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Abstract We apply our recently developed global Hopf bifurcation theory to examine
global continuation with respect to the parameter for periodic solutions of functional differ-
ential equations with state-dependent delay. We give sufficient geometric conditions to ensure
the uniform boundedness of periodic solutions, obtain an upper bound of the period of non-
constant periodic solutions in a connected component of Hopf bifurcation, and establish the
existence of rapidly oscillating periodic solutions.
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1 Introduction

In this paper, with the aid of the global Hopf bifurcation theory recently established in [7],
we examine the global continuation of periodic solutions for the following system of delay
differential equations with state-dependent delays:
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{
ẋ(t) = f (x(t), x(t − τ(t)), σ ),

τ̇ (t) = g(x(t), τ (t), σ ),
(1.1)

where x ∈ R
N , τ ∈ R and σ ∈ R.

For the sake of simplicity, we assume:

(S1) The maps f : R
N ×R

N ×R � (θ1, θ2, σ ) → f (θ1, θ2, σ ) ∈ R
N and g: R

N ×R×R �
(γ1, γ2, σ ) → g(γ1, γ2, σ ) ∈ R are C2 (twice continuously differentiable).

(S2) There exist L > 0 and Mg > 0 such that −Mg ≤ g(γ1, γ2, σ ) < L
L+1 for every

γ1 ∈ R
N , γ2 ∈ R, σ ∈ R.

The normalization (x, τ )(t) = (y, z)(2π t/p) by the period p > 0 of a periodic solution
transfers (1.1) into {

ẏ(t) = p
2π

f
(

y(t), y
(

t − 2π
p z(t)

)
, σ

)
,

ż(t) = p
2π

g(y(t), z(t), σ ).
(1.2)

So a solution (x, τ ) of (1.1) with the parameter σ is p-periodic if and only if (y, z) is a
2π-periodic solution of (1.2) with the given σ and p. In what follows, we will say that
(x, τ, σ, p) is a p-periodic solution of (1.1) and (y, z, σ, p) is a 2π-periodic solution of
(1.2). Sometimes we say (x, τ, σ ) is a solution of (1.1).

The stationary solutions of (1.1) are given by solving the system f (x, x, σ ) = 0 and
g(x, τ, σ ) = 0. We assume throughout this paper that the stationary solution of (1.1) at given
σ is given by (xσ , τσ ) and the mapping R � σ �→ (xσ , τσ ) ∈ R

N+1 is continuous.

Freezing the state-dependent delay of the term y
(

t − 2π
p z(t)

)
in (1.2) at 2πτσ /p and

then linearizing the resulting nonlinear system, we obtain the formal linearization of (1.2) at
the stationary point (xσ , τσ ) as follows:(

ẏ(t)
ż(t)

)
= p

2π

[
∂1 f (σ ) 0
∂1g(σ ) ∂2g(σ )

](
y(t) − xσ

z(t) − τσ

)

+ p

2π

[
∂2 f (σ ) 0

0 0

](
y(t − 2π

p τσ ) − xσ

z(t − 2π
p τσ ) − τσ

)
, (1.3)

where

∂i f (σ ) = ∂

∂θi
f (θ1, θ2, σ ) θ1=xσ , θ2=xσ ,

∂i g(σ ) = ∂

∂γi
g(γ1, γ2, σ ) γ1=xσ , γ2=τσ ,

for i = 1, 2.
Let

detC�(xσ , τσ , σ )(λ) = 0 (1.4)

be the characteristic equation of the linear system

(
Ẏ (t)
Ż(t)

)
= p

2π

[
∂1 f (σ ) 0
∂1g(σ ) ∂2g(σ )

](
Y (t)
Z(t)

)
+ p

2π

[
∂2 f (σ ) 0

0 0

]⎛
⎝ Y

(
t − 2π

p τσ

)
Z
(

t − 2π
p τσ

)
⎞
⎠ (1.5)

corresponding to (1.3). The stationary solution (x∗, τ ∗, σ ∗) = (xσ ∗ , τσ ∗ , σ ∗) is said to be a
center of (1.1), if (1.4) with σ = σ ∗ has a pair of purely imaginary roots ±iβ∗ with β∗ > 0.
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In this case, p∗ = 2π/β∗ is called the virtual period associated with the center (x∗, τ ∗, σ ∗).
We say that (x∗, τ ∗, σ ∗) is an isolated center if it is the only center in some neighborhood
of (x∗, τ ∗, σ ∗) in R

N+1 × R, that is, detC �(x∗, τ∗, σ ∗)(iβ∗) = 0 and for δ > 0 sufficiently
small,

det �(xσ , τσ , σ )(iβ) �= 0, (1.6)

for any (σ, β) ∈ ((σ ∗ − δ, σ ∗) ∪ (σ ∗, σ ∗ + δ)) × (0, +∞) and det �(xσ∗ , τσ∗ , σ ∗)(iβ) �= 0
for any β ∈ (β∗ − δ, β∗) ∪ (β∗, β∗ + δ).

We can then choose constants b = b(σ ∗, β∗) > 0 and c = c(σ ∗, β∗) > 0 such that
the closure of � := (0, b) × (β∗ − c, β∗ + c) ⊆ R

2 ∼= C contains no other zero of
detC �(xσ∗ , τσ∗ , σ ∗)(λ) = 0. Then we can define the numbers

γ±(xσ ∗ , τσ ∗ , σ ∗, β∗) = deg(detC�(xσ∗±δ , τσ∗±δ , σ
∗±δ)(·), �),

where deg(detC�(xσ∗±δ , τσ∗±δ , σ
∗±δ)(·),�) is the usual Brouwer degree of the determinant

detC �(xσ∗±δ , τσ∗±δ , σ
∗±δ)(·) on �. The crossing number of (x∗, τ ∗, σ ∗) is defined as

γ (x∗, τ ∗, σ ∗, β∗) = γ−(xσ ∗ , τσ ∗ , σ ∗, β∗) − γ+(xσ ∗ , τσ ∗ , σ ∗, β∗). (1.7)

To state the local and global Hopf bifurcation theory developed in [7], we further assume
that

(S3) There exists σ0 so that (xσ0 , τσ0 , σ0) is a center of the linearized system (1.3),(
∂

∂θ1
+ ∂

∂θ2

)
f (θ1, θ2, σ )|σ=σ0, θ1=θ2=xσ0

is non-singular (determinant is nonzero)

and

∂

∂γ2
g(γ1, γ2, σ )|σ=σ0, γ1=xσ0 , γ2=τσ0

�= 0.

(S4) There exist constants L f > 0 and Lg > 0 such that

| f (θ1, θ2, σ ) − f
(
θ1, θ2, σ

) | ≤ L f
(|θ1 − θ1| + |θ2 − θ2|

)
|g(γ1, γ2, σ ) − g

(
γ 1, γ 2, σ

) | ≤ Lg(|γ1 − γ 1| + |γ2 − γ 2|)
for all θ1, θ2, θ1, θ2, γ1, γ 1 ∈ R

N , γ2, γ 2 ∈ R, σ ∈ R.

In what follows, we will also write u = (x, τ ) for the state variable. We now recall the
local and global Hopf bifurcation theorems in [7].

Theorem 1 Assume (S1 )–(S3 ) hold. Let (xσ0 , τσ0 , σ0) be an isolated center of system
(1.3) with the virtual period 2π/β0. If the crossing number defined by (1.7) satisfies
γ (xσ0 , τσ0 , σ0, β0) �= 0, then there exists a bifurcation of non-constant periodic solutions
of (1.1) near (xσ0 , τσ0 , σ0). More precisely, (xσ0 , τσ0 , σ0) is a Hopf bifurcation point, that
is, there exists a sequence {(xn, τn, σn, βn)} such that σn → σ0, βn → β0 as n → ∞, and
limn→∞ ‖xn − xσ0‖ = 0, limn→∞ ‖τn − τσ0‖ = 0, where

(xn, τn, σn) ∈ C
(
R; R

N+1
)

× R

is a non-constant 2π/βn-periodic solution of system (1.1) and ‖ · ‖ is the supremum norm
for the Banach space of bounded continuous functions from R to R

N+1, and from R to R,
respectively.
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Let S0 be the closure of the set of all the non-constant periodic solutions of system (1.1)
in the Fuller space

C
(
R; R

N+1
)

× R
2 =

{
(x, τ, σ, p) : (x, τ ) ∈ C

(
R; R

N+1
)

, (σ, p) ∈ R
2
}
.

Theorem 1 shows that γ (x∗, τ ∗, σ ∗, β∗) �= 0 implies that (x∗, τ ∗, σ ∗) is a Hopf bifur-
cation point, namely, there exists a connected component C(x∗, τ ∗, σ ∗, p∗) ⊆ S0 of S0.
By the period normalization (x, τ )(t) = (y, z)(2π t/p), we obtain a connected component
C(y∗, z∗, σ ∗, p∗) in the Fuller space

C
(
R/2π; R

N+1
)

× R
2 =

{
(y, z, σ, p) : (y, z) ∈ C

(
R/2π; R

N+1
)

, (σ, p) ∈ R
2
}
.

The (y, z)-component of a 2π -periodic solution (y, z, σ, p) of (1.2) gives an element in
C
(
R/2π; R

N+1
)

and in this sense, we say that (y, z, σ, p) ∈ C
(
R/2π; R

N+1
)× R

2.

Theorem 2 Suppose that system (1.1) satisfies (S1–S4). Let M be the set of constant solu-
tions of the system (1.2) and S denote the closure of the set of all non-constant 2π-periodic
solutions of (1.2) in the Fuller space C

(
R/2π; R

N+1
)× R

2. Assume that all the centers of
(1.3) are isolated and M is complete. If (u0, σ0, p0) = (xσ0 , τσ0 , σ0, p0) ∈ M is a bifur-
cation point, then either the connected component C(u0, σ0, p0) of the center (u0, σ0, p0)

in S is unbounded, or

C(u0, σ0, p0) ∩ M = {(u0, σ0, p0), (u1, σ1, p1), . . . , (uq , σq , pq)},
where pi ∈ R+, (ui , σi , pi ) = (xσi , τσi , σi , pi ) ∈ M for i = 0, 1, 2, . . . , q. Moreover,
in the latter case, the crossing numbers γ (ui , σi , 2π/pi ) satisfy

q∑
i=0

εiγ (ui , σi , 2π/pi ) = 0,

where εi = sgn det

[
∂1 f (σi ) + ∂2 f (σi ) 0

∂1g(σi ) ∂2 g(σi )

]
.

Definition 1 Let C be a connected component of the closure of all non-constant periodic
solutions of (1.1) in the Fuller space C(R; R

N+1) × R
2. We call C a continuum of slowly

oscillating periodic solutions, if for every (x, τ, σ, p) ∈ C , there exists t0 ∈ R so that
p > τ(t0) > 0. Similarly, we call C a continuum of rapidly oscillating periodic solutions, if
for every (x, τ, σ, p) ∈ C , there exists t0 ∈ R so that 0 < p < τ(t0).

Note that the period normalization of a solution (x, τ, σ, p) does not change its norm in the
Fuller space. Theorem 2 shows that for a given trivial solution (x∗, τ ∗, σ ∗) with the virtual
period p∗, the connected component C (x∗, τ ∗, σ ∗, p∗) either has finitely many bifurcation
points with the sum of S1-equivariant degrees being zero or C (x∗, τ ∗, σ ∗, p∗) is unbounded
in the Fuller space C

(
R; R

N+1
)× R

2. Therefore, if global persistence of periodic solutions
when the parameter is far away from the local Hopf bifurcation value σ ∗ is desired, we
should find conditions to ensure that the connected component C (x∗, τ ∗, σ ∗, p∗) of Hopf
bifurcation is unbounded in the Fuller space C(R; R

N+1) × R
2 and C(x∗, τ ∗, σ ∗, p∗) will

not blow up to infinity at any given σ in the norm of the Fuller space C(R; R
N+1) × R

2.
That is, there exists a continuous function M : R � σ → M(σ ) > 0 such that for every
(x, τ, σ, p) ∈ C(x∗, τ ∗, σ ∗, p∗) we have

‖(x, τ, p)‖C(R; RN+1)×R ≤ M(σ ). (1.8)
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To achieve this goal, we shall give some sufficient geometric conditions ensuring the uniform
boundedness of all possible periodic solutions (x, τ, σ ) of (1.1), that is, we show that there
exists a continuous function M1 : R � σ → M1(σ ) > 0 such that for every (x, τ, σ, p) ∈
C(x∗, τ ∗, σ ∗, p∗) we have

‖(x, τ )‖C(R;RN+1) ≤ M1(σ ). (1.9)

Then we seek for a continuous function M2 : R � σ → M2(σ ) > 0 such that for every
(x, τ, σ, p) ∈ C(x∗, τ ∗, σ ∗, p∗) we have

|p| ≤ M2(σ ). (1.10)

Remark 1 In Lemma 4.2 of [7] we have shown that if (S2) and (S4) are satisfied, then p has
a positive lower bound. In the following, we assume that p > 0 for every (x, τ, σ, p) ∈
C(x∗, τ ∗, σ ∗, p∗), or correspondingly (y, z, σ, p) ∈ C(y∗, z∗, σ ∗, p∗).

The main challenge we are encountering in this study is to seek a uniform upper bound of
the periods of the periodic solutions in a connected Hopf bifurcation branch. For differential
equations with constant delays, Chow and Mallet-Paret [1] and Wu [17] used the idea of
excluding periodic solutions of period twice of the constant delay for some types of scalar
delay differential equations. Earlier results on bounds of periods for periodic solutions of
ordinary differential equations can be found in Diliberto [2], Fuller [3,4], Lau [9], Smith
[14] and Schwartzman [15] and the references therein. Recent studies to rule out periodic
solutions with large periods for delay differential equations with a constant delay have been
linked to circulant matrices in the celebrated paper of Nussbaum [11]. Spectral analysis of
circulant matrices have been used in Xia and Wu [18] and in Wei and Li [16] to rule out
periodic solutions using either a Liapunov functional approach or a compound matrix tech-
nique. See also [12] for additional results on the range of periods of periodic solutions of
scalar equations with a constant delay. However, none of the above mentioned results can
be applied to obtain a uniform bound for the periods of non-constant periodic solutions of
differential equations with a state-dependent delay.

