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1. Introduction

Incorporating time delay into a mathematical model for a certain dynamical process may destroy
the order-preserving (monotonicity) property of the semiflow which is satisfied by the corresponding
model without delay. Such a delay induced non-monotonicity of the solution semiflow has been ob-
served in a large number of unimodal delay differential equations such as the Mackey-Glass equation
and the Nicholson blowflies equation. The global dynamics of such equations can be quite compli-
cated and chaotic behaviors are possible, as shown in the Mackey-Glass attractor. A notable feature of
such a unimodal delay differential equation is the existence of two ordered equilibria, between which
the nonlinearity changes monotonicity once (from being monotonically increasing to decreasing).
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A particular issue is the existence of connecting orbits between these two ordered equilibria, which is
automatically guaranteed by the monotone dynamical systems theory if the nonlinearity is monotone
between these two equilibria. When spatial diffusion is further incorporated, the delayed nonlinearity
may involve nonlocal interaction. It is then very important for both theoretical advance and practical
applications to know whether there are travelling wavefronts, representing the transition from one
equilibrium to the other, and how they are related to the global dynamics of the reaction diffusion
equations with nonlocal delayed nonlinearity.

Travelling waves (wavefronts) play an important role in the theory of reaction diffusion equa-
tions, because of their theoretical relevance to the global dynamics of such equations and because
of their practical significance to the (chemical, physical, ecological and epidemiological) transition
processes of systems modeled by these equations. In [1,2], Aronson and Weinberger introduced the
concept of the spreading speed (i.e., asymptotic speed of spread) and showed that it coincides with
the minimal wave speed for travelling waves under appropriate assumptions including the mono-
tonicity. Weinberger [32] and Lui [19] later established a parallel theory of spreading speeds and
monostable travelling waves for monotone discrete dynamical systems. Recent studies [13-16,31,33]
have extended such a theory for monotone semiflows in great generality so that it can be applied
to various discrete-time and continuous-time evolution equations admitting some sort of compar-
ison principles. In particular, Liang and Zhao [15] established the theory of asymptotic speeds of
spread and monotone travelling waves for monotone discrete-time and continuous-time semiflows
with monostable nonlinearities which can be applied to evolution systems with time delays and re-
action diffusion equations in cylinders with monotone nonlinearity.

Many dynamical systems however do not possess the order-preserving or monotonicity prop-
erty, and there are various attempts to establish similar results on the spreading speeds and the
existence of monostable travelling waves for such systems [5-7,11,20,22,24,29,30,36]. Unfortunately,
most of these results have been established for specific type of evolution equations (especially
delayed reaction diffusion equations) and the arguments used are pretty much equation-specific.
One of the objectives of this paper is to develop a generic framework and relevant techniques
for a class of non-monotone discrete-time and continuous-time dynamical systems on C., where
Cy £ BC([-7,0] x H,R;) and H =R or Z. Specifically, we present an abstract formulation (UM)
of unimodal semiflows in the aforementioned phase spaces and develop a very general comparison
principle, based on the concept of upper- and lower-systems which enjoy certain order-preserving
properties. We then introduce a linear positive operator, satisfying conditions (AL1)-(AL3) formulated
in terms of asymptotic behaviors of the semiflow trajectories near the trivial equilibrium, and use
it to impose a certain global coupling condition (GC) between the upper- and lower-systems so that
the well-established global dynamics of the semiflows generated by the (order-preserving) upper- and
lower-systems can be used to draw conclusions about the asymptotic behaviors of the unimodal dy-
namical system. Critical importance of our approach is the possibility of this global coupling between
the upper- and lower-systems, roughly in the sense that (a) both upper- and lower-systems are glob-
ally controlled by the same linear semiflow, obtained by linearizing the nonlinear system at the trivial
equilibrium, and (b) both upper- and lower-systems are convergent to the nontrivial equilibrium at
infinite.

This general framework is motivated by some of our recent studies [37,38], using ideas and argu-
ments different from those of [4-7,11,20,22,24,29,30,36]. Our main results and principal arguments
are

e the global attractivity of the nontrivial equilibrium for semiflows in an unbounded domain of
C+ \ {0} under the compact open topology in [37], as a natural consequence of the comparison
principle and the imposed global coupling between upper- and lower-systems;

e the existence of travelling waves and the coincidence of the minimal wave speed and the spread
speed, as an application of a limiting argument to the sequence obtained by using the Schauder
fixed point theorem and the corresponding results for monotone dynamical systems by Liang and
Zhao [15].
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Some preliminaries and standard hypotheses are given in Section 2 while the main general re-
sults are developed in Sections 3 and 4: Section 3 is devoted to the global asymptotic behaviors
and the spreading speed, and Section 4 is devoted to travelling waves by using the Schauder fixed
point theorem and the general R. ) operators approach instead of the classical upper-lower solution
method. Finally, we apply our main results to an integral equation which includes, as special exam-
ples, a nonlocal delayed reaction diffusion equation and a nonlocal delayed lattice differential system
in an unbounded domain. The general results are illustrated with two well-known examples (Ricker
nonlinearity and Mackey-Glass equation) in Section 5, where we also show how to construct the
upper- and lower-systems and explain the global coupling conditions. Comparisons of our results for
these two examples with existing works [5-7,11,20,22,24] are also given which show that our general
framework can yield optimal results for some specific systems with well-justified minimal hypotheses.

2. Preliminaries and basic hypotheses

We first introduce some notations. Let Z, Z., R, and Ry be the sets of all integers, nonnegative
integers, reals, and nonnegative reals, respectively. Let X = BC(#, R) be the normed vector space of
all bounded and continuous functions from 7{ to R with the norm |¢|x = oo 27 supf{lp(x)]: x €
H with |x| < n} for all ¢ € X, where H =R or Z. Let X ={¢ € X: ¢(x) > 0 for all x € H} and
X, ={peX: ¢(x)>0 for all xe H}.

For a given t € Ry, let C = C([—7, 0], X) be the normed vector space of all continuous func-
tions from [—7,0] into X with the norm [l¢|c £ max{|l¢®)|x: 6 € [-1,0]} for all ¢ € C, Cy =
C([-7.0],Xy) and C§ = C([—7,0], X}). It follows that C is a closed cone in the normed vec-
tor space C. But CS # Int(Cy) due to the non-compactness of the spatial domain #. Also, let
Y =C([—7, 0], R) be the normed vector space of all continuous functions from [—7, 0] into R with
the norm ||8ly £ max{|8(®)|: § €[—7,0]} forall BeY and Y, =C([—7,0],R;).

For the sake of convenience, we identify an element ¢ € C as a bounded and continuous function
from [-7,0] x H into R. For a € R, a € X is defined as a(x) =a for all x € H. Similarly, a € C is
defined as a(0) = a for all 6 € [—T, 0]. Moreover, for any ¢ € X and 8 € Y, we define ¢ € C and S e C
respectively by ¢(0,x) = ¢ (x) and B(0,x) = B(6) for all (0,x) € [-7,0] x H. In the following, we
identify @ or @ with a for a € R. Furthermore, we identify ¢ € X and B € Y with ¢ € C and 8 € C,
respectively. As a result, we can regard X and Y as subspaces of C.

Forany &,ne X,wewrite § >xnifé—neXy, Eé>xnifé>xnand & #n, & >xnif&§—neXq.
Similarly, for any ¢, v € C, we write o 2c ¥ if o — Y € Cq, o >c ¥ if o >c ¥ and ¢ # ¢, ¢ >c ¥ if
o —YeCl;forany p,peY, wewritepo>2ypifo—peYi,o>ypifo>ypando#p, 0>y p
if o — p €Int(Yy), where Int(Y;) ={B € Y: B() >0 for all 6 € [—7, 0]}. For simplicity of notations,
we write >, >, > and || - || respectively for >,, >, >, and || - ||«, where * stands for one of X, C
and Y.

For r € (0,00), 0 €Y and ¢ € C, we say ¢(-,x) > o for x on an interval of length 2r if there exists
a € R such that p(-,x) >0 forall xe[a—r,a+r]NH.

For given numbers r,s > 0, define C; ={p e C: 0< @ <r}and Crs={p € C: r < ¢ <s}. Also, for
@ eCy, define Cy={yeC: 0< ¥ <o}

For a given y € H, define the translation operator Ty by Ty[u](6,x) =u(f,x — y) and define the
reflection operator R by R[u](®, x) =u(0, —x), where u€ C, 6 € [—1,0] and x € H. A subset W C C
is said to be T-invariant if T,2W =W for all y € H.

For given 6p € [—7,0], xo € H, and W C C, we denote W(-,xp) := {¢(-,x0) € Y: ¢ € W} and
W (0o, ) :={pbo, ) € X: p € W}

We will need a few fundamental results on monotone maps formulated in Liang and Zhao [15].
So, we start with the following list of standing assumptions about the reflection- and translation-
equivariance, the continuity and compactness of a given map Q from Cy to C; with two equilibria
satisfying certain ejectivity and attractivity:

(A1) Q[R[ull=R[Q[ull and T[Q[u]l=Q[Ty[u]] forallu e C4 and y € H.
(A2) For any given number r >0, Q |, : C; — C4 is continuous.
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(A3) For any given number r > 0, one of the following two properties holds.
(a) {Q[ul(-,x): ueCy, x€H} is a precompact subset of Y.
(b) The set Q[C,](0, -) is precompact in X. Moreover, there is a positive number ¢ < 7 such that
Qul®,x) =u(@+ ¢,x) for all 6 € [—7, —¢) and the operator

__Ju@©,x% if—t<0<—g,
S[u1@. %) := { Qul®,x  if-g¢<0<0
has the property that S[D](-,0) is precompact in Y for any T-invariant set D C C, with
D(0, -) being a precompact subset of X.
(A4) There is a positive number r* > 0 such that (a) Q[0] =0, Q[r*] =r*; and (b) there is some
positive integer ng such that for any n € Z, N[ng, 00), Q™[] > « for all @ € (0,r*) and Q"[] K
o for all o € (*, 00).

In this section, we always assume that Q satisfies hypotheses (A1)-(A4). Note that assumptions
(A1)-(A3) are just the corresponding ones in Liang and Zhao [15] with C, replacing Cg for given
B € Int(Y). We should point out that all conclusions in [15] still hold when the assumption (A5)
in [15] is replaced with the above assumption (A4).

Let C4 be the set of all bounded and continuous functions from [—7,0] x R to R,. In the case
where ‘H =R, we have E+ = C4. In the case where H = Z, we define an operator Q on the set E+

by

Q[v1O,s) = Q[v(,-+9]®,0) foralld e[—7,0]andseR.

By the definition of Q and the proof of Lemma 2.1 in [15], it is easy to check that Q0 satisfies
hypotheses (A1), (A2), (A4) with H =R.

In the remaining part of this section, we assume that Q|c,. is monotone (order-preserving) in the
sense that Q[u] > Q[v] whenever u > v in Cp.

To conclude this section, we follow Liang and Zhao [15] to define the spreading speed c*.

Choose a checking function ¢ such that ¢ € C([—7,0] x R, [0,r*]) and it satisfies the following
property.

(P) For any fixed 6 € [—7,0], ¢(0, ) is a non-increasing function on R with ¢([—7,0] x Ry) = {0},
®(-,00) =0, and ¢(-, —o0) € (0, 1).

Given a real number ¢ and ¢ € C([—7,0] x R, [0, r*]) with the property (P), we define the operator
R. associated with Q by

Rc[al(. s) = max{p(®,s), T_c[Q[a]](®.5)}.

where (0,s) € [—7,0] x R and a € C([—7,0] x R, [0,r*]). We now define a sequence of functions
an(c; 6, s) by the recursion

ap=¢ and dap+1 =Rc[ay] forneZ,.
Following the statements of Section 2 in [15], there is a function a such that a(c;0,s) =
limp_ o an(c; 0, 5), a(c; -, —oo) =r* and a(c; -, s) is non-increasing in ¢ and s. Obviously, the sequence
{an} depends upon the choice of function ¢. But Lemma 2.8 in [15] implies that a(c; -, 00) is inde-
pendent of the choice of ¢. We now define the spreading speed c* with Q,

c* =sup{c: a(c; -, 00) =r*}.

If a(c; -, 00) =r* for all c, we set c* = oo.
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Note that explicit formulae of ¢* have been obtained for abstract monotone semiflows in [14,15,32,
33] and for some special non-monotone evolution equations in [5,6,11]. As a result, the focus of this
paper is not to find the explicit computation formula for c*. Instead, we present a direct approach
to show that c* > 0 under proper conditions which automatically hold for a wide range of evolution
equations.

Proposition 2.1. Suppose that there exist a number § € (0, r*) and a linear operator Q : C — C such that Q
and Q satisfy the following assumptions.

(L1) Qg satisfies (A1) and (A2).

(L2) Q[u] > Qr[u] for all u € Cs and for any u € C4 \ {0} there is an integer Ny > 1 such that
(Qu)Ne[u] € €Y.

(L3) There exists ng € Int(Y.) such that | no|l =1 and Qr[no] > no.

If Q|c,. satisfies assumption (A3*)in Section 4 by replacing C. with C;« (see also (A6)(a) and (A6)(b’) of [15]
for this assumption), then c* > 0.

Proof. By way of contradiction, suppose that c* < 0. Then, by Theorem 4.2 in [15], there is a non-
increasing function U* € C;+ such that U*(-, 00) =0, U*(-, —o0) =1* and U* = Q [U*]. It follows from
(L2) that U* e C§.

By assumptions (L1) and (L3), there is 1 € (1, c0) such that Qp(19) > Aono. This, combined with
the continuity of Q and Qp, implies that there exist an integer n* > 0 and a number §* € (0, §) such

that A" > m and Q"[Cs+]U QJ'[Cs+] S Cs for all positive integers n < n*.

We may assume, without loss of generality, that €* £ inf(U*(8,0): 6 € [—7,0]} € (0, 8*]. By
choices of n*, §* and €* and by assumption (L2), we obtain that U* = Q"[U*] > Q"[U* A €*no] >
QJ'[U* A €*no] for any positive integers n < n*, where [U* A €*19](6, x) = min{U*(0, x), €*1o(0)} for
all (8, x) € [—71,0] x H. In particular, U*(-, 0) > Q{‘*[U* A €*10](-, 0).

