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Abstract. We consider a system of delay differential equations with a delayed excitatory feed-
back loop and instantaneous damping. We develop the Cao—Krisztin—-Walther technique and establish
the existence and uniqueness of periodic solutions with prescribed oscillation frequencies (character-
ized by the values of a discrete Lyapunov functional). We then use the Poincaré-Bendixson theorem
due to Mallet-Paret and Sell to show that the global attractor of such a system is the union of the
unstable sets of stationary points and periodic orbits.
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1. Introduction. Consider the following system of delay differential equations:

i0(t) = —pa®(t) + f(x (1)),
(1.1) @ (t) = —px (t) + f(2(1)),
i2(t) = —pa?(t) + f(2°(t — 1)),

where > 0 and f : R — R is a strictly increasing continuously differentiable function,
normalized so that f(0) = 0. Such a system describes the computational performance
of a feedback loop of three identical saturating amplifiers (neurons) with excitatory in-
teraction [9, 10], with the delay incorporated to account for the finite switching speed
of amplifiers (see, for example, [17, 24]). In applications to associative information pro-
cessing where the network is triggered by an appropriate external stimulus and relaxes
towards the attractor that encodes previously stored memories [8], it is important to
describe completely the structure of the global attractor and, in particular due to the
monotone feedback structures, to describe the existence, uniqueness/nonuniqueness,
and stability of equilibria and periodic solutions.

So our goal here is to characterize the uniqueness, absence, and existence of
periodic orbits with prescribed oscillation frequencies, and to describe the relationship
between the system’s global attractor and the unstable sets of the stationary points
and periodic orbits. This study is heavily inspired by the previous studies of [3, 15, 4]
for scalar delay differential equations or systems of coupled delay differential equations
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with Z5-symmetry. In particular, the following scalar delay differential equation

(1.2) #(t) = —pa(t) + f(a(t - 1)),

also arising from other biological and/or physical problems, has been discussed ex-
tensively and intensively in the literature (see [3, 11, 12, 13, 14, 15, 16, 18, 21] and
references therein). Cao [3] and Krisztin and Walther [15] established the uniqueness
of periodic solutions with prescribed oscillation frequencies when f represents either
a negative or a positive feedback. Some of their results have then been extended, by
Chen and Wu [4], to the following coupled system of delayed differential equations:

i0(t) = —ua®(t) + f('(2),
(1.3) {:tl(t) = —px'(t) + f(2°(t - 1)).

A major observation in [4] is that the characteristic equation of the linearized
system of (1.3) is just the product of the characteristic equation of the linearized
equation of (1.2) with a positive feedback and the characteristic equation of the lin-
earized equation of (1.2) with a negative feedback. This observation seems to be the
key in [4] to apply the results in [3, 15] to obtain the uniqueness and absence of pe-
riodic orbits of (1.3). This observation is no longer true for (1.1). As will be shown
in Appendix A, the characteristic equation of the linearized system of (1.3) is much
more complicated.

A main technical tool to be used in our study is the discrete Lyapunov functional
for a cyclic system of delay differential equations developed by Mallet-Paret and Sell
[19, 20], and some of the properties of such a functional will be summarized in sec-
tion 2. One of our major results is about the existence, uniqueness, and absence of
periodic solutions in a certain level set of the discrete Lyapunov functional, and this
requires the extension of the Cao—Krisztin—Walther technique [3, 15] to systems of
three coupled equations and some continuation arguments (see section 3). We do not
provide much information on the priori estimates of solutions of (1.1) like that in
[1, 2, 4, 15, 18, 23]; we are nevertheless able to describe the global attractor as the
union of the unstable sets of the stationary points and periodic orbits in section 4. In
Appendix A, we present some technical results about the distribution of the roots of
the characteristic equation of the linearized system of (1.1) around 0. One of the main
results is that both the real and imaginary parts of the roots are well ordered. Though
we have modified the phase space for (1.1), the basic theory of (1.1) is unchanged.
For clarity and readers’ convenience, some basic results used in the main body of the
paper are proved in Appendix B.

Unfortunately, as discussed in section 3, we cannot prove the uniqueness of pe-
riodic orbits in the level set where the value of the discrete Lyapunov functional is
2. However, we believe that such a periodic orbit (if exists) should be unique. This
is supported by the results for (1.2) and (1.3) and by the proof for the existence of
such periodic orbits. How to prove the uniqueness of such a periodic orbit seems to
be very challenging.

To conclude this section, we mention that the arguments in sections 2—4 can be
easily modified to study the following general system of delay differential equations:

i0(t) = —pa®(t) + f(z'(2)),
zl(t) = —pa (t) + f(2%(1)),
(1.4) :

71 = (1) + J(" (1),
(1) = " () + F(a(t — 1),

8
3
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~
~
|

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 11/09/15 to 130.63.174.100. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journals/ojsa.php

26 TAISHAN YI, YUMING CHEN, AND JIANHONG WU

Some results on periodic solutions to (1.4) will be listed in section 5. For simplicity
of presentation, we focus only on (1.1) rather than (1.4).

2. Preliminaries. We first introduce some notations. N, Z, R, R, and C stand
for the sets of all nonnegative integers, integers, reals, nonnegative reals, and complex
numbers, respectively. Simple closed curves are continuous maps ¢ from a compact
interval [a,b] C R into R™ so that c|[a,b) is injective and c(a) = ¢(b). The set of
the values of a simple closed curve ¢, or trace, is denoted by |c| or ¢ for simplicity.
The Jordan curve theorem guarantees that the complement of the trace of a simple
closed curve ¢ in R? consists of two nonempty connected open sets, one bounded
and the other unbounded, with |c| being the boundary of each of them. We denote
the bounded component by int(c) and the unbounded one by ext(c). The interior
and the boundary of a subset M of a topological space are denoted by M° and M,
respectively.

For p and f, we make the following assumption:

(H1) f is odd and continuously differentiable, f/(£) > 0 for all £ € R, f — puld
has exactly one positive zero €1, and f/(£7) < p < f(0).

Obviously, assumption (H1) implies that f — pld has exactly one negative zero
—&7*, which is denoted by £~. Moreover, f'(§7) = f/(€T) and |f(£)| < p|é| for all
€l > &+

The natural phase space for (1.1) is the Banach space C' = C(K, R) equipped with
the supremum norm || - ||, where K = [—1,0] U {1, 2} (see Mallet-Paret and Sell [19]).
Let C' = {¢p € C : @lj-1,0) is continuously differentiable} be the Banach space with
the Cl-norm ||¢||; = max{sup{|¢(8)| : & € [-1,0]},||¢||}. The space C is a slight
modification of the standard phase space C([—1,0],R?) found in Hale and Verduyn
Lunel [7] and is adapted to suit (1.1) in which a time lag appears only in the last
equation.

For a given interval I, let I + [-1,0] = {t +60 : t € [ and 6§ € [-1,0]}. We say
that z is a D-type function on I if x = (2%, 2%, 2%)¥ such that 2° € C(I + [-1,0],R)
and z!, 22 € C(I,R). In particular, if I = (—o0,a) for some a € R, then a D-type
function x on I is just a vector function from I into R3. For a given D-type function
x on the interval I and, for each ¢t € I, z; € C is defined by

z9(0) = 2°(t + 0), 0 € [-1,0],
ft(a) = xl(t)v 0=1,
z2(t), 0 =2.

