γ = 0.2π = 30, µ = 0.3, α = 0.2�§R0 = 10É�´S(0) = 1000, E(0) = 50, I(0) =

10, R(0) = 07�´S(0) = 1000, E(0) = 250, I(0) = 50, R(0) = 0ç�´S(0) = 1000, E(0) =

500, I(0) = 100, R(0) = 0ù�´I(t) = Ī�ã�



�R0�?¿��§²L�ã�m�§EkĪ<3=u�E§l
é�E?1DÂ"�Ò´

`§���3Ä��A§�E�K�ÒØ�U��"¤±§e���³��E�K�§7L�

yÙØ3Ä�þ"

2.3 üK&E�öÄ��DÂ�.�[

3¢S)¹¥§²~¬kù���¹µk�
�Ø�zØ�E¬DÂÑ5§�^r�Ö¿

��^r=u§l
¦�zØ�E3�äþDÂ"3uyù��¹�§�'�Ü�  I�Ï

LuÙ,�K�E5Å��c��ØzØ"e¡·�ïÄù��|µµ��E1 ®²Pk�õ

�|±ö¿��íx�Ä��§fm©¼���|±�&E2´ÄU
��&E1 �K�§¿

�uÙ3Ä�� �§l
��ùXÚÅ�&E1 �K�"

éu���Õ5`§#5þ�^rêþÚ5�òÑ�^rêþéuØÓ&E5`vk�

É§�@�π1 = π2,µ1 = µ2"
^rÄ�&E�M#�Ç§=γ§Ì��ûu^r9ÙÐl�¹

�§Ý§�·�b�γ1 = γ2"@o§3�Ä�.��I��Ä,	�n�ëê��"u´·�

�½V1(0) = 50,V2(0) = 10§��±eA«�¹eV (t) �Cz"

£1¤β02 > β01

ã 9 �β1i = 0.1, σi = 0.2, αi = 0.2, γi = 0.3, πi = 20, µi = 0.4(i = 1, 2)�§ù��β01 =

0.1, S1(0) = 1000, E1(0) = 100, I1(0) = 50, R1(0) = 0, V1(0) = 50�V (t) �ã�§7��β02 =

0.5, S2(0) = 1000, E2(0) = 20, I2(0) = 10, R2(0) = 0, V2(0) = 10�V (t)�ã�

�β02 > β01§��uO\��Ö#ª�^r�±�Ö#ª�Å¬§Ì��ûu=u#ª�^r

�Ðlêþ"=u�E2�<I�'=u�E1�<Pk�õ�Ðl§ù��E2âUk���

�U��õ<w�§l
Jp|±�E2�^rêþ"Ïd3¢SDÂL§¥§·��±/Ï

�
/�V0̂ r=u�E§p�
2�/DÂ�E"

£2¤σ2 < σ1



ã 10 �βi0 = 0.2, βi1 = 0.2, αi = 0.2, γi = 0.4, πi = 20, µi = 0.3(i = 1, 2)�§ù��σ1 =
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Abstract: We apply the SEIR model as in epidemic disease modeling to investigate the transmission dy-

namics of the spread of news online via different website functions, such as sharing, like, and headline effects. Aside

of the mathematical analysis, we also perform simulations about the competition for headline position between two

news in order to get insights about how the spread of a new message replaces that of an old message due to headline

effects. Our study could be a starting point for developing a more realistic model about the online transmission

dynamics of multiple messages.

Key words: SEIR;Information diffusion;The influence of home page;Compete


