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1. Introduction

Our goal is to apply the S!-equivariant degree theory to describe the occurrence of local Hopf
bifurcation from a stationary state, and the global continuation of periodic solutions for the following
parameterized functional differential equations (FDEs) with state-dependent delay [1,2,4-6,11,37,38]
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where xeR¥, 7 eR, teRand 0 €R, f: RN xRN x R— RV, and g: RN x R x R — R are given
maps. A stationary state of (1.1) with parameter o is a vector (x,7) € RN x R so that f(x,x,0) =0
and g(x,7,0)=0.

The major problem to develop such a global Hopf bifurcation theory for the system of FDEs
(1.1) is that in the spaces of continuous periodic functions Cr(R;RN) = {x € CR;RN): x(t +T) =
x(t) forall t e R} and CT(R;R) ={t €e CR; R): 7(t + T) = t(t) for all t € R} with a fixed period
T > 0, the composition operator

X :Cr(R;RY) x Cr(R; R) — Cr(R; RY), (1.2)
Xx O =x(t—1(@), teR, (1.3)

is generally not a C! (continuously differentiable) map with respect to 7 in the supremum norm.
This causes the difficulty in formulating linearization at a stationary state, and such a linearization
is usually necessary in the functional analytical setting for the Hopf bifurcation problem where a
topological index such as a S!-equivariant degree can be calculated and applied to investigate the
birth and continuation of periodic solutions bifurcating from a stationary state.

In [12], a system of auxiliary equations obtained through a formal linearization technique was
used in the study of local stability of FDEs with state-dependent delays in the space of continuously
differentiable functions. This formal linearization technique is only heuristic and can be described in
the following way: the state-dependent delay t(t) in x(t — t(t)) is first fixed at a given stationary
state, then the resulting nonlinear system with the frozen constant delay is linearized. Other appli-
cations of the system of auxiliary equations obtained through a formal linearization process can be
found in [8,10,17,19]. None of these results is sufficient for us to develop a global Hopf bifurcation
theory based on the S!-equivariant degree for FDEs (1.1) with state-dependent delay. However, the
above mentioned results strongly indicate that the system of auxiliary equations obtained through
the heuristic technique of formal linearization can be utilized to detect the local Hopf bifurcation and
to describe its global continuation for FDEs with state-dependent delay.

In this paper we use the homotopy invariance property of the S!-equivariant degree to relate the
Hopf bifurcation problem of (1.1) to the change of stability of stationary states of the corresponding
system of auxiliary equations obtained through formal linearization. As such we show that informa-
tion of the auxiliary equations can be used in a standard way to develop a local and global Hopf
bifurcation theory for FDEs with state-dependent delay.

We organize the remaining part of this paper as follows. In Section 2, we use the general re-
sults in [13,24] of the S'-equivariant degree to develop a Hopf bifurcation framework for FDEs with
state-dependent delay. We then, in Sections 3 and 4, state and prove our main results about the lo-
cal bifurcation and global continuation of periodic solutions for the parameterized system of FDEs
(1.1) with state-dependent delay. Some remarks are given, in the final section, about the novelty and
challenge of our approach in comparison with existing studies.

2. S'-degree and equivariant formulation of Hopf bifurcations

We describe, following [13], the framework where an S'-equivariant degree can be applied to yield
a Hopf bifurcation theory for parameterized dynamical systems. We refer to [24] for relevant concepts
of the S!-equivariant degree.

Let V be a real isometric Banach representation of the group G = S! := {z € C; |z| = 1}. This means
that V is a Banach space with an isometric Banach representation of the group G (see [24], p. 194
and p. 196 for details). Then V has the following direct sum decomposition

+00
V=P
k=0
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where Vo= V¢ :={xe V;gx=xfor all g€ G} is the subspace of G-fixed points, and for k > 1, x €
Vi \ {0} implies that the isotropy group Gy is Zy :={y € G; yk =1}. We call such a decomposition an
isotypical direct sum decomposition. We assume that

(A1) for each integer k=0, 1, ..., the subspace V} is of finite dimension.

The subspace Vy, with k > 1, k € N, is the vector space of all mappings of the form xsink- + y cosk:,
x,y € R¥*1 and can be endowed with a complex structure J : Vi — Vi by

J(xcosk-+ ysink-) = —xsink- + y cosk-. (2.1)

Let Xo be a Banach space and M be the class of bounded subsets of Xy. The Kuratowski
Measure of Noncompactness « : M — [0, +o0) is defined for A € M by «a(A) =infle > 0: A=
U?:l A;, diam(A;) <€ fori=1,2,...,n, where n € N}. A continuous map F : Dom(F) C Xy — Xp
is called a condensing map if a(F(E)) < «(E) for all E € Dom(F) and E € M with «(E) > 0.

Let X,Y be two topological spaces and §2 C X be an open, nonempty and bounded set. We say
F:X—Y is £2-admissible if F is continuous and F(x) # 0 for all x € 952 where 92 is the boundary
of §2. Let I be the closed unit interval [0, 1]. Two continuous maps Fq, F from X to Y are called
homotopic if there exists a continuous map H from X x I to Y such that H(x,0) = F1(x) and H(x, 1) =
F»(x) for all x € X. H is then called a homotopy between F{ and F,. If H from X x I to Y is a
homotopy between two §2-admissible maps F; and F; from X to Y and if H(x,t) # 0 for all (x,t) €
[0,1] x 052, then we say F1 and F are homotopic on §2 (or §2-homotopic) and H is an §2-homotopy.

Let Lo : Dom(Ly) € V — V be an equivariant linear operator. Here and in what follows, Ly is
equivariant means that Lo(gx) = gLo(x) for every x € Dom(Lg) and g € G. A compact linear operator
K :V — V is called a compact resolvent of Ly if Lo + K : Dom(Lg) — V is a bijection. Denote by
CRC(Lp) the set of all equivariant compact resolvents of Ly. We assume CR®(Lg) # @.

We consider the following continuous map .% : Dom(Lg) x R C V x R? — V given by

F(u,A) =Lou — No(u, ), (u,) € Dom(Lg) x R?, (2.2)

where No:V x R? — V is a continuous map that is G-equivariant (i.e., No(gu, ») = gNo(u, 1) for
ueV,»eR?and g € G) and we have the following assumptions:

(A2) There exists K € CR®(Lg) such that for every fixed parameter A € R?,
(Lo+ K)o [No(, M) +K]: V-V
is a condensing map.
(A3) There exists a 2-dimensional submanifold M C Vo x R? such that
(i) M7 (0);

(ii) if (uo, o) € M then there exists an open neighborhood Uy, of A in R2, an open neighbor-
hood Uy, of ug in Vo, and a Cl-map 7: U, = Vo such that

M N Uy x Usg) ={(n(), 1); A €Uy}

In relation to the bifurcation problem of (2.2), we consider the structure of the set of solutions to
the following equation

Zu,A\) =0, (u,A)eDom(Lg) x R?. (2.3)

All points (u, ) € M are called trivial solutions of (2.2) or (2.3), and all other solutions in .Z~1(0)\ M
are called nontrivial solutions. A point (ug, A¢) € M is called a bifurcation point if in any neighborhood
of (ug, Ag) € M there is a nontrivial solution for (2.3).
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Eq. (2.3) can be transformed into the equivariant fixed point problem

u=Rgo[K+No(,»)]w, (u,r) eV xR? (2.4)

where Ry := (Lo + K)~'. Let F(u,1) =u — Rg o [No(-, 1) + K](u), (u,r) € V x R2. Then (2.3) is
equivalent to the equation

Fu,A)=0, (u,1)eV xR?. (2.5)

The idea of finding nontrivial solutions to (2.5) in an open G-invariant neighborhood I/ € V x R? of
(ug, 20) € M is based on an auxiliary function ¥ to (2.5), which is introduced to distinguish nontrivial
solutions from trivial solutions. Here, I/ is said to be G-invariant if (gx,A) e/ for all g€ G, (x,1) eU.
An auxiliary function to (2.5) on the set ¢/ is an equivariant function (i.e., ¥ (gx) = gy (x) for all g€ G
and x € U, where I/ denotes the closure of I{. Here and in what follows G acts on R? trivially)
YU CV x R* — R satisfying that v (u, 1) <0 for all (u,1) €/ N M. Then every solution to the
system

{ F(u,4)=0, w2 eld (2.6)

Y (u,A) =0,

is a nontrivial solution to (2.2). This leads to the equivariant map F, :U — V x R defined by

Fy@, )= (F,2),¥u,r), @ el, (2.7)

and the problem of finding a nontrivial solution to (2.2) in & can be reduced to the problem of
finding a solution to the equation Fy (u, A) =0 in ¢/ which may be solved by using the so-called st
degree (see [24] for details) as a topological invariant associated with the problem (2.6). To be more
specific, if Fy (u, 1) =0 has no solution on 9/ and F :U — V is a condensing field (i.e. 7 — F is
a condensing map, where 7 : i/ — V is the natural projection on V), then the S!-equivariant degree
Sl-deg(.ﬂ,,L{) is well defined and its nontriviality implies the existence of solutions of Fy (u,1) =0
in 2. Global continuation of the branch of nontrivial solutions (solutions in % ~1(0) \ M) bifurcating
from (ug, 1) can be characterized by the above S!-degree at all bifurcation points along the closure
of the branch, if such a branch is bounded in V x R? (the so-called Fuller space).

To describe precisely this S!-degree based bifurcation theory, we need some additional information
about:

(a) the construction of the open neighborhood U/;
(b) the auxiliary function v;
(c) the computation of S'-deg(Fy,U).

We start with the construction of the open neighborhood /. Usually, if F(u, A) is differentiable
with respect to u, we are able to define singular points of system (2.5) through its linearization at
the trivial solutions of (2.3). This is unfortunately not so for the Hopf bifurcation problem of (1.1), as
explained in the introduction. So, we need to justify that the formal linearization can be utilized to
detect the local Hopf bifurcation and to describe the global continuation of periodic solutions for such
a system with state-dependent delay. Our approach towards this justification of formal linearization
is through a simple homotopy argument. Namely, we will consider, in the context of Hopf bifurcation
of (1.1), the following equation

F,2)=0, (el (2.8)
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for an S'-equivariant C'-map F : i — V that is S'-homotopic to F in a sense to be detailed below.
For the functional analytic setting of the Hopf bifurcation of (1.1), such a C!-map is attained by
extending a linear operator obtained through the formal linearization from a C!-space to a C-space,
an idea previously used in [14] and [32] (see the final section for more discussions). To be more
precise, we assume that such a C'-map is given by

F(u,))=u—Rgo[No(, 1) +K]w), (@, el, (2.9)

where No: U/ — V is an S'-equivariant C!-map and
(A4) M < F~1(0), and for every A € R?, Rg o (No(-,.) + K) : V — V is a condensing map.

By the Implicit Function Theorem, if (0, 10) € M is a bifurcation point of system (2.9), then the
derivative Dy F(ug, Ao) which is G-equivariant is not an automorphism of V. Therefore, all bifurcation
points of (2.9) are contained in the set

A:={@,») e M: D F(u, 1) ¢ GLc(V)},

where GL¢ (V) denotes the set of G-equivariant automorphisms of V.

In what follows, we call a point (ug, Ag) € A a V-singular point of F. If (ug, ro) is the only V-
singular point in some neighborhood of (ug, 1) € V x R?, we say that (ug, o) is an isolated V -singular
point of F. B

Let (ug,Ag) be an isolated V-singular point of F. We consider the open neighborhood of
(ug, Ag) € M defined by

Bu(uo, ho: 7, p) :={(u, 1) € V x R*; |A — 4ol < p,

u—n)| <rh (2.10)
where p > 0 and r > 0 are chosen so that

(i) Fu, ) #0 for all (u, 1) € By (ug, Ao; 1, p) such that |A — Ag| = p, [u —n)| #0;
(ii) (ug, Ag) is the only V-singular point of F in By (ug, Ao; T, 0).

We call Bp(ug, Ao; 1, p) a special neighborhood of F determined by r and p. The existence of a
special neighborhood By (uo, Ao; 1, p) follows from the assumption that the V-singular point (ug, 1o)
of F is isolated. (e.g., see [24], p. 169). That is, there exists po > 0 such that for any 0 < p < po, there
exists r > 0 such that By (uo, Ao T, p) is a special neighborhood of F.