In this paper, we develop a novel approach in obtaining a uniform upper bound of the peri-
ods of the periodic solutions in a connected component C(x∗, τ ∗, σ ∗, p∗). First, for each
periodic solution (x0, τ0, σ0, p0) we exclude certain values of the period. More specifically,
we show that this periodic solution satisfies τ0(t0) �= mp0 for some t0 and for all m ∈ N.
Then we find an open interval I � t0 and a small open neighborhood U � (x0, τ0, σ0, p0)

so that every (x, τ, σ, p) ∈ U ∩ C(x∗, τ ∗, σ ∗, p∗) satisfies τ(t) �= mp for all t ∈ I and
m ∈ N. We then develop a procedure to glue these local exclusions of period values together
to obtain a global exclusion of the period values in the component C(x∗, τ ∗, σ ∗, p).

We organize the remaining part of the paper as follows. In Sect. 2, we construct a mono-
tonically increasing sequence of connected subsets {An}+∞

n=1 of C(y∗, z∗, σ ∗, p∗) which,
combined with the uniform boundedness of the solutions (x, τ ) and the global exclusion
of the period values, provides an upper bound of the period, p, for rapidly oscillating peri-
odic solutions of (1.1). In Sect. 3 we follow the idea of Gustafson and Schmit [5] to obtain
sufficient geometric conditions for the uniform boundedness of all the periodic solutions of
(1.1), based on a Razumikhin-type technique. In Sect. 4, we present a detailed case study to
illustrate our general results.
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2 Uniform Bounds for Periods of Periodic Solutions in a Connected Component

We will need the following assumptions to derive some important properties of an interval
map.

(S5) For every (σ, τ ) ∈ R
2,

∂g
∂τ

(xσ , τ, σ ) �= 0.

(S6) ∂g
∂x (x, τ, σ ) f (x, x, σ ) �= 0 for (x, τ, σ ) ∈ R

N+1 × R such that x �= xσ and
g(x, τ, σ ) = 0.

2.1 Properties of an Interval Map

In order, by way of contradiction, to exclude certain values of the period of the periodic solu-
tions in a given connected component, we need some analytic properties of the following
map

l(t) = t − τ(t) + τ(t0),

where t0 ∈ R is fixed. In this section, to avoid notational complications, we use superscripts
to denote function compositions, e.g., l j (t) denotes the j-th composition of l evaluated at
time t .

Lemma 1 Suppose that (1.1) satisfies (S1,S2,S5,S6 ) and (x, τ, σ0) is a non-constant peri-
odic solution of (1.1). If (x, τ ) is τ(t0)-periodic and if τ(t0) �= τσ0 , then the function l(t) =
t − τ(t) + τ(t0) defined on [t0, t0 + τ(t0)] satisfies the following properties:

(a ). l(t) is a self-mapping on [t0, t0 + τ(t0)];
(b ). l(t) has only finitely many fixed points {ti }n

i=1 in [t0, t0 + τ(t0)] with ti < ti+1 for every
i ∈ {1, 2, . . . , n − 1};

(c ). For every t ∈ (ti , ti+1) ⊆ [t0, t0 + τ(t0)],

lim
j→+∞ l j (t) =

{
ti , i f there exists t̄ ∈ [ti , ti+1]such that t̄ > l(t̄),
ti+1, i f there exists t̄ ∈ [ti , ti+1]such that t̄ < l(t̄);

(d ). Let {tik }k0
k=1 ⊆ {ti }n

i=1 be all the fixed points such that lim j→+∞ l j (t) = tik for every
t ∈ [tik , tik+1). Then for δ > 0 small enough

lim
j→+∞ sup

t∈[tik , tik +1−δ]
|l j (t) − tik | = 0,

lim
j→+∞ sup

t∈[ti +δ, ti+1], ti ∈{t1, t2, ...,tn}\{tik }k0
k=1

|l j (t) − ti+1| = 0;

(e ). Let h(t) = t − τ(t), then l j (t) = h j (t) + jτ(t0) for every t ∈ [t0, t0 + τ(t0)] and
j ∈ N;

(f ). h j (t + τ(t0)) = h j (t) + τ(t0) for all t ∈ R and j ∈ N.

Proof (a). Note that by (S2), l̇(t) = 1−τ̇ (t) = 1−g(x(t), τ (t), σ ) > 1/(L+1) > 0 implies
that l(t) is strictly increasing on [t0, t0 + τ(t0)]. Also, τ(t) is τ(t0)-periodic implies that
l(t0) = t0 and l(t0 + τ(t0)) = t0 + τ(t0). Therefore, l(t) is a self-mapping on [t0, t0 + τ(t0)].

(b). Next, we show that l(t) has only finitely many fixed points in [t0, t0 + τ(t0)]. That is,
l(t) = t−τ(t)+τ(t0) = t ⇔ τ(t) = τ(t0) has only finitely many solutions in [t0, t0+τ(t0)].

Indeed, suppose that t f ∈ [t0, t0 + τ(t0)] is a fixed point of l(t), that is, τ(t f ) = τ(t0),
we then have three possible cases:
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Case 1. τ̇ (t f ) > 0. By the continuity of τ̇ (t), there exists an open interval I f � t f such
that τ̇ (t) > 0 for all t ∈ I f . Then, by the strict monotonicity of τ(t) on I f , t f is an isolated
fixed point of l(t).

Case 2. τ̇ (t f ) < 0. We can similarly show that t f is an isolated fixed point of l(t).
Case 3. τ̇ (t f ) = 0. We have

g(x(t f ), τ (t f ), σ0) = g(x(t f ), τ (t0), σ0) = 0. (2.2)

By assumption (S5), we have x(t f ) �= xσ0 . By (1.1) and (S1), we have

τ̈ (t f ) = ∂g

∂x
(x(t f ), τ (t f ), σ0) ẋ(t f ) + ∂g

∂τ
(x(t f ), τ (t f ), σ0) τ̇ (t f )

= ∂g

∂x
(x(t f ), τ (t0), σ0) f (x(t f ), x(t f ), σ0). (2.3)

Then by (2.2), (2.3) and assumption (S6), we have τ̈ (t f ) �= 0. Without loss of generality,
we assume τ̈ (t f ) > 0. By the continuity of τ̈ (t) and the fact that τ̇ (t f ) = 0, there exists
δ > 0 small enough so that τ̇ (t) < 0 on (t f − δ, t f ) and τ̇ (t) > 0 on (t f , t f + δ). Therefore,
t f is the unique zero of τ(t) − τ(t0) in (t f − δ, t f + δ), and hence is an isolated zero.

It follows from the isolatedness of t f and the compactness of the interval [t0, t0 + τ(t0)]
that l has only finite number of fixed points in [t0, t0 + τ(t0)].

(c) Since by (b) the number of fixed points of l in [t0, t0 + τ(t0)] is finite, we can order
all of them as

t0 < t1 < · · · < ti < ti+1 < · · · < tn = t0 + τ(t0).

Then for every t ∈ [t0, t0 + τ(t0)] \ {ti }n
i=0, there exists i ∈ {0, 1, . . . n − 1} such that

ti < t < ti+1. It is clear that l(t) �= t and that l|[ti , ti+1], i ∈ {0, 1, . . . , n − 1}, is a strictly
increasing self-mapping on [ti , ti+1] with ti and ti+1 the only fixed points.

If there exists t̄ ∈ [ti , ti+1] such that t̄ > l(t̄), then t > l(t) for every t ∈ (ti , ti+1).
Otherwise, by the continuity of l there exists another fixed point of l in (ti , ti+1), which is
impossible. Therefore, for every t ∈ (ti , ti+1) we have,

ti+1 > t > l(t) > l2(t) > · · · > l j (t) > l j+1(t) > · · · > ti .

Therefore, {l j (t)}∞j=1 is a strictly decreasing sequence with the lower bound ti . Then there

exists t∗ ∈ [ti , ti+1) such that lim j→+∞ l j (t) = t∗, and hence l(t∗) = t∗. Since ti is the
only fixed point of l in [ti , ti+1), t∗ = ti .

Similarly, if there exists t̄ ∈ [ti , ti+1] such that t̄ < l(t̄), then t < l(t) for every t ∈
(ti , ti+1). For, otherwise, by the continuity of l there exists another fixed point of l in (ti , ti+1),
which is impossible. Therefore, for every t ∈ (ti , ti+1), we have

ti < t < l(t) < l2(t) < · · · < l j (t) < l j+1(t) < · · · < ti+1.

That is, {l j (t)}∞j=1 is a strictly increasing sequence with the upper bound ti+1. Then, there

exists t∗ ∈ (ti , ti+1] such that lim j→+∞ l j (t) = t∗, and hence l(t∗) = t∗. Since ti+1 is the
only fixed point of l(t) in (ti , ti+1], t∗ = ti+1.

(d) Note that l|[ti , ti+1] is a strictly increasing self-mapping on [ti , ti+1], where {ti }n
i=1 is

the set of fixed points of l. Therefore, l j is also a strictly increasing self-mapping on [ti , ti+1]
for every j ∈ N. Then, by (c), we have
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lim
j→+∞ sup

t∈[tik , tik +1−δ]
|l j (t) − tik | = lim

j→+∞ |l j (tik+1 − δ) − tik | = 0,

lim
j→+∞ sup

t∈[ti +δ, ti+1], ti ∈{t1, t2, ...,tn}\{tik }k0
k=1

|l j (t) − ti+1| = lim
j→+∞ |l j (ti + δ) − ti+1|

= 0.

(e) We prove (e) by mathematical induction. It is clear by the definitions of h(t) and l(t)
that l(t) = h(t)+ τ(t0). That is, l j (t) = h j (t)+ jτ(t0) holds for j = 1. Suppose, this holds
for j = k. Then, for every t ∈ [t0, t0 + τ(t0)] we have,

lk+1(t) = l(lk(t))

= l(hk(t) + kτ(t0))

= h(hk(t) + kτ(t0)) + τ(t0)

= hk(t) + kτ(t0) − τ(hk(t) + kτ(t0)) + τ(t0)

= hk(t) − τ(hk(t)) + (k + 1)τ (t0)

= hk+1(t) + (k + 1)τ (t0).

That is, l j (t) = h j (t) + jτ(t0) holds for j = k + 1. By mathematical induction, l j (t) =
h j (t) + jτ(t0) holds for every j ∈ N and t ∈ [t0, t0 + τ(t0)].

(f) By the definition of h(t) and the assumption that τ(t) is τ(t0)-periodic, it is clear that
for every t ∈ R,

h(t + τ(t0)) = t + τ(t0) − τ(t + τ(t0))

= t + τ(t0) − τ(t))

= h(t) + τ(t0).

That is, h j (t + τ(t0)) = h j (t) + τ(t0) holds for j = 1. Suppose this holds for j = k.
Then for every t ∈ [t0, t0 + τ(t0)], we have

hk+1(t + τ(t0)) = h(hk(t + τ(t0)))

= hk(t + τ(t0)) − τ(hk(t + τ(t0)))

= hk(t) + τ(t0) − τ(hk(t) + τ(t0))

= hk(t) + τ(t0) − τ(hk(t))

= hk+1(t) + τ(t0).

That is, h j (t + τ(t0)) = h j (t) + τ(t0) holds for j = k + 1. By mathematical induction,
h j (t + τ(t0)) = h j (t) + τ(t0) holds for every j ∈ N and t ∈ R. This completes the proof.

��
2.2 Excluding Certain Periods: Locally

Recall that C(x∗, τ ∗, σ ∗, p∗) denotes the connected component of the closure of all the non-
constant periodic solutions of system (1.1) bifurcated at (x∗, τ ∗, σ ∗, p∗) in the Fuller space
C(R; R

N+1)×R
2. In this subsection we exclude, for each periodic solution (x0, τ0, σ0, p0)

certain values of the period. To be specific, we find an open interval I and a small open
neighborhood U � (x0, τ0, σ0, p0) so that every (x, τ, σ, p) ∈ U ∩ C(x∗, τ ∗, σ ∗, p∗)
satisfies τ(t) �= mp for all t ∈ I and m ∈ N. In the next subsection, we will glue up
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these local exclusions to a global upper bound for the period along the rescaled (by period
normalization) connected component C(y∗, z∗, σ ∗, p∗).

Now we consider the periods of the solutions in the neighborhood of a periodic solution
which does not assume a certain period.

Lemma 2 If a solution (x0, τ0, σ0, p0) ∈ C(x∗, τ ∗, σ ∗, p∗) satisfies τ0(t0) �= mp0 for
some t0 ∈ R and for all m ∈ N, then there exist an open neighborhood I � t0 and an
open neighborhood U � (x0, τ0, σ0, p0) in C(R; R

N+1) × R
2 such that every solution

(x, τ, σ, p) ∈ U ∩ C(x∗, τ ∗, σ ∗, p∗) satisfies τ(t) �= mp for all m ∈ N and t ∈ I .

Proof By way of contradiction, we suppose that for every open interval I � t0 and every
open neighborhood U � (x0, τ0, σ0, p0) in C(R; R

N+1)×R
2, there exist t ∈ I, m ∈ N and

a periodic solution (x, τ, σ, p) ∈ U ∩ C(x∗, τ ∗, σ ∗, p∗) so that τ(t) = mp. Then there
exist sequences {(xk, τk, σk, pk, tk)}+∞

k=1 ⊆ U ∩C(x∗, τ ∗, σ ∗, p∗) and {mk : mk ∈ N}+∞
k=1

such that {
τk(tk) = mk pk,

lim
k→+∞(xk, τk, σk, pk, tk) = (x0, τ0, σ0, p0, t0). (2.4)

Without loss of generality, we assume mk → m0 ∈ N as k → +∞ (otherwise we take a
subsequence). Then it follows from (2.4) and (S2) that

m0 = lim
k→+∞ mk = lim

k→+∞
τk(tk)

pk
= τ0(t0)

p0
. (2.5)

Therefore, we have τ0(t0) = m0 p0 which is a contradiction to the assumption. ��
We note that for a non-constant periodic solution (x, τ, σ ) of system (1.1), it is allowed

that τ(t) assume its stationary value τσ , or even τ(t) = τσ for all t ∈ R. Ruling out these cases
turns out to be crucial for us to exclude certain values of periods of the periodic solutions.