For a given interval I, a solution of (1.1) on I is a D-type function z = (2%, zt, 22)*r
such that 2%, !, 22 € C(I,R) and they satisfy (1.1) on I. For convenience of
notations, we shall often write 2®(t) = 2°(t — 1), although we emphasize that z? is
not one of the coordinate functions in (1.1).

Though the phase space for (1.1) has been modified to be C, the basic theory
will not change. For clarification and the readers’ convenience, some basic results are
summarized below while the proofs are left to Appendix B.

Let E C C denote the set of equilibria for (1.1). Of course, each element of E is a
constant function on K. For each a = (a°,al,a?)™ € R?, & € C is defined as a(f) = a°
for all § € [-1,0], (1) = a' and a(2) = a®. Clearly, assumption (H1) implies that
E = {(0,/03“,5/_\,5/;}, where &4 = (€%, 6%, ¢%)". For simplicity of notation, we
shall write 7 = (7]772?)“ for any n € R. Thus, F = {6,5:,5/4\‘}

For each ¢ € C and ty € R, there exists a unique solution z4 = (ocg,xé,xi)“
of (1.1) on [tg, 00) satisfying (x4)t, = ¢. The solution depends continuously on the
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initial data. Two solutions x and y of (1.1) must be identical if z; = y; € C for some ¢
in their common domain. It follows that for every ¢ € C' there is at most one solution
z:R — R? of (1.1) with 29 = ¢. We denote such a solution on R also by .

The map F': Ry X C 3 (t,¢) — (x4): € C is a continuous semiflow. All maps
F(t,-) : C — C are injective whenever ¢ > 0 and are conditionally completely con-
tinuous whenever ¢ > 1 (see [6, p. 13] for the definition of the conditionally completely
continuous map). Thus the semiflow F(t,-) : C — C' is conditionally completely con-
tinuous for ¢ > 1 (see [6, p. 36] for the definition of the conditionally completely
continuous semiflow or semigroup). Moreover, for each ¢t > 1, F(t,-) : C — C! is
continuous.

A set B C C is said to be invariant (respectively, positively invariant) if, for every
Y € B, F(t,B) C B for all t € R (respectively, for all ¢ € Ry). It is not difficult to
show that B is invariant if and only if for every 1 € B there is a solution z : R — R3
with xg = and z; € B for all t € R.

For each ¢ € C, let vT(¢) = {F(t,¢) : t € Ry} be the positive orbit through
¢. For a solution x : R — R? of (1.1) with zg = ¢, let v(¢) = {x; : t € R} be the
full orbit through ¢. Obviously, v (¢) is positively invariant and v(¢) is invariant
provided that it exists.

By applying Lemma 3.2.1 and Corollary 3.2.2 in [6] and the fact that the semiflow
F(t,-) : C — C is conditionally completely continuous for each ¢ > 1, we can obtain
that, for every bounded solution z4, the w-limit set

w(p) & {¢ cC- There exists a sequence {t,} C R, such }

that ¢, — oo and F(t,,¢$) — ¢ as n — o0

is nonempty. In fact, w(¢) is compact, connected, and invariant. For every bounded
solution z : R — R3, the a-limit set
alz) = dvpec: There exists a sequence {t,} C (—o0,0] such
that ¢,, - —oo and x4, — 1 as n — ©

is also nonempty, compact, connected, and invariant. In the following, we also write
w(z0) = w(x) and a(xg) = a(x) whenever z : R — R? is a bounded solution of (1.1)
on R.

Let Cy ={¢p € C:¢(0) >0 for all § € K}. Then C is a positive cone of C and
induces the pointwise ordering > on C; that is, for ¢, ¥ € C, we say that ¢ > 1 if
¢—1 e Cy. For —co<a<b< oo, weset Cop = {p€C:a<p(@) <bforallc

DEFINITION 2.1. For a continuous semiflow H on C, H is said to be a monotone
semiflow provided that H(t,¢) — H(t,v) € C+ whenever ¢ —1p € C1 and t € [0,00).
The monotone semiflow H is said to be an eventually strongly monotone semiflow
with respective to the pointwise ordering provided that there exists T > 0 such that
H(t,¢) — H(t,v) € (C4)° whenever ¢ —p € C1 \ {0} and t € [T, 00).

We can easily show the following proposition.

PROPOSITION 2.2. Assume that x : R — R? is a solution of (1.1). Then y =
(0, vty )" R 2t (zl(t),22(t),2°(t — 1)) € R? is also a solution of (1.1).

PROPOSITION 2.3. Under the assumption (H1), the following statements are true.

(i) The semiflow F is an eventually strongly monotone semiflow with respect to

the pointwise ordering.

(ii) The sets Cy and —Cy are positively invariant, and F(t,Cy \ {0}) C (C4)°,

F(t,—Cy \ {0}) C (=C4)° for all t > 4.
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(ili) If —oo < a < & < €T < b < oo, then Cuyp is positively invariant and for

each ¢ € C there exists t* > 0 such that F([t*,00),$) C Cqp.

Proof. By Corollary 5.3.5 in Smith [22], we know that the semiflow F is an
eventually strongly monotone semiflow with respect to the pointwise ordering. In
particular, F'(t,¢) — F(t,v) € (C4+)° whenever t > 4 and ¢, ¥ € C such that ¢ — 1 €
C4+ \ {0}. Thus (i) holds.

It follows from the above discussions and 0 € E that (ii) holds.

Finally, (iii) can be proved by applying an argument similar to that of Proposi-
tion 2.1 in [15]. a

In what follows, we shall always assume that (H1) holds.

Remark 2.1. Consider the scalar delay differential equation

(2.1) U= —pu(t) + f(ut — 1)),

where r > 0. Obviously, for a given real function w defined on some interval, we know
that u satisfies (2.1) if and only if u satisfies the equation % =M f(u(t —r)).
This, combined with the method of steps, gives that for each ¢ € C([—r,0],R;), there
exists u : [-r, 00) — R such that u satisfies (2.1) with u|[_, o) = ¢. In particular, if ¢ €
C([-r,0],R4) and ¢ # 0, then, for every solution u of (2.1) defined on [—r, 00) with
ul[—r,0) = ¢, we have u(t) > 0 for all large t. Analogously, if ¢ € C([-r,0], (—o0,0])
and ¢ # 0, then, for every solution u of (2.1) defined on [—r, 00) with u|[_, o = ¢, we
have u(t) < 0 for all large ¢.

By applying Proposition 2.3(iii) and a similar argument as those in [16, Chap-
ter 17] or in [15], one can obtain the existence of a global attractor of the semiflow
F. This global attractor is a nonempty compact and invariant set A C C' which
attracts each bounded subset B C C' in the sense that for any € > 0 there exists
T* =T*(e, A, B) such that F(t, B) belongs to the e-neighborhood of A for all t > T*.
The global attractor A is uniquely determined.

PROPOSITION 2.4. The global attractor A has the following properties:

(i) A={¢ € C: There is a bounded solution z : R — R? of (1.1) with zo = ¢}.

(i) AC{peC:& <) <ET forall 0 € K}

(iii) A is a compact subset of C*. Moreover, C and C' define the same topology
on A.

(iv) The map F : Ry x C 3 (t,¢) — (z4)r can be extended to a continuous flow
Fq:Rx A — A such that, for each ¢ € A and each t € R, Fa(t,¢) = x4,
where x : R — R? is the unique solution of (1.1) satisfying xo = ¢.

Proof. (i) Suppose ¢ € A. Obviously, there is a bounded solution z : R — R? with

2o = ¢ and z; € A for all ¢ € R since A is a compact and invariant set of C. On the
other hand, if ¢ € C is given so that there exists a bounded solution = : R — R3 with
xo = ¢, then Cl(y(¢)) is a compact and invariant subset of C. It follows from the at-
tractivity of A that Cl(v(¢)) C A. In particular, ¢ € A. This proves the statement (i).