To tie the S'-equivariant degree of F to that of F, we assume that

(A5) We can choose the constants r > 0 and p > 0 so that By (ug, Ag; T, o) is a special neighborhood
of F, and that there exists 0 < 1’ <r such that F(u, A) # 0 for all (u, A) € By (ug, Ao; 1, p) with
[A — Aol =p and [lu —n()[| #0.

If ¥ is an auxiliary function to (2.5), then by the construction of the S'-degree and the assumptions
(A2), (A4) and (A5), there exists a special neighborhood U/ := By (ug, Ao; 1, p) of F such that the
continuous G-equivariant maps Fy and ]:'w are nonzero on the boundary of U/, and therefore both
S'-deg(Fy,U) and S'-deg(Fy,U) are well defined.

Note that the equivariant version of Dugundji’s extension theorem (see [24], p. 197) implies that
there exists a continuous S!-equivariant function 6 : I/ — R such that

(i) O (L), &) = —|r — A for all (n(x), 1) € N M;
(ii) Ou, A) =71 if lu —nW)| =7'.
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The function 6 is called a completing function (or Ize’s function). Clearly, if 6 is a completing func-
tion, then ¥s(u, A) :=6(u, A) — § is negative on the subset of trivial solutions ¢/ N M, provided that
8 > 0. So, 5 is an auxiliary function to (2.5) and (2.8).

For 6 > 0 small enough, we can define Fy, U >V xR by

Fy W, 1) := (F(u, 1), Ys (U, 1)),

and define the S'-equivariant degree Sl-deg(}'m,u). By the homotopy invariance of the S!-degree,
S'-deg(Fy,, U) = S'-deg(Fy, U). Therefore, the nontriviality of S'-deg(Fy, ) implies the existence
of nontrivial solution of (2.3) in U. _ _

We now turn to the computation of S'-deg(Fy,U). If Fy = (F,0) is homotopic to Fy on U, then
the homotopy invariance of S'-degree ensures that 51—deg(}'9,LI)~: S1-deg(Fy,U). In the following
part of this section, we present an algorithm to calculate S!-deg(Fy, ).

We identify R? with C, and for sufficiently small p > 0, define @ : D — M, D :={z € C; |z| <1}, by

a(2) = (n(ro + p2), Ao + pz) € Vo ®R?.

Note that F is a continuous S1-equivariant map on /. The formula ¥ (z) := Duﬁ(a(z)), zeSl'cD,
defines a continuous map ¥ : S! — GLg(V) which has the decomposition (see [13] for details) ¥ =
VoV D - WD, where ¥ =Vly, : S1— GLg(Vy) for k=1,2,... and ¥ : S' — GL(Vp) with
GL(Vg) being the set of linear automorphisms of V. We now define

€o0(uo, Lo) = sgndet ¥o(2),

M (o, ko) = degg (detc[W]), k=1,2,...,

00 (211)
(o, o) = {1 (uo. 20)} € PZ.

k=1

where [¥] is the matrix representation of ¥, with respect to an ordered C-basis of Vi and Vj
is endowed with the complex structure defined at (2.1), detc(-) is the determinant mapping,
degg (detc[W]) is the usual Brouwer degree of detc[W] on {z € C: |z| < 1}. It is clear that ¢y does
not depend on the choice of z e S'.

We need one more notion, the crossing numbers, to calculate degg(detc[¥]):

Lemma 2.1. (See [13].) Suppose «y, Bo, S, & are giveg numbers with o, 8, > 0. Let 2 := (0, ag) x
(Bo—¢€,Bo+¢)C R2. Assume H : [0g — 8,00 + 8] x 2 — R2isa continuous function satisfying

(i) H(o,a,B) #0forallo € [og — 8,00+ 8] and (v, B) € 32\ {(0,B); B (Bo—¢€,Po+€)};
(ii) if (o, B) € £2 and Hyy+5(a, B) =0, then o # 0.

Let 21 := (09 — 8,00 + &) x (Bo — &, Bo + &) and define the function Wy : 21 — R? by Wy(o,p) =

H(o,0, B), for o € [og — 8,00 + 8], and B € [Bo — €, Bo + €]. Then ¥y (o, B) # 0 for (0, B) € 3§21 and
deggp (WY, §21) = y, where y is the crossing number given by

y = degg(Hoy—s, £2) — degg(Hoy 45, £2).
Finally, in order to exclude bifurcation of solutions of (2.8) in Vo x R?, we assume that

(A6) DyF(ug, »0)lv, : Vo — Vo is an isomorphism.
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Lemma 2.2. Assume that (A1)-(A6) hold and let U = By (ug, Ao; 1, p) SV x R? be a special neighborhood
for F. If S'-deg(Fy, U) # 0 for some completing function 6 : i — R and F, is homotopic to Fp on U, then
(ug, Ag) is a bifurcation point for (2.2). That is, there exists a sequence of nontrivial solutions (uy, An) of (2.2)
such that limp— 4 o0 (Un, An) = (Uo, Xo)-

Proof. Let § > 0 be sufficiently small so that the function 5 : 4/ — R, defined by v;s(u,1) =

6(u, 1) — 8, (u,A) €U, is an auxiliary function. Let 6;(u, 1) = 6(u, 1) — t8, t € [0, 1]. Then we can
apply the homotopy invariance of the S!-degree to obtain

S'-deg(Fy,, U) = S'-deg(Fy, U).
By assumption that Fy is homotopic to Fy on I/, we have

Sl-deg(Fy, U) = S'-deg(Fp, U).

Therefore,

S'-deg(Fy,.U) = S'-deg(Fp, U).
Thus, S'-deg(Fy,U) # 0 implies that the equation Fy,(u, A) =0 has a solution in ¢/ and hence (2.2)
has a nontrivial solution in /. By the excision property of the S'-degree, we know that S'-deg(Fy, i)
is independent of the choice of r’ and p, (e.g., see Proposition 5.1.6 in [24] for details). Therefore, the

result follows. O

Lemma 2.3. Assume that (A4)-(A6) hold. Let U = By (uo, ro; ', p) SV x R? be a special neighborhood
of]-' and 6 a completing function. Then the S! degree S'- deg(]-'g U) is well defined and

51—deg(ﬁg,U) =¢€p - 1w(Uo, Xo)-

That is,

S'-degy (Fp,U) = €0 - ik (Uo, o), k=1,2,...,
where w(ug, Ao) is defined by (2.11).
Proof. Note that by the assumptions (A4) and (A5) and from the construction of the S!-equivariant

degree, S'-deg(Fy,U) is well defined. Then the calculation formula of S'-deg(Fy,U) is a straight-
forward consequence of Theorem 7.1.5 in [24]. This completes the proof. O

By Lemma 2.2 and Lemma 2.3, we have the following local bifurcation theorem of Krasnosel’skii
type.
Theorem 2.4. Assume that (A1)-(A6). Let U = By (uo, Ao; 7', 0) SV X R? be a special neighborhood off',
and 6 a completing function. If Fy is homotopic to Fy on U and if there exists k > 1 such that (ug, Ao) #0,

then (ug, Ao) is a bifurcation point of (2.2). More precisely, there exists a sequence (u,, Ap) of nontrivial solu-
tions to (2.2) such that the isotropy group of u, contains Zy and (un, An) — (Ug, Ag) asn — oo.

For global bifurcation, we assume further that both F and F are defined on V x R2, and that

(A7) every bifurcation point of (2.2) is a V-singular point of .
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(A8) F is homotopic to F» on some special neighborhood I/ of each isolated V-singular point of F,
where 6 is a completing function defined on .

Now we can state and prove the following global bifurcation theorem of Rabinowitz type.

Theorem 2.5. Assume (A1)-(A8) hold and (A5)-(A6) hold for every V -singular point (ug, Ao) of}N". Assume
further that every V -singular point of F in M is isolated and M is complete. Let S denote the closure of the set
of all nontrivial solutions of (2.2). Then for each bounded component C of S, the set C N M is a finite set, i.e.,
CNM = {(ur,r1), (u2,12),..., (g, Ag)}, and

q q
> s'-deg(Fy. U =Y € pu(ui, Ai) =0,
i=1 i=1

where U; is a special neighborhood of (u;, ;), 6; is a completing function defined on U;, €; and j1(u;, A;) are
defined by (2.11).

Proof. C is a bounded component of S, then every point of C M is a bifurcation point which is also
a V-singular point of . Since every V-singular point of  is isolated and M is complete, CN M is a
bounded and closed subset of Vo x R? > M. By (A1), Vo x R? is finite dimensional and hence C N M
is compact. Therefore, C N M is a finite set.

Choose r, p > 0 sufficiently small so that for each i =1,2,...,q, Uj = By(uj, Aj;1, p) is a spe-
cial neighborhood of (u;, ;) for F and U; N Uj =9 if i # j. By assumption (A5), we can assume
r is also small enough such that F(u,A) # 0 for all (u,A) € {(u,r) € By (ui, Ai; 1, p); |2 — Aol = p,
lu—n@)| # 0}

Let U=U1UUzU---UUq and find a bounded, open set £21 C V x R? such that C\ U C £ and
21N M =@. Put 2, =U U £21, then C C £23. We can (e.g., see [24], p. 174) find an open, invariant
subset £2 C V x R? such that CC 2 C 2, and 42 NS =0.

Note that £2 is an open, bounded, invariant subset. We now choose rg € (0,1) and pg € (0, p) such
that, for every i=1,2,...,q, we have

(i) Bm(ui, Ai3 1o, po) S £2; )
(ii) U; := By (uj, Ai; 1o, o) is a special neighborhood of (u;, ;) for F.

Set U =U1 Ul U ---Uly and
Wy :={W, 1) € 2: |Jlu—n)| =ro. (W), 1) et N M}.

We note that rp > 0 and define an invariant function by

h = a0 4y — ), if (u, 1) € U,
To, if(u,M) eC\U.

O(u, 1) = (2.12)

U; is a special neighborhood and hence we have (C \ i) N Ui =Cnou < olyr,, where we have
6(u, A) =ro. Then, by (2.12), 6(u, ) is continuous on (C \ i) N U;. Also, by the construction of U;,
we have U; NU; = if i # j. Therefore, 6 : CUU — R is continuous.

By the equivariant version of Dugundji’s extension theorem (see [24], pp. 197), we can extend
6:CUlU — R to a continuous invariant function 6 : 2 — R such that

(iii) O(u, 1) = —|r — ] if (u, )) eU; N M;
(iv) 6(u, A) =rg if (u, 1) € (C\U) U 0y,
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Let Fp(u,A) = (F(u, »),0(u, r) and Fp(u,r) = (F(u, 1), 0(u, »)). Then ]—'6_1(0) =F10)n6-1(0).
By (iii), we know _7-'9_1 (0) CC. Since CNoaR2 =40, .7-'9_1 (0) N 352 = . Therefore, S1-deg(Fy, £2) is well
defined.

We now construct a homotopy H : £ x [0,1] = V x R as follows

H(u, A, @) = (Fu,2),(1—a)f,r) —apg), (u,r,a)ex[0,1].

Note that trivial solutions (u, A) € £2 outside S are contained in f; " M for some i =1,2,...,q, and
by (iii), we have

1—a)f,r) —apg=—1—a)|A—xri| —ap <0.

Then, by the fact that 42NS =, we have H(u, A, ) # 0 for all (u, A, ) € 982 x [0, 1]. Note that 6 is
invariant and F is equivariant. So H is an S'-homotopy. Since H(u, A, 0) = Fy(u, ) and H(u, A, 1) =
(F(u, 1), —po) # 0 for all (u,1) € 2 x [0,1], by the existence and homotopy invariance of the S!-
degree, we have S!-deg(Fy, £2) = 0. But (i)-(iv) imply that _7-"9_1 (0) € CNU. Then it follows from the

excision property of the S!-degree that

Sl-deg(Fyp,U) = S'-deg(Fy, £2) = 0.