We first consider the periods of the periodic solutions in a neighborhood of a given non-
constant periodic solution in the Fuller space, for which the delay τ -component is not equal
to the corresponding stationary value at some time t .

We need the following condition:

(S7) (i) f (0, 0, σ ) = 0 for all σ ∈ R;
(ii) x f (x, x, σ ) is positive (or negative) if f (x, x, σ ) �= 0.

Theorem 3 Suppose that system (1.1) satisfies (S5–S7 ). Let (x0, τ0, σ0, p0) be a noncon-
stant periodic solution in C(x∗, τ ∗, σ ∗, p∗). If τ0(t0) �= τσ0 for some t0, then there exist
an open interval I and an open neighborhood U of (x0, τ0, σ0, p0) in C(R; R

N+1) × R
2

such that every solution (x, τ, σ, p) in U ∩ C(x∗, τ ∗, σ ∗, p∗) satisfies τ(t) �= mp for all
m ∈ N and t ∈ I .

Proof We first show that there exist an open neighborhood U of (x0, τ0, σ0, p0) and an open
neighborhood I0 of t0 such that τ(t) �= τσ0 for any (x, τ, σ, p) ∈ U ∩ C(x∗, τ ∗, σ ∗, p∗)
and t ∈ I0.

By way of contradiction, suppose for every neighborhood Ĩ of t0 and neighborhood U
of (x0, τ0, σ0, p0), there exist t ∈ Ĩ and a non-constant solution (x, τ, σ, p) ∈ U ∩
C(x∗, τ ∗, σ ∗, p∗) such that τ(t) = τσ0 . Then there exist a sequence of periodic solutions
{(xk, τk, σk, pk)}+∞

k=1 and {tk}+∞
k=1 such that{

τk(tk) = τσk ,

lim
k→+∞(xk, τk, σk, pk, tk) = (x0, τ0, σ0, p0, t0). (2.6)
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Then it follows from (2.6) and (S2) that

|τk(tk) − τ0(t0)| ≤ |τk(tk) − τk(t0)| + |τk(t0) − τ0(t0)|
≤ |tk − t0| + sup

t∈R

‖τk − τ0‖
→ 0 as k → +∞. (2.7)

Therefore, by (2.6) and (2.7) we have

τ0(t0) = lim
k→+∞ τk(tk) = lim

k→+∞ τσk = τσ0 .

This is a contradiction to the assumption that τ0(t0) �= τσ0 , and hence the claim is proved.
If (x0, τ0, σ0, p0) satisfies τ0(t0) �= mp0 for all m ∈ N, then the existence of I and U

is followed from Lemma 2. Otherwise, (x0, τ0, σ0, p0) is τ0(t0)-periodic. Let �σ0 be the
nonempty solution set of the equation f (x, x, σ0) = 0 for x ∈ R

N . Then by (S5), for every
x ∈ �σ0 , τσ0 is the unique solution of g(x, τ, σ0) = 0 for τ ∈ R. Now we distinguish two
cases:

Case 1. x0(t0) = xσ0 for some xσ0 ∈ �σ0 . Since τ0(t0) �= τσ0 , by system (1.1) and by
(S5), we have

{
ẋ0(t0) = f (xσ0 , xσ0 , σ0) = 0,

τ̇0(t0) = g(xσ0 , τ0(t0), σ0) �= 0.
(2.8)

Without loss of generality, we suppose τ̇0(t) > 0 for t in some open neighborhood of t0.
Then, by the continuity and local monotonicity of τ0(t), there exists δ > 0 small enough so
that

0 < τ0(t) − τ0(t0) < pmin, t ∈ (t0, t0 + δ),

where pmin > 0 is the minimal period of (x0, τ0). Then, τ0(t) �= m pmin for any m ∈ N.
Therefore, (x0, τ0) is not τ0(t)-periodic for all t ∈ (t0, t0 + δ). So we have τ0(t) �= mp0 for
all t ∈ (t0, t0 + δ) and m ∈ N.

By Lemma 2, for every t∗ ∈ (t0, t0 + δ), there exist an open interval I of t∗ and an
open neighborhood U of (x0, τ0, σ0, p0) in C(R; R

N+1) × R
2 such that every solution

(x, τ, σ, p) in U ∩ C(x∗, τ ∗, σ ∗, p∗) satisfies τ(t) �= mp for all m ∈ N and t ∈ I .
Case 2. x0(t0) �= xσ for every xσ ∈ �σ0 . By Lemma 1 (c), there are finitely many

fixed points {ti }n
i=1 of l(t) = t − τ0(t) + τ0(t0) in [t0, t0 + τ0(t0)] which are in ascend-

ing order (we assume in the proof that all the sequences of the fixed points of l are in
ascending order). And we can let the subsequence {tik }k0

k=1 ⊆ {ti }n
i=1 be all the fixed points

such that lim j→+∞ l j (t) = tik for every t ∈ [tik , tik+1). Note that τ0(ti ) = τ0(t0) and
τ0(t0) �= τσ0 implies that τ0(ti ) �= τσ0 for all i ∈ {1, 2, . . . , n}. If x0(ti0) = xσ0 for some
i0 ∈ {1, 2, . . . , n} and for some xσ0 ∈ �σ0 , then the conclusion follows by Case 1 with t0
replaced by ti0 .

Now we exclude that x0(ti ) �= xσ for every i ∈ {0, 1, 2, . . . , n} and for every xσ ∈ �σ0 .
Assume that the contrary is true. We want to obtain a contradiction under the assumption that
(x0, τ0) is τ0(t0)-periodic.

For δ > 0 small enough, we consider the following compact subset Iδ of [t0, t0 + τ0(t0)]:

Iδ =
⋃

tik ∈{ti1 ,ti2 , ..., tik0
}
[tik , tik+1 − δ]

⋃ ⋃
ti ∈{t1, t2, ..., tn}\{tik }k0

k=1

[ti + δ, ti ].
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Note that, for each interval [ti , ti+1], only one of the endpoints is the limit of
lim j→+∞ l j (t) for every t ∈ (ti , ti+1). Note also that when δ goes to zero, Iδ goes to
[t0, t0 + τ0(t0)] in the sense of Lebesgue measure.

Now for δ > 0 small enough we introduce the following piecewise constant function χ(t)
on the compact subset Iδ of [t0, t0 + τ0(t0)]:

χ(t) =
{

tik , if t ∈ [tik , tik+1 − δ], tik ∈ {tik }k0
k=1,

ti+1, if t ∈ [ti + δ, ti+1], ti ∈ {t1, t2, . . . , tn} \ {tik }k0
k=1.

Since the number of intervals with the end points being the fixed points of l(t) is finite, it
is clear from Lemma 1 (d) that

lim
j→+∞ sup

t∈Iδ
|l j (t) − χ(t)| = 0. (2.10)

Note that (x(t), τ (t)) is a periodic solution of system (1.1). There exists M̃ > 0 such that
|ẋ(t)| ≤ M̃ for every t ∈ [t0, t0 + τ(t0)]. Let Ii with i ∈ {1, 2, . . . , n} be the sub-interval
of Iδ which is either [ti−1, ti − δ] or [ti−1 + δ, ti ]. Then we have χ(t) = ti−1 or χ(t) = ti
for t ∈ Ii and hence we have

x0(χ(t)) = x0(ti−1) or x0(χ(t)) = x0(ti ) for every t ∈ Ii . (2.11)

Since x0(ti ) �= xσ for every i ∈ {0, 1, 2, . . . , n} and for every xσ ∈ �σ0 , by (2.11), we have

x0(χ(t)) �∈ �σ0 for every t ∈ Iδ. (2.12)

By (2.10), for every ε > 0, there exists N0 > 0 large enough so that

sup
t∈Iδ

|l j (t) − χ(t)| ≤ ε, for every j > N0. (2.13)

Let (x j (t), τ j (t)) = (x0(h j (t)), τ0(h j (t)) for j = 0, 1, 2, . . . , where we define h0(t) = t .
Then by Lemma 1 (e), we have (x j (t), τ j (t)) = (x0(l j (t)), τ0(l j (t)). Note that Iδ is com-
posed of finitely many sub-intervals. By applying the Integral Mean Value Theorem on each
sub-interval of Iδ and by (2.13), we have for every j > N0 that

sup
t∈Iδ

|x0(l
j (t)) − x0(χ(t))| ≤ supt∈Iδ |ẋ0(t)| supt∈Iδ |l j (t) − χ(t)| ≤ M̃ ε. (2.14)

Differentiating x j (t) for j = 1, 2, . . ., we can obtain from system (1.1) that

ẋ j (t) =
j−1∏

m=0

(1 − g(xm(t), τm(t)), σ0) f (x j (t), x j+1(t), σ0). (2.15)

As g(x, τ, σ ) < 1, we have

j−1∏
m=0

(1 − g(xm(t), τm(t)), σ0) > 0, t ∈ R. (2.16)

Also by (ii) of (S7), x f (x, x, σ0) > 0 as long as x �∈ �σ0 . Then by (2.12) we have

x0(χ(t)) f (x0(χ(t)), x0(χ(t)), σ0) > 0 (2.17)

for every t ∈ Iδ . By (2.14), (2.17) and by the continuity of f , it follows that there exists
N1 > N0 so that

x j (t) f (x j (t), x j+1(t), σ0) > 0 for j > N1 and t ∈ Iδ. (2.18)
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Therefore, for every t ∈ Iδ and j > N1, by (2.15), (2.16) and (2.18) we have

x j (t) · ẋ j (t) =
j−1∏

m=0
(1 − g(xm(t), τm(t)), σ0)x j (t) f (x j (t), x j+1(t), σ0) > 0. (2.19)

Since δ > 0 is arbitrary and Iδ goes to I in measure as δ → 0, by the continuity of x j · ẋ j ,
we have x j (t) · ẋ j (t) ≥ 0 for every t ∈ I and j > N1. By (2.19) we know that x j · ẋ j �≡ 0
on I with j > N1. Therefore, x j · x j is a non-constant increasing continuous function. But
this is impossible since x j · x j is continuous and periodic. This completes the proof. ��

We now consider the periods of non-constant periodic solutions, where the delay coincides
with the corresponding stationary value for every t ∈ R.

Lemma 3 Suppose system (1.1) satisfies (S6 ). Let (x, τ, σ, p) be a non-constant p-periodic
solution of system (1.1). If τ(t) = τσ for every t ∈ R, then (x, τ, σ, p) is not τσ -periodic.

Proof Suppose, by way of contradiction, that (x, τ, σ, p) is τσ -periodic. If τ(t) = τσ for
every t ∈ R, then we have

{
ẋ(t) = f (x(t), x(t), σ ),

0 = τ̇ (t) = g(x(t), τσ , σ ).
(2.20)

It follows from (2.20) that

τ̈ (t) = ∂g

∂x
(x(t), τσ , σ ) · f (x(t), x(t), σ ) = 0. (2.21)

Then by (S6) and (2.21), x(t) = xσ for every t ∈ R. Thus, (x, τ, σ, p) is a constant periodic
solution of (1.1). This is a contradiction. ��

We now formulate the next assumption:

(S8) For every Hopf bifurcation point (x, τ, σ, p) ∈ C(x∗, τ ∗, σ ∗, p∗), mp �= τ for any
m ∈ N.

Theorem 4 Assume that system (1.1) satisfies (S5–S8 ). Then for every solution (x0, τ0,

σ0, p0) ∈ C(x∗, τ ∗, σ ∗, p∗), there exist an open interval I and an open neighborhood
U � (x0, τ0, σ0, p0) such that every solution

(x, τ, σ, p) ∈ U ∩ C(x∗, τ ∗, σ ∗, p∗)

satisfies τ(t) �= mp for all m ∈ N and t ∈ I .

Proof For a given σ0 ∈ R, if (x0, τ0, σ0, p0) ∈ C(x∗, τ ∗, σ ∗, p∗) is a constant periodic
solution, then it is a Hopf bifurcation point of system (1.1) (See Lemma 4.3 of [7]). Thus
the existence of an open interval I and an open neighborhood U � (x0, τ0, σ0, p0) follows
immediately from (S8) and Lemma 2.

If (x0, τ0, σ0, p0) ∈ C(x∗, τ ∗, σ ∗, p∗) is a non-constant periodic solution and τ0(t) =
τσ0 for all t ∈ R, then by Lemma 3, (x0, τ0, σ0, p0) is not τσ0 -periodic. The conclusion is
implied by Lemma 2.

If (x0, τ0, σ0, p0) is a non-constant periodic solution and τ0(t) �= τσ0 for some t ∈ R.
The conclusion follows from Theorem 3. ��
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2.3 Uniform Boundedness of Periods: Globally

We now start the process that uses the local exclusion of periods developed in the last
subsection to construct a uniform upper bound for periods of solutions in the Fuller space.
To achieve this goal, we need to “glue” the local exclusion of periods along the connected
component.

We will show in the next section the validness of (1.9). The purpose of this subsection is
to show that (1.10) is valid provided that (1.9) holds.

Theorem 5 Let C(y∗, z∗, σ ∗, p∗) be a connected component of the closure of all the non-
constant periodic solutions of system (1.2), bifurcated from (y∗, z∗, σ ∗, p∗) in the Fuller
space C(R/2π; R

N+1) × R
2. Suppose that system (1.1) satisfies (S5–S8 ). Then for every

(y0, z0, σ0, p0) ∈ C(y∗, z∗, σ ∗, p∗), there exist an open interval I and an open neigh-
borhood U � (y0, z0, σ0, p0) such that mp �= z(t) for every solution (y, z, σ, p) ∈
U ∩ C(y∗, z∗, σ ∗, p∗), m ∈ N and t ∈ I .

