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of drug resistance can occur. It is necessary that we gain a greater understanding
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of the evolution of drug resistance. Here, we consider an HIV viral dynamical
model with general form of target cell density, drug resistance and intracellular
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HIV delay incorporating antiretroviral therapy. The model includes two strains: wild-
Drug resistance type and drug-resistant. The basic reproductive ratio for each strain is obtained
Antiretroviral therapy for the existence of steady states. Qualitative analysis of the model such as the
Intracellular delay well-posedness of the solutions and the equilibrium stability is provided. Global
Asymptotic stability asymptotic stability of the disease-free and drug-resistant steady states is shown by
Hopf bifurcation constructing Lyapunov functions. Furthermore, sufficient conditions related to the

properties of the target cell density are obtained for the local asymptotic stability of
the positive steady state. Numerical simulations are conducted to study the impact
of target cell density and intracellular delay focusing on the stability of the positive
steady state. The occurrence of Hopf bifurcation of periodic solutions is shown to
depend on the target cell density.

© 2014 Elsevier Inc. All rights reserved.

1. Introduction

Human immunodeficiency virus (HIV) is a retrovirus that targets cells with CD4* receptors in the human
body, including CD4T T-cells, the main driver of the immune response. When the number of the CD4*
T-cells falls below a critical threshold an HIV patient is diagnosed with AIDS. Progression to AIDS can be
controlled with the use of highly active antiretroviral therapy (HAART), combining reverse transcriptase
inhibitors (RTIs) and protease inhibitors (PI) [49] which block the infection of target T-cells and cause
infected cells to produce noninfectious virus particles respectively. HIV is a controllable infection, for the
most part, in countries where a wide range of antiviral drugs are available. Unfortunately, the effectiveness
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of antiretroviral therapy (ART) can be remarkably reduced by the emergence of drug resistance [4,46].
With the high replication rate (on average 10'° particles per day [33]) and the high mutation rate (3 x 107°
per base per replication cycle [24]) of HIV, coupled with poor adherence to the treatment protocol, poor
absorption and pharmacokinetics, drug resistant mutations are likely to appear in most patients [17,41],
which will lead to a diagnosis of AIDS if new drug therapy regimens cannot be prescribed. It is imperative
that the conditions that favor the evolution of drug resistance under HAART be uncovered and understood,
so that HIV progression can be controlled.

Mathematical models have been used to study HIV dynamics in-host, including the emergence of drug
resistant mutations [1,2,8,23,30,36,37,40,44]. A limitation of these previous studies however, is that the
effects of the viral eclipse phase on the viral life cycle (the intracellular delay between initial infection and
release of new virus particles) have been ignored. Previous studies of the viral eclipse phase not including
the emergence of drug resistance, have shown that the half-life of free virus can be reduced considerably
[14] and that the infected cell loss rate may be increased [29] if a discrete intracellular delay is included in
the model. Furthermore, it has been shown that the predicted rate of decline in plasma virus concentration
depends on three factors: the death rate of virus producing cells, the efficacy of therapy, and the length
of the intracellular delay, which can be anywhere from a few hours to 2 days depending on the drugs [10].
Thus, it is necessary to include an intracellular delay in models of the evolution of drug resistance.

A further limitation of previous models is that target cell dynamics are mainly described using a linear
growth rate, ignoring the effects of proliferation and density dependence in the T-cell population [1,2,8-10,14,
16,18,21-23,29,31,33,34,36,37,40,44,50]. However, the proliferation rate of T-cells is density-dependent, with
the rate of proliferation slowing as T-cell count increases [15,38]. Some studies have assumed a logistic growth
term including proliferation [6,9,18,19,22,32,33,42.43,48]. With the exception of [22], which found that the
underlying mechanism for sustained oscillations in within-host viral models is the target cell proliferation
rather than intracellular delay [22], the combined effects of intracellular delay and logistic growth have not
been studied. Such oscillations may have a profound impact of the evolution of drug resistance.