On the other hand, by the additivity property of the S'-degree, we have

q
> " s'-deg(Fy.Uy) = S'-deg(Fy.U) =0.
i=1

Let 6;(u, A) =6 (u, )‘)lﬁi' Note that ¢/ C £2 implies that ((C\U)U olUy,) NU; = U N olUy,, then 6;(u, A)

is a completing function on Z{; and we have

q
> S'-deg(Fy. ) = S'-deg(Fy,U) =0.

i=1

By assumption (A8), we have Sl-deg(fgi,ui) = 51—deg(ﬁgi,uf). Therefore, it follows from Lemma 2.3
that

q q
Zfi'li(ui,)»i)2251"1‘35(}_9,—’“1‘):0- o
i1 i—1

3. Local Hopf bifurcation for FDEs with state-dependent delay

We turn to the Hopf bifurcation of (1.1), with its solution denoted by u(t) = (x(t), t(t)). Denote by
C(R; RN) the normed space of continuous functions from R to RN equipped with the usual supre-
mum norm ||x|| = supsep [X(t)| for x € C(R; RN), where | - | denotes the Euclidean norm. We also
denote by C!(R; RN) the normed space of continuously differentiable bounded functions from R to
RN equipped with the usual C! norm

suplx(©)|}

IxXllc1 = max{sup!x(t)
teR teR
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for x € C(R; RN). For a stationary state (ug, 7o) of (1.1) with the parameter og, we say (ug, o) is a
Hopf bifurcation point of system (1.1), if there exist a sequence {(u, ok, Tp)};=y € C(R; RNFT) x R2
and Ty > 0 such that

kgTQQ” (Uk, Ok, Tk) - (UOa 00, TO) "C(R;RN+1)XR2 =0,

and (uyg, oy) is a nonconstant Ty-periodic solution of system (1.1).
We assume that

(51) The map f:RN xRN x R > (61,62,0) — f(61,02,0) € RN and the map g: RN x Rx R >

1, v2,0) = g1, ¥2,0) € R are C? (twice continuously differentiable).

(S2) There exists L > 0 such that g(y1, ¥2,0) < ﬁ for y1 €RN, y €R, 0 € R.

In what follows, we write 9; f = a%f for i =1, 2, and similarly we define 9;g for i =1, 2.
As outlined in Section 2, we shall study the Hopf bifurcation of (1.1) through its formal lineariza-

tion. We assume that for a fixed o9 € R, (x,, T5,) (Or, abusing notations, (X4, Ty, 00)) is a stationary
state of (1.1). That is,

fXog> X0, 00) =0,  g(Xoy, Ty, 00) =0.
We also assume that

(S3) (% + %)f@, 02, 0) |6 =00 61=tr=x,, 1 NONSingular and

9
— 0.
8yzg(w, V2,0) . #

=00, Y1=Xoy,V2=Tq

This assumption implies that there exists €p > 0 and a C'-smooth curve (og — €9, 09 + €9) 3 0 >
(X5, To) € RN*1 such that (x4, T,) is the unique stationary state of (1.1) in a small neighborhood of
(Xoy» Top) for o close to op.

We now consider, for o € (09 — €p, 09 + €p), the following formal linearization of system (1.1) at
the stationary point 7(0) = (Xg, Z5):

x®\ | 91 f(o) 0 x(t) — X5 + 0 f() 0| (x(t—15)— X5 (31)
() | 91g(0) 88(0) [\T(t) — 1o 0 0(\tt—15)—75 )’ )
where

01 f(0):=01f(Xo, T, 0), 0 f(0):=0f(Xs, To,0),
018(0) :=018Xs,T0,0), 028(0) 1= 08(Xs, T5, 0).
Let the state and delay pair
u(t) = (x(t), T(®)) =€ - C + (X6, To),

with C € RN*1, Then we obtain the following characteristic equation of the linear system correspond-
ing to the inhomogeneous linear system (3.1),

detA(XJaTmO')(w) =0, (32)
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where A, z,,0)(@) is an (N + 1) x (N + 1) complex matrix defined by

_ 01 f (o) 0 Rfo) 0| —wr,
Ay 15,0) (@) =Wl — [81g(0) 32g(0)i| — [ 0 Oi|€ . (3.3)

A solution wg to the characteristic equation (3.2) is called a characteristic value of the stationary state
(Xoy» Tog» 00)- (Xay, Toy» O0) 1S @ nonsingular stationary state if and only if zero is not a characteristic
value of (Xg,, Toy, 00). We say that (X4, Tsy, 00) is a center if the set of nonzero purely imaginary
characteristic values of (X4, T4y, 00) is nonempty and discrete. (x4, To,, 00) is called an isolated center
if it is the only center in some neighborhood of (x4, Ts,, 00) in RN+ % R,

If (X, Toy» O0) is an isolated center of (3.1), then there exist Bp > 0 and § € (0, €p) such that

det A(Xao »Tog ,00) (lﬂo) = 07

and

det A, z5,0)(iB) #0, (34)

for any o € (0o — 8,00 +J) and any B € (0,+00) \ {Bo}. Hence, we can choose constants oy =
0(00, Bo) > 0 and € = (09, Bo) > 0 such that the closure of the set £2 := (0, ap) x (Bo—¢&,Bo+¢€) C
R2 = C contains no other zero of det A(xao,rgo,ao)(‘) in 9£2. We note that det A, ¢, 0)(w) is analytic
in @ and is continuous in ¢. If § > 0 is small enough, then there is no zero of det A(x, .5,74y.+5.0025) (@)
in £2. So we can define the number

Y+ (XO'O ) TO'O , 00, /30) = degB (det A(Xgoig,‘[oOig,UoiB) ()5 Q)’

and the crossing number of (X4, Ty, 00, Bo) as

¥ (Xay, Tog» 00, Po) = V— — V- (3.5)

To formulate the Hopf bifurcation problem as a fixed point problem in the space of continuous
functions of period 2w, we normalize the period of the 2 /8-periodic solution (x,t) in (1.1) by
(x(t), T(t)) = (y(Bt), z(Bt)) and obtain

yoy _ 1

where u = (y,z) and No:V 5 (u,0,8) x R* > No(u, 0, B) € V, with V := Cor (R; RN*1) equipped
with the supremum norm, is defined by

_(F®, y(t - Bz0)), 0)
N°(”"”ﬁ)(”‘< gy (), 2(0), o) )

Correspondingly, (3.1) is transformed into

yoy _1x
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where (Yo, 25) = (Xg, Tg) and No:V > (u,0,B) x R2 — No(u, o, B) € V is defined by

= _ | 01f(o) 0 yt) —yo 0f() 0| yt—PBzs)—Yo
NO(usa’ﬂ)(t)—[(f)]g(U) azg(o-)i|<z(t)_zﬂ>+|: 0 0i|<z(t—52a)_2(7).

It is clear that u := (y, z) is 2 -periodic if and only if (x, t) is (27r /8)-periodic.

Before we state and prove our local Hopf bifurcation theorem, we need some technical prepara-
tions. We denote by an (R; RN*1) the Banach space of 27 -periodic and continuously differentiable
functions equipped with the C! norm

||x||C1=max[ sup [x(t)], sup |5<(t)|].
te[0,2] te[0,2]

Lemma3.1. Let Ly : C}_(R; RN*1) — V be defined by Lou(t) = i(t), t € Rand let K : V — RN*+1 be defined
by Ku(t) = 5= f27 u(t)dt, t € R. Then Lo + K has a compact inverse (Lo + K)™' : V — V.

Proof. We first show the existence of (Lo + K)™!:V — C}_(R;RN*!). We show that the lin-
ear operator Lo + K : CJ (R; RN™1) — V is one-to-one and onto. Suppose (Lo + K)u = 0, then
u(t) + = 2T u(s)ds = 0 for t € R. Therefore,

2
u(t):—%/u(s)ds—i—u(O). (3.8)
0

Noting that u(2m) = u(0), it follows from (3.8) that f02” u(s)ds =0 and u(t) = u(0). Hence, u(t) =0.
This shows that Lo+ K : C1_(R; RN*1) — V is one-to-one.

Now we show that the operator Lo + K : C_(R; RN*1) — V is onto. For any v € V, integrating
both sides of the equation u(t) + % 02” u(t)dt =v(t) from O to t gives

t 27

u(t) =u(0) + / v(s)ds — L/u(s) ds. (3.9)
21
0

0

Letting t =27 in (3.9) and note that u(27) = u(0), we have

2 2
/V(S) ds = / u(s)ds. (3.10)
0 0
Then by (3.9) and (3.10), we have
t 2w

U(t)=u(0)+/v(s)ds— L/‘v(s)ds. (3.11)
2
0

0
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Integrating both sides of (3.11) from 0 to 27, we have

27 2wt
/u(t)dt—u(O) 271+//v(s)dsdt——/v(s)ds
0
27 2w
=u(0) - 27T+//v(s)dtds——/v(s)ds
27
=u(0) 2w + —/v(s)ds—fsv(s)ds (312)
0
Then, by (3.10) and (3.12) we have
27 2
u(0) = 1_—”fv(s)ds+ L/sv(s)ds. (3.13)
2 2
0 0
By (3.11) and (3.13) we have
t 21
u(t):/v(s)ds—}-%/v(s)ds‘i‘ —/sv(s)ds (3.14)
0 0

That is, for every v € V, we define u : R — RN*! by (3.14). Then u is 27 -periodic since v is 27-
periodic. It is clear from (3.14) that u C%ﬂ (R; RN*1) holds. This shows that u is a preimage of v and
the operator Lo + K : C1_(R; RN+1) — V is onto. Then Lo + K : C1_(R; RN*1) — V is one-to-one and
onto. Hence the linear operator (Lo + K)™': V — C}_(R; RN*1) exists and is given by

t 21
(Lo+1<)*1(V)(t)=/V(S)d5+%/1/(5)d5+—fSV(S)dS
0 0

Next, we show that (Lo + K)~':V — C]_(R; RN*1) is continuous. Indeed, we have

2
1
||L0+K||L(c; (R:RN+1).y) = SUp  sup u(t)—i——/u(t)dt <2
4 lull1=1te[0,27r] 0

which implies that Lo + K : C;ﬂ (R; RN+1y - V is continuous. Then by the Open Mapping Theorem,
(Lo+K)~1: vV — 1 _(R; RN*1) is continuous.

We also note that the embedding C)_(R; RN+1) < V is compact, and hence (Lo + K)™':V — V
is a compact linear operator. O

Lemma 3.2. Forany o € Rand 8 > 0, the map No(-, 0, B) : V — V defined by (3.6) is continuous.
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Proof. Let {(yn,z)}52; C V be such that (yn,zy) = (¥o,20) in V as n — oo. Then by the Integral
Mean Value Theorem (see [25], p. 341), we have

”NO(yn’Zna o, ﬂ) - NO(}’O7ZOy o, ﬂ)”

< sup [ f(ya(®), ya(t — Bzn(t)). ) — f(yo(®). yo(t — Bzo(1)). )|

te[0,2m)

+ sup [g(yn(0). za(t), o) — g(yo (D), 20(t), 0 )|

te[0,2m]
<, Sup ]lf(yna),yn(t—ﬂzna)),a) = F(yo(®). yn(t = Bzn (D)), 0)|
€ T
+ |f (Yo(), yn(t = Bzn(1)), o) = F(¥o(t), yo(t — Bzn (D)), 0)|
E T[

+ sup |f(yo(®). yo(t — Bzu(1)). ) — f(yo(t). yo(t — Bzo(t)). o)
te[0,2m]

+ sup JIg(yn(t),zn(t),o) — g(yo(), za(t). 0)|
tel0,2

+ sup [g(yo(), za(t). o) — g(yo(0), 20(t), 0 )|

te[0,2m]
1
=S /81f Yn(®) +5(¥n(®) = yo(©)), yu(t — Bzn(t)), o) ds (yn(t) — yo())
1
+t€f52pn] Of 3 f (yo(t), yo(t — Bza(D))

+5(ya(t — Bza(®)) — yo(t — Bza(1))). o) ds (yn(t) — yo(1))

1

+ sup /32f(J’o(f),J’o(f—/32n(f))

tel0,2m]
0

+5(yo(t — Bzu()) — yo(t — Bzo(1))). o) ds (yo(t — Bzu(t)) — yo(t — ﬂZO(t)))'