Proof Note that p > 0 for every solution (y, z, σ, p) in C(y∗, z∗, σ ∗, p∗). We show that
the mapping

ι : C(y∗, z∗, σ ∗, p∗) → C(x∗, τ ∗, σ ∗, p∗)

(y(·), z(·), σ, p) →
(

y

(
2π

p
·
)

, z

(
2π

p
·
)

, σ, p

)
(2.22)

is continuous, where C(x∗, τ ∗, σ ∗, p∗) ⊆ C(R; R
N+1) × R

2. Indeed, if

lim
n→+∞ ‖(yn(·), zn(·), σn, pn) − (y0(·), z0(·), σ0, p0)‖C(R/2π; RN+1)×R2 = 0,

then we have

‖ι(yn(·), zn(·), σn, pn) − ι(y0(·), z0(·), σ0, p0)‖C(R; RN+1)×R

= |yn

(
2π

pn
·
)

− y0

(
2π

p0
·
)

|C + |zn

(
2π

pn
·
)

− z0

(
2π

p0
·
)

|C
+ |σn − σ0| + |pn − p0|

≤ |yn − y0|C + 2π |ẏ0|
∣∣∣∣ 1

pn
− 1

p0

∣∣∣∣+ |zn − z0|C + 2π |ż0|
∣∣∣∣ 1

pn
− 1

p0

∣∣∣∣
+ |σn − σ0| + |pn − p0|

→ 0 as n → +∞,

where | · |C denotes the supremum norm in either C(R/2π; R
N ) or C(R/2π; R). Therefore,

C(x∗, τ ∗, σ ∗, p∗) is a connected component of periodic solutions of (1.1).
Let (x0, τ0, σ0, p0) = ι(y0, z0, σ0, p0) ∈ C(x∗, τ ∗, σ ∗, p∗). Then, by Theorem 4,

there exist an open interval I ′ and an open neighborhood U ′ � (x0, τ0, σ0, p0) such that
every solution (x, τ, σ, p) ∈ U ′ ∩ C(x∗, τ ∗, σ ∗, p∗) satisfies τ(t) �= mp for all m ∈ N

and t ∈ I ′.
Since ι is continuous, we can choose an open set U ⊆ C(R/2π; R

N+1) × R
2 small

enough so that (y0, z0, σ0, p0) ∈ U ⊆ ι−1(U ′) and the open set

I :=
⋂

{p:(y, z, σ, p)∈U }

p

2π
· I ′

is nonempty. Then, by the definition of ι, mp �= z(t) for every (y, z, σ, p) ∈ U ∩
C(y∗, z∗, σ ∗, p∗), m ∈ N and t ∈ I . ��
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Lemma 4 (The generalized intermediate value theorem, [10]) Let f : X → Y be a
continuous map from a connected space X to a linearly ordered set Y with order topology. If
a, b ∈ X and y ∈ Y lies between f (a) and f (b), then there exists x ∈ X such that f (x) = y.

Definition 2 Let C(y∗, z∗, σ ∗, p∗) be a connected component of the closure of all the
nonconstant periodic solutions of system (1.2), bifurcated from (y∗, z∗, σ ∗, p∗) in the
Fuller space C(R/2π; R

N+1) × R
2. Let I ⊂ R be an interval and U be a subset in

C(y∗, z∗, σ ∗, p∗). We call I × (U ∩ C(y∗, z∗, σ ∗, p∗)) a delay-period disparity set if
every solution

(y, z, σ, p) ∈ U ∩ C(y∗, z∗, σ ∗, p∗)

satisfies mp �= z(t) for every t ∈ I and m ∈ N. We call I × (U ∩ C(y∗, z∗, σ ∗, p∗))
a delay-period disparity set at (t0, y0, z0, σ0, p0) if (t0, y0, z0, σ0, p0) ∈ I × (U ∩
C(y∗, z∗, σ ∗, p∗)).

In the remaining part of this subsection, the following assumption is sometimes needed:

(S9) Every periodic solution (x, τ, σ ) of (1.1) satisfies τ(t) > 0 for every t ∈ R.

Lemma 5 Suppose that system (1.1) satisfies (S5-S6) and (x, τ, σ ) is a non-constant peri-
odic solution. If

(i) τ �≡ τσ and there exists t0 ∈ R such that τ(t0) = τσ , and
(i i) (x, τ ) is τσ -periodic,

then there exists t1 ∈ R such that τ(t1) > τσ .

Proof We prove by way of contradiction. Suppose that

τ(t) ≤ τσ for every t ∈ R. (2.23)

Then, since τ �≡ τσ , there exists t∗ ∈ R such that τ(t∗) < τσ . We can choose a maximal
interval [a, b] ⊂ R which contains t∗ in the sense that{

τ(t) < τσ for any t ∈ (a, b)

τ (t) = τσ for any t = a and t = b.
(2.24a)

If τ̇ (a) �= 0 or τ̇ (b) �= 0, then it follows from the local monotonicity of τ(t) (at a or b)
that there exists t1 ∈ R in some neighborhood of a or b such that τ(t1) > τσ . This is a
contradiction to (2.23).

If τ̇ (a) = τ̇ (b) = 0, then we have

g(x(a), τσ , σ ) = g(x(b), τσ , σ ) = 0. (2.25)

We distinguish the following two cases:
Case 1. x(a) �= xσ or x(b) �= xσ . Without loss of generality we suppose x(a) �= xσ . Then

by (ii), we have

τ̈ (a) = ∂g

∂x
(x(a), τσ , σ ) f (x(a), x(a), σ ). (2.26)

It follows from (S6), (2.25) and (2.26) that τ̈ (a) �= 0 holds. Therefore, we have τ̇ (t) is strictly
monotonic in some neighborhood of a. Hence there exists t1 ∈ R such that τ(t1) > τσ . This
is also a contradiction to (2.23).
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Case 2. x(a) = x(b) = xσ . By (S5), we have ∂g
∂τ

(xσ , τσ , σ ) �= 0. Without loss of
generality we assume that

∂g

∂τ
(xσ , τσ , σ ) < 0. (2.27)

Then by (2.24a), (2.25), (2.27) and the continuity of x(t) and τ(t), we can choose ε > 0
small enough so that

τ̇ (t) = g(x(t), τ (t), σ ) > 0 for every t ∈ (a, a + ε) ∪ (b − ε, b). (2.28)

Therefore, we have τ(a) < τ(a + ε). That is, there exists t1 = a + ε such that τ(a) =
τσ < τ(t1). This is a contradiction to (2.23). The proof is complete. ��
Lemma 6 Suppose that (1.1) satisfies (S5–S9 ). Let C(y∗, z∗, σ ∗, p∗) be a connected com-
ponent of the closure of all the nonconstant periodic solutions of system (1.2), bifurcated
from (y∗, z∗, σ ∗, p∗) in the Fuller space C(R/2π; R

N+1) × R
2. Let I ⊂ R be an open

interval and v̄ := (ȳ, z̄, σ̄ , p̄) ∈ C(y∗, z∗, σ ∗, p∗). If there is no delay-period disparity
set at (t, ū) for any t ∈ I , then

(i) there exists m ∈ N such that m p̄ = z̄(t) = zσ̄ for every t ∈ I ;
(ii) v̄ is a non-constant solution with z̄(t) = zσ̄ for every t ∈ I ;

(i i i) there exist an open interval I ′ ⊆ R and an open neighorhood U ′ of v̄ so that I ′×(U ′∩
C(y∗, z∗, σ ∗, p∗)) is a delay-period disparity set with v̄ ∈ U ′ ∩ C(y∗, z∗, σ ∗, p∗),
and the inequality zσ̄ < z̄(t) holds for every t ∈ I ′.

Proof (i) By Definition 2, for every t ∈ I , there exists m ∈ N such that z̄(t) = m p̄. Note
that z̄(t) is continuous, z̄(t) = m p̄ for every t ∈ I . Then, for every t ∈ I , we have

˙̄y(t) = p̄

2π
f (ȳ(t), ȳ(t), σ̄ ), (2.29)

˙̄z(t) = p̄

2π
g(ȳ(t), m p̄, σ̄ ) = 0. (2.30)

By (2.30), we have

¨̄z(t) = p̄2

4π2
∂g
∂x (ȳ(t), m p̄), σ̄ ) · f (ȳ(t), ȳ(t), σ̄ ) = 0. (2.31)

By (S6), (2.30) and (2.31), we have ȳ(t) = yσ̄ on I . Hence, by (S5) and by (2.30), we have
z̄(t) = zσ̄ = m p̄ on I . This finishes the proof of (i).

(ii) Note that the stationary solutions of (1.1) and (1.2) are equal. That is, (xσ , τσ ) =
(yσ , zσ ) for every σ ∈ R.

If v̄ is a constant solution, then by (i) we have z̄(t) = zσ̄ = m p̄ and ȳ(t) = yσ̄ for
all t ∈ R. Then (yσ̄ , zσ̄ , σ̄ , p̄) is a bifurcation point in C(y∗, z∗, σ ∗, p∗) which satisfies
zσ̄ = m p̄ for some m ∈ N. This contradicts with assumption (S8). So v̄ is a non-constant
solution with z̄(t) = zσ̄ for all t ∈ I .

(iii) Now we show that there exists t0 ∈ R such that z̄(t0) �= zσ̄ . If not, z̄(t) = zσ̄ for all
t ∈ R, then

(x̄(·), τ̄ (·), σ̄ ) : =
(

ȳ

(
2π

p̄
·
)

, z̄

(
2π

p̄
·
)

, σ̄

)
=
(

ȳ

(
2π

p̄
·
)

, zσ̄ , σ̄

)

=
(

ȳ

(
2π

p̄
·
)

, τσ̄ , σ̄

)
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is a solution of (1.1). Then, by Lemma 3, (x̄, τ̄ ) is not τσ̄ -periodic. Then we have m p̄ �= zσ̄

for any m ∈ N. This is a contradiction to (i).
Therefore, there exists t0 ∈ R such that z̄(t0) �= zσ̄ . That is, τ̄ (

p̄
2π

t0) �= τσ̄ . Note that, by

(i), (x̄, τ̄ ) is τσ̄ -periodic and τ̄ (t) = τσ̄ on p̄
2π

I . Then, by Lemma 5, there exists t1 ∈ R such
that

τ̄ (t1) > τσ̄ . (2.32)

By the continuity of τ̄ and by (2.32), there exists a finite interval (a, b) � t1 so that for every
t ∈ (a, b)

τ̄ (t) > τσ̄ . (2.33)

We claim that there exists t0 ∈ (a, b) so that v̄ is not τ̄ (t0)-periodic. Indeed, if not, v̄ is
τ̄ (t)-periodic for every t ∈ (a, b). Then by the continuity of τ̄ and by (2.33), there exist
t1, t2 ∈ (a, b) and an interval (τ̄ (t1), τ̄ (t2)) with τ̄ (t2) > τ̄ (t1), so that τ̄ is p-periodic for
all p ∈ (τ̄ (t1), τ̄ (t2)). Hence v̄ is a constant solution. This is a contradiction with (ii) and
the claim is proved.

Then, we have τ̄ (t0) �= m p̄ for all m ∈ N. By Lemma 2, there exists an open interval
I1 � t0 and an open neighborhood U1 � (x̄, τ̄ , σ̄ , p̄) such that every solution (x, τ, σ, p)

of (1.1) in U1 ∩ C(x∗, τ ∗, σ ∗, p∗) satisfies τ(t) �= mp for all m ∈ N and t ∈ I1. Note that
τ̄ is continuous at t = t0. We can therefore choose I1 small enough so that (2.33) holds for
all t ∈ I1.

Let ι be the continuous mapping defined by (2.22). Then we can choose an open set
U ′ ⊆ C(R/2π; R

N+1) × R
2 small enough so that v̄ ∈ U ′ ⊆ ι−1(U1) and

I ′ :=
⋂

{p:(y, z, σ, p)∈U ′}

p

2π
· I1

is nonempty. It follows from the definition of ι that mp �= z(t) for every solution
(y, z, σ, p) ∈ U ′ ∩ C(y∗, z∗, σ ∗, p∗), m ∈ N and t ∈ I ′. In particular, noting that (2.33)
holds for all t ∈ I1 and I ′ ⊆ p̄

2π
I1, we have

z̄ (t) > zσ̄ (2.34)

for every t ∈ I ′. This completes the proof. ��
Now we are able to state our main result in this subsection.

Theorem 6 Let C(y∗, z∗, σ ∗, p∗) be a connected component of the closure of all the non-
constant periodic solutions of system (1.2), bifurcated from (y∗, z∗, σ ∗, p∗) in the Fuller
space C(R/2π; R

N+1) × R
2. Suppose that (1.1) satisfies (S5–S9 ). If p∗ < z∗, then, for

every (y, z, σ, p) ∈ C(y∗, z∗, σ ∗, p∗), p < z(t) for some t ∈ R.

Proof By Theorem 5 and (S8), there exist an open interval I ∗ ⊆ R and an open set U∗ in
C(R/2π; R

N+1) × R
2 such that I ∗ × (U∗ ∩ C(y∗, z∗, σ ∗, p∗)) is a delay-period disparity

set with (y∗, z∗, σ ∗, p∗) ∈ U∗.
Let A∗ � (y∗, z∗, σ ∗, p∗) be a connected component of (U∗∩C(y∗, z∗, σ ∗, p∗)). Then,

I ∗×A∗ is connected in R×C(R/2π; R
N+1)×R

2. Define S : R×C(R/2π; R
N+1)×R

2 → R

by

S(t, y, z, σ, p) = p − z(t).

123



J Dyn Diff Equat (2010) 22:253–284 269

Note that we have p∗ < z∗. Then it follows that S(t, y∗, z∗, σ ∗, p∗) = p∗ − z∗ < 0. Note
that S is continuous. By Lemma 4, we have

S(t, y, z, σ, p) = p − z(t) < 0 (2.35)

for every (t, y, z, σ, p) ∈ I ∗×A∗, for otherwise, there exists (t0, y0, z0, σ0, p0)∈ I ∗×A∗
such that p0 = z0(t0) which contradicts the fact that I ∗ × A∗ is a subset of the forbidden
range of delay I ∗ × (U∗ ∩ C(y∗, z∗, σ ∗, p∗)).