We claim that Q[ [U* A €*1ol(-,0) > 3 Q] [€*10](-, 0). Indeed, by R[U* A €*no] = RIU*] A €*1g
and (L1), we have QJ'[R[U*] A €*nol = RIQ}[U* A €*nol] for all n € Z,. Particularly, Q]'[R[U*] A
€*10l(-,0) = Q}[U* A €*nol(-,0) for all n € Z,. Since U*(-,x) is a non-increasing function in x, we
easily know that [R[U*] A €*1g] + [U* A €*no] > €*no. Then the linearity of Q; forces Q['[U* A
€*nol(-,0) > %Q?[e*no](~, 0) for all n € Z,. This proves the above claim. The claim together with the
fact that U*(-,0) > Q] [U* A €*no](-, 0) implies U*(-,0) > 2Q I [€*nol(-, 0). It follows that U*(-, 0) >
%Qf*[no](~, 0) > %Ag* no > €*, a contradiction to the choice of €*. Therefore, c* > 0 and the proof is
complete. O

3. The asymptotic behavior and the spreading speed

We now develop some generic comparison principles involving a pair of upper- and lower-
trajectories of maps Q. In this and the next section, we always assume that for any given number
r>0,Qlc, Q7lc, and Q*|c, : Cr — C4 are continuous, and Q and Q% satisfy the following proper-
ties.

(UL1) Q7 [0]=Q"[0]=0, Q [r"]=r"and Q *[r"]=rT for two given positive numbers r* >r—;

(UL2) Q~ and Q7 are monotone (order-preserving) in the sense that Q*[u] > Q*[v] whenever
u>vin Cy;

(UL3) Q~ and Q* satisfy assumptions (A1)-(A4) where r* is r~ and r*, respectively;

(UL4) Q satisfies assumptions (A1)-(A3) and (A4)(a) with r*.

For givence R and n e Z,, let Ay ={(6,%) € [—7,0] x H: |x|] <nc} and A,{C ={®,x) e[-1,0]x
H: |x| > nc}.
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Theorem 3.1. Suppose that Q [¢] < Q T[¢] for all ¢ € C.. Define the spreading speed ck with Q™ similarly
as c* in Section 2. If ug € C4 has compact support with ug < ™, then for any ¢ > c% we have

lim max Q"[ug]®,x)=0. (3.1)

=00 (9, x)e Ay,

Proof. We can obtain limy_, o max(e,x)eA,tc(Qﬂ”[“O](@»X) =0 by applying Theorem 2.11 in [15] to

Q+|Cr+' This, combined with Proposition 2.3 in [15] and the fact that Q[¢] < Q T[¢] for all ¢ € C,
gives the conclusion. O

Proposition 3.2. For any u > r*, we have

lim sup  [(Q@%)"[w1@,x) — | =o0. (3.2)

=00 (9, x)e[—1,0]xH
In particular,

lim min (Q%)"w1@,x = lim max (Q*)"[u1®, % =r%, (3.3)

n—00 (0,x)eAnc n—00 (0,x)eAn ¢
where ¢ < ¢, and the spreading speeds c. with Q* are defined similarly as c* in Section 2.

Proof. It suffices to prove (3.2) for Q~ as the proof for QT is similar. Obviously, there ex-
ists a positive number o* such that r~ < u < «*. By the monotonicity of Q =, we have r~ <
(Q)™Mu] < (Q)"[«*] for all n € Z,. Then, by assumptions (A1), (A3) and (A4) we know that
Q7)M"a*1(¢-,x) = (Q)"[a*](-,0) for all x € H, {(Q)"[@*](-,0): n € Z,} is precompact in Y
and limp_, 50 (Q 7)"[@*](-, 0) = r~. Therefore, limy_ oo SUP g x)e[—7.01x 7 [(Q )M ul(@,%) — 17| =0, ie,
(3.2) holds for Q ~. This completes the proof. O

Proposition 3.3. Define the spreading speeds ¢’ with Q * similarly as c* in Section 2. For any ¢ < ¢ and any
o € Int(Yy), there exists a positive number r, > 0 such that

lim min (Q¥)"[ul@,x = lim max (QF)"[ul@®,x =r (34)

n—00 (0,x)eAn,c n— o0 (Q,X)EAn,c
where u € C4 with u(-,x) > o on an interval of length 2r.

Proof. It suffices to prove the result for Q ~ as the proof for Q * is similar. Define o~ :[-7,0] — R
by o~ (0) = min{o (0), %} for 6 € [-1,0]. For any ¢ < c¢*, by applying Theorem 2.15 in [15] to
Q7 lc,—» there exists a positive number r, > 0 such that limp_ o min(gyx)eAnyc(Q—)”[v](e,x) =
limy, 0o MaX(g e, . (Q 7)'[VI(O,x) = r~, where v € C~ with v(-,x) > 0~ on an interval of
length 2r,.

Now suppose that u € C with u(-,x) > o on an interval of length 2r,. Define u™,u™ :[-7,0] - R
respectively by u~ (6, x) = min{u(9, x), %}, ut (8, x) =max{u(®,x),r~} for 8,x) € [-7,0] x H. Then
u~ €C- and u~(-,x) > o~ on an interval of length 2r,. It follows that

lim min (Q’)n[u’](e,x):lim max (Q’)n[u’](e,x):r’.

n—00 (6,x)€An,c n—00 (6,x)€An ¢

By definitions of u®, we have u~ <u <ut and ut >r~. These, together with the monotonicity of
Q ~ and (3.3) of Proposition 3.2, show that (3.4) holds for Q ~. This completes the proof. O

We now introduce the abstract formulation of unimodality of the nonlinearity Q.
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(UM) If s >r > 0, then there is a positive integer N(r,s) such that I;s >r or S;s; <s, where
Irs 2inf{QN"9[u)@,%): 0,%x) €[-T,0] x H, ueCrs}and Sys 2 sup{QN"O[u]@,%): 6,%) <
[-7,0] x H, ueCrs}.

Theorem 3.4. Suppose that Q [¢] > Q ~[¢] for all ¢ € C.. Define the spreading speed c¢* with Q ~ similarly
as c¢* in Section 2. For any ¢ < c* and any o € Int(Y.) there exists a positive number r, > 0 with the property
that if ug, vo € C4 with vo > ug and ug(-, X) > o on an interval of length 2r, then

liminf min{Q"[¢](6, x): (6,x) € Aqcandug < @ <vo} =71 (3.5)
n—oo

Moreover, suppose that Q [¢] < Q T[¢] for all ¢ € C.. Define the spreading speed c* with Q * similarly as c*
in Section 2. If Q satisfies (UM), then

nlim max{|Q"[¢1(8,x) —r*|: (6,X) € Ayc and ug < ¢ < vo} =0, (3.6)
—00

where ug, vo € Cy, vo = ug and ug(-, x) > o on an interval of length 2r.

Proof. By Proposition 3.3, for any ¢ < ¢* and any o € Int(Y), there exists a positive number r; > 0
such that lim,_ o min(g,x)eAnyc(Q*)”[uo](e,x) =r~, where ug(-,X) > o on an interval of length 2r.
Then (3.5) follows immediately from Proposition 2.3 in [15] and the fact that vo > ¢ > up and Q >
Q" in Cy.

We now prove (3.6). Since ¢ < ¢* < c%, by a similar argument as that in the proof of (3.5), we
have limsup,,_, ., max{Q"[¢](, x): (0,%) € Ay and ug < ¢ < vo} <1t

Take a positive number cg € (c,c*) and let &g =cg —c.

For any ¢ > 0, define

V_(e) = ILminf min{Q"[¢](0,x): (8,X) € Ay cye and ug < ¢ < vo}
—00

and

Vi (e) =limsup max{Q"[¢](6, x): (0,%) € Ancte and ug < ¢ < vo}.

n—oo

Clearly, Vi(g) € [r~,rT] for any & € [0, &9], V_(¢) is non-increasing and V(&) is non-decreasing
in ¢ € [0, &o]. Due to monotonicity of Vi, we easily see that V_(¢) and V. (¢) are continuous in
€ € [0, gg] except for a countable subset of [0, &g].

If V_(e) =V4(e) for some € € [0, &], then by definitions of V_(¢) and the continuity of Q, we
have Q"[ug] = V,4(¢) as n — oo. Thus, Q [V, (e)] = V() £ r**. We claim that r* = r*; otherwise,
r** #£r* Let r = min{r*, r**} and s = max{r*, r**}. Then s > r. By (A4)(a) and choices of r, s, we have
Q[r]=r and Q[s] =s. In particular, r,s € Q[Crs]. But, the assumption (UM) implies r ¢ Q[C; 5] or
s ¢ Q[Crs], a contradiction. This shows V_(0) =V (0) =r* and thus the conclusion follows.

Now, suppose that V_(g) < V(¢) for any € € [0, go]. In view of the continuity of V1, we may ob-
tain that for some ¢ € (0, &9), V_, V1 are continuous at ¢. By (UM), we may without loss of generality
assume that there is a positive integer N(&) such that Iy_() v, ) > V_(€), where

Iv_e).v, o) 2 inf{QNO[u]@,%): 0,%) €[~7,01 x H, ueCv_e),v,()}-

According to the definition of V_(-), for any o € (0,¢), there exist sequences ny — oo as
k — oo, (6k,xx) € [-7,0] x ([—ngc — ngo,ngc + ko1 N H) and ¢ with ug < ¢ < vo such that
limy_, oo Q™ [@k]1(0k, xx) = V_(0). By 0 < &, we know that for any bounded subset B of H, x; + B C
(ng — N(&))[—c — &,c + €] for all large k, which implies liminfi_ o, min{Q ™ N®[¢ 10, x¢ + y):
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(0.y) €[~T,0]1x B} € [V_(¢), V4 ()] and limsupy_, o, max{Q " N®[¢g](6, x+y): (0, y) € [-T,0] x
B} e [V_(¢e), Vi(¢)]. These, combined with (A1) and (A2), imply

V_(0)= kll)rglo Q™ [@1] Bk Xk)
= lim QM[Q™ Mpl(, - +x0] Gk, 0)

Zlv_(e),vi(e)

> V_(¢).

By the continuity of V_ at ¢ and letting o — &, we have V_(¢) > Iv_(e),v, (e) > V_(€), a contradic-
tion. This completes the proof. O

By applying Theorem 3.4 with ug = vg, we easily obtain the following result.

Theorem 3.5. Suppose that Q [¢] > Q ~[¢] for all ¢ € C.. Define the spreading speed c* with Q ~ similarly
as c* in Section 2. For any ¢ < ¢* and any o € Int(Y ) there exists a positive number r5 > 0 with the property
that if ug(-, x) > o on an interval of length 2r, then

liminf min Q[ugl®@,x) >r".
n—00 (f,x)eAn,c

Moreover, suppose that Q [¢] < Q T[¢] for all ¢ € C.. Define the spreading speed ¢’ with Q " similarly as c*
in Section 2. If Q satisfies (UM), then

lim min uy(@,x)= lim max up@,x)=r", (3.7)
n—00 (6,x)eAn,c n—00 (0,x)€An,c

where ug(-, X) > o on an interval of length 2r.

Again, by Theorem 3.4, we shall get the following result which will play a key role in the next
section.

Corollary 3.6. Suppose that Q *[¢] > Qle]l > Q ~[¢] for all ¢ € C,. Define spreading speeds c% with
Q* similarly as c* in Section 2. Assume that 0 < ¢ < c* and there is a sequence {gy} in C,+ such that
limy_, o0 Pk = @o and limp_, oo max{|Q "[¢ol(0, x) — r*|: (0, %) € An} =0.If Q satisfies (UM), then there is
Ko € Z such that limp_, oo max{| Q" [@x1(0, x) — r*|: (0,%) € A and k € Z N [Kp, 00)} =0.

Proof. Take cg € (c,c*). By (3.6) of Theorem 3.4, there exists a positive number rg £ r > 0
with the property that if ug € C+ with ug(-,x) > % on an interval of length 2r03 then
limp_, oo max{|Q"[¢](0,x) — r*|: (0,X) € Anc, and ug < ¢ < rT} = 0. Since limy_ o @k = @o and
limp— 0o max{| Q™ [@ol (0, x) — r*|: (0,X) € Au ¢} = 0, there exists an integer Ko > 0 such that
Koc > rg and QXo[¢,1(0,x) > g for all (6,x) € [-7,0] x ([—Koc, KoclN'H) and k € Z N [Kp, 00).
This shows that, for any k € Z N [Kg, o0), QKXo[@](-,x) > % on an interval of length 2rg. Thus
limp— 0o max{| Q™[ Q X0 [@11(8, x) — r*|: (8,%) € Apc, and k € Z N [Ko, 00)} = 0. In view of ¢ < cg, we
easily see that limy_, oo max{| Q" [¢x](0, x) —r*|: (6, %) € An and k € ZN[Kp, 00)} = 0. This completes
the proof. O

In the following, we assume that M :C — C is a linear operator such that M(C4 \ {0}) € C; \ {0}
and M(Y) C Y. Let M= M|y. Then M is a positive linear operator, that is, M(Y;) C Y. We make
the following hypotheses on M and M.
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(AL1) M satisfies (A1), (A2) and (A3).
(AL2) (a) There is a positive integer ng such that M™ is compact and strongly positive on Y, that is,
no c no — . i i
M" (Y, \ {0}) € Int(Y;) where M Mo ---oM; and (b) the spectral radius Ag of M is larger
no
than 1.
(AL3) For ¢ € C4 \ {0}, there is a positive integer N, such that MNo[p] e cs.

If (AL2) holds, then by Lemma 3.1 in [15], the spectral radius Ag of M is the simple eigenvalue of
M such that there is a strongly positive eigenvector associated with A9 and the modulus of any other
eigenvalue is less than Ag. Let ¢p be a strongly positive eigenvector of M associated with the simple
eigenvalue Ag.

For any positive number p and for any € € [0,1 — )»1_0)' define MZ:C — C by Mﬁ[(p](e,x) =
min{ugo (), (1 — ) M[pl@, x)} for all ¢ € C. If the linear operator M satisfies hypotheses (AL1) and
(AL2), then by Lemma 3.3 in [15], MS has exactly two fixed points 0 and ¢y due to (1 —&)rp > 1.
Obviously, all the conclusions of Theorem 2.11 and Corollary 3.4 in [15] for M 1l Cuc hold. Thus /\/l‘,i
has a spreading speed cj, , which is just the spreading speed with MfL deﬁned similarly as c* with
Q in Section 2 and is independent of the choice of w > 0, which follows from the following lemma.

Lemma 3.7. Assume that (AL1)-(AL3) hold. If ¢ € [0,1 — Al—o) and (1 > Uy > 0, then cfh’s = C:}Z’S > 0.
Proof. Clearly, by the definition of M¢, we have ./\/lf“ > ./\/lfL2 foralle €[0,1— ;—O) and @1 > uo > 0.
This and Lemma 2.9 in [15] imply that for given ¢ € [0, 1 — /\1—0), cfw is non-decreasing in i € (0, c0).
By Proposition 2.1 and the fact that (1 — &) M[¢o] = (1 — €)Aglo > ¢ for all e €[0,1 — )\1—0). we know
that c;‘w >0 forall e €[0,1— )}—0) and u > 0.