1
+ sup /81g(yo +5(¥n — ¥0), Zn, ) ds (yn(t) — yo(t))
tel0,27] 0

1
+ sup fazg(yo,zws(zn—20),o)d5(zn(t)—Zo(t))
te[0,2m] o

< sup sup |91 f (yn(®) +5(yn(®) — yo(®)). ya(t — Bza(®). )| yn — yoll
te[0,2m]s€[0,1]
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+ sup sup |32 f(yo(t). yo(t — Bzn(D))
te[0,2m]s€[0,1]

+5(yn(t = Bza(®) — yo(t = Bza(®))). @) | - Iy — Yol

+ sup 5[1(1)13”|32f(}’0(f), yo(t = Bza()) + s(yo(t — Bza (D) — yo(t — Bzo(1))), 0)|

sup |J’0(f — Bzn (D) — yo(t — Bzo(D))|
te[0.27

+ sup sup [312(Yo +S(Yn — ¥0). Zn. )| - l|¥n — Yol
te[0,2m]s€[0,1]

+ sup sup |328(Vo. 20 +5(zn — 20). )| 1za — 20 (3.15)
te[0,2]s€(0,1]

Since liMp— oo |(Vn, 2n) — (Yo, z0)|l = 0, {(¥n(t), zo(t)): t € R, n e N} is bounded in RN*! and hence
the first two arguments of the partial derivatives in the last inequality of (3.15) are bounded. Then by
(S1) we know that there exists a constant Lo > 0 so that

sup sup |31 f(yn(®) +S(yn(®) — yo(©)), yn(t — Bza(®), 0)| < Lo,
te[0,27]s€[0,1]

sup sup |d2f (yo(®), yo(t — Bzn (D))
te[0,2m]s€[0,1]

+5(yn(t = Bza(©)) — yo(t — Bza (D)), 0)| < Lo,
sup SUP |32f(}’0(t) Yo(t — Bza(®)) (3.16)

te[0,27]s€[0
+s(yo(t — Bza(®) — yo(t — Bzo(®))). 0)| < Lo.

sup Sup |81g(J’0+S(J/n Y0),2Zn, 0 )|< 05
te[0,2] s€(0,

sup sup |328(vo. 20+ S(zn — 20), )| < Lo.
te[0,2m]s€[0,1]

Also, yg is a 2w -periodic continuous function and hence yg is uniformly continuous on R. Therefore,
lim |[yo(- = Bzn()) = yo(- — Bzo) | = 0. (317)
n—oo

Then by (3.15), (3.16) and (3.17), we have

Jim [No(yn. zn. 0. B) = No(yo. 20. 0. B) | =0,
which implies that No(-,0, 8) : V — V is continuous. O

Lemma 3.3. If system (3.1) has a nonconstant periodic solution with period T > 0, then there exists an integer
m > 1, m € N such that +im27 /T are characteristic values of the stationary state (Xy, Ty, 0 ).

Proof Suppose that (x, 7) is a nonconstant T-periodic solution of system (3.1) at o with T > 0. Let
B =4% and

(x®), T(®) = (X0, To) = (Y(BL), 2(BY))
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for any t € R. Then u = (y, z) has period 27 and (y, z) is a nonconstant solution of the following

system
(y(f)):l [31f(0) 0 ]<Y(f)>+l[32f(0) 0} <Y(f—ﬁza)>
z2t))  ploiglo) dgl) \z1)) B 0 0]\z(t—pBzo)
1~
= ENO(u»U5ﬂ)(t)7 (318)

where Ng: V x R? 5 (u,o0,B) —> No(u, o, B) € V is defined in the formula following (3.7). Let Lo
and K be as in Lemma 3.1, then (3.18) is equivalent to

u—(L0+K)_1<%N0(u,a,ﬂ)+K(u)> =0. (3.19)

It is known that the space V has an isotypical direct sum decomposition (see [24], p. 231)

N
V=PV
k=0

where Vj is the space of all constant mappings from R into RN*1, and Vi, k > 0, k € N is the vector
space of all mappings of the form xcosk- 4+ ysink-: R >t — xcoskt + ysinkt € RNt1, x, y e RN*1,
Note that u € V is infinitely differentiable. Then u has an uniformly convergent Fourier series (see,
e.g., [21], p. 157). That is, for any k > 0, k € N, there exists uy € Vi such that

u= Zuk. (3.20)

k=0

We denote by Vj the vector space over the complex numbers which is spanned by ef* - ¢ j:Rat—
elkt.e;e CN*1, j=1,2,...,N+1, where {€1, €2, ..., €en+1) denotes the standard basis of RN*'. Then
we can define a linear isomorphism Jo: Vi — Vi, k>1,keN, by

1
Jo(xcosk-+ ysink-) = 59"(x—iy) (3.21)

where x, y € RN and 6% =e* is the map defined by 0¥ : R >t — et € S1.
Let ¥ (o, B)=1d— (Lo—i-l()_l(%DuNg(‘, o, B)+ K) and note that N is linear and continuous in u.
By (3.19) and (3.20), we have

W(o,p)u)=> ¥(o, Bug=0. (3.22)

k=0

Note that u € V is infinitely differentiable. We can obtain the uniformly convergent Fourier series
of 1t € V through term by term differentiation on both sides of (3.20) with i1, € Vy (see, e.g., [21],
p. 165). Therefore, we assume, without loss of generality, that ug = 0, for otherwise we replace the
sequence {ug}; % by {in %5 with i = 7% i
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Now we show that ¥ (o, B)uy € Vy for every k > 1, k € N. Indeed, for every uy = xcosk- + y sink-,
x,y € RN*1 by (3.14) we have

K(ug) =0,
1
(Lo + K) "' (cosk-) = Esink-, (323)
(Lo 4+ K)~I(sink-) = —% cosk - .
By linearity of (Lo + K)~! and (3.23), we obtain
¥ (o, B)(xcosk-+ ysink-)
_ xeosk-+ ysink — Lo k1 [[BF@ 0 4+ ysink
=xcosk-+ ysink ﬂ(Lo—i—K) {[31g(0) azg(a)](XCOSk + ysink-)
+ |: BZfO(G) 8] (xcosk(- — Bzo) + y sink(- — ﬂzg))}
=xcosk-+ ysink-
1] 01f(0) 0 -1 1.
— EH: ng(0) azg(a)] (x(Lo + K)7 " cosk-+ y(Lo + K) smk-)
+ [ 32f0(“) 8] (x(Lo + K)™" cosk(- — Bzo) + y(Lo + K) T sink(- — ,Bz(;))}
_ ) . i 01f(0) 0 o )
=Xxcosk-+ ysink kp {[ 912(0) azg(U)](xsmk ycosk-)
+ [ 82f0(0) 8} (xsink(- — Bzo) — y cosk(- — ﬁzg))}. (3.24)

Note that each term in the last equality of (3.24) is a linear combination of cosk- and sink-. Therefore,
we have ¥ (o, B)uy € V. Then by (3.22) there exists m € N, m > 1 such that u, #0 and

Yo, Bun=0. (3.25)

We note that every element in Vj can be written as a linear combination of the elements in Vj
with complex coefficients. Therefore, we can extend the domain of ¥ (o, 8) from Vj to V) using this
linearity. We claim that for this extension, we have ¥ (o, 8) Jo(um) = 0. To verify this claim, we show
that the composition of Jo and ¥ (o, B) is commutative on Vi, k > 1,k € N. By the linearity of Jo
and (Lg+ K)~!, we only need to show that Jo(Lo + K)~! = (Lo + K)~! Jo holds on V. Indeed, let
ug = xcosk- + ysink- € Vi. Then it follows from (3.21) and (3.23) that

1
Jo(Lo + K)"Y(xcosk- + ysink-) = Ejo(xsinlo — ycosk-)
= Loty tin
A

and
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-1 : 1 —1pk :
(Lo + K)™ " Jo(xcosk- + ysink-) = 5(Lo + K)" 0" (x —iy)
1 . . .
= —(x —iy)(sink- —icosk-)
2k
1 . ..
=——(y +ix)(cosk- +isink-)
2k
— oty +ix),
2k

where 6% = ei*", This shows that Jo(Lg+K)~! = (Lg+K)~! Jo holds on Vj and hence the composition
of Jo and ¥ (o, B) is commutative on Vy, k > 1, k € N. Therefore, by (3.25) we have

Jo¥ (o, pum =¥ (0, B) Jo(um) =0. (3.26)

Now we denote ¥, (o, 8) =¥ (0, ,B)|‘7m. We have, for vy, € Vi,

_, 1 —1]| 91 (o) 0 »fo) 0
Yn(o, B)Vm =Vm ,B(L0+K) {[31g(0) azg(o_)]vm+|: 0 i|(Vm)ﬁza}’

where (Vin)gz, = V(- — Bz5). By replacing k, x and y in (3.24) by m, €; and i€}, respectively, we
have

W (o, B)(e™€))

1 [zmﬁld 91 f(0) — 02 f (0)e~mb2e 0 ](e"m'e-)
lmﬁ —0d18(0) impB — 09,8(0) J
lmﬂ Au(o).o.p(imp) - ™ (3.27)

for ei™ ¢ j€ Vi, where the last equality follows from (3.3).
~ Therefore, the matrix representation [¥m] of ¥in(o, B) with respect to the ordered basis {eiMeq,
eMey, ..., eMeNy1} is given by

im
imp Awoy,o,p) (imp).

Then by (3.25), we have

1
—A imB)u, =0
imp w(o),o,p)(AMB)im

where i, is the nonzero coordinate vector of J(u,;;) with respect to the ordered basis {e™¢q, e™ €5,

,eim‘6N+1} of V. Then imp = im27 /T is a characteristic value of (x5, 75) and therefore +im2mw /T
are characteristic values of (xs, 75,0). O

Lemma 3.4. Assume (51)~(S3) hold. Let Lo and K be as in Lemma 3.1 and No:V x R2 — V beas in (3.7).
Define the map F : V x R2 — V by

Fu,0,B):=u—(Lo+K)™! [%No(u, o,B) + K(u)],
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where u = (y, 2). If By (ug, 00, Bo; T, p) € V x R? is a special neighborhood of]:' where 0 < p < Bo, then
there exist r’ € (0, r] such that the neighborhood

By (uo.00. Bo: 1. p) ={(w. 0. B): |[u—n(o)| <. |(@.8) — (00. Bo)| < p}

satisfies

, 1
u(t) # -

(f(Y(t), y(t —Bz(t)), 0))
B

gy®),zt),0)

for (u, o, B) € Bm(uo, 00, Po; ', p) with u # 1(o) and (o, B) — (00, Po)| = p-

Proof. Suppose not, then for any 0 <1’ <r, there exists (u,o, ) such that 0 < |lu — n(o)| <71/,
[(o, B) — (00, Bo)| = p and

o Lf(y@®), y(t = Bz(t)), 0)
Ho = B < gy, z(t),0) > fort € R. (3.28)

Then there exists a sequence of nonconstant periodic solutions {(u, ok, Bx) = (Vk» Zk, Ok, i) }peq Of
(3.28) such that

and
o U F (), yi(t — Brzk (D), 0k)>
U (t) = B < 2(ye(0). 21(D). 0) fort e R. (3.30)

Note that 0 < p < Bp implies that By > By — p > 0 for every k € N. Also, since the sequence
{0k, Br}p2, belongs to a bounded neighborhood of (09, o) in R?, there exists a subsequence, denoted
by {(ok., Bi)}re, that converges to (0%, f*) so that |(o*, B*) — (00, fo)| = p and B* > 0. Without loss
of generality, we denote this sequence by {(ok, Bx)};2,. Then we have

k—liTOOHUk - n(Uk) || =0, k—llTOO’(Uk’ ﬂk) - (G*s ﬂ*)| =0, (331)
and
oo U Fk (@), yr(t — Brzk (D), Gk)>
U (t) = B ( 2 (D). z (). 07) fort e R. (3.32)

Our strategy here is to show that the system

oo 1 [81f(o") 0 1 18f(@* 0 8%,
v(t)_ﬂ*[alg(a*) azg(o*)]v(t)+ﬂ*|: 0 O]v(r B*zg+), (3.33)

has a nonconstant periodic solution which contradicts the assumption that ug = (¥, Zs,) is the only
center of (3.7) in By (uo, 0o, Bo; T, P)-



2820 Q. Hu, J. Wu /]. Differential Equations 248 (2010) 2801-2840

By (S1), f: RN xRN xR 3 (61,62,0) = f(61,62,0) e RN is C? in (61,6,) and the map g: RN x
R xR > (¥1,¥2,0) = g(¥1,¥2,.0) € R is C? in (y1, y2). It follows from the Integral Mean Value
Theorem (see [25], p. 341) and (3.32) that

1
L.lk(t) — l/ |:a]fk(0'k,5)(t) 0 :| ds <.yk(t) - yUk>
0

Bk 018k (0%, S)(t) 328k (0%, S)(E) Z(t) — Zg;,
1
1 [ %2fk(ok,$)() 0 Yie(t = Brzi(t)) — yok>
" b / [ 0 0} s <ZI<(t — Ar®) — 20, ) (334)
0
where
N (0, $)(1) : =01 f (Yo + 5 (¥k(®) — Vo) Yo, + (Vi (t — 2k (®) — ¥o). Ok).
¥ fi(Ok, () : =02 f (Yoo + S(¥k(®) = Yor)» Yo + S(vk(t — 2(®)) = Yo,). Ok,
918k (0%, $)(8) : = 018(Vo + S(Vk(®) — Yoy ) 2oy + S(2k(t) — 25,) Ok).
328k (0k, $)(1) : = 28 (Yo, + S(Yk(O) = Vo) 2oy, + (2 () — 20,), O).
Put
ity = D100, (3.35)
luk — (o)l
Then we have
Vit — Brez®) = ug(t — Brzr(t)) — n(ow) ' (336)
lux — (o)l
By (3.34) and (3.36) we have
1 ' fi
Coo 1 01 fk (0%, $)(®) 0
K= / [algk(ok, DO 3805, 5)(0) } dsvi(®)
0
1 1
ta / [asz((g(, H O 8] dsvi(t — Bz (D). (3.37)

0
We claim that there exists a convergent subsequence of {vk},j'jf. Indeed, by (3.29), we know that

{zk,ﬂk},j:‘)? is uniformly bounded in C(R;R) x R and hence lim;—, ;co[t — Brzk(t)] = +00. Then by
(3.35) and (3.36), we have

vkl =1, [vi(- = Bez)) | =1.
Recall that 9; f(0*) and 9;g(0*), i =1, 2, are defined in (3.1). By (3.31), we know that

(Yo +5(k® — Yo )s Yo +5(vk(t — 2k () = Yo,). Ok)



Q. Hu, J. Wu /]. Differential Equations 248 (2010) 2801-2840 2821

converges to the stationary state (xo+, o+, 0*) in C(R; R) x R uniformly for all s € [0, 1]. By (S1) we
know that f(@l 62,0) is C% in (61,62) and 8, f(61,62,0) is C! in o. Also, by (3.29), the sequence
{ug, B ok }{= is uniformly bounded in C(R; RN*1) x R2. Then there exists a constant Ly > 0 so that

|91 fie(ok. $)(t) — 1 f (00)|
< Li| (Yo, + (Y = Vo). Yo +5(Vie(t — 2(®) = Vo). 0k) — (Xo#, Tox, 0)

)

forall t e R, ke N and s € [0, 1]. Therefore, we have limy_, 1 |91 fk (0%, S) — 31 f(0*)|| = O uniformly
for s € [0, 1]. By the same argument we obtain that

lim 91 fi(or, s) — 91 f(0)|| =0,
k—+o0
lim Hasz(glos) % f(c*)| =0,

k= (3.38)

)

)
llm ||81gk(0k,5) —d1g(o”)|

)

(
hm | [[9281(01 9) — d28(07) | =

uniformly for s € [0, 1]. It is clear from (3.38) that |91 fx(ok, )|, 1192 fk(0k,S)|, 11918k(0k,S)|| and
1028k (0k, $)| are all uniformly bounded for all k € N and s € [0, 1]. Then it follows from (3.37) that
there exists a constant L, > 0 such that || V4] < Lz for any k € N. By the Arzela-Ascoli Theorem, there
exists a convergent subsequence {vkj}Jr 7 of {vih 2 °° . That is, there exists v* € {v € V: ||v| =1} such
that

lim |lvg, —v*| =0. (3.39)

j—+o00

By the Integral Mean Value Theorem, we have

|ij (t - ﬁkakj(t)) - ij (t - ,B*ZO'*)

1
= /"/kj(t_g(ﬂkakj(t) —ﬁ*z()-*)) de(ﬂkakj(t) _/3*20'*)
0

< ”"/kj ” : |ﬂkakj(t) - ,B*Z(T*
Lo (B, |2k, (0) — 2o+ | + | Br; — B* |20+). (3.40)

By (3.31) and (3.40) we have

j_l)iToo”vkj ( - ﬂkakj(')) - vkj ( - ﬂ*sz*) ’ =0. (341)
Therefore, it follows from (3.39) and (3.41) that
im ||vi, (- = Br;zi; () — v(- — B*zo+) | = 0. (3.42)

j=o0

It follows from (3.31), (3.38), (3.39) and (3.42) that the right-hand side of (3.37) converges uniformly
to the right-hand side of (3.33). Therefore, v* is differentiable and we have
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lim |vi(t) — v*(t)| =0,
k—+o00

and

. _l 91f(0*) 0 * l 0 fc*) 0] . By,
VE(t) = 5 |:81g(0*) 32g(6*):|v ) + T [ 0 O]v (t=B*zg+). (3.43)

Since by (S3) the matrix

9 f(0*)+d2f(0") 0
01g(0*) 028(0*)

is nonsingular, v =0 is the only constant solution of (3.43). Also, we have v* e {v e V: |v| =1},
[lv¥|| # 0. Therefore, (v*(t),c™*, 8*) is a nonconstant periodic solution of the linear equation (3.43).
Then by Lemma 3.3 (n(c™*), 0*, 8*) is also a center of (3.7) in By (uo, 00, Bo; ', p). This contradicts the
assumption that By (ug, 0o, Bo; T, p) is a special neighborhood of (3.6). This completes the proof. O

As a preparation for the proof of our local Hopf bifurcation theorem, we need the following

Lemma 3.5. Assume (S1)-(S3) hold. Let Lo, K, No, F be as in Lemma 3.4 and Ng : V x RZ — V be as in (3.6).
Define the map F : V x R?> — V by

Fu,0,B):=u—(Lo+K)! [%Ng(u, o,B) + I<(u)].

IfU = By (ug, 00, Bo; 7, p) CV X R2 is~a special neighborhood off' with 0 < p < By, then there exists ' €
(0, r] such that Fy = (F, 0) and Fy = (F, 6) are homotopic on By (ug, 09, Bo; ', p), where 6 is a completing
function defined on By (ug, 09, Bo; ', P).

Proof. Since U = By (uo, 00, fo; T, p) SV x R? is a special neighborhood of F with 0 < p < Bo, then
by Lemma 3.4, both Fy = (F,0) and Fy = (F,0) are U-admissible. B

Suppose that the conclusion is not true, then for any 1’ € (0,r], Fy = (F,0) and Fy = (F,H) are
not homotopic on By (ug, 09, Bo; I, p). That is, any homotopy map between Fy and Fo has a zero on
the boundary of By (0, 00, fo; I, p). In particular, the linear homotopy h(-, @) :=aFy + (1 — o) Fy =
(@F + (1 —a)F,0) has a zero on the boundary of By (ug, 0o, Bo; ', p), where o € [0, 1].

Note that 0(u,o,B) <0 if |[u — n(o)| =r'. Then, there exist (u,o,B) and « € [0, 1] such that
lu — (@)l <7, (o, B) — (00, Bo)| = p and

Hu,o,B,a):=aF + (1 —a)F=0. (3.44)

Since r’ > 0 is arbitrary in the interval (0, r], there exists a nonconstant sequence {(yj,Zk, Ok,
Br» k)2 of solutions of (3.44) such that

lim |ue—n(0)| =0, |0k B) — (00. Bo)| =p. O0<ay <1, (345)
k—+o00
and

H(uy, ok, Br,ox) =0, forallk e N. (3.46)
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Note that 0 < p < Bp implies that By > o — p > 0 for any k € N. From (3.45) we know that
{(ok, Bk, i) }pe, belongs to a compact subset of R3. Therefore, there exist a convergent subse-

quence, denoted still by {(oy, Bk, ak)}pe, without loss of generality, and (0%, 8%, a*) € R3 such that
B*>=pBo—p>0,a*ec[0,1] and

lim |(ok. B o) — (0%, B*, *)| = 0. (3.47)
—+00

k

Similarly to the proof of Lemma 3.4, we show that the system

oo 1 1a1f(o") 0 1 19f(0* 0 g%,
v(t)_ﬂ*[alg(o*) 82g(0*)}v(r)+ﬂ*[ 0 0]v(t B*zs+) (3.48)

with 0; f(0*), 0ig(0*),i =1, 2, defined after (3.1), has a nonconstant periodic solution which contra-
dicts the assumption that By (ug, 09, Bo; T, p) is a special neighborhood which contains an isolated
center of (3.7).

By (3.46), we know that the subsequence {(y, Z, Ok, Bk, ®)}r= Satisfies

H (u, oy, Bk, ax) = 0. (3.49)

By (S1), f:RN x RN x R > (61,62,0) — f(61,62,0) € RN is C2 in (61,6,) and the map g: RN x
RxR> 1, y2,0)— gy1,12,.0) €R is C%in (¥1, ¥2). Then it follows from the Integral Mean Value
Theorem and from (3.49) that

1
. _ % 8]fk(akss) 0 yk(t)_y(7k>
e (£) = B [ |:81g]<(0‘k, s)  028k(0k, S) ] s <Zk(t) — Zoy
0
1

4% / [ 92 fi(0k. 5) 0} ds (J’k(t — Brak(®) — }’Uk>
B , 0 0 Zi(t — Brzk(t)) — Zg,

1
" 1T—og f |:31fk(0k’5) 0 :| ds <}’k(f) - yak>
B 018k(0k,S)  028k(0k, S) Z(t) — Zg,
0

1
T—o [|02fk(oks) 0O Vit = Bizoy,) — ygk>
+ ,Bk f |: 0 O] ds (Zk(t — ,BkZU]() — ng ’ (350)

where

yk(t) — Yo ) Yoy +S(yk(t - ﬂzk(t)) — YU,(),Uk),
Yo + (¥t — Bzk(®)) — Vo). 0k).

01 fk(0k.8) : =01 f (Vo + 5 ),
),

S(Yk(®) — Yo ) Zoy + S(2zk(®) — 25,), 0k),
( ).

( (
¥ fr(0k.8) : =02 f (Vo + (k) — Yo
M8k (0K, $) = 018(Yor +
080k, S) : = 028 (Yo, + S(Vk(®) — Yo ) 2o, + S(2k () — 25,) O).
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Put
V() = M. (3.51)
lluk — n(ow)ll
Then we have
ug(t — Brzr(t)) — n(ox)
vi(t = Bez(0) = e~ 10 (3.52)
By (3.50) and (3.52), we have
1
®= O‘_: / [gjggi 3 Bzgkgfk, s) ] ds Vi)
0
1
w2 f [a”"(o""’s) 0} ds ve(t — fizo,)
11—« : d 0
+ B : / [3121523 azgk(Uk,S)] ds vi(©)
1
+%/ [32f’<(0“"’5) 8] ds Vi(t — Bz, (3.53)
We claim that there exists a convergent subsequence of {vk} . Indeed, by (3.45) we know that
{zx, ,Bk}k:1 is uniformly bounded in C(R; R) x R. Therefore we have
, ETm[t — Bz (t)] = +o0. (3.54)

By (3.51), (3.52) and (3.54), we have |[vi|| =1, ||[vi(- — Bkzk)|| = 1. Note that by (S1) and (3.47) and
by an argument similar yielding (3.38), we know that

lim |31 fi(oy. $) — 01 f (0 HZ
k—+o00

lim |82 fi(ox,s) — a2 (c")|
k—+o00

|
|

uniformly for s € [0,1]. It is clear from (3.55) that |91 fx(ok, ), 1192 fi(ok, S|, 1018k (0%,S)|| and
1028k (0%, $) | are all uniformly bounded for any k € N and s € [0, 1]. It follows from (3.53) that there
exists L3 > 0 such that |\vk|| <15 for any k € N. By the Arzela-Ascoli Theorem, there exists a conver-
gent subsequence {vk]} iy of {vk}k . That is, there exists v* € {v e V: ||v|| =1} such that

(3.55)

k——+o00

lim ||8,8k(0k. s) — d28(0*
k— 400

C
N
lim [[018k(0%, 5) — 018(0*)
(07)

lim ”Vk —v¥|=o. (3.56)

]*)
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By the Integral Mean Value Theorem, we have, for all t € R,

‘vkj (t - ﬂkakj (t)) - ij (t - IB*ZO'*)

1
/ ‘.’kj (t - /3*20'* - g(ﬂkakj (t) - /3*20'*)) de(ﬁijk](t) - /3*20*)
0

<0, - | By 26 (©) — B2+

<L3(Bi; |2, ©) = 2o+ | + [ B — B7|25%)- (3.57)

Then by (3.47) and (3.57) we have

jEToo”vk}' ( - ,Bkakj(-)) — Vi, ( - ,8*2(,*) | =0. (3.58)
From (3.56) and (3.58) we have
J—I:TOOH Vi; (- = Biyzi; () = v (- = B72o) |=0. (3.59)

It follows from (3.47), (3.55), (3.56) and (3.59) that the right-hand side of (3.53) converges uniformly
to the right-hand side of (3.48). Therefore,

lim |y, (6) — V()] =0 (3.60)
J—=+0oo

and

ey L[ 01f(07) 0 x L1 0af@™) O v g
V(t)_ﬁ*[81g(o*) azg(o*)]v(rwrﬂ*[ 0 O:|v(t B*To+). (3.61)

Since v* e {v: ||v] =1}, |[v*|| #0 and the matrix

|:alf(0*)+a2f(6*) 0 ]
018(0™) 02g(0")

is nonsingular, v* is a nonconstant periodic solution of (3.61). By Lemma 3.3 (n(c*),o*, 8*) is also
a center of (3.7) in Bp(ug, 00, Bo; 1, p). This contradicts the assumption that Bp;(ug, 09, Bo; T, )
is a special neighborhood of (3.7) which contains only one center (ug, 09, Bo). This completes the
proof. O

Now we are able to state and prove our local Hopf bifurcation theorem.

Theorem 3.6. Assume (S1)-(S3) hold. Let (x4, Toy. O0) be an isolated center of system (3.1). If the crossing
number defined by (3.5) satisfies

y(xdov TO‘()’ 00, ﬁO) # Oa

then there exists a bifurcation of nonconstant periodic solutions of (1.1) near (Xs,, Tsy, 00). More precisely,
there exists a sequence {(Xn, Tn, On, Pn)} such that o, — 09, Bn — Po asn — oo, and limy,_, o0 [|[Xn —Xg, | =0,
limp— o0 |Th — Toy Il =0, where
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. N+1
(Xn, Tn,op) € C(R; RYT!) x R
is a nonconstant 27 / B,-periodic solution of system (1.1).

Proof. Suppose (x,t) is a 2w /B-periodic solution of system (1.1) with 8 > 0. Let (x(t),T(t)) =
(y(Bt), z(Bt)). Then system (1.1) is transformed to

. 1
y(t)y = Ef(y(t), y(t - Bz(t)),0),

(3.62)
. 1
2(t) = Bg(y(t),Z(t),a).

Then (x, T) is a 27 /B-periodic solution of system (1.1) if and only if (y, z) is a 2w -periodic solution
of system (3.62).

Let V = Cor (R; RNt1), ST acts on V by argument shift. Namely, for any £ = e’ € S1, u eV,
(Eu)(t) := u(t + v). The idea of the proof in the sequel is to verify all the conditions for applying
Theorem 2.4.

Recall that § and & are defined before (3.5). Let 2 (09, Bo) = (00 — 8,00 +8) x (Bo — €, Bo + &) and
define the maps

Lou(t) = @’g) . weCl (RiRNVH),
i (BREL). v

5 nfO)Y(E®) —yo) + 30 f(O) (- Bz5) — Yo)

No(u, o, B)(t) := , ueVv,
oteh, . S0 (alg(oxy(t) — Vo) + $8(0)(2(0) — 20)

where u = (y,2), (0,8) € Z(00,80) and t € R, and n(c) = (Yo, 2s) is the stationary point of the

system. The space V is a Banach representation of the group G = S'. Define the operator K : V —

RN-H by

27

K(u) :=%/u(t)dt, ueV.

0

By Lemma 3.1, the operator Lo + K : C1_(R; RN*1) — V has a compact inverse (Lo +K)™1:V — V.
Then, finding a 27 /B-periodic solution for the system (1.1) is equivalent to finding a solution of the
following fixed point problem:

u=(LO+K)—1[%N0(u,a,ﬁ)+1<(u)], (3.63)

where (u,0,8) eV xR x (0, +00).

By (S1) we know that the linear operator Ny is continuous. By Lemma 3.2, we know that
No(-,0,8):V — V is continuous. Moreover, by Lemma 3.1 the operator (Lo + K)~!:V — V is com-
pact and hence (Lo + K)o (%No(-,a,ﬁ) +K):V—>Vand (Lg+ K)o (%No(-,a,ﬂ) +K):V>V
are completely continuous and hence are condensing maps. That is, (A2) and (A4) are satisfied.

In summary, we can define the following maps F:V x R x (0,+00) = V and F:V x R x
(0, +00) — V by
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1
Fu,o,B):=u—(Lo+K) ENO(U’ o,8)+ K|,
~ 1-~
F(u,0,B8):=u—(Lo+K)! [ENo(u,a, B) + K(u):|,

which are equivariant condensing fields. Finding a 27r /B8-periodic solution of system (1.1) is equivalent
to finding the solution of the problem

Fu,0,8)=0, (Uu,0,B)eV xR x(0,+0c0).

Since (ug, 00) := (X5, Tay. O0) is an isolated center of system (3.1) with a purely imaginary character-
istic value iBg, Bo > 0, (ug, 00, Bo) € V x R x (0, 4+00) is an isolated V-singular point of F. One can
define the following two-dimensional submanifold M c V¢ x R x (0, +oc0) by

M:={(n(0),0,B): 0 € (0o —8,00+38), B€(Bo—¢,Po+¢)}

such that the point ((00), 00, Bo) = (o, 00, Bo) is the only V-singular point of Fin M. M is the set
of trivial solutions to the system (3.1) and satisfies the assumption (A3). ~

Moreover, (ug, 0g, Bo) € V x R x (0, 4+00) is an isolated V-singular point of F. That is, for p >0
sufficiently small, the linear operator Du]:"(n(a), o,B):V — V with |(o, 8) — (00, Bo)| < p, is not an
isomorphism only if (o, 8) = (09, Bo). Then, by the Implicit Function Theorem, there exists r > 0 such
that for all (u,0,B8) eV xR x (0, +00) with |(o, 8) — (00, Bo)| = p and 0 < ||lu — n(o)| <1, we have
Fu,o, B) # 0. Then the set By (uo, 0o, Bo; 1, p) defined by

{(U,G,ﬂ) € % XRX (Os +OO), ‘(Gvﬁ)_ (007/30)‘ </0,

u—n()| <r}

is a special neighborhood for F. _
By Lemma 3.4, there exists a special neighborhood U/ = By (ug, 09, Bo; ', p) such that F and F
are nonzero for (u,o, B) € By (up, 00, Bo; 1, p) with u # n(o) and |(o, B8) — (00, Bo)| = p. That is,
(A5) is satisfied. _
Let 6 be a completing function on . It follows from Lemma 3.5 that (F, 0) is homotopic to (F, 0)
onU.
It is known that V has the following isotypical direct sum decomposition

S
V=P
k=0

where Vj is the space of all constant mappings from R into RNt and V; with k> 0, k € N is
the vector space of all mappings of the form xcosk- + ysink-: R 3t — xcoskt 4+ ysinkt € RN+1,
x,y € RNt 1t is clear that Vy, k > 0, k € N, are finite dimensional. Then, (A1) is satisfied.

For (o, B) € Y(09, Bo), we denote by ¥(o,B) the map Du]:'(u(a),a,ﬂ) :V — V. By (3.24),
we know that ¥ (o, B8)(Vy) C Vi for all k=0,1,2,.... Therefore, we can define ¥ : (09, Bo) —
L(Vy, Vi) by

(o, B) =¥ (0, By,

We note that Vi, k> 1,k € N, can be endowed with the natural complex structure J: Vj — Vi
defined by (2.1). By extending the linearity of J to the vector space spanned over the field of complex
numbers by e . €;: Rt — ekl .€; e CN*1, j=1,2,...,N+1, we know that
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(el e;, J(e Ej)}N+1 = [el €. ielt 6],}N+1

j=1 j=1
is a basis of Vi, where {€1,€2,...,€n+1} denotes the standard basis of RN*1, Then we identify Vy
with the vector space over the complex numbers spanned by e . €,j=12,...,N+1.

Then we have for vy e Vi, ke Z, k> 1,
a1 &
Yi(o, B)vi = v — (Lo + K) EDUNO(U(U)»O'a/g) + K |vi

_ 1 _1f[oife) 0 »Hf) 0
=vi— (Lo +K) {[algm 82g(0)]vk+[ A 0i|(Vk)ﬁzg},

where (v)pz, = Vk(- — BZo). By similar calculation for (3.27), we have, for e*'¢; € Vy,

¥ ik \_ 1 [ikpld—d1f(0) — d2f(0)e kP o B
(o, B) (€)= ikp [ —018(0) ikp — drg(0) | (e™¢))
1 . .
- @A(u(m,a)(zkﬂ) (e*e)),

where the last equality follows from (3.3). Therefore, the matrix representation [¥] of ¥, (o, f) with

respect to the ordered C-basis {e’*¢;} ! is given by

j=1

1 .
@A(u(o),o)(lkﬂ)-

For the application of Theorem 2.4, we now show that there exists some k € Z, k > 1, such that

i (u(oo), 00, Bo) := degg(detc [¥]) # 0.
Define ¥y : 2(0y, Bo) — R? ~ C by

Yy (o, B) =det Aws),0)(iB).

The number w1 (u(op), 0o, Bo) we defined in Lemma 2.3 can be written as follows:

w1 (u(00), 00, Bo) = € - deg(¥i. 2(00. Bo)).

where € = signdet ¥y (o, B) for (o, B) € P(00, Bo). For a constant map vg € Vo,

Yo(o. fyvo=—~ [81f(o> +ofe) 0 ] v

B d18(0) 028(0)
Then, by (S3), we have € # 0 and therefore (A6) is satisfied.

Recall that oy, Bo, 8 and & are chosen before (3.5). Define the function H : [0g — 8,00 + 8] x 2 —
R% ~C by

H(o,a, B) :=det Awo).0) (@ +ip),

where 2 = (0, ag) X (Bo — €, Bo + €), &g = (00, Bo) > 0. By the same argument for (3.4) and (3.5),
we know that H satisfies all the conditions of Lemma 2.1 by the choice of «g, Bo, ¢ and §. So we have

deg(¥h, 2(00, Po)) = ¥ (u(00), 00, Bo) # 0.
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Thus, w@1(u(oo), 00, Bo) # 0 which, by Theorem 2.4, implies that (u(oo), 00, 80) is a bifurcation
point of the system (3.62). Consequently, there exists a sequence of nonconstant periodic solutions
(Un, oy, Bn) = (Xn, Tn, On, Bn) such that o, — oo, Bn — Bo as n — oo, and (xp(t), Tx(t)) is a 2w /By-
periodic solution of (1.1) such that limy_, 1o [|(Xn, Tn) — (Xgg, Top) | =0. O

4. Global bifurcation of FDEs with state-dependent delays

To use Theorem 2.5 to describe the maximal continuation of bifurcated periodic solutions with
large amplitudes when the bifurcation parameter o is far away from the bifurcation value, we need
to prove that there is a lower bound for the periods of periodic solutions of system (1.1).