Now we show that there exists a sequence of connected subsets of C(y∗, z∗, σ ∗, p∗),
denoted by {An}n0

n=1, n0 ∈ N or n0 = +∞, which satisfies that

(i) A∗ ⊆ A1 ⊂ A2 ⊂ · · · ⊂ An0 and ∪n0
n=1 An = C(y∗, z∗, σ ∗, p∗);

(ii) for every (y, z, σ, p) ∈ An with n ∈ {1, 2, . . . , n0}, p < z(t) at some t ∈ R.

Let A1 := A∗. If A1 = C(y∗, z∗, σ ∗, p∗)) then we are done by (2.35). If not,
since the only sets that are both closed and open in the connected topological space
C(y∗, z∗, σ ∗, p∗) are the empty set and the connected component C(y∗, z∗, σ ∗, p∗) itself,
A1 � (y∗, z∗, σ ∗, p∗) is not both closed and open. Then the boundary of A1 in the sense of
the relative topology induced by C(y∗, z∗, σ ∗, p∗) is nonempty. That is,

∂ A1 �= ∅. (2.36)

Let v̄ = (ȳ, z̄, σ̄ , p̄) ∈ ∂ A1. If there exists t1 ∈ I1 := I ∗ and a delay-period disparity
set I ′ × (U ′ ∩ C(y∗, z∗, σ ∗, p∗)) such that (t1, v̄) ∈ Ī ′ × (U ′ ∩ C(y∗, z∗, σ ∗, p∗), and if
Av̄ � v̄ is the connected component of U ′ ∩ C(y∗, z∗, σ ∗, p∗), then it is clear that A1 ∪ Av̄

is connected. As A1 is closed we have p̄ < z̄(t1). Then, by Lemma 4 we have

S(t, y, z, σ, p) = p − z(t) < 0 for every (t, y, z, σ, p) ∈ I ′ × Av̄ . (2.37)

If, for any t ∈ I1, there is no delay-period disparity set at (t, ū), then by Lemma 6,
there exists a delay-period disparity set I ′′ × (U ′′ ∩ C(y∗, z∗, σ ∗, p∗) with v̄ ∈ U ′ ∩
C(y∗, z∗, σ ∗, p∗) and

m p̄ = zσ̄ < z̄(t) for every t ∈ I ′′ and m ∈ N. (2.38)

Let Av̄ � v̄ be the connected component of U ′′ ∩ C(y∗, z∗, σ ∗, p∗). It is clear that
A1 ∪ Av̄ is connected. Then, by (2.38) and Lemma 4,

S(t, y, z, σ, p) = p − z(t) < 0 for any (t, y, z, σ, p) ∈ I ′′ × Av̄ . (2.39)

By (2.37) and (2.39) we know that if v̄ ∈ ∂ A1, then there exists a delay-period dis-
parity set Ĩ × (Ũ ∩ C(y∗, z∗, σ ∗, p∗)) with Av̄ � v̄ being the connected component of
Ũ ∩ C(y∗, z∗, σ ∗, p∗) so that

S(t, y, z, σ, p) = p − z(t) < 0 for any (t, y, z, σ, p) ∈ Ĩ × Av̄ . (2.40)

For every v̄ ∈ ∂ A1, we find a Av̄ satisfying (2.40). Then we define

A2 = A1 ∪
⋃

v̄∈∂ A1

Av̄ .

It follows from (2.35), (2.37) and (2.39) that, for any (y, z, σ, p) ∈ A2, p < z(t) for some
t ∈ R. Note that for any v̄ ∈ ∂ A1, A1 ∪ Av̄ is connected. Therefore, A2 is connected.
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Note that the existence of A2 only depends on the fact that ∂ A1 �= ∅, in the sense of
the relative topology induced by C(y∗, z∗, σ ∗, p∗). Beginning with n = 1, we can always
recursively construct a connected subset for each n ≥ 1, n ∈ N, with ∂ An �= ∅

An+1 = An ∪
⋃

v̄∈∂ An

Av̄ (2.41)

satisfying that for every (y, z, σ, p) ∈ An+1,

p < z(t) for some t ∈ R, (2.42)

where In × (Un ∩ C(y∗, z∗, σ ∗, p∗)) is a delay-period disparity set at (t, v̄) ∈ In × ∂ An

and Av̄ is the connected component of Un .
If the construction in (2.41) stops at some n0 ∈ N with ∂ An0 = ∅. Then An0 =

C(y∗, z∗, σ ∗, p∗) and we are done. If not, then n0 = +∞ and we obtain a sequence
of sets {An}+∞

n=1 which is a totally ordered family of sets with respect to set inclusion relation
“⊆”. Note that ∪+∞

n=1 An is the upper bound of {An}+∞
n=1. Then by Zorn’s lemma, there exists

a maximal element A∞ for the sequence {An}+∞
n=1.

Now we show that ∂ A∞ = ∅, in the sense of the relative topology induced by
C(y∗, z∗, σ ∗, p∗). Suppose not, then there exist v̄ ∈ ∂ A∞ and Av̄ , which is the connected
component of U∞, where I∞ × (U∞ × C(y∗, z∗, σ ∗, p∗)) is a delay-period disparity set
at (t, v̄) ∈ I∞ × ∂ A∞. We distinguish two cases:

Case 1. Av̄ \ A∞ = ∅ for all v̄ ∈ ∂ A∞. Then A∞ is a connected component of
C(y∗, z∗, σ ∗, p∗). Recall that C(y∗, z∗, σ ∗, p∗) itself is a connected component of the
closure of all the nonconstant periodic solutions of system (1.2). So we have A∞ =
C(y∗, z∗, σ ∗, p∗). That is ∂ A∞ = ∅. This is a contradiction.

Case 2. Av̄ \ A∞ �= ∅. But this means A∞ ⊂ A∞ ∪ Av̄ which contradicts the maximality
of A∞.

The contradictions show that ∂ A∞ = ∅, and hence A∞ = C(y∗, z∗, σ ∗, p∗). Therefore,
(2.42) holds for all (y, z, σ, p) ∈ C(y∗, z∗, σ ∗, p∗). This completes the proof. ��
Theorem 7 Let C(y∗, z∗, σ ∗, p∗) be a connected component of the closure of all the non-
constant periodic solutions of system (1.2), bifurcated at (y∗, z∗, σ ∗, p∗) in the Fuller space
C(R/2π; R

N+1)×R
2. Suppose that (1.1) satisfies (S5-S9 ). If there exists a continuous func-

tion M1 : R � σ → M1(σ ) > 0 such that for every (y, z, σ, p) ∈ C(y∗, z∗, σ ∗, p∗) we
have

‖(y, z)‖C(R; RN+1) ≤ M1(σ ), (2.43)

then p∗ < z∗ implies that p < M1(σ ) for every (y, z, σ, p) ∈ C(y∗, z∗, σ ∗, p∗).

Proof By Theorem 6, we have, for every (y, z, σ, p) ∈ C(y∗, z∗, σ ∗, p∗), that p < z(t)
for some t ∈ R. Then, by (2.43), we have p < M1(σ ). ��

3 Uniform Boundedness of Periodic Solutions

We refer to [13] for the concepts of balanced, convex and absorbing subsets and the Min-
kowski functional.

Lemma 7 Let G be a convex absorbing subset of a locally convex linear topological space
X which defines a Minkowski functional pG : X → R with pG(x) = inf{α > 0 : α−1x :=
x/α ∈ G}. For each γ > 0 define
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Gγ = {x : pG(x) < γ }. (3.1)

Then x ∈ ∂Gγ if and only if pG(x) = γ .

Proof It is clear that Gγ = γ G. By linearity, the Minkowski functional pGγ : X → R

determined by Gγ is well-defined. By (3.1) and by the definition of Minkowski functional,
we have

x ∈ ∂Gγ ⇐⇒ pGγ (x) = 1

⇐⇒ inf{α > 0 : x/α ∈ Gγ } = 1

⇐⇒ inf{α > 0 : pG(x/α) < γ } = 1

⇐⇒ inf{α > 0 : pG(x)/γ < α} = 1

⇐⇒ pG(x) = γ.

��
Lemma 8 Let G1 and G2 be convex absorbing subsets of locally convex linear topological
spaces X1 and X2, respectively. Let the Minkowski functionals associated with G1 and G2 be
pG1(x) and pG2(τ ), respectively. Then the Minkowski functional defined by G = G1 × G2

exists and satisfies

pG(x, τ ) = max{pG1(x), pG2(τ )}.
Proof The existence of pG(x, τ ) is clear from the definition of a Minkowski functional. Let
A = {α : x/α ∈ G1}, B = {α : τ/α ∈ G2}. Then it is clear that inf A ∩ B ≥ inf A and
inf A ∩ B ≥ inf B. It follows that inf A ∩ B ≥ max{inf A, inf B}, that is

pG(x, τ ) ≥ max{pG1(x), pG2(τ )}. (3.2)

On the other hand, if αA = inf A ≥ αB = inf B, since G1 and G2 are absorbing, we have
for every ε > 0, αA + ε ∈ A, αA + ε ∈ B. Therefore, inf A ∩ B ≤ αA + ε. Similarly, if
αA = inf A ≤ αB = inf B, we have inf A ∩ B ≤ αB + ε. Hence we obtain inf A ∩ B ≤
max{αA, αB} + ε. By the arbitrariness of ε > 0, we get inf A ∩ B ≤ max{αA, αB}, that is

pG(x, τ ) ≤ max{pG1(x), pG2(τ )}. (3.3)

By (3.2) and (3.3), we have

pG(x, τ ) = max{pG1(x), pG2(τ )}.
This completes the proof. ��

An immediate corollary of Lemma 7 and Lemma 8 is the following

Corollary 1 Let G1 and G2 be convex absorbing subsets of locally convex linear topolog-
ical spaces X1 and X2, respectively. Let pG1(x) and pG2(τ ) be the Minkowski functionals
associated with G1 and G2, respectively. Let G = G1 × G2, and for every γ > 0, define

Gγ = {(x, τ ) : pG(x, τ ) < γ },
Gγ

1 = {x : pG1(x) < γ },
Gγ

2 = {τ : pG2(τ ) < γ }.
Then Gγ = Gγ

1 × Gγ
2 and Ḡγ = Ḡγ

1 × Ḡγ
2 .

In this section, we use “·” to denote the usual inner product of an Euclidean space and use
Gc and Dc to denote the complementary sets of G and D, respectively.
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We can now state and prove the geometric conditions for uniform boundedness of the
periodic solutions of (1.1) with σ ∈ �, where � ⊆ R is a given subset.

Theorem 8 Suppose that G1 ⊂ R
N and G2 ⊂ R are bounded, balanced, convex and

absorbing open subsets with associated Minkowski functionals pG1(x) and pG2(τ ). Let
G = G1 × G2 and (x, τ ) = 1

pG (x, τ )
(x, τ ) ∈ ∂G for (x, τ ) �= 0. Assume that there exists a

vector-valued function N : ∂G \ (∂G1 × ∂G2) → R
N+1 \ {0} satisfying

(i) : G ⊆ U1 ∪ U2, where

U1 =
⋂

(x, τ )∈∂G\(∂G1×∂G2)

{(u, v) : N (x, τ ) · (u − x, v − τ) ≤ 0};

U2 =
⋂

(x, τ )∈∂G1×∂G2

{(u, v) : x · (u − x) ≤ 0, τ · (v − τ) ≤ 0};

(i i) : N (x, τ ) · ( f (x, x̃, σ ), g(x, τ, σ )) is positive (or negative) for all (x, τ ) ∈ Gc

with (x, τ ) �∈ ∂G1 × ∂G2, and all (̃x, τ ) ∈ R
N × R with pG (̃x, τ ) ≤ pG(x, τ )

and σ ∈ �;
(i i i) : x · f (x, x̃, σ ) and τ ·g(x, τ, σ ) are both positive (or negative) for all (x, τ ) ∈ Gc

with (x, τ ) ∈ ∂G1 × ∂G2, and all (̃x, τ ) ∈ R
N × R with pG (̃x, τ ) ≤ pG(x, τ )

and σ ∈ �.

Then the range of all the periodic solutions of (1.1) with σ ∈ � is contained in G.

Remark 2 The prototype of the vector-valued function N (x, τ ) is the (outer or inner) normal
of G which is not defined on ∂G1 × ∂G2. If G is a rectangle in a planar space, ∂G1 × ∂G2

are four corner points of G. Conditions (ii)–(iii) of Theorem 8 require that the vector field
determined by the right hand side of system (1.1) has positive (or negative) inner product
with respect to the normal of a given rectangle G, where the vector field is evaluated at
(x, τ ) ∈ R

N+1 which satisfies (x, τ ) ∈ Gc and pG (̃x, τ ) ≤ pG(x, τ ).

Proof Letting (x, τ )(t) = (y, z)(βt) with a normalization parameter β > 0. we only need
to consider the 2π-periodic solutions of the following system{

ẏ(t) = 1
β

f (y(t), y(t − βz(t)), σ ),

ż(t) = 1
β

g(y(t), z(t), σ ),
(3.4)

where x ∈ R
N and τ ∈ R. It is clear that if (x(t), τ (t)) and (y(t), z(t)) are solutions of (1.1)

and (3.4), respectively, then (x(t), τ (t)) ∈ G for all t ∈ R if and only if (y(t), z(t)) ∈ G for
all t ∈ R.