(ii) Let a, = £~ =L and b, = {T 42 for alln € N\{0}. By Proposition 2.3(iii), we
obtain that A C Cq, s, for all n € N\ {0}. Letting n tend to co, we have A C Ce¢— ¢+,
that is, AC {¢p € C: & < ¢(f) <EF for all § € K}

(ili) Let My = sup{| — un + f(§)| : 0, & € [£7,£7]}, Mo = sup{| — un + f/()¢| :
cel¢ & and n, ¢ € [-My, Mi]} and M* = max{M;, M>}. For any ¢ € A, by the
invariance of A, there exists a full solution z4 : R — R? of (1.1) with (z4)o = ¢.
Since f is continuously differentiable, it follows from (1.1) and the choice of M* that

|d<§—((f)| < M* and |dzq;(20)| < M* for all § € [—1,0]. By the arbitrariness of ¢ € A and

the Arzela-Ascoli theorem, we obtain that A is a compact subset of C*.
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Define ¢ : C* — C by 1(¢) = ¢ for all ¢ € Ct. Obviously, ¢ is a continuous map.
It follows from the compactness of A in C*! that ¢|4 is a closed map. Then |4 is a
homeomorphism. This implies that C' and C* define the same topology on A.

(iv) follows from the last assertion in Theorem 3.4.2 in [6]. O

PROPOSITION 2.5. If ¢ € Cy \ {0}, then w(¢) = {EI} Analogously, if ¢ €
(=C1\{0}), then w(e) = {£~}- R

Proof. We only prove the case where ¢ € C \ {0} as the other case can be dealt
with similarly. By Proposition 2.3(ii), there exist t* > 4 and n € (0,£") such that
F(t*,¢) > 7. It follows from (H1) that there exists n* € (0,n) such that f(&¢) >
un* for all £ € [n*,00). Then, by Corollary 5.2.2 in Smith [22], there exists x =
(X% x* x?)™ € R? such that for all j € {0,1,2}, ¥’ > 7 and limyeo(z)’ () = X7

In view of the definition of w(n*), we know w(n*) = {Y} C E. This, combined with
E = {6,5:,5/;}, yields w(n*) = {a} By the choice of n*, we have F(t*,¢) > n*.
Proposition 2.3(i) implies F(t 4 t*, ¢) > F(t,n*) for all t € R. By letting t — oo, we
have w(¢) > f/; This, combined with Proposition 2.4(ii) and the fact that w(¢) C A,
gives w(¢) ={&+}. O

In the following, we summarize some properties of a discrete Lyapunov functional
V and we refer to [19, 20] for more details.

Let I C K be a nonempty subset of K and let ¢ € C such that ¢|j is not identically
zero. Define the number of sign changes, sc(¢;1), by sc(¢;I) = 0 if ¢|; is nonnegative
or nonpositive and otherwise by

T ~ There exists a strictly increasing finite sequence
sce(¢51) = sup {k ENAOY i)k in T with ¢(69-1)6(67) < 0 for all 1 < j < k[

_ We denote sc(¢; K) by sc(¢). In particular, sc(¢) = 0 for all ¢ € (Cy U(=C4)) \
{0}. Then, for any ¢ € C'\ {0}, define

_ [sc(9) if sc(¢) € 2N U {oc},
Vig) = {Z&@ +1 fse(p) € N4 1

In order to state the properties of V', we set

R:(ﬁ Si> ns*,

1=—1
where
St ={¢p e C:if $(—1) = 0, then ¢(2)(—1) < 0},
S0 = {¢ e O :if ¢(0) = 0, then 4(0)p(1) > 0},
St ={¢ € C*:if $(1) = 0, then ¢(0)p(2) < 0},
S%={¢pc C*:if ¢(2) =0, then ¢(1)p(—1) < 0},
S* = {¢ € O :if ¢(f) = 0 for some @ € [—1,0], then ¢(8) # 0},

and define several maps as follows: for each j € {0,1,2}, 77 : C 2 ¢+ (¢(5), d(5 + 1))™
€ R2. Notice that ¢(3) = ¢(—1).
PROPOSITION 2.6.
(i) For every ¢ € C'\ {0} and for every sequence (¢,)3 in C\ {0} with ¢, — ¢
as n — oo, V(¢) <liminf, o V(én).
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(ii) For every ¢ € R and for every sequence (¢,)5° in C1\{0} with ||¢p—|lct — 0
asn — 00, V(¢) = limy— 00 V(¢n) < co.

(ili) Let I C R be an interval, p € Ry, and by, by, ba : I — (0,00) be continuous.
Suppose that z = (2°,21,2%) is such that 2° : I +[-1,0] - R and 21,
22 : 1 — R so that z|; is continuously differentiable with

20(t) = —p2P(t) + bo(t)21 (1),
(2.2) FHt) = —p2t(t) + b1 (t)23(t),
22(t) = —pu2?(t) + ba(t)20(t — 1)

forinfI <t € I, and z(t) # 0 for some t € I + [-1,0]. Then the map
I>t— V(z) € 2NU{oo} is decreasing. Furthermore, we have
(a) ift € I, t—3 € I and either 27(t) = 27TL(t) = 0 for some j € {0,1,2}
or 29 (t) = 0, 277 1(t)29T1(t) > 0 for some j € {1,2}, then V(2;) = oo or
V(Zt_g) > V(Zt),’
(b) iftel witht—4 €I and V(zi—4) = V(2¢), then z; € R.
Observe that the linear variational systems

along solutions = of (1.1) are of the form of (2.2) as well as the systems satisfied
by the weighted differences y = (1/¢)(x — %), where ¢ # 0, on a common domain of
solutions z, & of (1.1),

92(t) = —py?( t fo 1 —5)% O(t -1)+ sxo(t —1))ds)y°(t — 1).

Remark 2.2. Assume that x : R — R? is a solution of (1.1). Then by Propo-
sition 2.4 (i) and (iii), for each sequence {t,} with lim, . t, = 0o, there exist a
subsequence {s,} of {t,} and ¢ € w(x) such that x5, tends to ¢ in C! as n — cc.
Moreover, if there exists k € N such that V(z;) = 2k for all ¢ € R, then, by Propo-
sition 2.6(iii)(b), 2; € R for all t € R, and hence V(1) = 2k for all ¢ € w(z) \ {0}
follows from Proposition 2.6(ii).

Remark 2.3. For each m € N, assume that z,, : R — R3 is a continuously
differentiable map. If, for any compact interval I of R, {zm|r}men, {Tm|r}men, and
{Zm|1}men are all bounded maps on I, then by the Arzela-Ascoli theorem and the
Cantor diagonalization process, there exist a subsequence of { %, } men, say {Tm, }ren,
and a map z : R — R3 such that T, — « and x,,, — & uniformly in any compact
interval of R as k — oc.

We conclude this section with the following corollary of the general Poincaré-
Bendixson theorem for monotone cyclic feedback systems due to Mallet-Paret and
Sell [20].