By way of contradiction, we may assume that there exist € € [0, 1 — i) and @1 > (> 0 such that

Cliy.e > Clip,e > 0. Take two rational numbers c, ce(c ) with ¢ < ¢. Applying Corollary 3.4 in

Ji2.60 Cla e
[15] to M7, , we find r > 0 such that

lim min (/\/le ) [¢](:, %) = lim max (Mil)"[w](-,x)=ulgo,

N—=00 |x|<nc n—0o0 |x|<né

where ¢ € Cy ¢, With @(-,x) > on an interval of length 2r.
Choose ¢ € Cu]:;i such that ¢ (-, x) = MT{O forall xe[-r,r]NH and ¥ (-,x) =0 forall x ¢ [—-1—,
1+r]. Then

1180
3

lim min (/\/ls ) [¥]1(,x) = lim max (le)n[w](~,x)=m§o.

n—00 |x|<né =00 |x|<nc

Thus, by ¢ < ¢, there exists a positive integer ko such that Ty[(Mil)k"W]] > for all y e
[—koc, koc]NH.

Let M® =1 —e&M, U3 = g3 8))»0 and &* = w, and y* = g*y, where § =
max{(MEK[Y16,x): (©0,x,k) € [-1,0] x H x ([0, ko] N Z)}. Obviously, due to M > ./\/lf“. we
have Ty[(/\/l‘s)"ﬂ[zlf]] > ¢ for all y € [—koc,koc] N H. By the choice of y*, we easily verify that
Ty[(ME)ko[y*]] = * for all y € [—koc, koc] N'H and (ME)¥[y*] e Cuzgo for all k € [0,ko] N Z. In
view of M{ = Mj =M°*in Cpzer we have

Ty[(MZZ)kO [v*]] = v* forally e [—koc,koc] NH. (3.8)
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By (A1) and the monotonicity of Mﬁz, we apply (3.8) repeatedly to obtain that, for any positive
integer |,

Ty [(ME,)[w*]] = v* forall y e [—Ikoc, Ikoc] N .

In particular, there exists a sequence {I;} of Z, such that limj_olj = oo, ljkoc € H and
liminfjeoo(Mftz)'f"O[1//*](0, likoc) > ¥*(0,0) = M > 0. But, applying Theorem 2.11 in [15] to
./\/lftz, we have lim,_, o max‘x@nc(./\/lfu)”[w*](-,x) =0 since ¢ > C:lz,g and ¥* has compact sup-
port with y* € Cpyyy,. It follows that liquoo(MfLZ)lka[l//*](O, likoc) = 0, a contradiction. Therefore,
Cli1.e = Cl1,e- This completes the proof. O

For convenience, we call c*(g) £ CZ,E the spreading speed of (1 — ¢)M. Clearly, Lemma 2.9 in [15]
tells us that c¢*(¢) is non-increasing in ¢ € [0,1 — /\1—0).

In the remaining of this section and also in the next section, we always assume that the linear
operator M satisfies hypotheses (AL1)-(AL3).

We can now state the global coupling condition.

(GC) (a) Q*[u] < M[u] for all u € Cy; and (b) for any & € (0, 1) there is a number 8§ € (0,r~) such
that Q "[u] > (1 — &) M{[u] for all u € Cs.

Lemma 3.8. If (GC)(b) holds, then c* > 0, where the spreading speed c* with Q ~ is defined similarly as c*
in Section 2.

Proof. Let ¢ = *3;01 and Q; = (1 — &) M. It follows that Q;[¢o] = (1 — &)Ao&o > ¢o. Then, by (GC)(b)

and Proposition 2.1, we have c* > 0. This completes the proof. O

Theorem 3.9. Suppose that Q *[¢] > Ql¢]l > Q ~[¢] for all ¢ € C,. Define spreading speeds c*. with Q*
similarly as c* in Section 2. If the global coupling condition (GC) holds, then the following statements are true.

(i) 0 <c* =c% =c*(0) = c*.
(ii) Ifug € C has compact support with ug < r, then (3.1) holds for any ¢ > c*.
(iii) If (UM) and (AL3) hold, then for any ¢ < c* and ug € C4+ \ {0} we have (3.7).

Proof. We first prove (i). Firstly, by (GC)(b), for any € € (0,1 — A]_o)' there is a number § € (0,17)
such that Q= > (1 — &) M in GC;. It follows that M5 < Q~ < Q™ < M in Cy. This, combined with
Lemma 2.9 in [15] and Lemma 3.8, implies that 0 < ¢*(¢) <c* <} <c*(0) for all £ € (0,1 — )»1_0)'

By way of contradiction, we may assume that c* < c¢*(0). Then, for any € € (0,1 — ;—0), c*(e) <
c*(0%) < ¢* < c*(0), where ¢(0") = limg_gc(¢). Take two rational numbers c1, c; € (c*(01), ¢*(0))
with ¢q < ;. Applying Theorem 2.15 in [15] to MY, we find r > 0 such that

lim min (M?)"[(p](~,x)=nli>m max (M?)n[qo](-,x)=§0,

N—00 |x|<ncy o0 |x|<ncy

where ¢ € C¢, with @(-, x) > {3—0 on an interval of length 2r.

Choose € C¢, such that ¥ (-, x) = %0 for all xe [-r,r]1NH and ¥ (-,x) =0 for all x ¢ [—1 —,
1 +r]. Then limy_, o Minj<nc, (M?)”[l//](~,x) = limy_, 0o MaXx|<nc, (M?)”[w](~, X) = &o. Since ¢1 < ¢
and ¢ has compact support, there exists a positive integer ko such that Ty[(/\/l?)ko[xp]] > 2y and
MOk Y], y) = 2% for all y € [—koc1, koc1]NH. Take € € (0,1 — ;—0) such that (1 — g)ko > % Note
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that MS[p] > (1 - S)M?[(p] for all ¢ € C; due to definitions of M{ and M?. These, combined with
the monotonicity of M7 and /\/l?, imply that

Ty [(M5) 1] > v and (Mi)""[w](-,y»g—‘) forall y € [—koc1. koci1NH.  (3.9)

By (A1) and the monotonicity of M, we apply (3.9) repeatedly to obtain that, for any positive inte-
ger |,

Iko Iko

Ty[(M)™ ] > ¢ and (M) °[¥IC, y) > %O for all y € [—lkoc1, lkoc1] N H.

In particular, there exists a sequence {I;} of Z such that lim;j_,[; = oo, ljkoc1 € H and

%0(0)
3

lim inf(ME) 7 [y1(0, [jkoc1) > > 0.
j—>oo

But, applying Theorem 2.11 in [15] to M, we have limy_, oo MaXjx>nc, (M"[¥]1(-,x) =0 due to
c1 > ¢*(¢) and the choice of . It follows that limjﬁoo(Mf)lka[w](O, likoc1) = 0, a contradiction.
Therefore, ¢* = ¢ =c*(0). This proves (i).

(ii) follows from statement (i) and Theorem 3.1.

We finally prove (iii). Suppose that (UM) holds. By applying similar arguments as those in the
proof of Theorem 3.5 in [15] and (3.6), we find that for any ¢ < c* there exists a positive number rg
such that (3.7) holds whenever ug(-, x) > 0 on an interval of length 2r.

Take § € (0, c* — ¢). By statement (ii), there exists ro > 0 such that if ¢(-,x) > 0 on an interval of
length 2rg then

nlggg max{|Q"[¢1(®,x) — r*|: (6,X) € Ancts} =0.

On the other hand, assumptions (AL3) and (GC)(b) imply that Q™ [ug](-,x) > 0 on an interval of
length 2ro for some positive integer n;. Hence,

lim max{|Q"*" [uo](6,x) —r*|: (6,%) € Apcys} =0.
n—-oo
Since |x| < nc implies |x| < (n —nq)(c + 8) for all large n, we have
lim max{|Q"[uol(®,x) — r*|: (,%) € Ay} =0.
n—-oo
So, statement (iii) holds. This completes the proof. O

If (GC) in Theorem 3.9 is replaced by (GC)(b) only, then by using an argument similar to the proof
of Theorem 3.9, we can still obtain the following results.

Theorem 3.10. Suppose that Q *[¢] > Ql¢] > Q ~[¢] for all ¢ € C.. Define spreading speeds c* with Q*
similarly as c* in Section 2. If the global coupling condition (GC)(b) holds, then the following statements are
true.

(i) 0<c* <cf.
(ii) Ifug € C has compact support with ug < r*, then (3.1) holds for any ¢ > ch.
(iii) If (UM) holds, then for any ¢ < ¢* and ug € C4 \ {0} we have (3.7).
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For convenience, we call ¢* in Theorem 3.9 the spreading speed of Q.

Finally, we extend our results on spreading speeds and asymptotic behavior to a continuous-time
semiflow on C.. In this paper, the map Q :R; x C;+ — C4 is said to be a continuous-time semiflow
on C, if for any given number r > 0, Q|r, xc, : Ry x G- — C4 is continuous such that Qo =Id|c,
and Q¢ o Qs = Q¢4 for all t,s e R, where Q; £ Q(t,-) for all t € R,.

Theorem 3.11. Let r* be a given positive number and {Q¢}{°,, be a continuous-time semiflow on C with
Q:[0] =0 and Q[r*] =r* for all t > 0. Suppose that Q; satisfies (A1) for any t > 0, and there exists ¢ > 0
such that Q, satisfies (A3) and (GC), and Q'[g]l > Qolel = Q~[¢] for all ¢ € C. Assume that {Q¢[V]:
teR4}is uni*formly bounded in C for any v € C4.. Let CZ) be the spreading speed of Q, as in Theorem 3.9(i)

and let c* = %g. Then c* > 0 and the following statements are true.

(i) For any ¢ > c*, lim;— oo max{Q[v](0,x): 6 € [—7,0] and x ¢ (—tc,tc)} =0, where v € Cr~ has com-
pact support and v K r*.

(ii) If Qo satisfies (UM), then lim¢_, oo max{||Q¢[V](:, X) — r*||: x € [—tc,tc] N'H} =0 for any ¢ < ¢* and
velCs\ {0}

Proof. Obviously, Lemma 3.8 gives ¢} > 0, and thus c¢* > 0.
We only prove statement (ii) since the other statement can be proved similarly. By applying Theo-
rem 3.9(iii) to Q,, for any ¢ < c¢*, there exists a positive number ro such that

no(c + ¢ nQ(C+C*)]mH}=o (3.10)

nlirrolo max{ [ QnolvlC,x) —r*|: x € [— 5 , 5
where v € C4 \ {0}.

Let v € C4 \ {0}. Note that there is a positive number r** > r* such that Q;[v] € C;=+ for all t € R,..
By the continuity of Q, we know that Q|c,..x[0,0] IS continuous at r* uniformly for t € [0, ¢]. In
particular, for any ¢ > 0, there exist § =§(¢) > 0 and d =d(¢) > 0 such that if u € Cp= with |Ju(-, x) —
r*|| <& for all x € [—d,d] NH then ||Q;[u](-,0) —r*|| < ¢ for all t € [0, o]. Thus it follows from (3.10)
that there is an integer ny > 0 such that ||Qno[V](-,x) —1*|| <6 for all x € [—M, w] NH

when n > nj. Let ny = max{ny, Z((‘iffg }. Then for any n >ny and y € [-(1 +n)oc, (1 +n)oc] NH, we

have T_y[Qng[v]] € Cp++ with |[T_y[Qno[V]I(:, ) —1*|| < & for all x € [—d, d]|NH. Therefore, by the fact
that Q; satisfies (A1) for any t > 0, we obtain that, for any n > n, and y € [—(1+n)oc, (1+n)oc]NH,

” Qt+nelVIC, ¥) — r* ” = H Qt[Tfy[Qng[V]]](w 0)—r* ” <é

for all t € [0, o]. In particular, [|Q([v](-,¥) —1*|| <& for all t > o +nyp and y € [—tc, tc] N H. This
completes the proof. O

4. Travelling waves

In this section, we show that under appropriate assumptions, the spreading speed for a non-
monotone semiflow may coincide with the minimal wave speed of its monostable travel wave fronts.

For any real number ¢, we define D, := {x —mc: x € H, m € Z}. Note that when H =Z, D, is
discrete if and only if c is a rational number. If ¢ is a rational number, then we easily see that there
exists a positive integer I, such that D, = U;C:_o] (é + H), where é +H= {é +x: xeH).

Let Y. s = BC([—0,0] x D¢, R) be the normed vector space of all bounded and continuous func-
tions from [—o, 0] x D, into R with the norm

lally., £ 27" sup{|a(®,s)|: (,s) € [0, 0] x D¢ with |s| <n}
n>1
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for all a € Y. 5, and let Y;fa =BC([~0,0] x D¢, Ry) and Y2 ; = BC([—0, 0] x D¢, (0, 00)). It follows
that Y;fo is a closed cone in the normed vector space Y .

For any y € D¢ and a € Y ¢, let us define Ty[a](®,x) =a(@,x — y) for all (0,x) € [—T,0] x De.
A C Y is said to be T-invariant in Y¢; if Ty[A] = A for all y € D¢. Clearly, UyeDc Ty[A] is T-
invariant in Y., where A C Y. .; if A is T-invariant in Y., then A4 is T-invariant in C for all
d € D¢, where Ag = {a(-,- +d) Za(, -+ d)|[—7,01x7: a € A}. For convenience, let us denote Y. and
YX, by Y and Y, respectively.

We say that W is a travelling wave of the map Q with the wave speed c if W :[—7,0] x D > R
is bounded and nonconstant, W (-, - + d)|[—;,0)x% € C+ for all d € D¢ and Q[W (-, —nc)](0,x) =
W@,x — (1 +n)c) for all n € Z. We say that W (0, x — nc) connects r* to 0 if W (-, —o0) =r* and
W (., 00)=0.

The following result gives the travelling waves of Q by applying some results of Liang and
Zhao [15]. We should point out that other methods have also been used to get the travelling waves
of some special evolution equations in [4-7,11,20,22,24,29,30,36].

Given a checking function ¢* € C([—7,0] x R, [0,r~]) with the property (P) in Section 2, where r*
is replaced with r~. For any k € (0, 1) and any real number c, we define the operators R¢y:YS — Y&
and Rfk:Yj — Y7 respectively by

R klal(®,s) = max{ke*(,s), Q[a(-,- +s+¢)](©,0)}
and
RZlal(®, s) = max{kp*(6,5), Q*[a(,- +s+0)]6, 0},

where a € Y} and (9,s) € [-7,0] x D.
In order to obtain the existence of a travelling wave with the wave speed c, following Liang and
Zhao [15], we strengthen hypothesis (A3) as follows.

(A3*) For any given number r > 0, one of the following two properties holds.
(a) Q[C;] is precompact in C.
(b) The set Q[C;](0,-) is precompact in X. Moreover, there is a positive number ¢ < t such
that Q[u](0,x) =u(0 + ¢, x) for all 6 € [—t, —¢) and the operator

_Ju@,x if—-t<0<-g,
5[”](9”‘)"{Q[u1(9,x) if —¢ <6 <0
has the property that S[D] is precompact in C for any T-invariant set D C C, with D(0, -)
being a precompact subset of X.