For simplicity, we denote y(t − βz(t)) by ỹ(t) for each solution (y(t), z(t)) of (3.4).
Let (y, z) be the positive constant multiple of (y, z) so that (y, z) ∈ ∂G. That is, for every
(y, z) ∈ R

N+1 \ {0}, there exists (ȳ, z̄) ∈ ∂G so that (y, z) = pG(y, z)(ȳ, z̄).
Suppose there exists a 2π -periodic solution of (3.4) so that (y(t0), z(t0)) �∈ G for some

t0 ∈ [0, 2π] and define the map γ : R � t → pG(y(t), z(t)) ∈ R. Since R
N+1 �

(y, z) �→ pG(y, z) ∈ R and R � t �→ (y(t), z(t)) ∈ R
N+1 are continuous, the map

γ : t → pG(y(t), z(t)) is continuous and there exist γ ∗ ≥ 1 and t∗ ∈ [0, 2π] such that

γ ∗ = pG(y(t∗), z(t∗)) = max
t∈[0, 2π ] pG(y(t), z(t)). (3.5)

Then, by Lemma 7 and (3.5), we have (y(t∗), z(t∗)) ∈ ∂Gγ ∗
and Gγ (t) ⊆ Gγ ∗

for all t ∈ R.

Therefore, by Corollary 1, (y(t), z(t)) ∈ Ḡγ ∗ = Ḡγ ∗
1 ×Ḡγ ∗

2 for all t ∈ [0, 2π]. In particular,
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by periodicity of (y(t), z(t)), we obtain (y(t − βz(t)), z(t)) ∈ Ḡγ ∗
for all t ∈ [0, 2π] and

β > 0. Therefore, we have

pG(y(t∗ − βz(t∗), z(t∗)) ≤ pG(y(t∗), z(t∗)). (3.6)

We first suppose that (ȳ(t∗), z̄(t∗)) = 1
pG (y(t∗), z(t∗)) (y(t∗), z(t∗)) ∈ U1. Then, by (3.5),

(3.6) and by assumption (ii), we have (we use the positiveness assumption in the proof. The
proof is similar if we use the negativeness assumption. See Remark 3 for details.)

N
(
ȳ(t∗), z̄(t∗)

) ·
[

1

β
f (y(t∗), y(t∗ − βz(t∗)), σ ),

1

β
g(y(t∗), z(t∗), σ )

]
> 0. (3.7)

Let us write
[

y(t∗ + h)

z(t∗ + h)

]
=
[

y(t∗)
z(t∗)

]
+
[∫ 1

0 ẏ(t∗ + sh)ds h∫ 1
0 ż(t∗ + sh)ds h

]
, (3.8)

and choose h > 0 small enough so that

N (ȳ(t∗), z̄(t∗)) ·
[

1

β
f (y(t), y(t − βz(t)), σ ),

1

β
g(y(t), z(t), σ )

]
> 0 (3.9)

for t∗ ≤ t < t∗ + h. Then by (3.4), (3.8) and (3.9), we have

N (ȳ(t∗), z̄(t∗)) · (y(t∗ + h) − y(t∗), z(t∗ + h) − z(t∗)) > 0. (3.10)

Now we distinguish the following two cases in order to deduce contradictions:
Case 1. If (y(t∗ + h), z(t∗ + h)) ∈ Ḡ, then γ ∗−1(y(t∗ + h), z(t∗ + h)) ∈ Ḡ since

γ ∗ ≥ 1. Also, we have (y(t∗), z(t∗)) = (γ ∗ ȳ(t∗), γ ∗ z̄(t∗)) with (ȳ(t∗), z̄(t∗)) ∈ ∂G. Then
by assumption (i), we have

N (ȳ(t∗), z̄(t∗)) ·
(
γ ∗−1 y(t∗ + h) − ȳ(t∗), γ ∗−1z(t∗ + h) − z̄(t∗)

)
≤ 0. (3.11)

On the other hand, we have by (3.10)

0 < N (ȳ(t∗), z̄(t∗)) · (y(t∗ + h) − y(t∗), z(t∗ + h) − z(t∗))

= γ ∗N (ȳ(t∗), z̄(t∗)) ·
(
γ ∗−1 y(t∗ + h) − ȳ(t∗), γ ∗−1z(t∗ + h) − z̄(t∗)

)
, (3.12)

which contradicts (3.11).
Case 2. If (y(t∗ + h), z(t∗ + h)) �∈ Ḡ, then by (3.5), we have

1 ≤ γh = pG(y(t∗ + h), z(t∗ + h)) ≤ pG(y(t∗), z(t∗)) = γ ∗. (3.13)

Also, we have (y(t∗ + h), z(t∗ + h)) = γh(ȳ(t∗ + h), z̄(t∗ + h)) with (ȳ(t∗ + h), z̄(t∗
+h)) ∈ ∂G. By the convexity of Ḡ and by the inequality γh/γ ∗ ≤ 1, we have,

(
γh

γ ∗ ȳ(t∗ + h),
γh

γ ∗ z̄(t∗ + h)

)
∈ Ḡ.

Then, by assumption (i), we have

N (ȳ(t∗), z̄(t∗)) ·
(

γh

γ ∗ ȳ(t∗ + h) − ȳ(t∗), γh

γ ∗ z̄(t∗ + h) − z̄(t∗)
)

≤ 0. (3.14)
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On the other hand, we have by (3.10)

0 < N (ȳ(t∗), z̄(t∗)) · (y(t∗ + h) − y(t∗), z(t∗ + h) − z(t∗))

= γ ∗N (ȳ(t∗), z̄(t∗)) ·
(

γh

γ ∗ ȳ(t∗ + h) − ȳ(t∗), γh

γ ∗ z̄(t∗ + h) − z̄(t∗)
)

, (3.15)

which contradicts (3.14).
Secondly, we suppose that (ȳ(t∗), z̄(t∗)) = 1

pG (y(t∗), z(t∗)) (y(t∗), z(t∗)) ∈ U2. By
assumption (iii), we have{

ȳ(t∗) · 1
β

f (y(t∗), y(t∗ − βz(t∗)), σ ) > 0,

z̄(t∗) · 1
β

g(y(t∗), z(t∗), σ ) > 0.
(3.16)

Therefore, we can choose h > 0 small enough so that for t∗ ≤ t < t∗ + h{
ȳ(t∗) · 1

β
f (y(t), y(t − βz(t)), σ ) > 0,

z̄(t∗) · 1
β

g(y(t), z(t), σ ) > 0.
(3.17)

Then by (3.4), (3.8) and (3.17), we have{
ȳ(t∗) · (y(t∗ + h) − y(t∗)) > 0,

z̄(t∗) · (z(t∗ + h) − z(t∗)) > 0.
(3.18)

We distinguish the following two cases in order to deduce contradictions:
Case 1′. If (y(t∗ + h), z(t∗ + h)) ∈ Ḡ, then γ ∗−1(y(t∗ + h), z(t∗ + h)) ∈ Ḡ since

γ ∗ ≥ 1. Also, we have (y(t∗), z(t∗)) = (γ ∗ ȳ(t∗), γ ∗ z̄(t∗)) with (ȳ(t∗), z̄(t∗)) ∈ ∂G. Then
by assumption (i), we have

{
ȳ(t∗) · (γ ∗−1 y(t∗ + h) − ȳ(t∗)) ≤ 0,

z̄(t∗) · (γ ∗−1z(t∗ + h) − z̄(t∗)) ≤ 0.
(3.19)

On the other hand, we have by (3.18)
{

ȳ(t∗) · (y(t∗ + h) − y(t∗)) = γ ∗ ȳ(t∗) · (γ ∗−1 y(t∗ + h) − ȳ(t∗)) > 0,

z̄(t∗) · (z(t∗ + h) − z(t∗)) = γ ∗ z̄(t∗) · (γ ∗−1z(t∗ + h) − z̄(t∗)) > 0,
(3.20)

which contradicts (3.19).
Case 2′. If (y(t∗ + h), z(t∗ + h)) �∈ Ḡ, then by (3.13) and the convexity of Ḡ, we have,(

γh

γ ∗ ȳ(t∗ + h),
γh

γ ∗ z̄(t∗ + h)

)
∈ Ḡ,

where γh = pG(y(t∗ + h), z(t∗ + h)). Then, by assumption (i), we have{
ȳ(t∗) · (

γh
γ ∗ ȳ(t∗ + h) − ȳ(t∗)) ≤ 0,

z̄(t∗) · (
γh
γ ∗ z̄(t∗ + h) − z̄(t∗)) ≤ 0.

(3.21)

On the other hand, we have by (3.18){
ȳ(t∗) · (y(t∗ + h) − y(t∗)) = γ ∗ ȳ(t∗) · (

γh
γ ∗ ȳ(t∗ + h) − ȳ(t∗)) > 0,

z̄(t∗) · (z(t∗ + h) − z(t∗)) = γ ∗ z̄(t∗) · (
γh
γ ∗ z̄(t∗ + h) − z̄(t∗)) > 0,

(3.22)

which contradicts (3.21). Therefore, contradictions are obtained in all the cases and the proof
is complete. ��
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Remark 3 If we use < 0 instead of > 0 in the inequality (3.7), we need to change (3.8) to
be the difference between (y(t∗), z(t∗)) and (y(t∗ − h), z(t∗ − h)). That is,

[
y(t∗)
z(t∗)

]
=
[

y(t∗ − h)

z(t∗ − h)

]
+
[∫ 1

0 ẏ(t∗ − sh)ds h∫ 1
0 ż(t∗ − sh)ds h

]
.

Then the rest of the proof is similar.

Corollary 2 Suppose that G1 ⊂ R
N and G2 ⊂ R are bounded, balanced, convex and

absorbing open subsets which define the Minkowski functionals pG1(x) and pG2(τ ). Sup-
pose N : ∂G \ (∂G1 × ∂G2) → R

N+1 \ {0} is the outer normal of G. Fix σ ∈ � and let
G = G1 × G2 and

Fmax(x, σ ) = max
{x̃ : pG1 (x̃)≤pG1 (x)}

x · f (x, x̃, σ ),

Fmin(x, σ ) = min
{x̃ : pG1 (x̃)≤pG1 (x)}

x · f (x, x̃, σ ).

Then the range of all the periodic solutions of (1.1) are contained in G if either of the following
conditions (H1 ) or (H2 ) holds:

(H1 ) Fmax(x, σ ) < 0 for any x ∈ Gc
1 and τ · g(x, τ ) < 0 for any τ ∈ Gc

2, x ∈ R
N .

(H2 ) Fmin(x, σ ) > 0 for any x ∈ Gc
1 and τ · g(x, τ ) > 0 for any τ ∈ Gc

2, x ∈ R
N .

Proof We prove the conclusions by applying Theorem 8. By Corollary 1, there exist Minkow-
ski functionals pG(x, τ ), pG1(x) and pG2(τ ) defined on R

N × R, R
N and R, respectively.

For every (x, τ ) ∈ Gc, let (x̄, τ̄ ) = (x, τ )/pG(x, τ ) ∈ ∂G. Recall that N : ∂G \ (∂G1 ×
∂G2) → R

N+1 \{0} is the outer normal of the convex set G. Then condition (i) of Theorem 8
is satisfied.

Suppose (H1) holds. Then we have

{
x · f (x, x̃, σ ) < 0, for all (x, x̃) ∈ Gc

1 × R
N with pG1(x̃) ≤ pG1(x), (3.23a)

{
τ · g(x, τ, σ ) < 0, for all τ ∈ Gc

2, x ∈ R
N . (3.23b)

For every (x, τ ) ∈ Gc with pG(x̃, τ ) ≤ pG(x, τ ), let (x̄, τ̄ ) = (x, τ )/pG(x, τ ) ∈ ∂G.

Note that ∂G = (G1 × ∂G2) ∪ (∂G1 × G2) ∪ (∂G1 × ∂G2). We distinguish the following
three cases:

Case 1. If (x̄, τ̄ ) ∈ G1 × ∂G2, then N (x̄, τ̄ ) = (0, τ )/pG(x, τ ) �= 0 is an outer normal
of G. We claim that τ ∈ Gc

2 holds.
Indeed, since x̄ ∈ G1 then we have pG1(x̄) = pG1(x/pG(x, τ )) < 1. Therefore,

pG1(x) < pG(x, τ ). By Lemma 8, we know that pG(x, τ ) = max{pG1(x), pG2(τ )}.
Then we have pG1(x) < pG2(τ ) and pG(x, τ ) = pG2(τ ) > 1. Then by Lemma 7, we have
τ ∈ Gc

2.
Then by (3.23b) we have

N (x̄, τ̄ ) · ( f (x, x̃, σ ), g(x, τ, σ )) = τ · g(x, τ, σ )/pG(x, τ ) < 0.

Case 2. If (x̄, τ̄ ) ∈ ∂G1 × G2, then N (x̄, τ̄ ) = (x, 0)/pG(x, τ ) �= 0 is an outer normal
of G. We claim that x ∈ Gc

1 and pG1(x̃) ≤ pG1(x) hold.
Indeed, since τ̄ ∈ G2 then we have pG2(τ̄ ) = pG2(τ/pG(x, τ )) < 1. Therefore,

pG2(τ ) < pG(x, τ ). By Lemma 8, we know that pG(x, τ ) = max{pG1(x), pG2(τ )}.
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Then we have pG2(τ ) < pG1(x) and pG(x, τ ) = pG1(x) > 1. Then by Lemma 7, we
have x ∈ Gc

1. Moreover, it follows again by Lemma 8 that pG(x̃, τ ) ≤ pG(x, τ ) implies
pG1(x̃) ≤ pG1(x). This proves the claim.

By (3.23a), we have

N (x̄, τ̄ ) · ( f (x, x̃, σ ), g(x, τ, σ )) = x · f (x, x̃, σ )/pG(x, τ ) < 0.