We have developed a system of delay differential equations incorporating an intracellular delay, logistic
growth and antiretroviral therapy. This model is used to study the effects of cell density and time delay on the
evolution of drug resistance under antiretroviral therapy. The paper is organized as follows. In Section 2,
we construct our model and show the well-posedness of the model solutions (a disease-free equilibrium,
a drug-resistant strain only equilibrium and a positive equilibrium where both strains exist). Two basic
reproductive ratios with drug-sensitive and drug-resistant strain are given to ensure the existence of positive
steady state. We employ Lyapunov functions to prove the global stability of disease-free steady state and
drug-resistant strain steady state in Section 3. Moreover, we investigate the local asymptotic stability of
the positive steady state for the time delay and we extend our stability analysis of drug-resistant strain and
positive steady states respectively. Numerical simulations are used to demonstrate the effect of the target
cell density and the intracellular delay on the model dynamics. Finally, we conclude our work and identify
future avenues of study.

2. Model

Here, we derive a two-strain model with antiretroviral therapy. The model includes uninfected CD4"
T-cells (T), productively infected CD4" T-cells (T*) and infectious virus (V). To include drug resistance,
we divide the infectious virus and productively infected cell classes into drug-sensitive infectious virus (V5),
drug-resistant infectious virus (V;), drug-sensitive infected CD4" T-cells (7%) and drug-resistant infected
CD4™" T-cells (T}), respectively, where the subscripts s and r denote drug-sensitive and drug-resistant
types. The transmission diagram without the intracellular delay is given in Fig. 1. Introducing the effects
of the intracellular delay 7, we obtain the following delay-dependent HIV viral dynamical model with drug
resistance during ART":
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Fig. 1. Model schematic. The schematic diagram of HIV transmission with drug-sensitive and drug-resistant strains during ART
(without the intracellular delay).
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with initial values

TO)=i(0),  TI0)=vs  Vi(0) = s(0),
TH0) = ta,  Vi(0) = ¥5(0) for 0 € [~7,0], (2)

where, 19 and 14 are given non-negative constants, 11 (), 13(0), 15(0) € C([—7,0],Ry) with R, = [0, +00),
and 1 = (Y1, 9, ¥3,%4,95) € C X Ry X C xRy x C.

The model is described as follows: uninfected CD4" T-cells have a proliferation dependent growth rate
F(T(¢t)) (see the following assumptions (A1)—(A3) for detail). It is assumed that the infection rates ks and k.,
representing the infection of uninfected CD4% T-cells by drug-sensitive and drug-resistant virus, may differ.
When infection occurs an infected CD41 T-cell is produced after 7 time. Here, 7 represents a time delay
between initial virus entry into a cell and subsequent viral production and the factor e™™7 is the probability
that an infected CD4™" T cell survives the interval 7 [10,14,16,18,21,47,50|, where 1/m is the average lifetime
of infected CD4T T-cells before they become productive. During the initial stages of infection, mutation
from the drug-sensitive to the drug-resistant strain may occur with probability v (0 < u < 1). Back mutation
from the drug-resistant to the drug-sensitive strain is ignored similar to [2,30,36,44]. Infected CD4™ T-cells
die with rate . Drug-sensitive and drug-resistant virus particles are produced by the corresponding infected
CD4* T-cell populations where N, and N, describe the burst sizes. Virus particles are cleared with rate c
and are inhibited by RTIs and PIs with rates ny, and n;,, and n;, and n; respectively.

We assume that the growth rate of the uninfected CD4" T-cells f:R, — R, is a smooth function and
satisfies the following properties:

(A1) Ty, such that f(To) =0 and f'(Tp) < 0;
(A2) f(T)>0,T € (0,Ty) and f(T) <0, T > To;
(A3) (f(T)— f(D))(T~T)<0,T#T,
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where T' denotes the number of the healthy CD4* T-cells at each steady state. Assumptions (A1) and (A2)
imply that the disease-free system 7'(t) = f(T'(t)) has a globally asymptotically stable steady state Tp,
and (A3) assumes that the local or global asymptotic stability of each steady state of system (1). These
assumptions are needed to properly reflect the disease states in individuals i.e. individuals that are disease
free are in a stable state, and individuals infected with HIV are chronically infected.