Lemma 4.1. (See Vidossich [42].) Let X be a Banach space, v : R — X be a p-periodic function with the
following properties:

(i) v € L (R, X);
(i) there exists U € L1([0, 21; R,) such that |v(t) — v(s)| < U(t — s) for almost every (in the sense of the
Lebesgue measure) s,t € R such thats <t,t —s < %;

(iii) f§ v(t)dt=0.

Then

pliviiee <2 | U(t)dt.

e \NI'O

We make the following assumption on system (1.1):

(S4) There exist constants L¢ > 0, Lg > 0 such that
|f(61.602,0) — f(01,02,0)| <Ls(I161 — 611+ 162 — 621),
g1, v2,0) — g1, V2,0)| < Lg(Iyi — V1l + 1y2 — V2))
for any 61,62,01,02, 1. 71 €RN, 15, 72 €R, 0 €R.

Lemma 4.2. Assume that system (1.1) satisfies the assumption (S4). If u = (x, T) is a nonconstant periodic
solution of (1.1), then the minimal period of u satisfies

. 4(|X| %0 + | T 1)
~ (Lf 4 Lg)|X|1eo + Lyl 1o + L|X[poo|T]roe

Moreover, suppose g(x, T, o) satisfies that
(S5) forevery o € R, there exists Ly > 0 so that —Lo < g(x, T,0) < 1 forall (x, t) e RN*1,

Then the minimal period p of u satisfies

4
p= )
max{Lo, 1} +2(Ly + Lg)
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Proof. Let v(t) = 1(t). Then fopv(t) dt =0 since u(t) is a p-periodic solution. For s < t, by (S4) and
the Integral Mean Value Theorem, we have
[v(©) = v(9)| < |%() — k()| + |2 () — T (5)|
< Le(Jx@®) = x(s)| + |x(t = T(®)) —x(s — T(5))])
+ Lg([x®) = x| + [t () — T(5)])
< Lylklpeo (6 =) + Lylklpo (£ — s+ [t @) — T(s)|)
+ Lg[X|1oe (¢ = ) + Lg|Z]1oe (£ = 5)
<[@Lf + Lg) Xl + Lg| T |roo 4 Ly|&]poc + [T]1o |(E = 5).
Let
U@®) =[@Lg + Lg)|xle + Lg|tlroe + [Xl1oe - [T [0 ]t

Then, by Lemma 4.1, we obtain

p
2
2
.. p . . . .
p| G, )| o0 <2fU(t)dt: Z[(2Lf + Lg)lXlio + Lg|Fl1oe + X100 - [T 1]
0

Therefore,

. 41, D)l
” @Ly+ Ly)Rluw + LglEliw + Lyl €l

Moreover, if —Lo < g(x(t), T(t),0) < 1, then
X o0 - [T [0 < max{Lo, 1}[X]Lo,

and hence
o> 4(%, T)|po
(RLf + Lg)|x|1x + Lg|T|rec 4+ max{Lo, 1}]|p
> 4|(%, T)|poo
Ly + Lg)|(%, T)|1 + Lg|(x, T)|10 + max{Lo, 1}|(X, T)|[
B 4
© max{Lo, 1} +2(Ls + Lg)’

The following result was first established by Mallet-Paret and Yorke [33] for ordinary differential
equations and was extended to neutral equations by Wu [45].

Lemma 4.3. Suppose that system (1.1) satisfies (S1)-(S2) and (S4)-(S5). Assume further that there exists a
sequence of real numbers {o}}72 ; such that:

(i) For each k, system (1.1) with o = oy has a nonconstant periodic solution uy = (x¢, T¢) € C(R; RNt1)
with the minimal period Ty, > 0;
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(ii) limy_, oo 0 = 0g € R, limy_, o Ty = To < 00, and limy_, o ||uy — ug|| = 0, where ug : R — RN+l is q
constant map with the value (xo, to).

Then (ug, 0g) is a stationary state of (1.1) and there exists m > 1, m € N such that +im2m /T are the roots
of the characteristic equation (3.2) with o = oy.

Proof. By Lemma 4.2 we conclude that Ty > m and therefore

4
To > >0
max{Lg, 1} +2(Lf + Lg)

Now we show that (ug,og) is a stationary state of (1.1). Since by (ii) limy_, o 0x = 0¢ and
limy_, o0 ||ux — ug|l = 0, we only need show that the derivatives {L'lk},:r:"f converge uniformly to the
right-hand side of system (1.1). That is,

f (i, k(- — 7o), Uk)) _ [ f(x0,%0,00)
&(Xk, Tk, Ok) g(Xo, To0, 00)
< || F (k. X (- — T), 0k) — f (X0, %0, 00) | + || &, Tk, ok) — &(X0. To, 00) |

— 0, ask— +oo. (4.1)

Note that we have used f(xg, Xx(- — T¢), 0%) to denote the function f(xy(-), Xx(- — T¢), Ok).
By (S1) and assumption (ii), we have limy_, o ||g(Xk, Tk, Ok) — £(X0, T0, 00)|| = 0. By the Integral
Mean Value Theorem, we have
| f (%K Xk (- = T). 0k) — f (X0. X0, 00)
< f (% % = T, k) — f (%0, k(- — ), o) |
+ | f (%0, (- — ), 0%) — f (X0, X0, 1) | + | f (X0, X0, 6%) — f (X0, X0, 00)|
< |01 f (% + sk — X0), Xk (- — T), o) || - lxe — xol
+ ||02.f (%0, X0 + s (X (- — T) — X0). o) || - X — xoll
+ | f (x0. X0, 0%) — f (x0.%0. 00)| (4.2)

for some s € [0, 1]. By (S1), assumption (ii) and by an argument similar to that of (3.16) we know that
there exists L4 > 0 such that

Z45

{ ||81f(xk + s(Xk — X0), Xk (- — Tk), O’k)| ; (4.3)
4.

| <
12 f (%0, x0 + (% (- — ) — X0), 0%) | <

Then by (4.2), (4.3) and assumption (ii), we have

kliﬂgo|\f(X1<, X (- = T), 0k) — f (X0, X0, 00) |

< k]irf,lo(Zi“”x" —xoll + | f (x0. X0, %) — f (X0, X0, 00)|)

=0.
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This completes the proof of (4.1). Therefore, (ug, 00) = (X5, Toy» O0) is the stationary state of (1.1)

with o = 0yp.
Next, we show that the following linear system

.« | 901f(o0) 0 92f(og) O .
0= ko mston |70+ "0 0] (44

has a nonconstant periodic solution.
For p € (0, 1), define

€k, p = rtneaRX|uk(t + pTy) — uE(t)|, (4.5)
V() = € p [kt + pTi) — uk(©)]- (4.6)

Then, ||vi|l =1 and vi(t) := (yi(t), zx(t)) satisfies

.| 91f(o0) 0 92f(og) O _ 81k (t)
V"(”‘[algmo) azg(aw]v"“”[ 0 0}”"“ ’°)+<82k(t)) 47

where

S1k(®) = €[ F (Xt + pTi), %k (€ + T — Tt + pTi)), o)
— F(x@®), % (t — 7)), 0k) — 31 F (00) (X (t + pT) — Xi (D))
— &2 f(00) (X (t + pTk — To) — X (t — T0)) ]
Sk (t) = 6,;; [g(xk(t + pTi), Tt + pTi), ok) — g(Xk (D), Tk (1), OK)
— 018(00) (X (t + pTi) — X (1)) — 028(00) (e (t + pTi) — Te(0))].

We now show that |81, (t)| — 0, |82 (t)| — 0 as k — 400 uniformly for t € R. Indeed, by (4.6) and the
Integral Mean Value Theorem, we have
816 (0)| = € | f (Rt + pTi), xi(t + pTic — (€ + pTi)), 0%)
— f(x@®), % (t — T (D)), 0k) — 91 £ (00) (Xt + pTi) — X (D))
— 02 f(00) (xk(t + pTk — T(t + pTi)) — Xk (t — (D))
— 92 f (00) (X (t + pTy — T0) — X (t — T0))
+ 32 f(00) (X (t + Tk — T(t + pTi)) — Xk (t — T (D)))]

1
/(31 fie(01, 0, p)(t) — 31 f (00)) dO Y (£)
0

1
+ / (3 (1. 6. P)() — 31 £ (00)) Oy (t — T (D))
0
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+ 02.f (00) (X (t + Ty — Tt + pTy)) — Xk (t + Ty — To)
— (xk(t — () — xk(t — 10)))
=1A1 + Az + Az,

where

 f (0%, 0, p) () = 31 f (X () + 6 (X (t + pTi) — X (D)), i (t + pTi — Tt + pT1)). 0k).
3 fi (0%, 0, p)(O) = 32 f (i (0), X (t — T (&) + 0 (xk (t + pTi — Tt + pTR)) — Xt — T (1)), 0%),

1
Aq =/(31fk(0k,9,/0)(f) — 01f(00)) dOyi(t),
0

1
Ay = /(asz(Uk, 6, p)(t) — &2 f(00)) dO yi (t — T (D)),
0

A3 =3 f(00) (xk(t + Tk — Te(t + pTi)) — Xk (t + pTi — T0) — (xk(t — T(D)) — XK (t — T0)))-

Recall that 9;f(op) and 9;g(0p), i = 1,2, are defined in (3.1). By assumption (ii), we know that
X () + O (X (E+ pT) — X (£)), Xk (€ + p Ty — T (t + pTg)), Ok) converges to (Xgy, Xg, 00) in C(R; RN) X
C(R; RN) x R uniformly for all 8 € [0, 1], p € (0, 1). By (S1) we know that the map f: RN xRN xR >
(61,62,0) = f(01,62,0) RN is C% in (81,6,), and 81 f : RN xRN xR 3 (61,62,0) — 81 f(1.62,0) €
L(RN,RN) is C! in o. Then there exists a constant Ls > 0 so that

|01 fi(0k. 6., p)(t) — 91 f (00)|

< Ls| (% (®) + 0 (X (€ + pTr) — x(0)), Xk (t + pTre — Tt + PT1)). k) — Koy Ty 00) |

forallteR, keN, 0<[0,1] and p € (0, 1). Therefore, we have
lim |3 fi(ox, 0, p) — 1 f(00)| =0, (4.8)
k— 400
uniformly for 6 € [0, 1], p € (0, 1). Then by (4.6), (4.8) and the fact that ||y,|| =1, we have

A1l > 0 ask— +oo. (4.9)

Similarly we have
A2l > 0 ask— +oo. (4.10)

Also, by the Integral Mean Value Theorem, we have

|A3] < ||02.f (@0) | 1%kl - [Tt + pTie) — T0) | + ||02.f (@0) | 1%l - | Tie(t) — To. (4.11)
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By assumption (ii) and system (1.1) we know that ||xg|| is uniformly bounded for all k € N and
Itk — Toll = 0 as k — +oo. Then it follows from (4.11) that

A3l >0 ask— +oo. (4.12)

Therefore, we have from (4.9), (4.10) and (4.12) that

61kll — 0 ask — +oo. (413)

Similarly, we have

62kl — 0 ask — +o0. (4.14)

By (4.7), (4.13), (4.14) and the fact that ||vi|| = 1, we know that there exists Lg > 0 such that || V| < Lg
for all k € N. Also, by assumption (ii), the set of periods {Tk},j:"f is bounded. Then by the Arzela-Ascoli
Theorem, {vk},j:"? has a convergent subsequence, denoted by {ij}}ff- Let

Vp(t)= lim Vi, (). (4.15)
J—>+oo

Then v, is a periodic solution of (4.4) with period Tg. Since ||vk|| =1 and the average value of each
Vi is zero, the same is true for v,. So v, is a nonconstant To-periodic solution of (4.4). Then by
Lemma 3.3, there exists m > 1, m € N, such that +im27m /T are characteristic values of (3.2). This
completes the proof. O

Now we can describe the relation between 27 /B and the minimal period of uj in Theorem 3.6.