In the remaining of this section, we always assume that Q and Q¥ all satisfy assumption (A3*).

Lemma 4.1. The following statements are true.

(i) Ifre (0,00),ne (1 + %, 00) NZ and A C C such that Q [A] C A, then Q"[A] is precompact in C.

(ii) Let {Wq}oes be a family of travelling waves of Q with the wave speed ¢ such that sup{W (0, s): (0, 5) €
[-7,0] x Dc and o € J} < oo. Then {Wy (-, - + $)|[—z,01x#: S € D¢ and a € J} is precompact in C,
and particularly {W (-, $)|[—z,01: S € D¢ and o € J} is precompactin Y.

Proof. (i) follows from assumption (A3*).

(ii) Let r** = sup{Wy (@, s): (0,s) € [—-7,0]x D, and o € 7} and take a positive integer n* > 1+ %
It follows from (A1) and the definition of the travelling wave that Wy (-, - +9)|[—7.0)x# = Q[Wa (-, - +
S+0)|[—z,01x#] € Cp= for all (a,s) € J x D. Let A={W(-,-+9)|[—r,01x#: S € D¢ and a € J}. Then
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Q[A] € A C Cp. This and (i) produce that {W(:, -+ 5)|[—7,01x#: S € D¢ and «a € J} is precompact
in C. This completes the proof. O

Given ceR and @ € R with & >0, let Y? ={¢p € YI: ¢ <} and @¢ = {ko*(, - + d)|[—z.01xD,:
d € D¢, k € (0,1)}. Then by Dini’s Theorem and the choice of ¢*, &, is T-invariant and precompact
in Y.

Define fo:YF x Y — Y, go:Yd = Y&, he:YE x YT — YT by felg,al®,s) = max{p(@,s),
a@9,s)} for all ¢,a e YF and (0,s) € [-7,0] x D¢, gclal®,s) = Qla(-,-+s+¢)]©®,0) forall ae Y}
and (0,s) € [—7,0] x D¢, helg,al = fclp, gclal] for all ¢,a e Y7, respectively. Clearly, Felyrxyrs &clyr
and he|yr.y; are all continuous, where r is a given positive number.

Let w be a function from [—7, 0] x D, to R. We denote liminf;_, 4+, min{w(®,s): 6 € [—t,0]} and
limsup;_, o max{w(®,s): 0 € [—7,0]} by liminfs_, oo w(-,s) and limsup;_, ., W(-, S), respectively.

Lemma4.2. Let o > 1™, c be a given rational number and A C Y&. Moreover, assume that gc[Y®] € YZ. Then
the following statements are true.

(i) There exists a positive integer I such that D, = UEOl (% + H).
ii) Forany o € [0, T], Alj—s.01xD, iS precompact in Y. o if and only if A(-, - + i) _o.0]x# IS precompact
[-0.0]xD, : i—o.01xH
in Yo, for all integers 1 € [0, 1 — 1].
(iii) hc[@e x YX1 C YE, in particular, he[®c x A] C Y.
(iv) If Ais T-invariant in Y., then co A, g¢[A] and hc[®. x A] are T-invariant in Y., where Co A represents
the convex closure of the subset Ain Y.
(v) If Al—o,01xD, is precompact in Y s, then €0 A|—s,01xD, iS precompact in Y¢ , and h[®@c x A]l(- —
[P ] [ min{o,7—¢},0]x D, IS precompact in Y min{s,v—c}» where o € [0, T].
(vi) he[®. x A](O, -) and UyeDc Ty[hc[®c x A]I(O, -) are precompact in Y o.
(vii) If A is T-invariant in Y. and A(O, -) is precompact in Y o, then hc[®c x All{—c.01xD,. iS precompact
s [-¢.,0] c
inYe..
(viii) If o € (0, T), Al[—o,01xD, i precompact in Y¢ », and UyeDc T,[A](0, -) is precompact in Y o, then
he[@c x All[— min{r,c+0),01x D, 1S precompact in Y¢ min(r,c+o}-
(ix) (pc)"[A] and (qc)"[A] are precompact in Y for any integern > 1+ £, where p.[A] = h¢[®. x A] and
3
qclA]l = co(hc[Pc x A]).
(x) Forany integern > 1+ % Uke.1y(Re. )" [A] S (po)"[ Al is precompact in Y. In particular, (Rc ;)" [A]
is precompact in Y. for any integern > 1+ é and k € (0, 1).
(xi) Fork € (0, 1), (rcx)"[A] is precompact in Y for any integern > 1 + é where r¢ x[A] = CO(R. k[A]).

Proof. Statement (i) follows from the definition of D, and the fact that c is a given rational number.

Statement (ii) follows easily from statement (i) and definitions of Y., and Y¢ 4.

Statement (iii) follows from the definition of h. and the fact that g [Y¢] C YZ.

Statement (iv) follows from definitions of h. and the T-invariant properties of A and &.

In the following, let Ag = {a(-,-+d) £a(, -+ d)|[—7,01x7: a € A}, where d € D. Then Ay € Cy for
de D¢, and Q[Cy] € Cy follows from g.[YZ] C Y& and the definition of g.

To finish the proof, we first assume that (A3*)(a) holds for r = «. Hence Q[C,] is precom-
pact in C, and in particular Q[Aq4] is precompact in C for all integers d € D.. This implies that
2AAIG, -+ é”[*r,OJXH is precompact in Yo ; = C for all integers I € [0, I. — 1]. Then, by statement (ii),
we know that g.[A] is precompact in Y. This, together with the definition of h. and the compactness
of @, implies that hc[®. x A] is precompact in Y. Therefore, statements (v)-(xi) hold.

We next assume that (A3*)(b) holds for r = «. Then Q[C](0,-) is precompact in X and hence
Q[A41(0, -) is precompact in X for all d € D.. We shall prove the other statements one by one.

For (v), it is easy to observe that o A|[—s 01D, iS precompact in Y¢ . To finish the proof of (v), we
only prove that gc[Al(-, - — ¢)l{—min{o,r—c},01xD, 1S Precompact in Y¢ minio,z—¢}. Indeed, by the repre-
sentation of Q in assumption (A3*)(b), we have g¢[A](, - — ¢)I{—min{o,r—c},01xDc = Al[=min{o,7r—¢},0]-
It follows that gc[A](-, - — ¢)l[—min{o,7r—c},01xD, 1S Precompact in Y¢ minfo,r—¢}-
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For (vi), it suffices to prove that UyeDc Ty[gc[A]](O, -) is precompact in Yo due to the definition
of he and the compactness of &.. Note that Q[C4](0, -) is precompact in X. This and the definition
of g. imply that g.[YZ1(0, - + é)m is precompact in X = Yoo for all integers I € [0, . — 1], which
combined with statements (i) and (ii) yields that g:/[Y&](0,-) is precompact in Y. . With the help
of statement (iv), we know that g.[Y&] is T-invariant in Y. This, together with UyeDC Tylg[All €
gcLYZ], yields that UyeDC Ty[g:[A11(0, -) is precompact in Y.

For (vii), assume that A is T-invariant and A(0, -) is precompact in Y. . By (A3*)(b), we obtain
that Q[A,i+c]|l—§,olx7'l is precompact in Yo o for any integer [ € [0, Ic — 1]. This, together with state-
ment (ii) acnd the definition of g¢, shows that g.[A] is precompact in Y¢ . Then statement (vii) follows
immediately from the definition of h, and the compactness of &..

For (viii), suppose that o € (0, 1), Al{—s,01xD, iS precompact in Y., and UyeDc Ty[AI(0,-) is
precompact in Y g. Clearly, hc[®¢ x Al|{—¢ 0xD,. 1S precompact in Yo . due to statement (vii) and
AC UyeDC Ty[A]. This, combined with statement (v) and the fact that A|[_s ojxp. IS precompact in
Yc o, implies statement (viii).

For (ix), by the representation of Q in assumption (A3*)(b) and statements (iv) and (v), it
suffices to show that (p.)"[A] is precompact in Y. for any integer n > 1 + % This follows
from the claim that (pc)"[All{—min{zr,(1—1)¢},01xD. iS Precompact in Y¢ mingr,n—1)c} for all integers
n > 1. We prove this claim by mathematical induction. Obviously, the claim with n =1 follows
from statement (vi). Moreover, U},GDC Ty[(pc)j[A]](O, -) is precompact in Y. o for all positive in-
tegers j. Suppose that (pc)’[All[—min(z,(j—1)¢},01xDc 1S Precompact in Y¢ minfz,(j—1)c)- First, assume
that min{t, (j — 1)¢} = r. Then (p.)/[A] is precompact in Y. It follows from the continuity
of he that (pc)iT1[A] is precompact in Y., that is, (pc)j“[A]|[,min{f,j§}yolch is precompact in
Y¢ min{z,jc)- Next, assume that o £ min{t, (j — 1)¢} < 7. Since UyeDc Ty[(pc)j[A]](O, -) is precom-
pact in Y¢ o and (pc)f[A]|[, min{z,(j—1)¢},01x D¢ 1S precompact in Y¢ min(r,(j—1)¢}, Statement (viii) implies
that (pc)it! [All{= min{z,jc},01xD. 1S Precompact in Y¢ min(z,jc)- In both cases, we have shown that
(pe)it! [All[= min{z, jc},01x D i$ precompact in Y¢ minfz, jc}- By the principle of mathematical induction,
the claim holds.

Finally, by definitions of Ry, pc, qc, and rcy, we easily see that (Rcj)/[A] C (pe)/[A] and
(rc,k)j[A] C (qc)I[A] for all k€ (0,1) and j € Z,. This and statement (ix) produce statements (X)
and (xi). This completes the proof. O

Lemma 4.3. Suppose that Q T[¢] > Q[¢] > Q ~[¢] for all ¢ € C,. Define spreading speeds c% with Q=*
similarly as ¢* in Section 2. Then, for any k € (0, 1) and any real number ¢, R_, < Rcx < R:k, Reklyr and
Rfklyg are continuous with given number r > 0, and Rcik are order-preserving with the order induced by Y.
Moreover, if ¢ > c% is a rational number, then the following statements are true.

(i) Forany k € (0, 1), there are acfk, a.y € Y with the following properties.
(@) af, > g a:fk(~, 00) =0 and a§,<(~, —o00) =1+,
(b) a., (. s), a:fk(~, s) are non-increasing in s € De.
(c) afk = limn%oo(Rfk)”[kgo] and hence Rc,k[afk] = aci’k.

(ii) For any k € (0, 1), there is ac x € C([—7,0] x D¢, [0,r%]) € Y} such that R k[acx] = ack and a ), <
ek < azk with the order induced by Y. Hence ac (-, 00) = 0 and r* > limsup,_, _, ac (-, s) >

liminfs_, _ oo A (-, 8) 217,

Proof. By definitions of R.j and Rcik and the monotonicity and continuity of Q and Q*, we can

easily check that, for any k € (0, 1) and any real number ¢, R_,, < R¢x < R;rk, Reklyr and Rfkly; are

continuous with given number r > 0, and Rcik are order-preserving with the order induced by Y7 .

First we prove statement (i). Since ¢ is a rational number, it follows that D, =R when H =R or
D. is discrete when H = Z. Then similar arguments as those in the proof of Theorem 4.2 in [15] give
statement (i).



T. Yi et al. / ]. Differential Equations 254 (2013) 3538-3572 3553

Next we prove (ii). Let A={ae Y} : a,<as< a:fk} and R = R . By the above discussions, we
easily see that A is a convex and closed subset of Y. such that R(A) C A. By Lemma 4.2(x), R"[A] is
precompact in Y. for any integer n > 1+ %

Let B= ﬂn>0 CI(R™[A]). Then by the compactness of R, we know that B is the global attractor of
R|4 in the sense of Hale [10]. Let

. K is a convex and closed subset of Y,
HZ{KQA' such that R[K] € K and BC K }

Obviously, A € I1. Let {Ky}qe; be a totally ordered subset of IT under the usual set order. Then
K2 (\uer Ko is a convex and closed subset of Y. such that B = R[B] € R[K] C K, that is, K € IT.
By Zorn’s lemma, there is a minimal element K* of I71. Let K** = co(R[K*]). We can easily check
that B C R[K*] € K** and R[K**] C K** C K*, that is, K** € I1. Thus, by the choice of K*, we have
K* = K** = Co(R[K*]).

We claim that K* is compact. By Lemma 4.2(xi) and the fact that K* = co(R[K*]), we obtain that
K* is precompact in Y.. Hence K* is compact as K* is closed. Note that R|g+ : K* — K* is continuous
and compact, where K* is a nonempty, compact and convex subset of Y.. Applying the Schauder
fixed point theorem, we have the existence of a. . Of course, A S ek < aZk, ac (-, 00) =0, and
rt > limsupg_, _o dc (-, ) = liminfs_, _oo ac (-, s) > r~. This completes the proof. O

Lemma 4.4. Suppose that Q *[¢] > Q[p] > Q ~[¢] for all ¢ € C. Define spreading speeds ¢ with Q*
similarly as c* in Section 2. Assume that for given ¢ > ¢’} there exists a family of travelling waves {W ¢ }qc7 Of
Q with the wave speed c such that sup{W (0, s): (8,s) € [-T,0] x Dc and a € J} <r+, where J is a given
index set. If there exist real numbers o > 0 and sg € D such that Wy(-,s) > o forall s € D, N (—o0, So] and
o € J and if (GC)(b) holds and Q satisfies (UM), then lims_, _oo W (-, S) = r* uniformly forall o« € 7.

Proof. Clearly, by (GC)(b) and Lemma 3.8, we have ¢} > ¢* > 0. Choose cp € (0,c*). By (3.6) of
Theorem 3.4, there exists 1, > 0 such that if ug, vo € C+ with vg > up and ug(-,x) > o for all x on
an interval of length 2r, then lim,_, o max{|Q"[¢](8,x) —r*|: (8,x) € An¢, and ug < ¢ < vo} =0.

Suppose that the conclusion does not hold. Then there are a real number W* € (0,r"]\ {r*}
and sequences {Qlkez, C J and {6k, bi)}kez, C [—7,0] x D¢ such that limg_, by = —oo and
limy_, oo W, (B, b) = W*. Without loss of generality, we may assume that there exist sequences
{ck}kez, C [0,0) N D¢ and {ng)rez, C Z4 such that by = ¢y — nic and ng — oo as k — oo. Take
vo =11 and ug € C, such that ug(-,x) =0 for all xe[sp —c—2ry — 1,59 —c — 1] and ug(-,x) =0
for all x ¢ [so — ¢ — 2ry — 2,50 —c]. Then ug < Wy, (-, - + i) l—z,01xH < Vo for all k € Z,.. This, com-
bined with the above discussions, gives lim,_, oo max{|Q"[Wg, (-, - + cp)1(-,0) —r*|: k € Z,} = 0. Thus
there is a positive integer L1 > 0 such that [Q"[W, (-, - + c)]1(-,0) — 1| < \r*}—W*l for all ke Z, and
n > Ly. This, combined with (A1) and ¢, € D¢, gives |Wg, (6k, bx) — *| = |[W, Ok, —kC 4 c) — 1| =
[QM[We, (-, - + )16, 0) — 1| < w for all large k € Z. It follows that |W* —r*| < w,
a contradiction. This completes the proof. O

Lemma 4.5. Suppose that Q *[¢] > Q[¢] > Q ~[¢] for all ¢ € C. Define spreading speeds ¢ with Q*
similarly as c* in Section 2. Assume that, for given ¢ > %, there exists a travelling wave W of the map Q with
the wave speed c and liminf;_, o, W (-, s) > 0. If (GC)(b) holds and Q satisfies (UM), then W (-, —oc0) =r1*
and liminf;_, oo W (-, s) = 0. Moreover, if ¢ is a rational number, then W (-, 00) = 0.