From Case 1 and Case 2, we know that N (x̄, τ̄ ) · ( f (x, x̃, σ ), g(x, τ, σ )) is negative def-
inite for all (x, τ ) ∈ Gc and σ ∈ � with (x, τ ) �∈ ∂G1 × ∂G2, and all (̃x, τ ) ∈ R

N × R

with pG (̃x, τ ) ≤ pG(x, τ ). That is, condition (ii) of Theorem 8 is satisfied.
Case 3. If (x̄, τ̄ ) ∈ ∂G1 × ∂G2, we claim that (x, τ ) ∈ Gc

1 × Gc
2 and pG1(x̃) = pG1(x)

hold.
Indeed, since (x̄, τ̄ ) ∈ ∂G1 × ∂G2, then we have pG1(x̄) = pG1(x/pG(x, τ )) = 1

and pG2(τ̄ ) = pG2(τ/pG(x, τ )) = 1. Therefore, pG(x, τ ) = pG1(x) = pG2(τ ). Since
(x, τ ) ∈ Gc, we have pG1(x) = pG2(τ ) = pG(x, τ ) > 1. Then by Lemma 7, we have
(x, τ ) ∈ Gc

1 × Gc
2. Moreover, it follows again by Lemma 8 that pG(x̃, τ ) ≤ pG(x, τ )

implies pG1(x̃) ≤ pG1(x). This proves the claim.
Then by (3.23a) and (3.23b) we have

x · f (x, x̃, σ ) < 0 and τ · g(x, τ, σ ) < 0.

>From Case 3, for all (x, τ ) ∈ Gc and σ ∈ � with (x, τ ) �∈ ∂G1 × ∂G2, and all (̃x, τ ) ∈
R

N × R with pG (̃x, τ ) ≤ pG(x, τ ). That is, condition (iii) of Theorem 8 is satisfied.
It follows from Theorem 8 that the range of all the periodic solutions of (1.1) with σ ∈ � is

contained in G. Similarly, if (H2) holds, we can obtain from Theorem 8 the same conclusion.
This completes the proof. ��

4 Global Continuation of Rapidly Oscillating Periodic Solutions: An Example

In this section we illustrate our general results by applying them to the study of the global
continua of rapidly oscillating periodic solutions for the following differential equations with
state-dependent delay,

{
ẋ(t) = −μx(t) + σ 2b(x(t − τ(t))),
τ̇ (t) = 1 − h(x(t)) · (1 + tanh τ(t)),

(4.1)

where tanh(τ ) = (e2τ − 1)/(e2τ + 1) and μ > 0 is a constant. We make the following
assumptions:

(α1) b, h : R → R are C2 functions with b′(0) = −1;
(α2) There exist h0 < h1 in (1/2, 1) such that h1 > h(x) > h0 for all x ∈ R;
(α3) b is decreasing on R;
(α4) xb(x) < 0 for x �= 0, and there exists a continuous function M : R � σ → M(σ ) ∈

(0, +∞) so that

b(x)

x
> − μ

σ 2

for every x ∈ R with |x | ≥ M(σ );
(α5) There exists M0 > 0 such that |b′(x)| < M0 for every x ∈ R;
(α6) h′(x) = 0 only if x satisfies −μx + σ 2b(x) = 0.
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Remark 4 We use tanh(τ ) just for the sake of simplicity. Other types of functions can be
used with minor changes of our arguments below.

We start with the uniform boundedness of periodic solutions (x(t), τ (t)) of (4.1).

Lemma 9 Assume (α1)–(α4) hold. Then the range of every periodic solution (x, τ ) of (4.1)
with σ ∈ R is contained in

�1 = (−M(σ ), M(σ )) ×
(

0,− ln(2h0 − 1)

2

)
.

Proof If σ = 0, the only periodic solution is
(

0, − ln(2h(0)−1)
2

)
. By (α2) and by (α3), we

have 0 < − ln(2h(0)−1)
2 < − ln(2h0−1)

2 and 0 ∈ (−M(0), M(0)). It follows that
(

0, − ln(2h(0) − 1)

2

)
∈ (−M(0), M(0)) ×

(
0, − ln(2h0 − 1)

2

)
. (4.2)

Now we assume σ �= 0. If x > 0, then, by assumption (α3), we have

max
y∈{y:|y|≤|x |} x · (−μx + σ 2b(y)) = max

y∈{y:|y|≤|x |} −σ 2x2
(

μ

σ 2 − b(y)

x

)

= −σ 2x2
(

μ

σ 2 − b(−x)

x

)
.

Then by (α4) we have

max
y∈{y:|y|≤|x |} x · (−μx + σ 2b(y)) = −σ x2

(
μ

σ 2 − b(−x)

x

)
< 0

for every x ∈ R with x ≥ M(σ ). It follows that

max
y∈{y:|y|≤|x |} x · (−μx + σ 2b(y)) < 0 for x ≥ M(σ ). (4.3)

Similarly, if x < 0, then by assumption (α3), we have

max
y∈{y:|y|≤|x |} x · (−μx + σ 2b(y)) = max

y∈{y:|y|≤|x |} −x2
(

μ − σ 2b(y)

x

)

= −σ 2x2
(

μ

σ 2 − b(−x)

x

)
.

By (α4) we have

max
y∈{y:|y|≤|x |} x · (−μx + σ 2b(y)) = −σ 2x2

(
μ

σ 2 − b(−x)

x

)
< 0

for every x with x < −M(σ ).
Therefore, we have

max
y∈{y:|y|≤|x |} x · (−μx + σ 2b(y)) < 0 for x ≤ −M(σ ). (4.4)

Then by (4.3) and (4.4) we have

max
y∈{y:|y|≤|x |} x · (−μx + σ 2b(y)) < 0 if x �∈ (−M(σ ), M(σ )). (4.5)
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It is clear from (α2) that for all x ∈ R,

lim
τ→±∞ τ · (1 − h(x)(1 + tanh τ)) < 0.

To obtain an upper bound for τ , where (x, τ ) is a periodic solution of (4.1), we introduce
the following change of variable:

z(t) = τ(t) + ln(2h0 − 1)

4
. (4.6)

Then system (4.1) is transformed to
{

ẋ(t) = −μx(t) + σ 2b
(

x
(

t − z(t) + ln(2h0−1)
4

))
,

ż(t) = 1 − h(x(t))
(
1 + tanh

(
z(t) − 1

4 ln(2h0 − 1)
))

.
(4.7)

By (α2) and the monotonicity of tanh τ , we have, for every z ≤ ln(2h0−1)
4 < 0 and for all

x ∈ R,

z ·
(

1 − h(x)

(
1 + tanh

(
z − 1

4
ln(2h0 − 1)

)))

≤ z · (1 − h(x) (1 + tanh (0)))

< z · (1 − h1)

< 0. (4.8)

Similarly, by (α2) and the monotonicity of tanh τ , for every z ≥ − ln(2h0−1)
4 > 0 and for all

x ∈ R, we have

z ·
(

1 − h(x)

(
1 + tanh

(
z − 1

4
ln(2h0 − 1)

)))

< z ·
(

1 − h(x)

(
1 + tanh

(
−1

2
ln(2h0 − 1)

)))

= z ·
(

1 − h(x)

(
1 + 1 − h0

h0

))

= z ·
(

1 − h(x)

h0

)

< 0. (4.9)

Then, by (4.8) and (4.9), we have, for any z �∈
(

ln(2h0−1)
4 , − ln(2h0−1)

4

)
and for all x ∈ R,

z ·
(

1 − h(x)

(
1 + tanh

(
z − 1

4
ln(2h0 − 1)

)))
< 0. (4.10)

Thus it follows from Corollary 2, (4.5) and (4.10) that the range of all the periodic solutions

(x, z) of (4.7) are contained in (−M(σ ), M(σ ))×
(

ln(2h0−1)
4 , − ln(2h0−1)

4

)
. Then, by (4.6),

all periodic solutions (x, τ ) of (4.1) with σ �= 0 are contained in

�1 = (−M(σ ), M(σ )) ×
(

0, − ln(2h0 − 1)

2

)
. (4.11)

Then by (4.2) and (4.11), the proof is complete. ��

123



J Dyn Diff Equat (2010) 22:253–284 279

Now we consider the global Hopf bifurcation problem of system (4.1) under the assump-
tions (α1)–(α6). By (α4), (x, τ ) = (0, τ ∗) is the only stationary solution of (4.1), where
τ ∗ = − 1

2 ln(2h(0) − 1) > 0. Freezing the state-dependent delay τ(t) at τ ∗ for the term
x(t − τ(t)) of (4.1) and linearizing the resulting system with constant delay at the stationary
solution (0, τ ∗), we obtain the following formal linearization of system (4.1)

{
Ẋ(t) = −μX (t) − σ 2 X (t − τ ∗),
Ṫ (t) = −ρX (t) − qT (t),

(4.12)

where

ρ = h′(0)

h(0)
, q = 2 − 1

h(0)
> 0. (4.13)

In the following, we regard σ as the bifurcation parameter. We obtain the characteristic
equation of the linear system corresponding to (4.12)

(λ + μ + σ 2e−τ∗λ)(λ + q) = 0. (4.14)

Since the zero of λ + q = 0 is −q which is real, Hopf bifurcation points are related to zeros
of only the first factor (λ + μ + σ 2e−τ∗λ). To locate local Hopf bifurcation points we let
λ = iβ, β > 0, in λ + μ + σ 2e−τ∗λ = 0 and express the resulting equation in terms of its
real and imaginary parts as

{
β = σ 2 sin(τ ∗β),

μ = −σ 2 cos(τ ∗β).
(4.15)

We illustrate in the following lemma the close relation between (4.15) and the following
equations

{
tan τ ∗β = − β

μ
,

β2 = σ 4 − μ2.
(4.16)

Lemma 10 We have the following conclusions:

(i) All the positive solutions of (4.15) can be represented by an infinite sequence {βn}+∞
n=1

which satisfies 0 < β1 < β2 < · · · < βn < · · · , limn→+∞ βn = +∞ and

βn ∈
(

(4n − 3)π

2τ ∗ ,
(4n − 2)π

2τ ∗

)
for n ≥ 1.

(i i) ±iβn are characteristic values of the stationary solution (0, τ ∗, σn), where

σn = ± (
β2

n + μ2)1/4
.

If σ �= σn, then the stationary solution (0, τ ∗, σ ) has no purely imaginary charac-
teristic value.

(i i i) Let λn(σ ) = un(σ ) + ivn(σ ) be the root of (4.14) for σ close to σn such that
un(σn) + ivn(σn) = iβn. Then

u′
n(σ ) σ=σn = 2

σn

(
μ2 + β2

n

)
τ ∗ + μ

(1 + μτ ∗)2 + (βnτ ∗)2 .
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Proof (i) We first claim that (4.16) has infinitely many solutions 0 < β1 < β2 < · · · <

β j < · · · such that lim j→+∞ β j = +∞ and

β j ∈
(

(2 j − 1)π

2τ ∗ ,
2 jπ

2τ ∗

)
for j ≥ 1. (4.17)

Note that the function z = tan τ ∗β is a strictly increasing 1-1 mapping from the open inter-

val
(

(2 j−1)π
2τ∗ ,

2 jπ
2τ∗

)
to (−∞, 0) with tan(τ ∗ 2 jπ

2τ∗ ) = 0 and lim
θ→

(
τ∗ (2 j−1)π

2τ∗
)+ tan(θ) = −∞

for every j ≥ 1. Then, it has a unique intersection with the straight line z = −β/μ,μ > 0,

in the strip area
(

(2n−1)π
2τ∗ , 2nπ

2τ∗
)

× (−∞, 0) on the (β, z)-plane. Thus the claim follows.

By assuming −β/σ 2 = sin θ and −μ/σ 2 = cos θ in the second equation of (4.16), then
we have tan θ = − tan τ ∗β and hence θ = kπ − τ ∗β for k ∈ Z. Depending on whether k is
even or odd, the set of solutions {β j }+∞

j=1 of (4.16) can be categorized into two classes which
solve the following equations (I) and (II), respectively. Note that β > 0, μ > 0 and σ �= 0.
There is no common solution for (I) and (II).

(I)

{
β/σ 2 = sin τ ∗β,

μ/σ 2 = − cos τ ∗β,
(II)

{
β/σ 2 = − sin τ ∗β,

μ/σ 2 = cos τ ∗β.
(4.18)

It is clear that equation (I) is exactly (4.15). To prove (i), we only need to identify solutions
of (I) from {β j }+∞

j=1 which satisfies (4.17).
If j = 2m for some m ∈ N, then by (4.17) we have τ ∗β2m ∈ (2mπ − π/2, 2mπ), sin(τ ∗

β2m) < 0 and cos(τ ∗β2m) > 0. Then β2m is not the solution of (I) but the solution of (II)
since we have β2m/σ 2 > 0 and β2m/σ 2 �= sin τ ∗β2m . If j = 2m − 1 for some m ∈ N,
then by (4.17) we have τ ∗β2m−1 ∈ (2mπ − 3π/2, 2mπ − π) and sin(τ ∗β2m−1) > 0. Then
β2m−1 is not the solution of (II) but the solution of (I) since we have β2m−1/σ

2 > 0 and
β2m−1/σ

2 �= − sin(τ ∗β2m−1).
Note that j ∈ N is an arbitrary odd number. The set of positive solutions of (4.15) can be

represented by the infinite sequence {βn}+∞
n=1 where βn satisfies

βn ∈
(

(4n − 3)π

2τ ∗ ,
(4n − 2)π

2τ ∗

)
, for n ≥ 1.

This completes the proof of (i).
The conclusion (ii) follows from the second equation of (4.15).
To prove (iii), let F(λ, σ ) = λ + μ + σ 2e−τ∗λ. Then we have

∂ F

∂λ
λ=iβn , σ=σn = 1 − σ 2

n τ ∗e−τ∗iβn �= 0.

By the implicit function theorem, there exists a differentiable function σ → λn(σ ) = un(σ )

+ ivn(σ ) which is a root of (4.14) for σ close to σn with un(σn) + ivn(σn) = iβn . Note
that λn(σ ) → iβn �= q as σ → σn . Now we substitute λ by λn(σ ) = un(σ ) + ivn(σ ) into
λ + μ + σ 2e−τ∗λ = 0 and obtain

un(σ ) + ivn(σ ) + μ + σ 2e−τ∗(un(σ )+ivn(σ )) = 0.