Theorem 4.4. Assume (S1)—(S5) hold. In Theorem 3.6, every limit point of the minimal period of uy = (xx, t)
as k — +oo is contained in the set

2 . _
{ fo) : imnpy are characteristic values of (ug, 0g), m,n>1, m,ne N}.

npo
Moreover, if £imnfy are not characteristic values of (ug, og) for any integers m,n € N such that mn > 1, then
27 / By, is the minimal period of uy(t) and 27 /By — 27 /Bo as k — oo.

Proof. Let T, denote the minimal period of uj(t). Then there exists a positive integer n, such that
27 /B = n Tg. Since Ty < 2w /By — 21 /Bo as k — oo, there exists a subsequence {Tkj}]?"’:1 and Ty
such that To =lim;_, « Tk, Since 27 [ Bx; — 27/ Bo, Ty; — To as j— oo, N is identical to a con-
stant n for k large enough. Therefore, 277 /8o =nTo. Thus Ty; — 271 /(nfo) as j — oo. By Lemma 4.3,
+im2m /Ty = £imnpfy are characteristic values of (ug, og) for some m > 1, meN.

Moreover, if +imnpy are not characteristic values of (ug,op) for any integers me€ N and n € N
with mn > 1, then m =n = 1. Therefore, for k large enough ny; =1 and 27/ = Ty is the minimal
period of uy(t) and 27 /B, — 27 /Bo as k — oo. This completes the proof. O

The following lemma shows that we can locate all the possible Hopf bifurcation points of sys-
tem (1.1) with state-dependent delay at the centers of its corresponding formal linearization.

Lemma 4.5. Assume (S1)-(S3) hold. If (ug, 09) is a Hopf bifurcation point of system (1.1), then it is a center
of (3.1).
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Proof. If (ug, 0p) is a Hopf bifurcation point of system (1.1), then there exist a sequence

{(Uk» Ok, Tk)} =O? C(R ]RN-H) x R?

and To > 0 such that limy_, 4 || (uk, 0k, Tx) — (uo, 00, To)|| = 0, where (ug, oy) is a nonconstant Ty-
periodic solution of system (1.1). Our strategy here is to show that the system

.| 91f(00) 0 92f(og) O _
v(t) = [ 9.2(00) 9,2(00) } v(t) + [ 0 O] V(t — Top) (4.16)

has a nonconstant periodic solution, and hence ug = (x4, Ts,) is a center of (3.1).
By (S1) and the Integral Mean Value Theorem we have

1

S 01 fr (o, $)(t) 0 Xk () — X,
() = / [ 012¢(0. () D280k $)() } ds (rk(t) - rok)

0
1
B, 9O 07 g (Wll —7l) —xe
+/ [ 0} ds (rk(t — (1) — fﬂk) ; (417)
0
where
% fie(0r. $)(0) == alf(xak + S(Xk(t) - Xok)’ Xg, + S(Xk(f — ‘L’k(t)) — Xoy» Gl<)),
32 fe (0%, $)(8) := 92 f (X, + S (X (D) — Xoy,), Xoy, 4+ (%K (t — T (D) — Xo5, O%)).
918k (0%, )(8) := 918 (Xey, + S(Xk () — Xo5, ), Toy, +S(Tk (D) — Tey.), Ok,
928k (0%, $)(t) := 928 (Xo, + S(Xk (&) = Xo1,), Ty, + S(Tk () — Ty ) O
Put
vi(t) = M (418)
llux —n (ol

Then we have

Uk (t — T (1)) — n(oy)

velt =) = = Gl (419)
By (4.17) and (4.19) we have
: 01 f] t 0
v"“)zof [a:g;(gfgir; azgkwk,s)(r)]d”"(”
1
+f[32f"(0’<’5)(t) 8] ds vie(t — (1)) (4.20)
0
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We claim that there exists a convergent subsequence of {vk};“:of. Indeed, note that by (S2) 7 (t) =
g (0), T(t). 0k) < =5 < 1 implies that lim_, yo[t — T4(t)] = +o00. Then by (4.18) and (4.19), we
have ||[vi|l =1, ||[vk(- — Tx())|| = 1. Note that by (S1) and a similar argument to (3.38), we have

lclew||81 fie(0k,5) = 91 f (00) | =

k_l)iTOOH 32 f (01, ) — 91 f (090) || =

im (4.21)
lim |91 g (0k,s) — d1(00) | =0,
k— 400

lim 3,8 (ok, 5) — 018(00) | =0,
k—+o00

uniformly for s € [0, 1]. It is clear from (4.21) that |91 fx(ok, )|, 102 fk(ok, )|, 11918k(0k,S)|| and
1028k (0%, s)| are all uniformly bounded for any k € N and s € [0, 1]. It follows from (4.20) and (4.21)
that there exists L7 > 0 such that || V|| < L7 for any k € N. Also, we note that the period Ty of (u, ok)
is uniformly bounded for all k € N. Then by the Arzela-Ascoli Theorem, there exists a convergent
subsequence {vkj °° of {vk} . That is, there exists v* € {v € C(R; RNt1): |lv| =1} such that

lim | vy, —v*| =0. (4.22)

Jj—+oo

By the Integral Mean Value Theorem, we have

|Vk}. (t - Tkj(t)) - ij(t - TUU)‘ < ”‘./kj ” . |fkj(t) - IG'0|

L7 |7, (6) — Toy |- (4.23)
By assumption we have
lim I Tk; — Tou Il = 0. (4.24)
J—+oo
Then by (4.23) and (4.24) we have
]BTOOH Vi, ( 7:kj(')) - ij(' - Too)” =0. (4.25)
From (4.22) and (4.25) we have
lim ||ka — 7 () = V(- — Tgp) || = 0. (4.26)

]—)

It follows from (4.21), (4.22) and (4.26) that the right-hand side of (4.20) converges uniformly to the
right-hand side of (4.16). Therefore, we obtain that v* is continuously differentiable with

Jdim V@) —v*@©)] =0
J—>+00

and

v | 91f(00) 0 X 0f(o) 0| .
v (t)_[alg(oo) azg(do)]v (t)+[ 0 O}V (= Top)- (4.27)
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By (S3), we know that the matrix

01f (00) + 92 f (00) 0
01g(00) 928(00)

is nonsingular. Taking integrals on both sides of (4.27) over one period of v*, we obtain that v* e
{v: |lv|| =1} has zero integral average value in one period. So v* is a nonconstant periodic solution
of (4.27). Therefore, (v* + ug, 0p) is a nonconstant periodic solution of (3.1).

Then, by Lemma 3.3, (ug, 0p) is a center of (3.1). O

Now we are able to consider the global Hopf bifurcation problem of system (1.1). Letting
x(t), T(t)) = (y(%”t),z(%”t)), we can reformulate the problem as a problem of finding 27 -period
solutions to the following equation:

i(0) = 5 —No(u(0). 0. 27 /p). (428)
where u(t) = (y(t), z(t)). Accordingly, the formal linearization (3.1) becomes
() = %No(u(t), o, 27 /p). (4.29)

Using the same notations as in the proof of Theorem 3.6, we can define Ao(u,0,p) =No(u,o,2m/p),
Ao, 0,p) =No(u,0,27/p).
Then the following system

Lot = = A, 0,p), p>0, (4.30)
2
is equivalent to (4.28) and
Lot = Ao, o.p). p>0, (4.31)
2

is equivalent to (4.29). Let S denote the closure of the set of all nontrivial periodic solutions of
system (4.30) in the space V x R x Ry, where R is the set of all nonnegative reals. It follows from
Lemma 4.2 that the constant solution (ug, 0g,0) does not belong to this set. Consequently, we can
assume that problem (4.30) is well posed on the whole space V x R?, in the sense that if S exists in
V x R?, then it must be contained in V x R x R;.

On the other hand, assume (S3) holds at every center of (4.31). Then, from the proof of The-
orem 3.6 we know that the assumptions (S1)-(S3) are sufficient for the systems (4.30) and (4.31)
to satisfy the conditions (A1)-(A6). Also, under the same assumptions, Lemma 4.5 implies (A7) and
Lemma 3.5 implies (A8). Then by Theorem 2.5, we obtain the following global Hopf bifurcation theo-
rem for system (4.30) with state-dependent delay.

Theorem 4.6. Suppose that system (1.1) satisfies (51)-(S5) and (S3) holds at every center of (4.31). Assume
that all the centers of (4.31) are isolated. Let M be the set of trivial periodic solutions of (4.30) and M is
complete. If (ug, 09, po) € M is a bifurcation point, then either the connected component C(ug, 09, po) of
(ug, 00, po) in S is unbounded, or

C(uo, 00, po) N M = {(uo, 00, po). (U1,01,p1), ..., (g, 0g, Pg) }»
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where p; e Ry, (uj,04,p;) € M,i=0,1,2,...,q. Moreover, in the latter case, we have

q
ZEiV(Ui,Ui,Zﬂ/Pi) =0,
i=0

where y (u;j, oi, 27 /p;) is the crossing number of (u;, o;, p;) defined by (3.5) and

|:31f(0i)+32f(0i) 0 }
€; = sgndet .

018(0y) 028(07)
5. Remarks

A local Hopf bifurcation theory for FDEs with state-dependent delays was developed by Eich-
mann [14], where the existence of a local Hopf bifurcation is guaranteed by a transversality condition.
This transversality implies that the crossing number defined in our paper is not zero, and hence the
existence of a local Hopf bifurcation is also established in Theorem 3.6. Note that even in the case of a
constant delay, one can have nontrivial crossing number while the transversality condition is not sat-
isfied. Note also that the work of Eichmann gives more information about the local Hopf bifurcation
such as smoothness of the bifurcation curve with respect to the parameter.

Earlier results on the existence of periodic solutions for FDEs with state-dependent delay include
the work by Smith [40] that considered bifurcations of periodic solutions from a stationary state for
a system of integral equations with state-dependent delay, and the work on the existence of periodic
solutions by Nussbaum, Mallet-Paret and Paraskevopoulos [32]. These studies address the aspect of
global continuation of Hopf bifurcations of periodic solutions, specially the existence of periodic solu-
tions where the bifurcation parameter is away from the critical value where a local Hopf bifurcation
is born. The work of Nussbaum, Mallet-Paret and Paraskevopoulos [32] focuses on a prototype class
of state-dependent delay differential equations with negative feedback, and provides some detailed
information of the so-called slowly oscillating periodic solutions. See [3,7,23,26-31,34-36,39-41,43]
for other relevant studies on periodic solutions of state-dependent delay differential equations. In
comparison, our results here provide a general tool and framework to study the Hopf bifurcation
problem and, in particular, the global continuation of local bifurcation of periodic solutions of dif-
ferential equations with state-dependent delay from an equivariant degree point of view. Our global
bifurcation theory is, in principle, applicable to general system of FDEs with state-dependent delay
and even some neutral equations with appropriate further development (see [15] for some work on
equivalent local Hopf bifurcations of neutral equations with constant delays). How this theory is ap-
plied to specific systems will be illustrated in future studies, and whether this theory can be extended
to other types of state-dependent delay differential equations requires further examination.

Like the work of Nussbaum, Mallet-Paret and Paraskevopoulos [32], our approach is based on a ho-
motopy argument for calculating a topological index—the S!-degree. As such, much of the effort has
been dedicated to justify that the detection of Hopf bifurcation can be achieved through the formal
linearization technique: the state-dependent delay 7 (t) in x(t — T (t)) is first fixed at a given stationary
state, then the resulting nonlinear system with the frozen constant delay is linearized. This lineariza-
tion technique is utilized in the functional analytic setting that converts the Hopf bifurcation problem
of system (1.1) to solving an operator equation (2.2) involving S!-equivariant maps with two param-
eters, in the space of periodic functions with a fixed period. Implicitly used is the C!-smoothness of
the operator defined in Lemma 3.4 in the space V (the space of periodic functions with the fixed
period 27 ). The formal linearization leads to this operator naturally in the space of continuously dif-
ferentiable periodic functions with the period 27, and the fact that this operator can be extended to a
bounded operator in the space V is essential in our homotopy argument. This technique of extending
the linearized operator of a state-dependent delay differential equations from C! space to C space has
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previously been used in other contexts, see, for example, Nussbaum, Mallet-Paret and Paraskevopou-
los [32,22,44] and the survey paper [18]. See [9,16,17,20] for additional references on linearization
stability principles.
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