Proof. It follows from (GC)(b) and Lemma 3.8 that ¢} > ¢* > 0. Since liminfs_,  W(-,s) > 0, there
exist 0 > 0 and sg € D such that W (-, s) > o for all s € D.N(—o00, sg]. This, together with Lemma 4.4,
gives W (-, —o0) =17,

Now we claim that there exists (6%, p*) € [—1, 0] x D, such that W (6*, p*) < % Otherwise, W >
5. Let a=inf{(W(©,s): (6,s) €[—7,0] x D¢} and b =sup{W (6,s): (6,s) € [-7,0] x Dc}. Then - <
a < b <r*. By (UM), without loss of generality, we may assume that there is a positive integer N(a, b)
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such that I}, > a, where I, 2 inf{Q V@D [p](0, x): ¢ € C;p and (¥, %) € [—7, 0] x H}. Therefore, for
any m € Z, inf{QN@D[W (., - —mc)1(6,x): 6,%) €[~T,0] x H} > I, > a. This, together with the fact
that QN@D W (., - —mc)](@, x) = W (@B, x — (N(a,b) + m)c) for all m € Z, shows that W (9, x — mc) >
Iqp >a for all meZ and (6, x) € [—7, 0] x H. By the definition of D, we have W (-, s) > I, > a for
all s € D.. This contradicts with the choice of a and hence the claim is proved.

Next we claim that liminf;_,. W(-,s) = 0. Otherwise, there exist ¢ € (0,r~) and s; > 0
such that W(s) > ¢ for all s € D, N [s1,00). Take a positive number c; < c*. By Proposi-
tion 3.3, there exists ro > 0 such that if ¢(-,x) > ¢ for all x on an interval of length 2r. then
limy— 00 min((g,,oeAM1 (Q7)™"[¢l®,x) =r~. Choose ¥ € C, such that ¥ (-,x) = ¢ for all x € [—r¢, 1¢]
and ¥(-,x) =0 for all x ¢ [—(1 +1¢),1+ r.]. Then, by choices of r, and v, there exists ny > 0

such that (Q )"[¥1(6,x) > 5 for all (8,x) € Anc, and n > ny. Take a positive integer np >
max{ny, M}. Clearly, W(.,- 4+ p* + n20)|[—¢,0jx# = ¥. By (A1) and Proposition 2.3 in [15],
we have W (-, - —nc+ p* +n20)|—r.0xx = Q"[W(., - + p* +n20)] = (Q )"[y] for all n € ZN[ny, 00).
It follows that 5= < Q™ [W (-, -+ p* +n20)1(8*, 0) = W (6*, —nac + p* +nyc) = W (9%, p*) < '3, a con-
tradiction.

Suppose that ¢ is a rational number. We claim that lims_ o, W (-, s) = 0. Otherwise, by Lem-
ma 4.1(ii), there are ¥* € C; \ {0} and a sequence {sg}kez, in D¢ such that limy s =
oo and limyg_,oo W(-, - + Sk)l[—z,0)xx = ¥*. Take c¢1 € (0,c*). By Theorem 3.10(iii), we have
limy— oo max{|Q"[¢¥*](0, x) — r*|: (0,%) € An,} = 0. This, together with Corollary 3.6, implies that
for any € > 0 there exists K, > 0 such that |[W (@, sy —nc+x) —r*| = |Q"[W(., - +s)]1(0,%x) —1r*| < &
for all integers n, k > K, and (0,x) € [-7,0] x ([—ncy,nc1] N H). Let Fo = {sp —nc + x: n,k e
(K¢, 00) NZ and x € [—ncy,nc1] N H}. Since limg_, o, Sy = 0o and c is a rational number, it follows
from Lemma 4.2(i) that F, = D.. Hence |[W(#,s) — r*| < ¢ for all (9,x) € [-7,0] x D.. Since ¢ is
arbitrary, we get W =r*, a contradiction. This completes the proof. O

Lemma 4.6. Suppose that Q T[¢] > Q[¢] > Q ~[¢] for all ¢ € C,. Define spreading speeds c% with Q=*
similarly as c* in Section 2. Assume that for any rational number ¢ > c%_there exists a travelling wave W of
the map Q with the wave speed c such that sup{W.(, s): (0,s) € [—T,0] x D¢} <1F, Wc(-, —00) =1* and
liminfs_, oo Wc (-, s) = 0. If (GC)(b) holds, then for any ¢ > ¢ there exists a travelling wave W of the map Q
with the wave speed ¢ with liminfs_, o, W(-, s) > 0. Moreover, if Q satisfies (UM), then W¢(-, —o0) =1*
and liminfs_, .o Wc(-, s) =0.

Proof. Without loss of generality, we may assume that ¢ > c% is an irrational number. Then there
is a sequence of rational numbers {ci}rez, with ¢ > ¢} and ¢, — ¢ as k — oo. By the properties
of W¢,, we may assume without loss of generality that W¢, (-, s) > % for all s € D¢, N (=00, —1] and
We, 6k, 0) < % for some 6 € [, 0].

By (A3*) and Lemma 4.1(ii), we know that {W, (-, — mcp)l{—z,01x#: k € Z4 and m € Z} is pre-
compact in C. Thus, by a usual diagonal argument, there exists a sequence {k};cz, in Zy such that
k; — o0, 6, — 0* € [-7,0] and Wsz (-, - =mecp)l—z,00xH = Um,c € G+ as I — oo, where m € Z.

Define W.:[-7,0] x D - R by W¢(@®,s) = Un,(0,s + mc) for all s € H — mc. Since D, =
Umez(H — mc) and (H — mc) N (H — nc) = @ whenever m #n, W, is well-defined. Moreover,
We(@*,0) < 5, We(-,s) > 5 for all s € De N (—00, —1], and Q"[W(-,- —mc)](6, %) = We(@,x — (n+
m)c) for all n € Z4 and m € Z. This, together with Lemma 4.5, yields the other conclusions. Therefore,
the proof is complete. O

Theorem 4.7. Suppose that Q T[¢] > Q[¢] = Q ~[¢] for all ¢ € C. Define spreading speeds ¢ with Q*
similarly as c* in Section 2. If (GC)(b) holds and Q satisfies (UM), then the following statements are true.

(i) Ifc < c*, then Q has no travelling wave W with liminfs_, _oc W (-, s) > 0.
(ii) Ifc > c%, then Q has a travelling wave W with W < rt, W(, —oo) = r* and liminfs_, oo W (-, s) = 0.
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Proof. To prove (i), by way of contradiction, assume that Q has a travelling wave W (6, x — nc) such
that 0 < liminfs_, _oo W (-, s) £ w*. Since ¢ < c*, we can choose a real number cg € (c, c*). Then, by
Theorem 3.4, lim;_, oo max{|Q"[W (-, - +d)1(8,x) —r*|: d € [-1,0]1N D¢ and (9, x) € Ap,} = 0. Since
W is not constant, there exists (6*,s*) € [—7,0] x D, such that W (6*, s*) # r*. Take x, € H N [s* +
nc, s* +nc+ 1] and d, = s* + nc — x, for all n € Z,. Then d, € [-1,0] and |x,| < nco for all large n.
From the above discussions, we have limp_, oo max{|Q"[W (-, - + dn)I(:, X1) — r*|: n € Z,} = 0. Hence
W (0%, s*) = limy_s 0o W (0%, X +dp —n¢) =limp_s 00 QT [W (-, - +dp)1(0%, X,) =r*, a contradiction. This
shows statement (i).

For (ii), by Lemma 4.6, it suffices to consider the case where c is a rational number. In this
case, D =R or D, is discrete. By Lemma 4.3(ii), for any k € (0, 1), there is a.x € Yf such that
Relackl =ack, a_, <ack < acfk, ac (-, 00) =0 and liminfs_, _oo ac (-, §) > r~, where afk are defined
as in Lemma 4.3(ii).

Let A={acy: ke (0,1)}. Clearly, A C (Uycp, TalAD S (pc)”[Y£+] for any positive integer n, where
pc is defined in Lemma 4.2(ix). Then it follows from Lemma 4.2(ix) that A and UdeDC T4[A] are
precompact in Y.

For any k € (0, 1), let py =sup{p € D¢: ack(,s) > % for all s € (—oo, p]N D¢}. Since a¢ k(-,00) =0
and liminfs_, o ack(-,s) > 17, it is easy to see that py € D¢, acx(-,s + px) = % for all se DN

(—00,0], and there exist 6% € [—7,0] and p* € (px, 1+ px] N D¢ such that ac (6%, p¥) < 5. Clearly,
{ack(-,-+pk) € Yei ke (0,1)} is precompact in Y. according to the compactness of UdeDE T4[A]. Then
there is a sequence {k;} in (0,1) such that k; — 0, 6% — 6* € [—7, 0], pk — pi, — p* €[0,1]1N D¢
and ac (- + pr) > W e Y£+ as | — oo. Therefore W (6%, p*) = limlﬁwachl(ekl,pkf) < % and
W(.,s) =lim_ o0 dc g, (-, S + Piy) 2 % for all s € D N (—o0, 0]. Then, by definitions of R, we know

that Q[W(,- —nc)](-,x) = W(,x — (1 +n)c) for all n € Z and x € H. Note that % > W(O*, p*)

and W(,s) > % for all s € D N (—o00,0]. It follows from Lemma 4.5 that W(-, —o0) = r* and
liminfs_. .o W (-, s) = 0. This completes the proof. O

The following theorem follows from Theorem 3.9(i) and Theorem 4.7.

Theorem 4.8. Suppose that Q T[¢] > Q@] > Q ~[¢] for all ¢ € C,. Define spreading speeds c’. with Q=
similarly as c¢* in Section 2. Assume that (GC) holds and Q satisfies (UM). Let c* be the spreading speed of Q
as in Theorem 3.9(i). Then the following statements are true.

(i) Ifc < c*, then Q has no travelling wave W with liminfs_, _oo W (-, s) > 0.
(i) If c > c*, then Q has a travelling wave W with W <rt, W (-, —oo) =r* and liminf;_, .c W (-, s) = 0.

We also say that c* in Theorem 4.8 is the minimal wave speed of Q.

In the rest of this section, we consider travelling waves for the continuous-time semiflow {Q¢}°,
on C4 in the sense of Section 3 (see the paragraph before Theorem 3.11). We say that W is a trav-
elling wave of {Q¢}2, if W:[~7,0] x R — R, is a bounded and nonconstant continuous function
and Q:[W](@®,x) =W (@,x—tc) for all (8,x) €[—7,0] xH and t € R ; moreover, we say that W con-
nects r* to 0 if W (., —oo) =r* and W (-, co) = 0. We emphasize that our method for the existence of
travelling waves are quite different from those in [4-7,11,20,22,24,29,30,36].

Theorem 4.9. Suppose that there are three positive numbers r*, r= such that for any t > 0, there are three
maps Q;F, M;:C; — C, suchthat Q 2 Q;, Q* 2 QF and M £ M, satisfy all conditions in Theorem 4.8.
Let c* be the minimal wave speed of Q1. Then the following statements are true.

(i) Ifc < c*, then {Q¢}ter, has no travelling wave W with liminfs_, oo W(.,s) > 0.
(ii) Ifc > c*, then {Q¢}ter, has a travelling wave W connecting r* to 0.

Proof. (i) Suppose that ¢ < c*. By way of contradiction, assume that there exists a travelling wave
W of {Q¢}eer, with liminfs, o W(-,s) > 0. Thus W|_7 ojxp. is a travelling wave of Q; with
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liminfs— oo W=z 01xD. (-, 5) > 0. But, by applying Theorem 4.8(i) to Q1, we can get a contradiction.
This proves (i).

(ii) Suppose that ¢ > c*. Given t € J = {#: k € Z}, by applying Theorem 4.8(ii) to Q;, we know
that there exists a travelling wave W, :[1, 0] x D¢ — [0, r"] of Q; with the wave speed tc such that
W¢(-, —o0) =r* and liminfs_, oo W¢(-,s) =0, where D ={x —mtc: xeH, me ZJ.

In the following, without loss of generality, we may assume that W(-,s) > % for all (t,s) e J x
(D¢e N (—o0, —1]) and W¢(6;,0) < % for some 6; € [—1,0].

Let D:{L' k,l€Z, with [ €[0,2¢ — 11} and K = Jyep (H — d), where 7—[ d={x—d: xeH).
Given d € D, there exist ko and lp € Z4 with g € [0, 2k _ 1] such that d = -, Since Q satisfies
(A3*) for any t > 0, we may choose | € Z; N (ct —d, co) such that Qd+l [Cr+] 1s precompact in C.

Then, for any k € Z4 N[kg, 00), it follows from (A1) and d”/ o = (d+l)2" € Z4 that W 1 ¢,-—d)=
T_[W 1 L (,-—@d+D)]=T_ 1[Qa+z[W ! 1= Qa+z[W 1 (G-+Dle Qa+1[ Cr+]. We thus obtam that
2k
(W 1 ( c—d)|—r,0xH: keZi}is precompact in C for any d € D. Smce D is a countable set, a usual

dlagonal argument shows that there are sequences {kj}icz, in Zy and {Ug}4qep in Cp+ such that
ki — oo, 6+ — 6% and W _1 (., —d)|[—¢,0)xx — Uqg as i — oo. Then by choices of W; and 6, we
c2ki c2ki
know that Ug(6*, 0) < % and Ug(-,s) > % for all s e H N (—o0, —1].
Define U :[-7,0] x £ — R such that U(8,x) = Ug(8,x +d) for any x € H —d with d € D, which
is well-defined since (H —d) N (H —d) =@ for all d #d € D. Clearly, Q%[U](e,x) Uu@®,x— 2,()
c2'

for all x e H and n,k € Z; since Q n W 1 ! 10,x) =W o (9 X — () for all k; > k. In other words,
2

QE[U](Q,x) U@,x—s) for all xe?—[ and s € N[O, oo)

For any x € H, let Vx(0,s) = Q x=s[U](0, x) for all (0,s) € [T, 0] x (—o0, x). By the previous dis-
cussions, we know that V,(6,s) =EU(9,S) for all (0,s) € [—7,0] x (K N (—o0,x)). Again, for given
x € H, the definition of V, implies that Vy|[_¢ 0]x(—c0,x) iS continuous. Since K is dense in R, we can
easily see that the definition of V is independent of x € . Let us define W :[—7,0] x R — R such
that W (9, s) = V,(0,s) for any (0,s) € [-1,0] x R with s <x € H. Then W is well-defined. It follows
easily that W is continuous and W (#,s) = U (@, s) for all (8,s) € [—7,0] x K. Thus W (6*,0) < Ll
W(,s) > % for all s € H N (—oo0, —1] and Q%[W](Q,x) =W(0,x—s) for all (6,x) e[—7,0] x H and
s € KNJO0, c0). These, together with the fact that K is dense in R, yield that W is bounded and non-
constant, and Q[W](@,x) = W (0, x — ct) for all (0,x) € [—7,0] x H and t € Ry. By Theorem 3.11(ii)
and W > 0, we have W (-, —00) = limg_, _oo W (-, s) =limg_, o Q =s [W](-,0) =1*.

We next prove W (-, c0) = 0. Otherwise, by the compactness of b[, there exists a sequence {s}kez,
in Ry such that sy — oo and W (-, - 4+ sp)l[—r,01x1 — ¥* € C4 \ {0} as k — oo.

We claim that there is a positive integer Ko such that lim¢_ o max{||Q:[W (-, sp)] — r*||: k €
[Kg,00) N Z} = 0. Indeed, take c1 = % By applying Theorem 3.9(iii) to Qi, we obtain that
limy—, — oo max{|| Qn[¥*1(-, x) — r*||: x € [-nc1,ncq1]} = r*. Again by Corollary 3.6, there is a positive
integer Ko such that

lim. sup{|Qn[W (., - +51)] (0. %) — r*|: (0,%) € A, and k € [Ko, 00) N Z} = 0. (4.1)

Note that Qlc.4 x10,1] is continuous at r* uniformly for t € [0, 1] due to the continuity of Q. In
particular, for any € > 0, there exist § =§(¢) > 0 and d =d(¢) > 0 such that if u € C,+ with |Ju(-, x) —
r*|| <& for all x € [—d,d] NH then ||Q¢[u](-,0) —r*| <& for all t € [0, 1].

On the other hand, it follows from (4.1) that there is an integer ni > 0 such that ||Q,[W(, -+
s, x) —r*|| < & for all x € [-ncy,nci] N H, k € [Kg,00) NZ and n € (n1,00) N Z. Let ny =
max{ny, 1 + %}. Then ||Qa[WC(, -+ sp)](-,x) —1*|| <8 for all x e [—d,d]NH, k € [Kg,o0) NZ and
n € (nz, 00) N Z. Therefore, by choices of § and &, we have ||Q¢+n[W(, - + sp)1(-,0) — r*|| < ¢ for
all t €[0,1], k € [Kg,00) NZ and n € (ny,00) N Z. In other words, ||Q[W(, -+ s)](-,0) — 1| < &
for all k € [Kg,00) NZ and t € (ny, 00), that is, |W (., s —tc) —r*|| < € for all k € [Kg, o0) NZ and
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t € (n2,00). Let Fg = {sp —tc: ke [Kg,00)NZ and t € (ny, 00)}. Then ||W(-,s) —1r*| < ¢ for all s € Fg¢
and F, = U,fiKo(—oo, sk —npc) = R due to limy_, o, S¢ = 00. Since ¢ is arbitrary, we get W(.,s) =r*

for all s € R, a contradiction to W (6*,0) < % This completes the proof. O

5. Applications

In this section, we apply the results obtained in Sections 3 and 4 to a delayed local/nonlocal
reaction diffusion equation and a delayed nonlocal lattice differential system. To unify our discussions,
we shall consider a class of integral equations, which include several local and nonlocal equations as
special cases.

For a given interval | C R, let [+[—7,0] ={t+6: tel and 6 € [-7,0]}. For u € BC((I+[—7,0]) x
H,R) and t € I, we define u;(-,-) € C by u¢(6,x) =u(t + 6, x) for all 6 € [—7,0] and x € H.

Consider the following integral equation with the given initial function,

t

u(t,) =T()(¢(0,) +u/ T(t—s)(K[f(uts—7.9)])ds, >0, (5.1)

0
up=¢ eCy,

where 7, >0, f:Ry — R4 is continuous with f(0) =0.
Assume that T(-)(-) : R4 x X — X satisfies the following conditions:

(T1) T(t): X — X is a linear operator such that T|g, xx, : Ry x X; — X is continuous, where t e R,
re(0,00), Xr £{p € Xy: ¢ <r}and T|r, xx, (t.¢) =T()(¢);

(T2) T(t)(X4) € X for all t >0, and (T()(@)(x) =ae # forall t e Ry, aeR and x € H;

(T3) T(0)=1Idx, TOT(S)(p) =T(t+5)(¢) forall t,s e R} and ¢ € X;

(T4) T(O[RIP]l = RIT(®)[¢]] and Ty [T (t)[p]] = T(t)[Tyle¢]] for all ¢ € X and y € H;

(T5) T(t)[X,] is precompact in X for all t,r € (0, 00).

The operator K: X — X is a linear operator with the following conditions:

(K1) K|x, : Xr — X is continuous, where r € (0, 00);
(K2) K1) =1, K(X4+\ {0}) € X4\ {0};
(K3) K[RI[¢11=TRIKI[¢]1] and Ty [K[¢p]] = K[Ty[¢]] for all ¢ € X4 and y € H.

Here H =R or Z.

In the coming concrete applications, it is easy to verify the above conditions on T(t) and K.

By a simple application of the step-by-step argument, it is easy to see that, for ¢ € C, the solution
of (5.1) is unique and exists on R. Such a solution is denoted by u?(t, x; f). Moreover, it follows
from (5.1), (T1)-(T2) and (K1)-(K2) that (u®(-,-; f))r € C4 for all (t, ) € Ry x C4. Define Q : R4 x
Cy — C4 by QI[t, 9l(0,x) = u®(t + 6,x; f) for all (t,¢) € Ry x C4 and (9,x) € [-7,0] x H. Let
Q:2Q[t, ] forall teR,.

To move forward, we impose the following conditions on f.

(H1) f is a continuously diff/erentiable function on some right-neighborhood of 0;
(H2) f'(0) > 1 and f(u) < f (O)u for all u € [0, c0);
(H3) f has a unique positive fixed point u*.
It follows from (H1)-(H3) that f(x) > x for all x € (0, u*) and f(x) < x for all x € (u*, c0).

Lemma 5.1. The following statements are true.

(i) The solution map of (5.1) induces a continuous semiflow {Q¢}¢>0 on C4. in the sense of Section 3 (see the
paragraph before Theorem 3.11).
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(ii) If f(a) = a forsome a € R,, then Q;[a]l =a forallt € R,.

(iii) If f([a, b)) € [a,b] € Ry, then Q([Cqp] € Cap forall t € R.

(iv) Qg satisfies (A1) forallt e Ry.

(v) If f is non-decreasing on R, then Q; is monotone on C.

(vi) If (H1)-(H3) hold and if f is non-decreasing on R, then for any t > T we have Q[«] > « for all
o € (0,u*) and Q¢[a] K o forall o € (u*, 00).

Proof. (i) Clearly, Qo =1d|c, . Since T(t) is a semigroup and the solution of (5.1) is unique, a standard
argument gives Qg o Qr, = Q¢ 4, for all t1,t; € Ry. Indeed, for any given t; e Ry and ¢ € C4, let
gt) = uQalel . f) and h(t) = u®(t + t1,-; f) for all t € Ry. By definitions of g and h, we have
8o =ho = Q¢, [¢]. It follows from (5.1) and (T3) that

t+t;

h(t) = T(t+t1) (@0, ) X) + u f T(t+t1—s)(K[f(h(s—t1 —7,9))])x)ds
0
t+tq

=T(t+1t1)(¢©0,))x) + 1 / T(t+ty —s)(K[f(h(s —t1 —7,9)]) () ds
t

t

+ /Lf T+t —s)(K[f(h(s—t1 —7,9)])x) ds
0

t

=T(t) |:T(t1)(<p(0, ))(x) + M/ Tt —s)(K[f(u?(s—1,9)])®) ds:|
0
t

+“f Tt —s)(K[f(h(s—7,9)])x)ds
0
t

:T(t)(h(O))+,u/T(t—s)(K[f(h(s—t,-))])(x) ds.

0

This shows that h satisfies (5.1) with the initial value hg. According to the uniqueness of solution
of (5.1) and the definition of g, we have h(t) = g(t) for all t € R,. By the arbitrariness of t and ¢, we
have Q¢, o Qr, = Q¢+, for all £, € R4,

Furthermore, by (T1), (K1) and (5.1) and by the similar proof of Theorem 2.7(i) in [37], we easily
see that for any r > 0, Q|r, xc, :Ry x C; = C4 is continuous. So, {Q¢}¢>0 is a continuous semiflow
on C; in the sense of Section 3.

(ii) In view of f(a) =a, we easily check that u(t, -) = a satisfies (5.1). This proves (ii).

(iii) Suppose that f([a,b]) C [a,b] € R4. By (5.1), (T1)-(T2) and (K1)-(K2), we know that for all
(t,x,¢) €0, 7] x H x Cyp,

t

u?(t, x; f)=T®)(p(0,))(x) + M/ T(t —s)(K[f(e(s —7.9)])(0) ds
0
t

>ae M 4 / pT(t — s)(K[a])(x)ds
0
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t

:ae”“—}-ua/e’“(t’s) ds
0

=a.

Similarly, u?(t,x; f) <b for all (t,x,¢) €[0,7] X H x Cgp. In summary, Q¢[Cqp] C Cqp for all t €
[0, T]. This, combined with the semigroup property of the solution map Q;, implies that Q¢[Cq ] S
Cgp forall teRy.

(iv) follows from (5.1), (K3) and (T4).

(v) follows from (5.1), (K2), (T2) and the monotonicity of f.

(vi) Suppose that t > t and f is non-decreasing on R,. We only consider the case where « €
(0, u*) since the other case can be dealt with similarity. Note that f([«, u*]) C [, u*] due to the
monotonicity of f. Thus, by (iii), Q¢[Cq u*] € Cq u* for all t € Ry. Since f(u) > « for all u € [o, u*]
due to (H1)-(H3), it follows from (5.1), (T2) and (K2) that for all (¢, x, ¢) € (0, 00) X H X Cq y*,

t

u?(t,x; /) =Tt)(¢(0, ) () +M[ T(t—s)(K[f(u(s -7, ))])x)ds
0
t

> T()(¢(0, -))(x)+/MT(t—s)(K[o¢])(x)ds

0
t

>ae ™ 4+ o / e H=9) g
0

=.

This implies that u?(t, x; f) > « for all (t,x, ¢) € (0,00) x H x Cq y*, and in particular, for any t > t,
we have Q:[a]> «.
This completes the proof. O

By (T1)-(T3), (T5) and by using an argument similar to the proof of Theorem 2.1.8 in [35] with
some necessary modifications, we may show the following compact result.

Lemma 5.2. The following statements are true.

(i) Q¢[Cr1(0, -) is precompact in X forall t,r € (0, 00).
(i) Q¢[Cr]is precompactin C forallr € (0, 00) and t € (T, 00).
(iii) Ift € (0, T] and D C C, withr > 0 and D(0, -) being a precompact subset of X, then S[D] is precompact
in C, where the operator

_ Ju@,x if—7 <6 < —t,
Sl 6, %) = { Qu[ul©.0 if—t<0 <0,

(iv) Qg satisfies (A3™) forallt € (0, 00).

Proof. (i) Fix t,r € (0,00). We prove that Q[C;](0,-) is precompact in X. Let r' = max{r,
max f ([0, u*])}. Then r' > max{u*,r} and f([0,r']) € [0,r']. By Lemma 5.1(iii), we have Qu[C,] C Cp
for all t’ € Ry. It suffices to prove that Q.[C,+](0, -) is precompact in X. By (5.1), (K2) and (T2), we eas-
ily see that Q[C,1(0,-) C T(t)(X;") + D¢, where Dy = {fot T(t—s)g(s)ds: ge C([0,t], Xur)}. According
to (T5), it is enough to show that Dy is precompact in X. By D; € X,» and the completeness of X/, we
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only need to prove that D; is totally bounded. Indeed, by the proof of Lemma 1.6 in [35], we know
that D is precompact in X for all &€ > 0, where Df = {f;T(t —5)g(s)ds: g e C([0,t], X,)}. Thus,
for any ¢ > 0, there is a finite subset F C X,» such that D; € {¢ € X;: |[¢ — | < & for some n € F}.
Since /05 T(t —s)g(s)ds < ur'e for all g e C([0,t], X,r), it follows from definitions of D, and Df that
D C{p € Xy: |l¢p —n| < &+ ur'e for some n € F}. By the arbitrariness of & and the finiteness of F,
we see that D; is totally bounded in X,-. This proves (i).

To finish the proof of (ii) and (iii), we first show the following claim:

Claim. Ift € (0, T], M > max f ([0, u*]) and | C Cp with J(0, -) being precompact in X, then

[[=1{goeC(10.t1.X): 9 € J and g, (t') = Qv 1¢)(0, ) forall t’ € [0, 1]}
is equicontinuous.

By the compactness of J(0,-) and the continuity of T due to (T1), we get that T: [0,t] x J(0, ) —
X is uniformly continuous and hence {T(-)(J(0,-))} is equicontinuous. From (5.1), it suffices to
prove that []:={hy € C([0,t], X): ¢ € J and hy(t") = Qr[9](0, ) — T(t")(¢(0,-)) for all t’ € [0, ]} is
equicontinuous. In fact, for any £ > 0, ¢ € J, and f, f € [0, t] with f <{, we have

[ho®) —hy @]

t

T(?—s)(l([f(u“’(s—r,-;f))])ds—/T(E—s)(l([f(u“’(s—r,-; )] ds

0

Il
O ~—~—

t

T@E—9)(K[f(p(s—1))])ds — / T -9 (K[f(pts—1)])ds

0

I
O ~—

T(E— ) (K[f(¢(s —1))]) ds| +

/[T(? —5) = TE—5)](K[f(ps —1))]) ds

VA
m\m.

t
<w—i+ | [[16-9 - 1@ 9 (K[ (ot - o)
0
t
<ME-F+ [7E=5) =TE=9](K[[ (e~ D)] s
max{0,f—¢}

max{0,f—¢}
i f [TGE—5) —TE-9](K[f (¢ —D)])ds
0

max{0,f—¢}

<mip-feame s | [ [TE-5-TE-9) (K[ (ot - 0)])ds|.
0

Thus, if < &, then [y (E) — hy ()]l < M| — | + 2Me. If F > ¢, then
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[ho®) — hy ()]
£

[TG—s)—TE-9](K[f (6 —1))])ds

r-5) (oot om)e]

< M| - +2Me +

oY~

< M| - +2Me +

O\Tl

Hence, when t > ¢, we have

|y (®) — hy (B < MIE— T +2Me + i — £lH; 5,

where H.:= sup{H[T(E—s— - TE—s— EN@DI: ¢ €T(5)(Xm) and s € [0, t — ). By the compact-
ness of T(%)(XM) due to (T5) and the continuity of T due to (T1), we get that T : [0, t] x T(%)(XM) —
X is uniformly continuous, and hence HE i 0 as |t — f| — 0. This proves the Claim.

(ii) We next prove (ii). Fix r € (0, 00) ‘and t > 7. Without loss of generality, we may assume that
r > max f ([0, u*]). By (i), we know that Q;_;[C;](0, -) is precompact in X. This, combined with claim,
implies that Q;[C:](0, ) = Q¢[Q¢—[C:]1(8, -) is equicontinuous in 6 € [—, 0]. Again, by (i), we obtain
that, for any 6 € [—7,0], Q¢[C;]1(@,-) is precompact in X. Conclusively, by Arzela-Ascoli theorem,
Q¢[C;] is precompact in C. This completes the proof of (ii).

(iii) follows from definitions of Q; and S, the compactness of D(0, -), and an argument similar to
the proof of (ii).

(iv) Finally, if t > 7, then (A3*)(a) holds by (ii). If t € (0, 7], then by the definition of Q. and (iii),
we get that (A3*)(b) holds. So, (A3*) holds.

This completes the proof. O

In the following, we always assume that (H1)-(H3) hold.
To obtain a convergence result, we will need the following assumption (stronger than (H3)).

(H4) f? has a unique positive fixed point u*.

Obviously, (H4) implies (H3). In [38], Yi and Zou showed that assumption (H4) plays a key role on
the delay independent global stability of a positive equilibrium for a class of delayed reaction diffusion
equations in a bounded domain with the homogeneous Neumann boundary condition by establishing
the relation between the globally stable dynamics of the map f and the delayed reaction diffusion
equations.

We provide the following equivalent statement of (H4), which is very useful in verifying (UM).

(H5) For any interval [a, b] C (0, 00) with a < b, there exist a’,b’ € (0, c0) such that [a, b] C [d’, b'],
f{d,b']) C[d,b], and either a < min{f(u): u € [a’,b’]} or b > max{f(u): ue[d,b]}.

Lemma 5.3. The assumption (H4) is equivalent with the assumption (H5).

Proof. Suppose that (H5) holds. We shall show that (H4) holds. Otherwise, there exists a € (0, c0) \
{u*} such that f2(a) = a. Without loss of generality, we may assume that a < f(a) £ b. Thus,
f(a, b]) 2 [a, b], which yields a contradiction to (H5).
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Now suppose that (H4) holds. Let [a, b] € (0, co) with a < b. By (H1)-(H3), there exist M > € >0
such that [a, b] C [e, M] and f([e, M]) C [e, M]. Assumption (H4) implies (see Proposition 2.1 in [38]),
that

nler;odist(f"([e, M), u*) =0.

Thus, n* £ sup{n > 1: [a,b] € f*([e, M])} < co. Clearly, there exist a’, b’ € (0, o) such that [a’,b'] =
™ ([e, M]). By the choice of n*, [a,b] C [a’,b'], f([a’,b']) C[d’,b'] and [a, b]\ f([d’, b']) # @. Hence,
a <min{f(u): ued,b]} or b>max{f(u): ueld,b’]}. This proves (H5). O

Lemma 5.4. Assume that (H4) holds. If s > r > 0, then there are three numbers N(r, s) € (0, 00), I(r,s) €
(r,o00) and S(r, s) € (0, s) such that either Q([C;s] = I(r,s) forall t > N(r,s) or Q¢[C;s] < S(r,s) for all
t > N(r, s). In particular, Q; satisfies assumption (UM) for all t > 0.

Proof. Suppose that s > r > 0. By Lemma 5.3 and (H5), there exist r’,s’ € (0, c0) such that [r,s] U
f{r',s'Dh € [r,s'] and either r < min{f(u): u e [r,s']} or s > max{f(u): u e [r,s']}. Without loss of
generality, we may assume that r < i ¢ £ min{f(u): u e [r,s']}. It follows from Lemma 5.1(iii) that
Q¢[Cr ¢] S Cp g for all t € Ry, that is, u?(t,x; f) € [1’,s'] for all (t,x,¢) e Ry x H x Cp¢. By (5.1),
(T2) and (K2), we know that for all (¢, x, ¢) € (0,00) x H x Cp g,

t

u?(t,x; f)=TE)(p(0,))(®) + /L/ T(t =) (K[f (-1, )])xds

0

t
>r'e M 4 / Tt —s)(K[ip¢1)(x)ds
0

t
:r’e’“t—i—ir/,s/u/-e’“(t’s) ds
0

=iy g+ (' —irg)e M.

Thus, there is a positive number N(r,s) such that u®(¢t,x; f) > iy g + (' — iy g)e #NES) > FH% >r
for all (¢, X, @) € [N(r, ), 00) x H x Cyr g In view of Cy s € Cpr g, we know that u® (¢, x; f) > "4 > 1

T+ o

for all (t,x, ) € [N(r,s), 00) x H x Cy 5. Therefore, Q¢[Cys] > —5== > for all t > N(r, s). This proves
the first conclusion in this lemma.
Now, we can easily see that Q; satisfies assumption (UM) for all t > 0. O

For any M > max f ([0, u*]), define fy and f,ﬁ respectively by

_Jf®, xel0,M],
fm(X)—{f(M% x> M. (5.2)

and

min fy([x, M]), xe[0, M],

f(M), x> M, (53)

@ =max fu([0,x]),  fy®)= {

frx) = f'(0)x, xeR,. (5.4)
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According to the above definitions of f, f,a,[ and fL, we easily obtain the following results.

Lemma 5.5. Let M > max f ([0, u*]) and let fy, f,j\,,E and f! be defined asin (5.2), (5.3) and (5.4), respectively.
Then the following statements are true.

() fu@® < fu@) < fix) < fH) forallx e Ry,
(ii) fﬁ and f,, are non-decreasing and continuous on R .
(iii) There exists § > 0 such that f,\j; (x) = f(x) forall x € [0, 3].
(iv) There exist positive numbers u* such that fﬁ(ui) =u}and 0 <u* <u*<uj <M.
(v) fm and fﬁ satisfy assumptions (H1)-(H3); moreover, if f satisfies (H4), then fy also satisfies assump-
tion (H4).
(vi) Forany & € (0, 1) thereis § € (0, u”) such that f,;(x) > (1 — &) fL(x) for any x € [0, 8].

Define
Qelp; M1(6, %) = u?(t + 6, x; fm)
and
Qfl@; M0, x) = u?(t+6.x; fif),

where (t, ) e Ry x C4 and (6, %) € [—7,0] x H.

Define M :R, x C — C by M(t,@; f1)(0,x) =u?(t +06,x; fL) for all (t,p) e R4 x C and (,x) €
[—7,0] x H. For any t € Ry, we denote M(t, -; fL) by M.

In view of Lemma 5.1(i), we know that {Qt[-;M]}te]RJr,{Q[i[~;M]}t€R+ and {M;}ter, are all
continuous-time semiflows on C; in the sense of Section 3 (see the paragraph before Theorem 3.11)
for any M > max f ([0, u*]).

Lemma 5.6. Let M > max f ([0, u*]). Then the following statements are true.

() Q7[5 MI< Qe[ MI< Q[ MI< M forallt e Ry
(ii) Qti[-; M] are monotone in C and satisfy assumptions (A1), (A2) and (A4) with r* being replaced
by uZ, respectively, where u* and u’ are defined in Lemma 5.5(iv).
(iii) Q¢[-; M]and Qti[g M] satisfy (A3*) for all t > 0.
(iv) Q¢[Cm] S Cum and Q¢[Cy: M] S Cy forallt € Ry and Q¢[@; M] = Q¢l@] = (u?(.,; f)); forall ¢ €
CyandteR,.
(v) Q¢[-; M] satisfies assumptions (A1), (A2), (A4)(a) for all t € R with r* being replaced by u*.
(vi) If (H4) holds, then Q:[-; M] satisfies the assumption (UM) for all t € (0, c0).
(vii) Foranyt e Ry, M; is a positive linear operator such that
L L
(£ +(1— £/ @) |7 < M11< [£/0) + (1 f/@)e 7] 7.
(viii) For anyt € (0, 00), M; satisfies assumptions (AL1), (AL2) and (AL3).
(ix) Foranyt € (0, 00), M, Q[i[~; M] satisfy the assumption (GC).

Proof. (i) follows from Lemma 5.5(i) and (5.1) with f being replaced by fy, fﬁ, fL, respectively.

(ii) follows from Lemma 5.1 and Lemma 5.5(ii).

(iii) follows from Lemma 5.2.

(iv) By Lemma 5.1(iii), f([0, M]) € [0, M] and fu ([0, M]) C [0, M], hence we have Q:[Cy] C Cpy
and Q([Cy; M] C Cy for all t € Ry. This, combined with (5.1) and the fact that fumljo,m = fljo,m],
implies that Q¢[¢; M]= Q¢[@] = W?(-,-; f)); for all p € Cyy and t e R.

(v) follows from Lemma 5.1(i), (ii) and (iv).
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(vi) follows from Lemma 5.4.

(vii) Clearly, by (5.1), (K2) and (T2), we can check that M[C;] C C4 for all t € Ry. Thus, M; is a
positive linear operator.

To prove the inequalities in statement (vii), by (5.1), we have M;[a](0, ) = a[f'(0) + (1 —
f'(0))eH5] for all (s,a) € [0, ] x (0, 00). It follows that 1 < M;[1](0,-) < f'(0) + (1 — f'(0))e ™M
for all s € [0, T].

Now, we prove the second inequality in statement (vii). Fix t € Ry. Clearly, there are an integer
I>0and te[0,7) such that t =t +It. In view of the semigroup properties of {M;s}ser, ,» we may
obtain that 1< M[1] = M ;[11 = (M) M1 < [f(0) + (1 = f/0)e 71 < [f(0) + (1 —
f/(O))e“”]%“. This gives the second inequality.

Next, we prove the first inequality in statement (vii). It follows from (5.1) and the semigroup
properties of {M;}scr, that for any s € [T, 27] we have

M;[11(0, -) = Ms— [M<[1]](0, -)

s—T
=T(s— 7)(M<[11(0,") + u / T(s—7 —W(K[fH{ (M [11(A —7,)]) dr
0
> [0+ (11— f(0)e e 4 pu / T(s—1— M) (K[f'(0)])dr
0

> [+ (1= f©)e #]e 0 4 f/(O)[1 — e HC7]
= 'O+ (1-f©@)e
> 0+ (1-f @)

Again, fix t € R,. Clearly, there are an integer | >0 and f € [0, 27) such that t =f + 2I7. In view of
the semigroup properties of {M;}scr,, we may obtain that M[1] = My, ;[1]= (M) [M;[1]] >

(Moo 112 [f(0) + (1 — f/(0)e 7] > [f(0) + (1 — f'(0))e~H7]2¢ 1. This shows the first inequality
in statement (vii) and completes the proof of (vii).

(viii) Suppose that t > 0. By Lemma 5.1(i) and (iv), and Lemma 5.2(iv), we easily see that M;
satisfies assumptions (A1), (A2) and (A3), and hence (AL1) holds.

We claim that M [C4 \ {0}] € CY. for all t’ > 27. Indeed, for any ¢ € C; \ {0}, there is 6* € [-T,0)
such that ¢(9*,-) > 0. Thus by (K2), K[fL(¢(6*,-))] > 0. It follows from (5.1), (K2), (T2) and the fact
that fL(x) = f'(0)x > 0 for all x € (0, 0o) that, for all (t,x, @) € [T,00) x H x (C \ {0}), we have

u?(t', % f1) =T(t') (90, ) ®) + ,u/ T(¢ —s)(K[ffw?(s— 7.5 f1))])® ds

0

;M/T@—QMU%W$—Lqﬂ»MM$

> ,u/ T(¢ —s)(K[f (s —1.9)]) ) ds

> 0.

This proves the above claim. Then (AL3) follows immediately.
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In the following, for any s € Ry, let My £ M;|y. Then Ms[Y] C Y for all s € R, due to (Al). By
the above claim, (M )N[Cy \ {0}] = Mn:[C4 \ {0}] C CS for all integers N > ZTT Thus, for any integer
N > ZTT we have Mpy;[Y;] C Int(Y,). Lemma 5.2(ii) shows that M;[C;] is precompact in C for all
s>t and r > 0. In particular, My;: Y — Y is compact for any integer N > % Therefore, M; satisfies
(AL2)(a).

By (AL2)(a) and Lemma 3.1 in [15], the spectral radius Ao of M; is the simple eigenvalue of
M; such that there is a strongly positive eigenvector associated with Ag and the modulus of any
other eigenvalue is less than Ag. It suffices to prove A9 > 1. Indeed, A9 = limy_ ||(M[)N||% =

liMN_ oo [IMNe[| ¥ > limsupy_, o [Mne[11II¥ = limsupy_, o [Mne[1][|¥. On the other hand, by the
first inequity of (vii), we have

1

Lo = limsup|| Me[1]| V¥ > limsup[ f'(0) + (1 — f'(0))e HT]?
N—oo

N—o0

N‘_’

z2|=
V
—_

This proves (AL2)(b), and thus (viii) holds.
(ix) Fix t > 0. The statement (i) gives (GC)(a). It suffices to prove (GC)(b). Indeed, it follows from
1

Lemma 5.5(vi) that for any ¢ € (0, 1) there is §; € (0, u*) such that f,,(x) > (1 — 8)”% fL(x) for any
M

1
xe[0,81]. Let e = (1—¢) ™t and § =5(t, &) 251 [f/(0)+ (1 — f/(O))e‘/”]’l’%. This, combined with
the second inequality of (vii) and the monotonicity of M, implies that M;[Cs] € Cs, for all s € [0, t].
Again, since Qg [-; M] < M for all s € Ry due to (i), we know that Q4 [Cs; M] € Cs, for all s € [0, ].
It follows from (5.1) and the choices of §1, & that for all ¢ € C5; and t’ € [0, T]

t/
Q, Lo M1(0,) = T(¢') (¢ (0. ) +M/Tt—5 [fu(pGs—7.9)])ds
0

>T()(9©0,)) +up | T(t' —s)(K[af (o(s —1.9)])ds

Ot —

20{|:T(t’)((p(0, -))+M[T(t’—s)(1<[fl(g0(s—r,~))])ds:|
=aMyp[p](0, ).

In other words, Q, [¢; M] > aMy[g] for all ¢ € C5; and t' [0, 7).
Note that there are an integer | > 0 and f € [0,7) such that t =t + It. Thus, we have

Q;II[C(;; M] C Cs, for all k € ZN[0,l]. By the semigroup properties of {Q; }ser, and {M;}scr, .,

we can see that, for any ¢ € Cs,

Q; lp: M= Qg [9: M= Q; [Q[¢; MI; M]
> aM;[Q [p; M|
> ' Milgl.

By the choice of a, we get Q; [¢; M] > oﬁ“./\/lt[go] =1 —-¢e)M;[¢] for all ¢ € Cs and hence (GC)(b)
holds. This completes the proof. O
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By Lemma 5.6, we easily see that for any given t > 0, Q¢[-; M], Qti[ﬁM] and M; with M >
max f ([0, u*]) satisfy all the conditions in Theorems 3.11 and 4.9.

With the help of Lemma 5.6(iv), the fact that for any M > max f ([0, u*]), Q¢[Cm;M] C Cp,
Q:[Cm] S Cym and Q¢[p; M] = Q¢[¢] for all t e Ry and ¢ € Cy, the following result can be easily
deduced from Theorems 3.11 and 4.9.

Theorem 5.7. Assume that (H4) holds. For system (5.1), there exists c* > 0 such that the following statements
are true.

(i) Forany ¢ > c*, if ¢ € Cy» has compact support with ¢ < u* then

lim max{u?(t,x; f): [x| >tc} =0.
t—o0

(ii) Forany c <c*and ¢ € C4 \ {0},

lim max{|u?(t,x; f) —u*|: |x| <tc} =u*.
t—o00

(iii) Forany c < c*, (5.1) has no travelling wave U such that U (-, —oo) = u™.
(iv) Forany ¢ > c*, (5.1) has a travelling wave solution U connecting u* to 0.

To study spreading speeds and travelling waves for a class of nonmonotone discrete-time integrod-
ifference equation models, Hsu and Zhao [11] introduced the following much stronger nonlinearity
assumption than (H4).

(HZ) f has the property (P1*) that @ is strictly decreasing for u € (0, u% ], and the property (P2*)
that for any v, w € (0, u% ] satisfying v <u* <w, v > f(w) and w < f(v), we have v=w.

Assumption (HZ) has also been used to study the convergence and travelling waves for non-
monotone integral equations [6] and non-monotone time-delayed lattice equations [5].
The following result tells us that property (P2*) in (HZ) implies (H4).

Lemma 5.8. If property (P2*) in (HZ) holds, then (H4) holds.

Proof. Suppose that (H4) does not hold. Then there are a € (0, o0) \ {u*} such that a = f2(a). Without
loss of generality, we may assume that a < f(a). Since f(u) > u for all u € (0,u*) and f(u) <u for
all u € (u*, o0), we easily see that a <u* < f(a) <u.Llet v=a and w = f(a). Then f(v) =w and
f(w) =v. By (P2%), we get a =v = w = u*, a contradiction. This proves (H4). O

In the following applications, we only check the above assumptions (T1)-(T5), (K1)-(K3) and (H1)-
(H4).

5.1. A delayed nonlocal reaction diffusion equation

Consider the following delayed reaction diffusion equation,

E;—l;(t,x):Au(t,x)—,uu(t,x)—}-u/f(u(t—r,y))k(x—y)dy, (t,x) € (0,00) x R, (55)

R
u@®,x)=¢,x), (¢,xe[-1,0]xR,
where p >0, f:R; — R, satisfies (H1)-(H3) stated at the beginning of this section. We always

assume that either k(x) = 8(x), or k:R — [0, o0) is continuous with fR k(y)dy =1 and k(x) = k(—x)
for all x € R. The initial data ¢ belongs to C. Here H =R.
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x2
When k(x) = 417me’ﬁ, (5.5) is the model derived by So et al. [27] to describe the growth of a

single species matured population. On the other hand, when k(x) = §(x), (5.5) reduces to the following
delayed local reaction diffusion equation,

ou
5(t,x):Au(t,x)—/w(t,x)Jruf(u(t—r,x)), (t,x) € (0,00) x R,
u@,x)=¢,x), (©@,x)e[-1,0] xR.

Define
—ut —_v)2
(THO@)x) = / jrmeXp(—%ﬁ(y)dy (5.6)
R

and T(0)(¢) = ¢ where ¢ € X, t € (0,00) and x € R.
We shall consider the following integral equation with the given initial function,

t

u(t,-) =T () (O, -))—l—/,uT(t—s)(K[f(u(s—r,~))])ds, t>0, (5.7)

0
up=¢eCy,

where T (t) is defined by (5.6) and K : X — X is defined by

K(¢)(x) :/d)(—r, Vkx—y)dy forxeRand¢ e X,. (5.8)
R

By a simple application of the step-by-step argument, it is easy to see that, for ¢ € C, the solution
of (5.7) is unique and exists on R, denoted by u?(t, x); moreover, (u?(-,-)); € C4 for all t e R;..

Note that {T(t)|xu}r>0 is an analytic semigroup on X" generated by the X"-realization Axu — p1d
of A — pld (see, for example, Daners and Medina [3]), where X¥ = BUC(R, R) as the Banach space
of all bounded and uniformly continuous functions from R to R equipped with the usual supremum
norm || - ||syp. Moreover, if f is a continuously differentiable function, then Corollary 2.2.5 in [35] and
Remark 2.9 in [37] imply that a solution u?(t,x) of (5.7) is also a classical solution of (5.5) for all
t>37.

Lemma 5.9. Let T (t) and K be defined as in (5.6) and (5.8), respectively. Then the following results are true.

(i) T() satisfies assumptions (T1)-(T5).
(ii) K satisfies assumptions (K1)-(K3).

Proof. (i) By (5.6) and by a simple computation, we easily see that T(t) is a linear operator satisfying
(T2)-(T3). By a similar proof as that of Lemma 2.4 in [37], we know that, for any r > 0, T:R; x
X — X is continuous, where X; ={¢ € X4: ¢ <r} and T(t,¢) = T(t)(¢) for all (t,¢) € Ry x X;.
Thus, (T1) holds.

We shall prove that T(t)[X;] is precompact in X for all t,r € (0, 00). Fix t,r € (0, 00). By (T2),
the Arzela-Ascoli theorem and the compact and open topology of X, it suffices to show that, for any
bounded and closed interval I = [a, b] C R, the set A= {T(t)[¢]|;: ¢ € X;} is a family of equicontinu-
ous functions in C(I, R). In fact, for any ¢ > 0, there exists K = K(¢) > 0 such that f‘y@Kl(t, y)dy <

&1+ Where I(t,x) = \‘}%exp(—ﬁ—i) for all x € R. Let K* = K + max{lal, |b|,0} and I* = [-K*, K*].
Then there exists § = 8(¢, ) > 0 such that |I(t,2) —I(t, 2)| < y5¢= for z,Z € [-2K*, 2K™] satisfying

|z — 2| < 8. It follows from the definition of T(t) that, for any ¢ € X;, x, X € I with |x — X| < §, we have
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ITO@)® — TO @)X

= ‘ /¢(y)(l(t,x— y) =t x—y)dy
R

<fMUN¢Mw—y%4mi—wMy
R

< / )| - It x — y) — (6. 3 — y)| dy
ye[—K*,K*]

+ / oW - it x—y) —1(t, X — y)|dy

YE[-K*.K¥]

< f loW)| - I, x—y) =1t X — y)|dy
ye[—K*,K*]

+ f 6+ )it —y)dy + f 6 G+ )it —y)dy
y¢[-K,K] yé¢[—K,K]

£ £
< 2rK* +2r
14+ 3rK* 6r+1

<§é,

that is, A={T(t)[¢]];: ¢ € X;} is a family of equicontinuous functions.

(ii) By (5.8) and by a simple computation, we easily see that K is a linear operator satisfying (K2)
and (K3). By a similar proof as that of Lemma 2.3 in [37], we know that for any r > 0, K: X; — X is
continuous. Thus, (K1) holds. O

The following result can be easily deduced from Theorem 5.7 with H =R and Lemma 5.9.

Theorem 5.10. Assume that (H4) holds. For system (5.5), there exists c* > 0 such that the following statements
are true.

(i) Forany ¢ > c*, if ¢ € Cy» has compact support with ¢ < u* then

lim max{u®(t,x): |x| >tc} =0.
t—o0

(ii) Forany c <c* and ¢ € C4+ \ {0},

lim max{|u® (¢, x) —u*|: x| <tc} =u*.
t—o0

(iii) For any c < c*, (5.5) has no travelling wave U such that U (-, —oco) = u*.
(iv) For any ¢ > c*, (5.5) has a travelling wave solution U connecting u* to 0.

We remark that Fang and Zhao [6] studied a wide class of models including (5.5) as a special case.
In particular, by using the classical upper and lower solution method, they addressed the existence of
travelling waves under the strong nonlinear condition (HZ).
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5.2. A delayed nonlocal lattice differential system

Consider

duj U o - B ,
" = DAuj(t) du](t)—i—zﬂ Zﬂa(] Kb(uk(t — 1)), jeZ, (5.9)

k=—o00

where Auj(t) = ujpq(t) + uj_1(t) — 2u;(t), Bo() = 2672 [ cos(ly)e?* Y dy and D, d, p are all
positive real numbers. System (5.9) was derived in [34] to model the growth of a single species ma-
tured population distributed over a patchy environment characterized by the lattice Z. By Lemma 2.1
in [34], we know that B4 (I) = B« (|l|) > 0 for all | € Z and % > 2 Ba(D) = 1. Moreover, assume that
the continuous function f = “Tb Risur @ € R, satisfies assumptions (H1)-(H4). By replacing
b by f, we rewrite system (5.9) as follows,

. x
% = DAu(t, j) — du(t, j) + % k;mﬁa(j —kf(ut-1,k), jez, (510)
u@. j)=¢(@. ). (0.))€l~T.01x Z,
where the initial data ¢ belongs to C;. Here H =7Z.
Define

g
(T(U(d’))(]) = % Z|: / pii—K)y+D(2cosy—2)—d dy:|¢>(k) (511)

keZL “n

and T(0)(¢) = ¢ where ¢ € X, t € (0, 00) and x € R. By (5.11) and by simple computations, we may
verify that T(t) is a linear operator satisfying (T1)-(T5).
We shall consider the following integral equation with the given initial function,

t

u(t,) =T®(¢(O, -))+/MT(t—S)(K[f(u(s—r,~))])ds, t>0, (5.12)
0
up=¢@eCy,

where T (t) is defined by (5.11) and K: X — X is defined by

d o0
K(¢>)(j):§ Z Boa(j—K)p(k) forxeRand¢ e X,. (5.13)

k=—o00

Obviously, K is a positive linear operator satisfying (K1)-(K3).

It is easy to see that for ¢ € C; the solution of (5.10) is unique and exists on R, denoted by
u?(t, j); moreover, (u¥); € C4 forall t e Ry.

Therefore, applying Theorem 5.7 with ‘H = Z, we can get the following result.

Theorem 5.11. For system (5.10), there exists c* > 0 such that the following statements are true.

(i) Let u®(t, j) be a solution of (5.10) with 0 < ¢(t, j) forallt € [—t,0] and j € Z. Assume that ¢ < u*,
and @(t, j) =0 forall t € [-7, 0] and j outside a bounded interval. Then lim¢_. o0 |jj>tc ¥ (t, j) =0 for
any ¢ > c*.
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(ii) Let u®(t, j) be a solution of (5. 10) with 0 < ¢(t, j) forallt € [—-7,0] and j € Z. If (t, ) # 0 for some
t € [—7, 0], then lim_, o0 |ji<ec u? (t, j) = u* forany c < c*.

(iii) For any c < c*, (5.10) has no travelling wave U connecting u* to 0.

(iv) For any ¢ > c*, (5.10) has a travelling wave solution U connecting u* to 0.

5.3. Two concrete nonlinearities

In this subsection, we apply Theorem 5.10 and Theorem 5.11 respectively to system (5.5) and
system (5.10) with two particular nonlinearities.

First, we consider the Ricker function f(u)=que P!, where g > 1 and p > 0. This is a widely used
birth function (for fish population dynamics and for blowfly population, see, for example, [8,9,17,18,
23,25,26]). If g € (1, e?], then by applying Theorems 5.10 and 5.11 and making use of the proof of
Theorem 4.1 and Remark 4.3 in [38] we can obtain the following result.

Corollary 5.12. Let f(u) = que P* withq > 1and p > 0. If g € (1, e?] then both Theorems 5.10 and 5.11
hold.

We should point out that Corollary 5.12 is not new and has been obtained by using the upper and
lower solution method and monotone semiflows theory in [15]. See Theorems 3.3, 3.4, 4.1 and 4.2 in
[6] for the nonlocal delayed reaction diffusion equation, and see [5] for the nonlocal delayed lattice
differential equation.

Next, we assume the nonlinear function f to be the Mackey-Glass hematopoiesis function
f:Ry — Ry, which is defined by f(u) = q+ m for all u € Ry. This function was originally used by
Mackey and Glass [21] to model the blood cell production in an ordinary differential equation model.
Since then modified models have been studied by many researchers. One of the topics on these mod-
els is the stability of a positive equilibrium, accounting for a long term stable blood concentration
level. See, for example, [12,28] and the references therein. Applying Theorems 5.10 and 5.11 and tak-
ing advantage of the proof of Theorem 4.2 and Remark 4.3 in [38], we have the following result.

Corollary 5.13. Let f(u) =
and 5.11 hold.

with p > q > 0and m > 0. If m < max{2, =}, then both Theorems 5.10

LH'Hm ’ P q

To the best of our knowledge, Corollary 5.13 is new.

Clearly, function f in Corollaries 5.12 and 5.13 possess the property (P1*) in assumption (HZ).

To conclude this paper, we point out that property (P1*) in (HZ) is always assumed to get the
asymptotic behavior in [5,6,11,39]. But our results do not need this property (P1*) in (HZ). Indeed, we
assume that f satisfies assumptions (H1)-(H4). Take uq = fyTt))' Then uq < u* and max f ([0, u1]) < u*.
Moreover, take a,b, ¢ € (0,ur) with a <b <c. Let k=1 + I min{L2 19} 1 view of f(u) > u for

all u € (0, u*), we have k e (1, mm{f(a) f(c) }. Define f:R, — R, by

f, uéla,cl,

Fay={ f@+2%L%u—-a), uelab]

fo+ w(u —c0), uelb,cl.
Obviously, f satisfies assumptions (H1)-(H4). But f— is not decreasing on [0, u*] due to @ =k<
fo _ @ and hence ]‘ does not satisfy the property (P1*) in (HZ) which is used in [5,6,11,39].

c ~
Therefore, Theorems 5.10 and 5.11 can be applied to the above f but the results in [5,6] cannot.

Corollary 5.14. Assume that f satisfies assumptions (H1)-(H4). If f is defined as above then both Theo-
rems 5.10 and 5.11 hold with f being replaced by f.
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