Differentiating both sides of the above equation with respect to σ and then substituting
σ = σn , we have{ (

1 − σ 2
n τ ∗ cos(τ ∗βn)

)
u′

n(σn) − σ 2
n τ ∗ sin(τ ∗βn)v′

n(σn) = −2σn cos(τ ∗βn),

σ 2
n τ ∗ sin(τ ∗βn)u′

n(σn) + (1 − σ 2
n τ ∗ cos(τ ∗βn))v′

n(σn) = 2σn sin(τ ∗βn).
(4.19)
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Note that from (i), we have τ ∗ > 0, σn �= 0 and βn > 0 for every n ≥ 1. We combine (4.19)
with (4.15) to obtain

u′
n(σ ) σ=σn = 2

σn

(μ2 + β2
n )τ ∗ + μ

(1 + μτ ∗)2 + (βnτ ∗)2 .

This completes the proof. ��
Now we are able to state our main results.

Theorem 9 Assume (α1–α6) hold. Let βn ∈
(

(4n−3)π
2τ∗ ,

(4n−2)π
2τ∗

)
, n ≥ 1, be given in (i) of

Lemma 10. Let σn = ±(μ2 + βn)1/4 for n ≥ 1. Then

(a) There exists an unbounded connected component C
(

0, τ ∗, σn, 2π
βn

)
of the closure of

all the nonconstant periodic solutions of system (4.1), bifurcated from (0, τ ∗, σn, 2π
βn

)

in the Fuller space where σ satisfies sgn(σn)σ > 0.

(b) (0, τ ∗, σ1,
2π
β1

) �∈ C
(

0, τ ∗, σn, 2π
βn

)
for every n ≥ 2.

(c) For every n ≥ 2, the projection of C
(

0, τ ∗, σn, 2π
βn

)
onto the parameter space R is

unbounded in (0, +∞) if σn > 0 and is unbounded in (−∞, 0) if σn < 0.

Proof (a) We prove by applying Theorem 1. We first verify assumptions (S1–S3). It is clear
that (α2) and (α1) imply (S1) and (S2). Let us check (S3). Indeed, noticing that σn =
±(μ2 + β2

n )1/4, b′(0) = −1 and βn > 0, we have(
∂

∂θ1
+ ∂

∂θ2

) [−μθ1 + σ 2b(θ2)
]

σ=σn , θ1=θ2=0 = −μ − σ 2
n < 0. (4.20)

Also, it follows from τ ∗ = − ln(2h(0)−1)
2 that

∂

∂γ2
(1 − h(γ1)(1 + tanh (γ2)) σ=σn , γ1=0, γ2=τ∗ = −h(0) · 4e2τ∗

(e2τ∗ + 1)2 < 0. (4.21)

Therefore, condition (S3) is satisfied by system (4.1).
We note from Lemma 10 (i), (ii) and (iii) that every center (including those with σ < 0)

of system (4.12) is isolated. We now calculate the crossing number of (0, τ ∗, σn, βn). Let
un(σ ) + ivn(σ ) be the characteristic value of (4.12) such that un(σn) + ivn(σn) = iβn . By
(iv) of Lemma 10, we have

d

dσ
un(σ ) σ=σn = u′

n(σn) σ=σn

= 2

σn

(μ2 + β2
n )τ ∗ + μ

(1 + μτ ∗)2 + (βnτ ∗)2 . (4.22)

That is, d
dσ

un(σ ) σ=σn has the same sign as σn since τ ∗ > 0 and μ > 0. We note from

(1.7) that the crossing number γ
(

0, τ ∗, σn, 2π
βn

)
counts the difference, when σ varies from

σ−
n to σ+

n , of the number of imaginary characteristic values with positive real parts in a
small neighborhood of iβn in the complex plane, where σ−

n < σn < σ+
n are numbers

in a small neighborhood of σn . Then by (4.22) the crossing number of the isolated center
(0, τ ∗, σn, 2π

βn
) in the Fuller space C(R; R

2) × R
2 satisfies

γ

(
0, τ ∗, σn,

2π

βn

)
= −sgn(σn) for every n ∈ N. (4.23)
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Then by Theorem 1, there exists a connected component C
(

0, τ ∗, σn, 2π
βn

)
of the

closure of all the nonconstant periodic solutions of system (4.1), bifurcated from the sta-
tionary solution (0, τ ∗, σn, 2π

βn
) in the Fuller space. Note that there is no nonconstant

periodic solution for the system (4.1) if σ = 0 since in this case x satisfies a scalar or-
dinary differential equation. Moreover, there is no bifurcation point at σ = 0. Therefore,

C
(

0, τ ∗, σn, 2π
βn

)
is located in the Fuller space where σ satisfies sgn(σn)σ > 0.

To prove the unboundedness of C
(

0, τ ∗, σn, 2π
βn

)
in the Fuller space, we apply the global

Hopf bifurcation Theorem 2 to exclude the case that there are finitely many bifurcation points

in C
(

0, τ ∗, σn, 2π
βn

)
.

Now we suppose there are finitely many bifurcation points {(0, τ ∗, σn j ,
2π
βn j

)}q
j=1, q ∈ N,

in C
(

0, τ ∗, σn, 2π
βn

)
. We know that C

(
0, τ ∗, σn, 2π

βn

)
is located in the Fuller space where

σ satisfies sgn(σn)σ > 0. Then the bifurcation points

{(
0, τ ∗, σn j ,

2π
βn j

)}q

j=1
satisfies

sgn(σn)σn j > 0 for all j ∈ {1, 2, . . . , q}.
Let εn j be the value of

sgn det

[(
∂

∂θ1
+ ∂

∂θ2

)
f̃ (θ1, θ2, σ ) 0

∂
∂γ1

g̃(γ1, γ2, σ ) ∂
∂γ2

g̃(γ1, γ2, σ )

]

evaluated at (θ1, θ2, σ ) = (0, 0, σn j ) and (γ1, γ2, σ ) = (0, τ ∗, σn j ), where

f̃ (θ1, θ2, σ ) = [−μθ1 + σ 2b(θ2)
]
, g̃(γ1, γ2, σ ) = (1 − h(γ1)(1 + tanh (γ2)) .

Then by (4.20 and (4.21) we have

εn j = 1 for all j = 1, 2, . . . , q. (4.24)

By (4.23) and (4.24) we have

q∑
j=1

εn j γ (

(
0, τ ∗, σn j ,

2π

βn j

)
= −q sgn(σn) �= 0. (4.25)

Note that (α5) and (α6) implies (S4). Then by Theorem 2, (4.25) is a contradiction. The

unboundedness of C
(

0, τ ∗, σn, 2π
βn

)
follows.

(b) In order to verify assumption (S8) we claim that the virtual period pn of every bifur-
cation point (0, τ ∗, σn, 2π/βn) satisfies

mpn �= τ ∗ for every m ∈ N. (4.26)

Suppose that there exist m0, n0 ∈ N so that m0 pn0 = m0 · 2π/βn0 = τ ∗. We note that

βn ∈
(

(4n − 3)π

2τ ∗ ,
(4n − 2)π

2τ ∗

)
for all n ≥ 1. (4.27)

Then we have

4n0 − 3 < 4m0 < 4n0 − 2.

This is a contradiction and the claim is proved.
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We note that, by (4.27), a sufficient condition for pn = 2π
βn

< τ ∗, is that 2π
βn

< 4τ ∗/(4n
−3) < τ ∗, that is, n ≥ 7/4. Therefore, every (0, τ ∗, σn, pn) with n ≥ 2 is a bifurcation
point of system (4.1) satisfying

pn < τ ∗ for all n ≥ 2. (4.28)

For the bifurcation point (0, τ ∗, σ1, p1) we can conclude from (4.27) that

2τ ∗ < p1 < 4τ ∗. (4.29)

We want to obtain the uniform boundedness of period in C
(

0, τ ∗, σn, 2π
βn

)
with n ≥ 2. We

only need to check the conditions (S5–S9) for applying Theorem 6 and Theorem 7.
It is clear that (α4), (4.26) and (4.21) imply (S7), (S8) and (S5), respectively. Also we

conclude from (S2), (S4) and Lemma 4.2 in [7] that

p > 0 (4.30)

for every (x, τ, σ, p) ∈ C(0, τ ∗, σn, 2π
βn

). Also, by Lemma 9, we have

0 < τ(t) < −1

2
ln(2h0 − 1) (4.31)

for every t ∈ R and hence (S9) is satisfied. To check (S6), we let{
1 − h(x)(1 + tanh τ) = 0,

(1 + tanh τ)h′(x)
(−μx + σ 2b(x)

) = 0.
(4.32)

Then, by (α1), (α4) and (α6), the solutions of (4.32) are stationary solutions of (4.1). This
verifies (S6).

Therefore, we can use Theorem 6, Theorem 7, (4.28), (4.30) and (4.31) to conclude that
there exists some t ∈ R so that

0 < p < τ(t) < −1

2
ln(2h0 − 1) (4.33)

for every (x, τ, σ, p) ∈ C
(

0, τ ∗, σn, 2π
βn

)
with n ≥ 2. Then by (4.29) and (4.33) we know

that
(

0, τ ∗, σ1,
2π
β1

)
�∈ C

(
0, τ ∗, σn, 2π

βn

)
for every n ≥ 2. This proves (b).

(c) Let � be the projection of C
(

0, τ ∗, σn, 2π
βn

)
on the σ -parameter space R. By (a), we

know that � ⊆ (0, +∞) if σn > 0 and � ⊆ (−∞, 0) if σn < 0. By Lemma 9, we know
that for every σ ∈ �, there exists a constant Mn(σ ) > 0 such that

‖(x, τ )‖C(R; RN+1) ≤ Mn(σ ), (4.34)

where (x, τ, σ, p) is the solution associated with σ in C
(

0, τ ∗, σn, 2π
βn

)
and Mn : R �

σ → Mn(σ ) ∈ (0, +∞) is a continuous function on R.

We know from (4.33) that the projection of C
(

0, τ ∗, σn, 2π
βn

)
on the p-parameter space R

is bounded. If � is bounded, then it follows from (a) that the projection of C
(

0, τ ∗, σn, 2π
βn

)
on the (x, τ )-space C(R; R

N+1) must be unbounded in the supremum norm. But by the con-

tinuity of Mn on R and by (4.34), the projection of C
(

0, τ ∗, σn, 2π
βn

)
on the (x, τ )-space

C(R; R
N+1) is uniformly bounded with respect to σ ∈ �. This is a contradiction and the

proof is complete. ��

123



284 J Dyn Diff Equat (2010) 22:253–284

Acknowledgements The authors would like to thank an anonymous referee for extraordinarily detailed and
constructive comments. This research was partially supported by Mathematics for Information Technology
and Complex Systems (MITACS), by Canada Research Chairs Program (CRC), and by Natural Sciences and
Engineering Research Council of Canada (NSERC).

References

1. Chow, S.N., Mallet-Paret, J.: The Fuller index and global Hopf bifurcation. J. Differ. Equ. 29, 66–85 (1978)
2. Diliberto, S.P.: Bounds for periods of periodic solutions. In: Lefschetz, S. (ed.) Contributions to the The-

ory of Nonlinear Oscillations, vol. 3, pp. 269–275. Annals of Mathematics Studies, no. 36. Princeton
University Press, Princeton, NJ (1956)

3. Fuller, F.B.: On the surface of section and periodic trajectories. Am. J. Math. 87(2), 473–480 (1965)
4. Fuller, F.B.: Bounds for the periods of periodic orbits. In: Auslander, J., Gottschalk, W.H. (eds.) Topo-

logical Dynamics: An International Symposium, pp. 205–215. W. A. Benjamin, Inc., New York (1968)
5. Gustafson, G.B., Schmit, K.: A note on periodic solutions for delay-differential systems. Proc. Am. Math.

Soc. 42(1), 161–166 (1974)
6. Hu, Q., Wu, J.: Second order differentiability with respect to parameters of solutions of differential

equations with state-dependent delay. Front. Math. China (accepted) (2010)
7. Hu, Q., Wu, J.: Global Hopf bifurcation of differential equations with state-dependent delay. J. Differ.

Equ. (accepted) (2010)
8. Hu, Q., Wu, J., Zou, X.: Global continua of slowly oscillating periodic solutions of state-dependent delay

differential equations (preprint) (2009)
9. Lau, P.J.: Bounds for the lengths and periods of closed orbits of two-dimensional autonomous systems of

differential equations. J. Differ. Equ. 3, 330–342 (1967)
10. Munkres, J.: Topology, 2nd edn. Prentice Hall, Upper Saddle River, NJ (1975)
11. Nussbaum, R.D.: Circulant matrices and differential-delay equations. J. Differ. Equ. 60, 201–217 (1985)
12. Nussbaum, R.D.: The range of periods of periodic solutions of x ′(t) = −α f (x(t − 1)). J. Math. Anal.

Appl. 58, 280–292 (1977)
13. Rudin, W.: Functional Analysis. McGraw-Hill Science (1991)
14. Smith, R.A.: Period bound for autonomous Liénard oscillations. Quart. Appl. Math. 27, 516–522

(1969/1970)
15. Schwartzman, S.: Asymptotical cycles. Ann. Math. 66(2), 270–284 (1957)
16. Wei, J., Li Michael, Y.: Global existence of periodic solutions in a tri-neuron network model with

delays. Phys. D 198(1–2), 106–119 (2004)
17. Wu, J.: Global continua of periodic solutions to some differential equations of neutral type. Tôhoku Math

J. 45(1), 67–88 (1993)
18. Wu, J., Xia, H.: Rotating waves in neutral partial functional-differential equations. J. Dynam. Differ.

Equ. 11(2), 209–238 (1999)

123


	Global Continua of Rapidly Oscillating Periodic Solutions of State-Dependent Delay Differential Equations
	Abstract
	1 Introduction
	2 Uniform Bounds for Periods of Periodic Solutions in a Connected Component
	2.1 Properties of an Interval Map
	2.2 Excluding Certain Periods: Locally 
	2.3 Uniform Boundedness of Periods: Globally 

	3 Uniform Boundedness of Periodic Solutions
	4 Global Continuation of Rapidly Oscillating Periodic Solutions: An Example
	Acknowledgements
	References



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 149
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 149
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 599
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /DEU <>
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice


