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Abstract. Spread of tuberculosis (TB) due to the immigration from some

developing countries with high TB incidence to developed countries poses an

increasing challenge in the global TB control. Here a simple compartmental TB
model with constant immigration, early and late latency is developed in order

to investigate the impact of new immigrants with latent TB on the overall TB

incidence, and to compare the difference contributed by different proportions
of latently-infected new immigrants with high or low risk to develop active

TB shortly after arrival. The global dynamics of the system is completely

classified, numerical simulations are carried out for different scenarios, and
potential applications to public health policy are discussed.

1. Introduction. Tuberculosis is an airborne infectious disease that is preventable
and curable. Only individuals with active TB bacteria in their lungs can infect
others when they cough. The risk of developing active TB is greatest within the
first several years following infection, however, sometimes disease can present many
years after infection [9, 20, 24, 30]. About 10% people infected with TB bacilli
will become sick with active TB in their lifetime without treatment [37]. Around
5% of infected will develop active TB many years later mainly through endogenous
reactivation [2, 37].

Globally, there are estimated 9.2 million new cases of TB in 2006 [37]. 1.5 million
people died from TB in 2006 [37] and the vast majority of TB deaths are in the
developing countries. It was estimated that 2 billion people, one-third of the world
total population, are infected with TB bacilli. This provides a huge pool for future
TB epidemic. Global spread of tuberculosis due to the immigration from developing
countries with high TB incidence to developed countries with low TB incidence
poses an increasing challenge in TB control in many developed countries. In certain
low TB incidence countries such as Australia, Canada and United States, increasing
immigration contributes to a growing TB incidence and may have a significant
impact on the local TB transmission patterns [10, 11, 12, 15, 16, 17, 18, 26, 36].
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Mathematical models have been used significantly in our understanding of TB
epidemics and the potential impact of control strategies, see [1, 2, 3, 7, 8, 31, 38, 39]
and references therein. Although there has been remarkable progress in the devel-
opment of a theoretical framework for the study of TB dynamics and the related
epidemiological processes, two of the most important challenges for TB modeling
raised in [8], namely immigration and ethnicity, have been largely ignored. Mur-
phy et al [31] compared the TB epidemics in demographically distinct heterogenous
populations between India and USA to investigate the effects of host genetics. Mc-
Cluskey and van den Driessche [25] considered a TB model with latent and infective
immigration, and Zhou et al [38] formulated a discrete model to investigate the TB
epidemics for overall population in Canada.

In this paper, we develop a deterministic compartmental TB model with constant
immigration to early and late latencies, in order to compare the different contribu-
tions of latently-infected new immigrants who have a high or low risk to develop
active TB shortly after arrival. Our results show that early latent TB has a much
more significant impact than late latent TB on the incidence of immigrant popu-
lation, and in particular, early latent TB drives (even a small percentage) the TB
incidence up quickly. It is therefore hoped that this qualitative study can contribute
to the medical screening and following-up policy in developed countries with large
number of immigrants.

The paper is organized as follows: the model formulation is presented in next
section. In Section 3, we establish the global dynamics of the proposed model
and give the proof of the global stability of endemic equilibrium based on a global
Lyapunov function. In Section 4, numerical simulations are carried out for different
scenarios using data from Canada. A summery is given in Section 5.

2. Model formulation. Over the past decade, most of one quarter million new
immigrants who arrived in Canada annually are adults and more than 80% of them
were from TB-endemic countries [6, 28, 29]. It is estimated that 40% of the new im-
migrants are positive for tuberculin skin test [28]. These immigrants with positive
tuberculin skin test are at risk for future disease at different time scales. A propor-
tion of them will develop TB quickly after entry and another fraction of them will
develop TB at later time. Due to strict immigration medical checks before entry,
new immigrants with active TB at arrival are rare (except for refugees [16]).

The percentage of new immigrants who develop TB after arrival is estimated
in several studies [9, 10, 17, 18, 34]. In 1998 [16], it was estimated that 8% of
foreign-born TB cases reported in Canada developed TB within the first year of
arrival, 18% developed active TB within 2 years and 37% within five years. Another
study from Australia is shown in Figure 1. A further comparison of percentages for
new immigrants who develop active TB after arrival among the UK, Canada and
Australia is given in Table 1, where strict immigration medical checks were carried
out but a sharp proportion of annual new immigrants were screened to be latently
infected, indicating the infection before entry. Thus a reasonable assumption is that
a proportion of annual new immigrants are latently infected, and a small percentage
of them are in the highest risk to develop TB after arrival.

We propose a simple ODE model that incorporates fast and slow routes to TB,
early and late latency stages of latent TB infection (LTBI) as previously introduced
in [39]. One novelty of our model is that different proportions of new immigrants to
host countries are assumed to have different risks to develop TB within the first two
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Figure 1. 2005 TB notification numbers of immigrants who de-
velop TB after arrival in Australia, Figure adapted from [10].

Groups Non-UK born Foreign-born Overseas-born
classification 2000-2005, the UK 2002, Canada 2005, Australia

within 2 years’ arrival 22% 25% 23%
3 or more years prior 78% 75% 74%

Total 100% 100% 100%

Table 1. Percentage of latently-infected immigrants who develop TB

after entry in three different studies. This table is tabulated based on

three different studies [10, 16, 18, 27].

years after arrival or at a later period of time. It is reported, at least in Canada,
that TB transmission from the foreign-born population to others is small [19, 21],
and is even smaller from others to the foreign-born [19, 21]. Therefore, in what
follows, for the study of TB transmission, we consider the foreign-born population
alone.

Using a compartmental approach, the total foreign-born population in a host
country is partitioned into following compartments: susceptible individuals (X),
early latent stage (E) and late latent stage (L) individuals, individuals with ac-
tive TB (T ), and recovered individuals (R). Only individuals in compartment T
are infectious, and new infections result from contacts between a susceptible and
an infectious individual within the immigrant population, with an incidence rate
βX(t)T (t). Here X(t), E(t), L(t), T (t) and R(t) denote the numbers of individuals
in the respective compartments at time t. Once infected, individuals will progress
through the early latent stage with an average rate ω within the first two years. A
fraction p, 0 < p ≤ 1, of these individuals progress directly to the active TB stage,
and the remaining 1−p fraction progresses to the late latent stage. Once there, the
rate of slow progression to active TB due to reactivation is at a lower rate ν. The
inputs to the susceptible, early latent stage and late latent stage compartments are
(1 − q1 − q2)π, q1π and q2π, respectively. Here π is the average number of annual
new immigrants to the host country, and q1, q2 are percentages of new immigrants
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who are in early latent (high risk) or late latent stages (low risk) to develop TB.
Due to strict immigration policies, we assume that there are no new immigrants
with active TB. The natural removal rates for all compartments X,E,L, T,R are
dX , dE , dL, dT , dR, respectively. α is the TB-caused death rate, and δ is the rate
constant of recovery by nature or treatment. The dynamical transfer among the
compartments is depicted in Figure 2. Here all parameters are assumed to be non-
negative. The model is described by the following system of ODEs:

Figure 2. Schematic diagram of disease transmission and progres-
sion for the deterministic TB model (1) with new immigrants to
early or late latency stage.


X ′ = (1− q1 − q2)π − βXT − dXX,
E′ = q1π + βXT − (dE + ω)E,
L′ = q2π + (1− p)ωE − (dL + ν)L,
T ′ = pωE + νL− (dT + α+ δ)T,

(1)

and

R′ = δT − dRR.
Here we assume that q2

1 + q2
2 6= 0. For q1 = q2 = 0, model (1) reduces to one in [39]

and its global dynamics were established in [13]. If q2
1 + q2

2 6= 0, model (1) becomes
the so-called immigration models. The complete analysis for an SIR model with
immigration into infective compartment appeared first in [4]. The usual disease-
free equilibrium disappears and the basic reproduction number also loses its original
meaning. And the system always has a unique endemic equilibrium which is glob-
ally asymptotically stable [4, 5]. An SEI model of TB with immigration into both
latent and infectious classes was considered in [25] and the global stability of the en-
demic equilibrium was established for proportionate incidence. One epidemiological
consequence of immigration models is that the disease always persists in the pop-
ulation. However, the quantitative impact of how new immigrants could exert on
the disease incidence in the population is not clear and needs further explorations.