3. Results

For convenience of notation in the following analysis let

=l (Lom)(-mg), =1 (1) (),

I%S:ks(l—nit), Er:kr(l—n:t), NS:NS(I—n;), Nr:NT(l—n;).

So,
Ngks(1 — 1) = Nk, Nk (1 —=n,.) = Nk,

By the basic theory of functional differential equations (see Theorem 2.3 in [12]), there is a unique
solution X (t) = (T'(t), T (t), V5(t), T (t), V-(t)) satisfying the initial conditions (2). The following theorem
establishes the positivity and boundedness of solutions of system (1) with initial values satisfying (2).

Theorem 3.1. If (2) holds, system (1) has a non-negative solution X (t) with the initial values (2). Further-
more, the solution is ultimately bounded.

Proof. From the first equation of system (1), T'(t)|7—o = f(0) > 0. By Theorem 5.2.1 of [39], T'(t) > 0 for
all t > 0.
By the second and fourth equations in (1)

t
Tr(t) = Tr(0)e % + / e =D (1 — ke ™ Vi(a — 7)T(a — 7) da
0

and

TF(t) = T (0)e™% + / e 0= e=mT T (q — 1) (uksVi(a — 7) + k. Vi(a — 7)) da,

establishing Tx(t) > 0, T.*(t) > 0 for t € [0,7]. Similarly, from the third and fifth equations in (1),
Vit)|v.—o = NOT*(t) > 0, Vi(t)|v.—o = N,0T*(t) > 0. By Theorem 5.2.1 of [39], we confirm that
Vi(t) = 0,V,.(t) = 0 for all t € [0, 7]. By a recursive argument on [r,27], [27,37],... we can then obtain the
non-negativeness of solutions for all ¢ > 0.

As for boundedness of the solution, assumptions (A1) and (A2) and the first equation of system (1) imply
that limsup T'(¢) < To, t — +00. We define

1 1
Gt)=e™T(t)+ Tt —— V(¢ T*(t V(¢
() = eI + T (t+7) + S Valt 4 7) + T+ 7) + Vit +7)

S T

and h = min{1, /2, c}. Calculating the derivative of G(t) along the solution of system (1), we obtain
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G@t)=e ™ f(T(t)) - %6Ts*(t +7) — %ch(t +7) — %6T:(t +7) — %cvr(t +7)

S T

< e MTF(T®) +T(1)]

— e ™ T(t) + %5T:(t +7)+ 2]1V cVi(t+71)+ %6T:(t +7)+ %ch(t +7)

S T

< e (A +Tp) — hG(t),

where \ = supreo,r,) f(T'(t)), which shows that G(t) < M + ¢ for large t, M = e”™T (A +Tp)/h and € > 0.
Let p = min{e~™7,1/(2N,),1/(2N,)}. Then T, V,, T and V, < M/p for large t. This implies that the

S

solution X (t) is ultimately bounded, completing the proof of the theorem. O
The dynamics of system (1) will be analyzed in the following bounded feasible region
I={X=(T,T5V,,T:,V;) € C x Ry x C xRy x C: T < Ty, T7, Vi, T and V, < M/p}.

The argument in Theorem 3.1 shows that I is attractive. Moreover, since T'(t) < 0 when T'(t) = Tj the
solution remains in I" with ¢ < ¢. Similarly, TS* (f) < 0 when TS* (f) = M/p and the solution remains in I" with
t < t. In the same manner it can be shown for all populations that the solution remains in I". Therefore,
we conclude that I" is positively invariant with respect to system (1).

3.1. Basic reproductive ratio

We use the survival method [13] to find the basic reproductive ratio, which is defined as the total number
of newly infected cells produced by a single infected cell when introduced into a population of healthy T-cells
[13,31]. Let Rs and R, denote the basic reproductive ratios of only drug-sensitive and only drug-resistant
strains with drug therapy, respectively, where

1 — u)N:kT, N, kT,
R. — (1—u) 0p-mr R, = 0

C Cc

e~ mT

and Ty denotes the uninfected T-cell population when there is no virus in the system. We define

Biologically, if 0 < 1, the drug-resistant strain dominates, while the drug-sensitive dominates if o > 1. If
there is no intracellular delay (7 = 0), Rs and R, reduce to the basic reproductive ratios of model [30,36]
if term 1 — w is included in their R,. It is obvious that an intracellular delay decreases Rs and R,. This
implies that ignoring the intracellular delay 7 in a viral model will overestimate Rs and R,, however, the
delay (7) has no effect on determining which strain dominates.

3.2. Steady states

System (1) always has one disease-free steady state Ey(Tp,0,0,0,0), where f(Tp) = 0.

Note that, if R, > 1, then Ty/R, € (0,Tp). From assumption (A2), f(To/R,) > 0 is equivalent to
R, > 1. Similarly, f(To/Rs) > 0 is equivalent to Rs > 1.

System (1) also has a boundary steady state E,.(T),0,0,T., V,..) (only the drug-resistant strain is present)
if R, > 1, where
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oD g ey SR
N0 kT,

A positive steady state E.(T,, T

se’

Vie, Ti%., Vi) where both strains are present, exists if Ry > 1 and

o > 1. Here,
Te - Ea s*e = CYS67 :e = CY”‘S’ Vvse - (U — 1_)];7T‘/T€7 Vtr‘e - Uf(TO/Rf) .
Rs N6 N,.6 ukg (0 =1+ u)k,T,

Note that, if v = 0 (no mutation from wild-type to mutant), the positive steady state E, reduces to
another boundary steady state Eg(Ts,T%,, Vss,0,0) where only the drug-sensitive strain is present. Here,
Rs>1and

_ C‘/ss V.. = f(TO/RS‘)
8s ];}STS .

FEy and E, are unchanged when u = 0.

3.3. Global stability of Ey and E,. steady states

To study the stability at the steady state E(T,T*,V,, T, V,), we let yy (t) = T(t) =T, y2(t) = TF(t) = T7,
ys(t) = Vs (t) = Vs, ya(t) = T2 (8) = T3, ys(t) = Vi(t) = Vo, and Y(£) = (y1(), y2(t), y3(t), ya(t), y5(t)). Then,
system (1) can be written as

Y(t) = AY (t) + BY (t — 1) (3)
where
-—a 0 —kJT 0 —kT
0 -4 0 0 0
A= 0 N —c 0 0 ,
0 0 0 -5 0
0 0 N,§ —c

0 0 0 0 0
(1 —w)kse ™V, 0 (1—wke™T 0 0
B = 0 0 0 0 0
wkse ™V, + kpe™™TV,. 0 ukse™™mTT 0 k.e ™ T
0 0 0 0 0
The linearization of system (1) at E(T, T, Vs, T, V,.) becomes
U1 (t) = —ayi (t) — ks Tys(t) — k. Tys(t),
U (t) = (1 — u)kse ™ (Vsyl(t —7) + Tys(t — T)) — dya(t),
3(t) = Nebya(t) — cys(t),
Ua(t) = (ul?:se_"”\_/S + ke ™ ‘_/T)yl (t—7)+ ul}se_mTTyg(t —7)+ l}re_mTTy5(t —7) — dya(t),
:l]5 (t) = Nr5y4(t) — CYs5 (t) (4)
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Let Y = ef be a solution of Eq. (3). Then, we obtain,
A4+ Be ™ —€I1=0

where I is the identity matrix. The characteristic equation of linearized system (4) at a steady state E then

becomes:
—a—¢ 0 —k,T 0 —k, T
(1= ke MTOTV, 5 —¢ (1 —u)ke MTOTT 0 0
0 N6 —c—¢ 0 0 =0
(uksVy + k. V,)e (mtO7 0 ukge  (MHOTTe 8T 5 ¢ ke (mTOTT
0 0 0 N,.§ —c—¢&

where a := k,V, + k,.V, — f/(T) = f(T)/T — f(T).

Theorem 3.2. If Ry < 1 and R, < 1, then the disease-free steady state Ey is locally asymptotically stable
for all 7 = 0 and unstable if Rs > 1 or R, > 1.

Proof. The characteristic equation of the linearized system (4) at the disease-free steady state Fy is

(€+ ap) [52 +(c+0)E+cd—(1— u)NSI%STO(Se_mTe_fT] [{2 +(c+0)E+cd— NTI%TTOJG_””@_&T] =0.
(5)

Clearly, £ = —ap = f'(To) < 0 (assumption (Al)) is a negative root of Eq. (5). The remaining roots of
Eq. (5) are determined by the following transcendental equation

(€2 + (c+6)E+c6 — (1 — u)NksTode ™ e 7] [€2 + (c + 6)€ + ¢§ — Nok,Tode ™ e 7] =0.  (6)
Substituting 7 = 0 into Eq. (6) we obtain the following quartic equation:
(€% + (c+ 6)E +¢6 — (1 — u)NksTod] [€2 + (¢ + 0)€ + 6 — Nk, Tpé| = 0. (7)

Using the Descartes’ rule of signs, it is obvious that the quartic equation (7) with 7 = 0 has four negative
real roots if Ry < 1 and R, < 1.

If 7> 0, let £ = iw(7), w(T) > 0. Separating the real and imaginary parts of Eq. (6), and squaring and
adding, we obtain two equations related with w(7):

Fy(w(r)) = w(r) + (82 + 52)w2(7') + (c6)? — ((1- u)Nsl_csTo(Se*mT)Q =0,
By (w(r)) == w* (1) + (¢ + 6)w?(1) + (c6)* — (NT/;TToée_mT)2 =0. (8)

Notice that ¢ > (1 — u)NSI;;STOe_mT and ¢ > N, k,Toe™™" when R, < 1 and R, < 1, respectively. Clearly,
Egs. (8) have no positive roots. That is to say, there is no root that can across the imaginary axis of Eq. (5).
Therefore, the disease-free steady state is locally asymptotically stable for 7 > 0.

For the case Ry > 1 or R, > 1, Eq. (6) has at least one positive root with 7 = 0. So, Ey is unstable for
7=0. When 7 > 0, % = 88% = 3w3(7) +2(c? + 6®)w(7) > 0, and thus from Cooke and van den Driessche
[5] and Freedman and Kuang [11], Ey is unstable for 7 > 0. This completes the proof. O

Theorem 3.3. If R; < 1 —u and R, < 1, then the disease-free steady state Fy is globally asymptotically
stable for every given T = 0.
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Proof. Define a Lyapunov function W1 :C' xRy x C xRy xC = R

Wi = T(0) + T7(0) + 2-Valt) + Vo0

0 0
+e ™k, /1/)1(25 + s)3(t + s)ds + e ™k, / P1(t+ s)Ys(t + s)ds

The derivative of W1 along solutions of system (1) is

Wy = (Ns]gsefmTT(t) —0) ;\;t) + (Z\if,«/;;,«efmTT(t) —c) T,(t)
< (Nsk'sToe mrT _ c) V]Sét) + (NTI%TTOe_mT - c) V]Tét)
_ <1Rsu B 1) C‘;\ffit) bRy — 1)cViEt)

If Ry <1—wand R, <1, we obtain W; < 0. Thus W; = 0 if and only if V5(t) = V,.(t) = 0. The maximum
invariant set in {¢) € I' | W, = 0} is the singleton Ey. The LaSalle’s invariance principle [20] implies that
all solutions converge to Ey. This 