3. Model analysis.

3.1. Equilibria and main results. Since the variable R doesn’t appear in other
equations in (1), we will focus on system (1) and study its global behavior. It is easy
to show that solutions of (1) starting from nonnegative initial conditions remains
to be nonnegative for all t ≥ 0. In what follows, we focus on these solutions. From
the first equation of (1), in the absence of disease, we have

X ′ ≤ (1− q1 − q2)π − dXX,
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and thus lim sup
t→∞

X(t) ≤ (1 − q1 − q2)π/dX along each solution to (1). Let N =

X + E + L+ T . Then

N ′ = (X + E + L+ T )′ ≤ π − d̄N − αT − δT,
where d̄ = min{dX , dE , dL, dT }. Therefore, lim supt→∞N(t) ≤ π/d̄. Consequently,
model (1) can be studied in the following feasible region

Γ = {(X,E,L, T ) ∈ R4
+ | 0 ≤ X ≤ (1− q1 − q2)π/dX , 0 ≤ X + E + L+ T ≤ π/d̄},

where R4
+ denotes the non-negative cone of R4 including its lower dimensional faces.

It can be verified that Γ is positively invariant with respect to (1). We denote by Γ

and
◦
Γ the closure and the interior of Γ in R4

+, respectively.
An equilibrium of system (1) satisfies the following system of algebraic equations

0 = (1− q1 − q2)π − βXT − dXX,
0 = q1π + βXT − (dE + ω)E,
0 = q2π + (1− p)ωE − (dL + ν)L,
0 = pωE + νL− (dT + α+ δ)T.

(2)

Solving X from the first equation in (2), we obtain

X =
(1− q1 − q2)π

βT + dX
. (3)

Substituting the last equation into the third equation in (2) to cancel the L term,
we have

q2πν + (pdL + ν)ωE = (dL + ν)(dT + α+ δ)T. (4)

Combining (4) with the second equation in (2) and canceling E, we get

(pdL + ν)ω[q1π + βXT ] + q2πν(dE + ω) = (dE + ω)(dL + ν)(dT + α+ δ)T. (5)

Substituting X in (3) into (5) yeilds

q1πω(pdL + ν) + q2πν(dE + ω) + (pdL + ν)ωβT
(1− q1 − q2)π

βT + dX
= (dE + ω)(dL + ν)(dT + α+ δ)T.

(6)

Then, we get a quadratic equation for T

f(T )
.
= a1T

2 + a2T + a3 = 0,

where

a1 = −β(dE + ω)(dL + ν)(dT + α+ δ) < 0,
a3 = dXπ[q1ω(pdL + ν) + q2ν(dE + ω)],
a2 = β(1− q2)π(pdL + ν) + βq2πν(dE + ω)− dX [(dE + ω)(dL + ν)(dT + α+ δ)].

Note that if q2
1 + q2

2 6= 0, then a3 > 0 and the quadratic equation f(T ) always has
a positive solution

T ∗+ =
a2 +

√
a2

2 − 4a1a3

−2a1
> 0

in
◦
Γ. Substituting this value into (2), we will get an endemic equilibrium P ∗ =

(X∗, E∗, L∗, T ∗) in
◦
Γ, with X∗ > 0, E∗ > 0, L∗ > 0, T ∗ > 0.

In [13], the case where q1 = q2 = 0 is considered. The basic reproduction number

is given as R0 = βπω(ν+pdL)
dX(dE+ω)(dL+ν)(dT +α+δ) . It was shown that if R0 ≤ 1, then system

(1) always has a disease-free equilibrium which is globally asymptotically stable
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(TB will die out eventually in the foreign-born population); if R0 > 1, then system
(1) has a unique endemic equilibrium which is globally asymptotically stable in
the interior of Γ (TB will persist in the foreign-born population irrespective of any
initial condition).

Here we consider the case where q2
1 + q2

2 6= 0. Our main result is as follows:

Theorem 3.1. Suppose that q2
1 + q2

2 6= 0. Then system (1) always has a unique

endemic equilibrium P ∗ which is globally asymptotically stable in
◦
Γ. All solutions

with positive initial conditions will converge to the unique endemic equilibrium P ∗,
and any size of initial outbreak will become endemic in the foreign-born population.

Proof of GAS of endemic equilibrium. The endemic equilibrium satisfies the
following system of equations:

(1− q1 − q2)π = βX∗T ∗ + dXX
∗,

q1π + βX∗T ∗ = (dE + ω)E∗,
q2π + (1− p)ωE∗ = (dL + ν)L∗,
pωE∗ + νL∗ = (dT + α+ δ)T ∗.

(7)

Set x(t) = (X(t), E(t), L(t), T (t)) ∈ Γ ⊂ R4
+. Consider a Lyapunov function

V (x) = A(X −X∗ −X∗ ln
X

X∗
) +B(E − E∗ − E∗ ln

E

E∗
)

+C(L− L∗ − L∗ ln
L

L∗
) +D(T − T ∗ − T ∗ ln

T

T ∗
),

where

A = B =
(pdL + ν)ω

dE + ω
, C = ν, D = dL + ν (8)

are positive constants and (X∗, E∗, L∗, T ∗) is the endemic equilibrium P ∗. We note
that the function V (x) is positive definite with respect to x∗ = P ∗. The derivative
of V (t) along the solution (X(t), E(t), L(t), T (t)) of (1) is

V ′ = A(X ′ − X∗

X
X ′) +B(E′ − E∗

E
E′) + C(L′ − L∗

L
L′) +D(T ′ − T ∗

T
T ′). (9)

Using (1) and the first equation of (7), we obtain

X ′ − X∗

X
X ′

= (1− q1 − q2)π − βXT − dXX − (1− q1 − q2)π
X∗

X
+ βX∗T + dXX

∗

= βX∗T − βXT + dXX
∗
(

2− X

X∗
− X∗

X

)
+ βX∗T ∗ − βX∗T ∗X∗

X

≤ βX∗T − βXT + βX∗T ∗ − βX∗T ∗X∗

X
,

(10)

since 2− X

X∗
− X∗

X
≤ 0. Similarly, using (1), we have

E′ − E∗

E
E′ = q1π + βXT − (dE + ω)E − q1π

E∗

E
− βXTE

∗

E
+ (dE + ω)E∗,

L′ − L∗

L
L′ = q2π + (1− p)ωE − (dL + ν)L− q2π

L∗

L
− (1− p)ωEL

∗

L
+ (dL + ν)L∗,

T ′ − T ∗

T
T ′ = pωE + νL− (dT + α+ δ)T − pωET

∗

T
− ν LT

∗

T
+ (dT + α+ δ)T ∗.

(11)
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Substituting (10) and (11) into (9) and using (8), we can rearrange V ′ as

V ′ = [AβX∗ −D(dT + α+ δ)]T +
[
AβX∗T ∗ +Aq1π +A(dE + ω)E∗

+ Cq2π + C(dL + ν)L∗ +D(dT + α+ δ)T ∗
]

+
[
−AβX

∗T ∗X∗

X
−Aq1πE

∗

E
−AβXTE

∗

E
− C q2πL

∗

L

− C (1− p)ωEL∗

L
−DpωET

∗

T
−DνLT

∗

T

]
.
= V1 + V2 + V3.

(12)

Furthermore

V1 = [AβX∗ −D(dT + α+ δ)]T = −π (Aq1 + q2ν)
T

T ∗
. (13)

This is achieved as follows: combining the last two equations of (7) and canceling
the L∗ yield

q2πν + (pdL + ν)ωE∗ = (dL + ν)(dT + α+ δ)T ∗. (14)

Then combining (14) with the second equation of (7) and canceling the E∗, we have

(pdL + ν)ω[q1π + βX∗T ∗] + q2πν(dE + ω) = (dE + ω)(dL + ν)(dT + α+ δ)T ∗.

Dividing both sides by (dE + ω)T ∗ gives

(pdL + ν)ω

(dE + ω)
· q1π + βX∗T ∗

T ∗
+
q2πν

T ∗
= (dL + ν)(dT + α+ δ).

Thus

A
q1π

T ∗
+AβX∗ +

q2πν

T ∗
= D(dT + α+ δ). (15)

Rewriting (15) as

AβX∗ −D(dT + α+ δ) = −Aq1π

T ∗
− Cq2π

T ∗
, (16)

then V1 is obtained by multiplying T on (16).
Now we are in a position to simplify V2. By (15), the second and third equations

of (7) and using (8), V2 becomes

V2 = 2AβX∗T ∗ + 2Aq1π + 2Cq2π +A(dE + ω)E∗ + C(dL + ν)L∗

= 3AβX∗T ∗ + 3Aq1π + 2Cq2π + C(dL + ν)L∗

= 3AβX∗T ∗ + 3Aq1π + 3Cq2π + (1− p)CωE∗.

Note that

(1− p)CωE∗ =
(1− p)ν
pdL + ν

(pdL + ν)ω

dE + ω
(dE + ω)E∗

=
(1− p)ν
pdL + ν

A(dE + ω)E∗

=
(1− p)ν
pdL + ν

A(βX∗T ∗ + q1π).

Define

a1 =
p(dL + ν)

pdL + ν
, b1 =

(1− p)ν
pdL + ν

. (17)
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Thus a1 > 0, b1 > 0, a1 + b1 = 1. Furthermore

V2 = 3AβX∗T ∗ + 3Aq1π + 3Cq2π +Ab1(βX∗T ∗ + q1π)

= (3 + b1)(AβX∗T ∗ +Aq1π) + 3Cq2π

= (3a1 + 4b1)(AβX∗T ∗ +Aq1π) + 3Cq2π.

(18)

From the second equation of (7), we define

β1 =
q1π

(dE + ω)E∗
, β2 =

βX∗T ∗

(dE + ω)E∗
, and β1 > 0, β2 > 0, β1 + β2 = 1. (19)

Combining the second and third equations of (7) and canceling the E∗, we have

ν(dL + ν)L∗ =
(1− p)νω
(dE + ω)

[q1π + βX∗T ∗] + q2πν

=
(1− p)ν
pdL + ν

· (pdL + ν)ω

(dE + ω)
[q1π + βX∗T ∗] + Cq2π

= b1A[q1π + βX∗T ∗] + Cq2π.

Define

η1 =
b1Aq1π

ν(dL + ν)L∗
, η2 =

b1AβX
∗T ∗

ν(dL + ν)L∗
, η3 =

Cq2π

ν(dL + ν)L∗
. (20)

Thus ηi > 0, i = 1, 2, 3, and η1 + η2 + η3 = 1. Now combing V3 with V1 in (13) and
regrouping, we get

V1 + V3

=−AβX
∗T ∗X∗

X
−Aq1πE

∗

E
−AβXTE

∗

E
− C q2πL

∗

L
− C (1− p)ωEL∗

L

−DpωET
∗

T
−DνLT

∗

T
−Aq1πT

T ∗
− Cq2πT

T ∗

=−A(a1 + b1)
βX∗T ∗X∗

X
−A(a1 + b1)

q1πE
∗

E
−A(a1 + b1)

βXTE∗

E

− C q2πL
∗

L
− C(β1 + β2)

(1− p)ωEL∗

L
−D(β1 + β2)

pωET ∗

T

−D(η1 + η2 + η3)
νLT ∗

T
−A(a1 + b1)

q1πT

T ∗
− Cq2πT

T ∗

=

{
−Ab1

βX∗T ∗X∗

X
−Ab1

βXTE∗

E
− Cβ2

(1− p)ωEL∗

L
−Dη2

νLT ∗

T

}
+

{
−Aa1

βX∗T ∗X∗

X
−Aa1

βXTE∗

E
−Dβ2

pωET ∗

T

}
+

{
−Ab1

q1πE
∗

E
−Ab1

q1πT

T ∗
− Cβ1

(1− p)ωEL∗

L
−Dη1

νLT ∗

T

}
+

{
−Aa1

q1πE
∗

E
−Aa1

q1πT

T ∗
−Dβ1

pωET ∗

T

}
+

{
−Cq2πT

T ∗
− C q2πL

∗

L
−Dη3

νLT ∗

T

}
.
=I1 + I2 + I3 + I4 + I5.

(21)
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Combining (21) with (18), we have

V ′ ≤
3∑
i=1

Vi = (3a1 + 4b1)(AβX∗T ∗ +Aq1π) + 3Cq2π +

5∑
i=1

Ii

= [4b1AβX
∗T ∗ + I1] + [3a1AβX

∗T ∗ + I2]

+ [4b1Aq1π + I3] + [3a1Aq1π + I4] + [3Cq2π + I5]

.
=

5∑
i=1

Ji.

(22)

By applying the mean inequality

x1 + x2 + · · ·+ xn
n

≥ n
√
x1 · x2 · · ·xn, (xi ≥ 0, i = 1, 2, · · · , n),

we can show that V ′ ≤ V1 +V2 +V3 ≤ 0. Using (8), (17), (19) and (20) and notation
β̄
.
= βX∗T ∗, we obtain the following inequalities:

J1 = 4b1Aβ̄ + I1

≤ 4b1Aβ̄ − 4 4
√
Ab1βX∗T ∗X∗ ·Ab1βE∗ · Cβ2(1− p)ωL∗ ·Dη2νT ∗

= 4b1Aβ̄ − 4 4

√
(Ab1β̄)2 · (1− p)Cω · β2E∗ ·Dνη2L∗

= 4b1Aβ̄ − 4 4

√
(Ab1β̄)2

(1− p)ν
pdL + ν

· (pdL + ν)ω

dE + ω
· β2(dE + ω)E∗ ·Dνη2L

∗

= 4b1Aβ̄ − 4 4

√
(Ab1β̄)2 · b1 ·A · β̄ · b1Aβ̄

= 0;

(23)

J2 = 3a1Aβ̄ + I2

≤ 3a1Aβ̄ − 3 3
√
Aa1βX∗T ∗X∗ ·Aa1βE∗ ·Dβ2pωT ∗

= 3a1Aβ̄ − 3 3

√
(Aa1β̄)2 · pDω · β2E∗

= 3a1Aβ̄ − 3 3

√
(Aa1β̄)2 · p(dL + ν)

pdL + ν
· (pdL + ν)ω

dE + ω
· β2(dE + ω)E∗

= 3a1Aβ̄ − 3 3

√
(Aa1β̄)2 · a1 ·A · β̄

= 0;

(24)

J3 = 4b1Aq1π + I3

≤ 4b1Aq1π − 4 4
√
Ab1q1πE∗ ·Ab1q1π · Cβ1(1− p)ωL∗ ·Dη1ν

= 4b1Aq1π − 4 4
√

[Ab1q1π]2 · (1− p)Cω · β1E∗ ·Dη1νL∗

= 4b1Aq1π

(
1− 4

√
(1− p)ν
pdL + ν

· (pdL + ν)ω

dE + ω
· β1(dE + ω)E∗ · η1DνL

∗

[Ab1q1π]2

)
= 4b1Aq1π

(
1− 4

√
b1 ·A · q1π ·Ab1q1π/[Ab1q1π]2

)
= 0;

(25)
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J4 = 3a1Aq1π + I4

≤ 3a1Aq1π − 3 3
√
Aa1q1πE∗ ·Aa1q1π ·Dβ1pω

= 3a1Aq1π − 3 3
√

[Aa1q1π]2 · pDω · β1E∗

= 3a1Aq1π − 3 3

√
[Aa1q1π]2 · p(dL + ν)

pdL + ν
· (pdL + ν)ω

dE + ω
· β1(dE + ω)E∗

= 3a1Aq1π − 3 3
√

[Aa1q1π]2 · a1 ·A · q1π

= 0;

(26)

J5 = 3Cq2π + I5

≤ 3Cq2π − 3 3
√
Cq2πL∗ · q2πν ·Dη3ν

= 3Cq2π − 3 3
√

[Cq2π]2 · η3DνL∗

= 3Cq2π − 3 3
√

[Cq2π]2 · Cq2π

= 0.

(27)

Substituting (23)–(27) into (22), we conclude that

dV

dt
≤ V1 + V2 + V3 ≤ 0, for all X > 0, E > 0, L > 0, T > 0. (28)

Furthermore, V ′ = 0 if and only if

X = X∗, and
E∗

E
=
L∗

L
=
T ∗

T
. (29)

To find the largest invariant set in the set where V ′ = 0, we use (29) and set X ′ = 0
in the first equation of (1), and we see that T = T ∗, and hence E = E∗, L = L∗.
Namely, the largest invariant set where V ′ = 0 is the singleton {P ∗}. By LaSalle’s
Invariance Principle [22], P ∗ is globally asymptotically stable with respect to Γ.
This completes the proof.

4. Numerical Simulation. In order to quantitatively investigate the impact of
new immigrants with LTBI on the TB incidence in an foreign-born population, we
now conduct some scenario analysis using Canadian data.

We assume that the removal rates for all compartments are equal, i.e., dX =
dE = dL = dT = dR. Table 2 lists the parameter values used in the simulations.
(X0, E0, L0, T0) = (4431746, 9784, 1196551, 1094) is initial data used in simulations
for foreign-born population in Canada [35] (Therefore, the latently infected pop-
ulation constitutes 21.4% of total foreign-born population within Canada in 2001
[24, 28]).

In literature, estimated proportions for new immigrants with LTBI in early or
late stage are very limited. By varying q1 and q2 in simulations and keeping other
parameters fixed, we are able to see how the magnitude of the TB incidence depends
on different combinations of q1 and q2. The TB incidence rate (the number of new
TB cases per 100,000 persons per year) was computed from pωE + νL as in [33].

Assume that all new immigrants to Canada are susceptible (i.e. q1 = q2 = 0).
The basic reproduction number for model (1) is calculated as R0 = 0.0032 < 1.
Without importation of new immigrants with LTBI, TB incidence rate in the
foreign-born population will expect a steady decline, and TB will die out even-
tually under the current treatment measure. This is a baseline assumption in the
subsequent simulations. Now we always assume that q2

1 + q2
2 6= 0.
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Parameter Value Definition Source

π 223, 840 average annual new immigrants to Canada. [6]

β 10−8 transmission rate within foreign-born population in Canada. [2, 39]

dX 0.039 removal rate of the foreign-born population. estimate

p 0.05 5% high-risk LTBI immigrants develop TB within the [2, 39]

first 2 years.

v 0.0002 1% low-risk LTBI immigrants develop TB in the next 50 years. [2, 39]

ω 0.40 all LTBI immigrants pass through latent stage in the first [39]

2.5 years.

α 0.06 removal rate (TB-induced death 6%). [15, 34]

δ 0.80 removal rate (treatment rate 80%). [15, 34]

Table 2. Parameter values for simulations of the compartmental TB
model (1) with early and late latently-infected new immigrants.

Effects of early and late latency.

I). q1 > 0 & q2 = 0. This assumes that all latently-infected new immigrants have
a high risk to develop TB within the first two years after entry. Increase of q1 will
sharply increase TB incidence rate within a short period of time, see Figure 3a
(left). When q1 increases from 0% to 5% alone, the incidence goes up to 9 quickly.
If q1 reaches 10%, the incidence enhances to a much higher level. This shows that
TB incidence is very sensitive to the percentage of new immigrants with early stage
LTBI.

II). q1 = 0 & q2 > 0. This assumes that all latently-infected new immigrants have a
low risk to develop TB within the first two years after arrival. TB incidence rate in-
creases slowly by increasing q2 during a relatively long period, see Figure 3a (right).
When q2 even reaches 40%, the incidence still remains around 10. This illustrates
that new immigrants with late latent TB alone, though in a large proportion, can
not sustain a high TB incidence level in foreign-born population.

III). q1 > 0 & q2 > 0. This reflects more of the reality that new immigrants mix up
with both early and late stage LTBI. Figure 3b illustrates the relationship of TB
incidence rate with varying q1 and q2 at the endemic equilibrium. We can see that
the impact of q1 on the TB incidence is much more significant than that of q2. A
small q1 combing with a large q2 seems enough to maintain a persistently high level
of TB incidence. Therefore, estimating the values of q1 and q2 is of importance in
understanding TB dynamics in the foreign-born population, this estimation is also
helpful in guiding early TB detection and treatment for new immigrants with LTBI.

Effects of annual new immigrant level.
Now we fix q1 = 3% and q2 = 37% (this corresponds to a total 40% of annual new
immigrants with LTBI) and vary the annual level of new immigrants (π). From half
(111, 920) of the current average number (223, 840), to double of that (447, 680),
the TB incidence in the foreign-born population changes little in a longer term but
exhibits sharp variation in a shorter period (see Figure 4 (a)). Thus reducing the
annual level of new immigrants may have a significant impact on the TB control
in immigration countries over a relatively shorter period rather than over a longer
period.
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Figure 3a. Correlations between TB incidence in the foreign-born
population and the percentage of latently-infected new immigrants, all
having a high risk (left) or low risk (right) to develop TB within their
first two years of arrival, respectively.
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Figure 3b. TB incidence at the endemic equilibrium as a function of
q1 and q2 in a 3D plot (left), and the corresponding 2D isocline (right).

Effect of transmission coefficient. Sensitivity analysis to the important param-
eter β on the TB incidence is carried out for a long period of time. Figure 4 (b)
shows the relationship between TB incidence and the transmission coefficient β.
It shows that TB incidence changes slightly as β increases, both in a short and a
long term. We conclude that the persistent high TB incidence is driven, in mecha-
nism, by the importation of new immigrants with LTBI rather than new infections
occurring in foreign-born population.

5. Summary. TB spread by immigration is a very important research topic re-
cently recognized due to the persistence of high incidence rate and gradually in-
creasing percentage in the total TB cases, in most immigration countries with low
TB incidence rate [9, 23, 30, 38]. In this paper, we studied a simple compartmental
TB model with immigrants to different latencies, to investigate the impact of early
and late LTBI new immigrants on the TB incidence rate of the foreign-born pop-
ulation in an immigration country. The proposed TB model always has a unique
endemic equilibrium which is globally asymptotically stable, as long as there is
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Figure 4. Correlation between the TB incidence rate in the
foreign-born population and (a) the annual new immigrant level
π, (b) the transmission coefficient β, respectively.

latently-infected immigrants to the host population. The proof of global stability
of the endemic equilibrium is based on a global Lyapunov function (see e.g. [13, 14]
and reference therein).

Using realistic data from Canada, one of immigration countries with low TB in-
cidence, we carried out numerical simulations to compare the difference contributed
by latently-infected new immigrants with high or low risk to develop active TB
shortly after arrival, on the overall TB incidence rate of the foreign-born popula-
tion according to different scenarios, such as different combinations of early and late
latencies, the annual new immigrant levels and the sensitivity of transmission.

Our simulation results show that new immigrants in early latent stage (q1) has
a much more significant impact than those in late latent stage (q2) on the TB
incidence of foreign-born population in an immigration country. More specifically,
importation of new immigrants with early stage LTBI drives the TB incidence fast
and high in a short period of time. So it is of a high priority to identify and treat
new immigrants with early stage LTBI. In the mean time, new immigrants with late
stage LTBI would drive the TB incidence up slowly. Treatment of new immigrants
with late LTBI is of a lower priority compared to those with early LTBI. Increasing
or decreasing the level of annual new immigrants does not change much on the TB
incidence in a long period of time, but a sharp variation is observable in a short
period. Sensitivity analysis again verifies that the TB incidence is driven by the
importation of LTBI rather than transmission of disease after entry. Our conclusions
agree with those in the literature (see [9, 32]). Future research would be expected
to explore the combinations of q1 and q2 for different foreign-born populations in
different immigration countries by further stratifying the immigration population.
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