PROPOSITION 2.7. For each ¢ € C, w(¢@) is either a single nonconstant periodic
orbit or for each solution y: R — R3 of (1.1) in w(¢), the sets w(y) and a(y) consist
of equilibria of F'. An analogous statement holds for a-limit sets of bounded solutions
of (1.1) on R.
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3. Uniqueness, absence, and existence of periodic orbits. In this section,
we first focus on the uniqueness and absence of periodic orbits with prescribed oscil-
lation frequencies, i.e., in given level sets of the discrete Lyapunov functional V. Our
approach uses the techniques in [3, 15], where oscillating periodic solutions of scalar
delay equations are studied. For this purpose, it is necessary to consider the following
system

20(t) = —p°(t) + g(2' (1)),
(3.1) 2(t) = —pzl(t) + 9(22(1),
22(t) = —p2(t) + g(z°(t — 7)),

where y1 > 0, 7 > 0 and the C*-function g : R — R is odd and satisfies g’(x) > 0 for
all z € R. If 2z is a solution of (3.1), then the function w given by w(t) = 2(7t) is a
solution of

WO(t) = —rpw’(t) + Tg(w' (1)),
(3.2) Wl (t) = —Tpw () + Tg(w? (1)),
W (t) = —Tpw? (t) + Tg(wl(t — 1)).
PROPOSITION 3.1. Let w : R — R? be a nonconstant periodic solution of (3.2)
with the minimal period Ty, > 0. Then one of the following statements is true:
(i) w’(t) >0 for all j € {0,1,2} and t € R.
(i) w’(t) <0 for all j € {0,1,2} and t € R.
(iii) For each j € {0,1,2}, w’ has a zero.
Additionally, if g — pId has exactly one zero n~ € (—00,0) and exactly one zero
nt € (0,00), ¢'(n7) < p and g'(nT) < u, then, for each j € {0,1,2}, w? has a zero.
Proof. Suppose that statement (iii) is not true. Then there exists jo € {0, 1,2}
such that w’® has no zero. By Proposition 2.2, without loss of generality, we can
assume j = 0. We shall finish the proof by distinguishing two cases.
Case 1. w°(t) > 0 for all t € R. It follows from the third equation of (3.2) that

(3.3) W (t) > —Tpw?(t).

Pick up t* € [0,T,] such that w?(t*) = inf{w?(t) : t € R}. Obviously, w?(t*) = 0.
Then, by (3.3), w?(¢t*) > 0, and hence w?(t) > w?(t*) > 0 for all t € R. Similarly,
with the help of w?(t) > 0 for all ¢ € R and the second equation of (3.2), we can show
that w'(t) > 0 for all ¢t € R. Therefore, statement (i) holds.

Case 2. w(t) < 0 for all t € R. Similar arguments to those in Case 1 will show
that statement (ii) holds.

Now, suppose that g — uld has exactly one zero n~ € (—00,0) and exactly one
zero nt € (0,00), ¢'(n7) < p and ¢'(n™) < p. We show that neither statement
(i) nor statement (ii) holds. By way of contradiction, if statement (i) holds, then,
by Proposition 2.5, w(wp) = {7;1}, a contradiction as w is a nonconstant periodic
solution of (3.2). Thus statement (i) is not true. Similarly, statement (ii) cannot be
true. Therefore, w’ has a zero for all j € {0,1,2}. O

We now give a priori information on periodic solutions of (3.2) which follows from
the general results in [20] for certain systems of delay differential equations.

PROPOSITION 3.2. Let w : R — R? be a nonconstant periodic solution of (3.2)
with the minimal period T, > 0. Then the following statements are true.

(i) For each j € {0,1,2}, ¢J, : [0,Tw] 2 t — 7 (wy) € R? and CJ : [0,Ty] >t —

(w’ (t),u}j (t)) € R? are two simple closed curves.
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(i) For each j € {0,1,2}, there are t) € R and t2 € (£,t} + T.) such that
0 < wi(t) for all ) < t < t1, w(R) = [w! (), w? ()], W’ (t) < O for all
t] <t <t)+Ty.

(ili) Ifw® has a zero, then w(t+Le) = —w(t) for allt € R. Moreover, 0 € int(c],)
and 0 € int(CJ)) for all j € {0,1,2}.

(iv) There exists k € N such that {w; : t € R} C V71(2k).

(v) For every nonconstant periodic solution y: R — R3 of (3.2) with the minimal
period Ty > 0 and y; # ws for all t, s in R, we have |¢)| N |c},| = 0 and
|CI N |CL| =0 for all j € {0,1,2}.

Remark 3.1. For j € {0,1,2} and ) and #} in Proposition 3.2(ii), we have
w () # 0 and w (1) # 0. This follows from Proposition 3.2(iv) in combination with
the last statement in Proposition 2.6 and the definition of R.

Remark 3.2. Assume that w : R — R? is a nonconstant periodic solution of (3.2)
with the minimal period T, > 0. If w® has a zero, then for each j € {0,1,2}, by
Proposition 3.1 and Proposition 3.2(ii) and (iii), there exists a ¢, € [0,T),] such that
w () = 0 and wi (t}) > 0. Moreover, the following statements are true.

(i) (~1)w’(t) >0 foralll € Z and t € (t] + LT, t) + H1T,,).

(i) {teR:wi(t)=0} = {3+ LT, : 1 € Z}.

(iii) All zeros of w’ are simple, in particular, (—1)'w? (¢} + %Tw) >0 foralll € Z.

Remark 3.3. Assume that w : R — R3 is a nonconstant periodic solution of
(3.2) with the minimal period T,, > 0. For each j € {0,1,2}, choose t} € [0,T,]
such that w’(#}) = max{w/(¢) : t € R}. If w° has a zero, then by Proposition 3.1,
Proposition 3.2(ii) and (iii), (—1)'w (t) < 0 forall | € Z and t € (t%—l—éTw,t%—i—H'TlTw).

Observe that for every solution z : R — R? of (3.1) and for the corresponding
solution w : R 3 ¢ — z(7t) € R3 of (3.2) and for every j € {0,1,2}, we have

(), 51 ()"t € R} = {( %“ij(g) ) te ]R}.

Note that for every solution w : R — R3 of (3.2) and for every ¢t € R, the values
wi (t) and wi(t)/7 uniquely determine w’it!(t). Here, as before, w3(t) = wO(t — 1).
Proposition 3.2 combined with these facts yields the following result.

COROLLARY 3.3. Let z : R — R? be a nonconstant periodic solution of (3.1) with
the minimal period T, > 0. Then the following statements are true.

(i) For each j € {0,1,2}, the map Z7 : [0,T,] > t + (wi(t),wi(t))" € R? is a

simple closed curve.

(i) If 2° has a zero, then 0 € int(Z7) for all j € {0,1,2}.

(iii) Let x : R — R® be a nonconstant periodic solution of (3.1) with the min-
imal period T, > 0. Suppose that the functions w : R > t — z(7t) € R?
and y : R > t — x(rt) € R® satisfy yy # ws for all t, s € R. Then,
for every j € {0,1,2}, the traces of Z7 and of the simple closed curve
X7 [0,T,] ot — (27(t),27(t))" € R? are disjoint. An analogous state-
ment holds if (29(t), 27 (t))" and (27 (t), 29 (1)) are replaced with 7 (z;) and
7 (xt), respectively.

PROPOSITION 3.4. Let w : R — R3 be a nonconstant periodic solution of (3.2)
with the minimal period Ty, > 0. If V(w;) = 2k + 2 for some k € N and for all t € R,
then there exists o € [0,T,,) such that (w'(t), w?(t),w’(t — 1)) = (W°(t + a), w (t +
a),w?(t+ «)) for all t € R.
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Proof. Define v : R >t — (wt(t), w?(t),w’(t — 1)) € R3. By Proposition 2.2,
v is also a nonconstant periodic solution of (3.2) with the minimal period T},. By
Proposition 3.1 and the fact that V(w;) = 2k + 2 > 0, we know that, for any j €
{0,1,2}, w’ and v’/ have a zero. Suppose the desired result is not true. Then w, #
v for all s, t € R. By Proposition 3.2(iii), 0 € int(c¢/) and 0 € int(cj) for each
j € {0,1,2}. Then by Proposition 3.2(v), for each j € {0,1,2}, either ¢J, G 1nt(cj)
or ¢l & mt(cJ ). Without loss of generality, we may assume that ¢j, G 1nt( O). Tt
follows from the definitions of ¢f, and ¢ that w°(R) & v*(R) = w' (R) and w'(R) &
v}(R) = w?(R). The latter, combined with the fact that either ¢! < int(cl) or

=
¢y G int(cy,), implies ¢},  int(c}). Otherwise, we have ¢ & int(c], ), which implies

that v}(R) = w?(R) & ol (R), a contradiction. It follows from cL ¢y, S int(cl) that
w?(R) & v*(R) = w"(R). Therefore, we have obtained that wO(R) c w'R) &
w?(R) S w”(R). This is a contradiction and hence the proof is complete. O

PROPOSITION 3.5. Let w : R — R? be a nonconstant periodic solution of (3.2)
with the minimal period T,, > 0. If V(wy) = 2k + 2 for some k € N and for allt € R,
then there exists § € (—%, 1] such that the following results are true.

(i) 1 =kT, + 0T.

(i) (wl(t),w?(t),w’(t — 1)) = (WOt + @), w' (t + @), w?(t + «)) for all t € R,

where o = %Tw.

Proof. By Proposition 3.1 and the definition of V, we know that w’ has a zero
for all j € {0,1,2} since V(w;) =2k +2> 0 for all ¢t € R.

First, we show (i) by way of contradiction. Suppose that there is no 5 € (-3, 1]
such that 1 = kT, + dT,,. Then it is easy to see that either T >k+1or T <k-—3
If the former holds, then 1 > (k + 1)T,,. By Proposition 3.2(ii), we may pick up
s* € R such that w®(s*) = 0 and wO(s*) > 0. Let t* = s* + mln{T, %} and
t* = max{t*—1,s*— (k+1+3)T,}. Thent* € (s*,s*+Le] t*—1 < s*—% <
s* — (k+1)T,, and thus max{t* — 1,s* — (k + 1+ )T} = t** < s* — (k + 1)T,.
It follows from Proposition 3.2(ii)7(iii) that w®(t) > 0 for all t € (s*,t*), w'(t) <0
for all t € (s* — (I + 2)Tw,s* — ITy) and all 1 € {0,1,2,...,k}, w(t) > 0 for all
te (s*— 1+ 1Ty, s — (l+ 1)T,) and all I € {0,1,2,...,k}, and w®(t) < O for
all t € (t**,s* — (k + 1)T,). Then w®(min{t*,s* + L£}) > 0, w°(t"*) < 0 and
(—1)H w0 (s* — %) >0 foralll € {0,1,2,...,2k + 1}. By the definitions of sc
and V, sc(wg; [—1,0]) > 2k + 3 and hence V(wy+) > 2k + 4, a contradiction. If the
latter holds, then, by a similar argument with obvious modifications, we can obtain
V(w;) < 2k for some t € R, a contradiction. Therefore, 1 = kT, + 6T, for some
§ € (—4,1] and (i) is proved.

Now, we prove (ii). By Proposition 3.4, there exists a € [0, T},) such that w!(t) =
wO(t+a), w?(t) = wl(t+ ), and w°(t — 1) = w?(t + «) for all t € R. It follows that
w?(t — 1) = w(t + 3a) for all t € R. Since w is periodic with the minimal period
T, there exists an integer m such that 3a 4+ 1 = mT,,. We distinguish three cases to
show that m =k + 1

Case 1. § € (—3,0]. Then m = 13 — kTw”Tw”O‘ implies that m € {k,k +
1,k + 2}. We now show by way of contradlctlon that m =k + 1. Suppose that
m;«ék—l—l Then m = k+2orm = k. If m = k+ 2, then a = 6T and
hence w!(t) = w°(t + %Tw) = w(t — 1%‘sTw) for all t € R. From (3.2) we have
WO(t) = —Tpw(t) + 7f(w(t — 1%‘sTw)) for all £ € R. By Proposition 3.2(ii)—(iii),
there exists r; € R such that w®(t) > 0 for all t € (r1,71 + 37T),). Since 2 € [0, 1],
we have w?(t) > 0 for all t € (ry,71 + 1%‘sTw). This, combined with Remark 2.1, gives
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that w®(¢) > 0 for all large t. It follows from the periodicity of w that w°(t) > 0 for
all t € R, a contradiction. If m = k, then o = —$7T,, and hence w'(t) = w°(t — $T.,)
and w?(t) = w'(t — 2%TM) for all t € R. By Proposition 3.2(ii)-(iii), there exists
51 > 0 such that w’(s;) = 0 and u;o(sl) > 0. Let s9 = s1 + %Tw. Then, by
Proposition 3.2(ii)—(iii) and the choices of s; and s2, we know that w®(t) > 0 for
all t € (s1,82), wO(t) > 0 for all t € (so — 1,81 — 2E2T7,), (—1)'w(¢) < 0 for all
t € (s1— (BT, s1 — ZTT”) and all [ € {0,1,2,...,2k — 2}. Moreover, w!(ss) =
w¥(sy — %Tw) > 0 and w?(s2) = w°(sg — %Tw) > 0 since s — %Tw € [s1,81+ TT“] and
Sg — %‘sTw € [s1,81+ TTw] It follows from the definitions of sc and V' that sc(ws,) = 2k
and thus V(ws,) = 2k, a contradiction. Therefore, m = k + 1.

Case 2. 0 € (0, %] In this case, as before, we can see that m € {k+1,k+2,k+3}.
Again, we show by way of contradiction that m = k+1. Suppose that m # k+1. Then
m € {k+2,k+ 3}. It follows from « € {25°T,,, 32T, } that o — T, € [-1T,,0].
Thus wt(t) = w(t + a) = w°(t + a — T,) for all t € R. From (3.2) we have
WO(t) = —rpw®(t) + 7f(w’(t — (T — @))) for all t € R. By an argument similar to
that in excluding m = k + 2 in Case 1, we can get w?(t) > 0 for all j € {0,1,2} and
t € R, a contradiction. Therefore, m = k + 1.

Case 3. 0 € (3,1]. In this case, again we have m € {k+ 1,k + 2,k + 3}. We
still use by way of contradiction to show that m = k + 1. Suppose that m # k + 1.
Then m € {k + 2,k + 3}. First, suppose m = k + 3. Then o = 3T"STM and hence
o — %Tw = —%Tw € [—%“,O]. Again, an argument similar to that in excluding
m = k + 2 in Case 1 will produce a contradiction. Now, suppose m = k + 2. By
Proposition 3.2(ii)—(iii), there exists ¢; > 0 such that w%(t;) = 0 and w°(¢;) > 0.
Let to = t; + gTw. Then, by the choices of t; and to, we know that w®(¢t) > 0 for
all t € (t1,t2), wO(t) > 0 for all t € (t2 — 1,t; — (k + 2)T), (—=1)'w’(t) < 0 for
all t € (t1 — (BT, t1 — ZTT”) and all [ € {0,1,2,...,2k 4+ 3}. It follows from the
definitions of sc and V' that sc(wy,;[—1,0]) > 2k + 5 and thus V(w,) > 2k + 6, a
contradiction. Therefore, m = k + 1. O

Conversely, let w : R — R3 be a nonconstant periodic solution of (3.2) with the
minimal period T,, > 0. Suppose that w’ has a zero and there exists & € N such
that w'(t) = w®(t + «) for all t € R, where a = % € [0,Ty). Then, by
Proposition 3.2(iv) and the fact that w® has a zero, we can infer V (w;) = 2+ 21 for all
t € R and some [ € N. Thus Proposition 3.5 tells us that (w!(¢), w?(t),w’(t — 1)) =
(Wl (t+a*),w(t+a*),w?(t + a*)) for all t € R, where o* = % € [0, Ze]. We
claim that [ = k. If not, then |a — a*| € (0,T,). It follows from w!(t) = w°(t + o) =
wl(t + ) for all t € R that w°(t) = w®(t + | — «*|) for all t € R. This implies that
| — a*| is also a period of w, which contradicts with the fact that T, is the minimal
period of w. Therefore, [ = k and we have proved the following result.

COROLLARY 3.6. Let w : R — R3 be a nonconstant periodic solution of (3.2)
with the minimal period Ty, > 0. If w® has a zero and there exists k € N such that
o= % €[0,Ty) and w'(t) = w’(t+a) for allt € R, then V(w;) = 2k +2 for
all t € R.

For each 0 € [0,27), define [(0) = {r(cos,sin )™ € R?: r > 0}.

PROPOSITION 3.7. Let z : R — R3 be a nonconstant periodic solution of (3.1)
with the minimal period T > 0. Assume that z° has a zero. For a given j € {0,1,2},
let a mazimum a € R of 27 be given. Then the functions

Yl 1 [0,27) 2 0 — inf{t € (a,a+T): (2(t),27(t))" €1(0)} €R
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and
W2 [0,27) 2 0+ sup{t € (a,a +T]: (27(t), 27 (t))" € 1(0)} € R
are strictly decreasing. ‘ ‘

Proof. We only show that 7 is strictly decreasing as the proof for W7 to be
strictly decreasing is similar. Observe that w : R 3 t + 2(7t) € R3 is a nonconstant
periodic solution of (3.2). By Remarks 3.2 and 3.3, there exist reals aj, a2, as such
that a < a1 < as <az <a+T and

2(ay) = 29 (az) = 2 (a3) = 0,

Z(t)>0fora<t<a andaz <t<a+T,

2 (t) <0 for a; <t < a3,

2(t)
(t)

29 (t >0foras<t<a+T.

< 0 for a <t < as, and

For a given 0 € (0,7/2), observe that
(27 (1), 29 (£))™ € 1(6) for some t € (a,a + T
if and only if
2(t)
2(t)
Clearly, ¥7(0) = a + T, 97 (w/2) = az, and Y (0) € (az,a+T) for all § € (0,%).

The function (as,a + T) Etg € R is continuous with range in (0, 7/2).

te€ (as,a+T) and 6 =arctan

Moreover, lim, ., of arctan 8 = 5 and lim;_,, 7~ arctan Etg = 0. It follows that

Y7 (#) = min {t € (as,a+1T): 0 = arctan :Eg } .

Let 61 and 6> be given in (0,7/2) with 61 < f2. By way of contradiction, we show
Y1 (01) > 7 (02). If not, we have 7 (61) < 1?(02). Then there exist ¢; and ty in
(as,a + T) such that

) j
t;=1¢7(0;) and 6; = arctan 2 () 1=1,2.

2 (t)’
Since t1 = 17 (01) < 97 (02) = t2 and 01 < O, we have t; < t5. This, combined with
the facts that lim, of Arctan ng; = 5 and 0 < arctan ]gtlg < arctan Eizg < 3
implies the existence of t3 € (a3, t;) such that arctan = 83; = arctan = t ) = 6,. This

contradicts with the choice of 17 (6s) and t5. It follows that ¢7 is strlctly decreasing
on [0,7/2]. Similarly, one can show that 17 is strictly decreasing on each of the three
intervals, [7/2, 7], [r,37/2], and [37/2,27). This completes the proof. O

The next result is the key to obtaining results on uniqueness of periodic orbits and
results on absence of rapidly oscillating periodic solutions. It is analogous to earlier
results in [3, 15] on periodic solutions of some scalar delay differential equations.

PROPOSITION 3.8. Let k € N\ {0,1} and 7 > 1. Suppose that f satisfies (H1)
and
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H2) the function (0,00) 3 £ — SEGIH strictly decreasing.
f(€)

Also suppose g : R — R is an odd and continuously differentiable function satis-
fying / /

(H3) ¢'(0) = f/(0), and g(¢) > f(&) and & > L& for all € € (0,00).

Let x be a nonconstant periodic solution of (1.1) with the minimal period T, > 0
and let z be a nonconstant periodic solution of (3.1) with the minimal period T, > 0.
Suppose w : R 3 t + z(1t) € R3 satisfies V(z¢) = V(wy) = 2k for all t € R. Define
X700, T, 3t (29(t),37(t)" € R? and Z7 : [0,T,] > t — (27(t), 2 ()™ € R? for
all j € {0,1,2}. If | Z9] C | X7| Uext(X?) and r|Z7| C ext(X7) for all r € (1,00) and
for all j € {0,1,2}, then | Z7|N|X7| =0 for all j € {0,1,2}.

Proof. By applying Proposition 3.4, we remark that there exist a* € [0,7) and
B* € [0,T,) such that 22(t) = 2 (t+a*) = 2°(t+2a*) and 2%(t) = 21 (t+8*) = 2Ot +
2/3*) for all t € R. Thus, by the definitions of X7 and Z7, we have | X°| = | X!| = | X?|
and | 2% = |ZY| = |Z?|.

By way of contradiction, we may assume that |Z7|N|X7| # @ for some j € {0,1,2}.
This, combined with the above discussions, implies |Z°| N | X?| # 0.

First, it follows from Proposition 3.1 and the facts that &k € N\{0,1} and V(x;) =
V(wy) = 2k (> 4) for all t € R that 2°(t*) = 0 for some t* € R and 2%(s*) = 0 for
some s* € R; i.e., 20 and 2° have zeros. Then Corollary 3.3(ii) implies 0 € int(X?)
and 0 € int(Z°). Note that |Z° C | X% Uext(X?) implies that |X°| C |Z°| Uint(Z°).
Thus, for each 6 € [0,27), any point of [(#) N |ZY| is not closer to 0 € R? than any
point of 1(#) N |XY|. Using |Z°|N|X°| # () and a translation if necessary, without loss
of generality, we may assume X°(0) = Z°(0), i.e.,

(3.4) 2°(0) = 2°(0) and  20(0) = 2°(0).

We distinguish two cases to complete the proof.

Case 1. 29(0) = 2°(0) = 0. Then ¢ = 2°(0) = 2°(0) # 0 since 0 € int(X?)
and 0 € int(Z°). Without loss of generality, we assume ¢ > 0 as the proof for the
case where ¢ < 0 is similar. Proposition 3.2(iii) yields that z and z have the special
symmetry x°(t + T,/2) = —2°(t) and 2°(t + T./2) = —2°(t) for all t € R. This,
combined with Remarks 3.2 and 3.3, implies

¢ = maxz%(t) = max 2°(¢), —c = min 2°(¢) = min 2°(¢),

. teR teR . teR teR

20(t) >0 for — L= <t <0, 2(t) >0 for —L <t <0,
xo(—%) = —c and xo(—%) =0, and ZO(—%) = —c and ZO(—%) =0.

Let T* = min{T,, T, }. We claim that 2°(s) < 2%(s) for —T*/2 < 5 < 0.

We now prove the claim. Let (z°) " and (2°) " be the inverses of the functions
[~L:,0] 5 ¢+ 2°(t) € R and [-1,0] 5 t = 2°(¢) € R, respectively. Then the
domain of (aco)_1 is the same as that of (zo)_l, which is [—¢, ¢]. The functions

—1

P2 [—e, ] durs 29((2°) (u) €R

and

) [—c,c] 3 urs z.O((zo)_1

z

(w)) eR

satisfy ¢2(—c) = ¢2(c) = ¢2(—c) = ¢?(c) = 0, and ¢2(u) > 0 and ¢%(u) > 0 for all
u € (—c,c). The ares Q, = {XO(t) : t € [-L=,0]} and Q. = {Z°(t) : t € [-Z=,0]}
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coincide with the graphs {(u, 2 (u))® : u € [—c,c]} and {(u, ¢2(u))" : u € [—c, ]},
respectively. From the special symmetry of z and z we obtain | X% = Q, U (-Q,) and
|Z° = Q. U (—9Q.). Hence

int(X°) = {(u, )" w € (—¢, ), —¢%(—u) < v < B2w)}.
From |Z°) C | X°| Uext(X?), we conclude
(3.5) #° (u) < ¢2(u) for —c <u<e.
The functions = and z satisfy

20(t) = ¢O(«(t))  forall t € [~ L, 0]

and

2O0) = ¢2(20(t))  forall t € [-Z= 0]

For —T./2 < s1 < s5 < 0, the last equation and the inequality z0(t) > 0 for —T,/2 <
t < 0 combined yield

/ZO<S2> du 2 Z0(t)

= 7dt282_81.

2y 92w Sy 92(200)

Similarly,

2%(s2) gy
— =5y —5 for 2L < 5 < 55 < 0.
Lo(sl) ¢g(u) ?

By the continuity of z and « at 0, we have

¢ du T
—— =-—s for =52 <s<0
/z%) 92 (u) 2

and

¢ du
— = —5 for =Lz < 5<0.
/10(5) o8 (u) ?

Thus, for —T*/2 < s < 0, we obtain immediately that

/c du /c du

z9(s) ¢2 (U) z9(s) ¢g(u) .

With the help of (3.5), we know 2°(s) < 20(s) for % < s < 0. Because of continuity,
we easily see that the claim holds.

If T, > T, then from the claim above and from 2°(—T,/2) = —c we obtain
2(-T;/2) < a°(~Ty/2) = —c. This is impossible since —T./2 < —T,/2 < 0,
29(=T,/2) = —c, and 20(t) > 0 for —T,/2 <t < 0. Thus T, < T.

Proposition 3.5 and the facts that V(z;) = V(w¢) = 2k for all ¢ € R imply that
there exist d,, §, € (—%,1] such that 1 = (k — )T, + 0,7, = (k — 1)% + 5,2%,

and z'(t) = 2°(t + o), and z'(t) = 2°(t + a;) for all t € R, where a, = 5=T,
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and a, = 1;5ZTZ. Let o} = a, — % and o = a, — % Then o} = %
and af = W. Thus 0 > af > af > —TT* since k belongs to N\ {0, 1}.
Consequently,

(3.6) 21(0) = 2%(az) = =2%(a}) > —a®(a}) > —2"(a) = 2°(as) = 21(0).

Using (1.1), (3.1), 20(0) = 20(0) = 0, and 2°(0) = z°(0) = ¢ > 0, we obtain z1(0) > 0,
21(0) > 0, and g(2%(0)) = f(«'(0)). It follows from (H3) that

F(@'(0)) = g('(0)) > (= (0)).

As f is monotone, this implies 2!(0) < 2*(0), which contradicts (3.6).

Case 2. 29(0) = 29(0) # 0. Without loss of generality, we may assume z0(0) =
20(0) > 0 as the proof for the case where 20(0) = 20(0) < 0 is similar. Then there
exists £ > 0 such that 20(¢) # 0 and 20(¢) # 0 for t € (—¢,€), and hence there is § > 0
such that there are inverses (zo)_1 :(d—0,d+6) = R and (;100)_1 :(d—0,d+4) =R
of the restrictions of 2% and z° to the open intervals in (—¢,¢), respectively, where
d = 2°(0) = 2°(0). The maps

-1

ne:(d—6,d+06)3u— 29((2°)  (u) eR
and
et (d—0,d+6) 3 urs 2°((2°) ' (u) € R

are C'-smooth since z and z are C*-smooth by (1.1) and (3.1). We have 7,(d) =
29(0) = 29(0) = n,(d) # 0 and, for all w € (d — d,d + 9),

wwzﬁmﬁ%w%u%%w:ﬂmﬁ%wﬂwéqu
wwzﬁw%%wgy%%wzﬁw%%wﬁwgﬁw)
In particular,
el () L )
(37) n@=Fo  wmd o h@= 5o

The sets {(u,n:(u))™ :u € (d —d6,d+ )} and {(u,n.(u))" : u € (d —d,d+ )} are
graph representations of pieces of | X°| and |Z°|, respectively. It is not difficult to show
that there exists v > 0 such that the sets {(u,v)" :u € (d — $,d + $),na(u) — v <
v < ny(u)} and {(u,0)" 1w € (d— §,d+ $),ma(u) < v < 1y(u) + 7} belong to
different connected components of R?\ | X°|. Hence, using |Z°| C | X% Uext(X?) and
(d,n.(d)) = (d,14(d)), we obtain 1/’.(d) = 1,(d). This, combined with 20(0) = 20(0) #

0 and (3.7), implies 2°(0) = °(0). Differentiating (1.1) and (3.1) yields

B(6) = —pa(t) + f' (' ()7 1)
D(t) = —p0(0) + 9 (M) 1),

From z0(0) = z°(0) and 20(0) = z°(0), we get

(3.8) g'(21(0))21(0) = f'(z"(0))z(0).
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Evaluating (1.1) and (3.1) at t = 0 and using (3.4), one has g(z%(0)) = f(z'(0 ))
It follows that either (z1(0) > 0 and x!(0) > 0) or (2*(0) < 0 and z'(0) < 0) o
(21(0) = 21(0) = 0). In the followmg, we continue our case by case discussions.

Case 2.1. 21(0) > 0 and z*(0) > 0. Then f(z*(0)) = g(2*(0)) > f(21(0)) gives

(3.9) 0 < 2(0) < z*(0).
This, combined with (H2) and (H3), gives

(3.10) zl(())w > Zl(O)Ll(O))
On the other hand, (3.9) combined with (3.8) and g(2!(0)) = f(«'(0)) produces

(3.11)

According to (3.10) and (3.11), we can distinguish three subsubcases to finish the
discussion on Case 2.1.

Case 2.1.1. 21(0) = 21(0) = 0. Then we have Z'(0) ¢ int(X!) and Z1(0) €
{(u,0)" € R? : u > 0}. It is easy to see from Proposition 3.2 that {(u,0)" € R?: 0 <
u < 2(0)} Cint(X1). Consequently, 2(0) > x1(0), a contradiction to (3.9).

Case 2.1.2. 0 < z1(0)/2'(0) < 21(0)/2"(0). First, choose a € R so that z!(a) =
maxeg 21 (t) and 0 € (a,a + T.]. Select a1, as, az so that a < a; < az < az < a+ T,
and

21 (t) >0 fora <t <apand forag <t <a+T,,
2M(ay) = 21 (az) = 2" (as) = 0, Z1(t) <0 for a <t < as,

21 (t) < 0 for a; <t < as, Z1(t) > 0 for ay < t < a+T..

Define 0, = arctan igg; and 0, = arctan iiggg Then 0 < 6, < 0, < 7/2, Z(0) €
1(0.) and X1(0) € (). Let t. = ¥'(6,). Observe t. € [az,a + T,). Recall that,
for 0 € [0,27), any point of |Z!| N 1() is not closer to the origin than any point
of | X[ N1(6). Consequently, z'(t.) > 2'(0) > 0. The monotonicity of )" and the
fact (21(0),2(0)) € |ZY N1(0,) yield 0 > ¥1(0.) > ¥ (0,) = t.. As 2! is strictly
increasing on [az,a + T,] and a3 < t. < 0 < a + T, we infer z'(t,) < 2'(0). The
last inequality and z!(t.) > 2!(0) > 0 together imply 2'(0) > 2!(0), a contradiction
o (3.9).

Case 2.1.3, 21(0)/21(0) < 21(0)/2(0) < 0. Define 6, = arctan iggg + 27 and

0, = arctan Eoi + 2. Then 37/2 < 0, < 0, < 2m, Z1(0) € 1(6,) and X(0) € 1(6,).
We now choose a, ai, as, az as in Case 2.1.2 and apply Proposition 3.7 to z! as in
Case 2.1.2. Let t* = W!(,). Then t* € (a,a1]. Analogously to Case 2.1.2, we find
24 (t*) > 2'(0) > 0. The monotonicity of U1 and Z'(0) € |Z| N i(d,) combined
yield t* = ¥1(6,) > ¥'(,) > 0. Now we can use the inequality a < 0 < t* < ay
and the fact that 2! is strictly decreasing on (a,a;] to obtain z(0) > z!(#*). Thus
21(0) > 2%(0), a contradiction to (3.9).

Case 2.2. z1(0) < 0 and z'(0) < 0. Arguments similar to those used in Case 2.1
will lead to a contradiction.
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Case 2.3. 2*(0) = 21(0) = 0. Then (3.8) and ¢’(0) = f/(0) # 0 combined imply
21(0) = 21(0). Note that z1(0) = z1(0) # 0 since 0 € int(Z') and 0 € int(X?1). This,
combined with (1.1) and (3.1), gives 22(0)z2(0) > 0.

Define v = (1%,01,0%)" 1 R 3 ¢ = (2'(t),22(t),2°(t — 1)) € R? and w =
(W, whw?)™ R 3t = (21(t),22(t), 2°(t — 1)) € R3. Then (v°(0),v0(0)) =
(w°(0), w0 (0))t, v0(0) = w°(0) # 0 and w'(0)v!(0) > 0. By replacing z and z with
w and v, respectively, we easily check that all the conditions of Proposition 3.8 hold.
Moreover, by applying the same discussions as those in Cases 2.1 and 2.2, we shall
also arrive at a contradiction in Case 2.3. This completes the proof. d

Recall from Proposition 3.2 that for any nonconstant periodic solution z : R — R3
of (1.1) there exists k € N such that V(z;) = 2k for all t € R. For a given k € N, we
say that (1.1) has a periodic orbit in V' ~1(2k) if it has a nonconstant periodic solution
z: R — R? with V(z;) = 2k for all t € R.

In order to introduce quantities, expressed explicitly in terms of p and f/(0),
that characterize the uniqueness and absence of periodic solutions of (1.1), we need
information on the distribution of the solutions to the characteristic equation

(3.12) A+ 1) = (7f(0)’e > =0
of the linear system

a°(t) = —rpa(t) + 7f'(0)x (t)
(3.13) @ (t) = —rpat () + 7 (0)22(t)
@2(t) = —rpa?(t) + 7' (0)2°(t — 1)

with parameter 7 > 0. The discussion is given in Appendix A.
PROPOSITION 3.9. Suppose that f satisfies the assumptions (H1) and (H2). Let
B>1and z:R — R3 be a solution of (1.1). Define g : R > & Bf(%) € R. Then g

satisfies the assumption (H3) and z : R 3 t — Bx(t) € R? is a solution of (3.1) with
T=1

Proof. Tt is easy to see that z is a solution of (3.1), ¢g is an odd continuously
differentiable function, and ¢'(0) = f(0). By lim¢_,o(£f'(€)/f(§)) = 1 and (H2), we
obtain

§1'(€)
f€)

For each given £ > 0, the function (0,00) 3 u — uf (%) € R is strictly increasing since
its derivative, f(%)[l - %], is larger than 0 by (3.14). Thus ¢(¢§) = Bf(%) >
f(&) for all £ € (0,00) as > 1. Moreover, using (H2) and 5 > 1, we obtain

9 _1E/B)fE/B) _ 18 _ f(©)

> — =

9(&) & f(&/B) £ & fo)
for all £ € (0,00). Therefore, g satisfies (H3). O
7 ©

For each (k,j) € (N X {07 1, 2}) \ {(07 0)}5 let Tk,j = \/[f/(O)]z 2
—n
Now we are ready to present the first main result of this section.
THEOREM 3.10. Suppose (H1) and (H2) hold. Then the following two statements
are true.

(i) For every k € N\ {0,1}, system (1.1) has at most one periodic orbit in
V=1(2k).

(3.14)

<1 for all £ € (0, 00).

6km+2jm—3 arccos b~
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(i) If (k,5) € {(0,0)} U{(k,j) € (N x{0,1,2})\ {(0,0), (0, 1)} : 7.j = 1}, then
system (1.1) has no periodic orbit in V= (6k + 27).

Proof. (i) By way of contradiction, suppose that there exist two nonconstant
periodic solutions # : R — R3 and y : R — R3 of (1.1) with the minimal periods
T, > 0 and T), > 0, respectively, satisfying {z; : t € [0,T,]} N{y; : t € [0,T,]} = 0 and
V(xe) =V (y:) =2k > 0 for all t € R. Then, by Proposition 3.1 and the definition of
V, 27 and 3/ have a zero for all j € {0,1,2}.

For each j € {0,1,2}, define X7 : [0,T] > t ~ (27(¢),27(¢))" € R? and Y7 :
[0,T,] 2t — (y(t),9(t))"™ € R%. We remark that Proposition 3.4 implies |X°| =
| X1 =|X?| and [Y?]| = [Y!| = |Y?|. Since 2° and y° have zeros, by Corollary 3.3(ii),
0 € int(X?) and 0 € int(Y?). Moreover, the last statement of Corollary 3.3(iii) implies
| X% N |Y% = 0. Thus either | X°| C int(Y?) or |Y°| C int(X?). It suffices to consider
the case where |Y°| C int(X?) since the other case can be handled similarly. Suppose
[YO] C int(X©). Then p|Y?| C ext(X?) for all sufficiently large p > 0. Let

B=inf{p>0:p'|Y° Cext(X?) for all p’ € (p,o0)}.

Then 8 > 1, p|Y?] C ext(X?) for all p € (8,00), B|YY| C |X° Uext(X?), and
BlY°| N |X° # 0. This, combined with the facts that |X° = |X!| = |X?| and
YO = |Vl = |V?|, implies that B]Y7| C |X7| Uext(X7) and p|Y7| C ext(X7) for all
p € (B,00) and j € {0,1,2}. By Proposition 3.9, the function g : R 3 £ ﬁf(%) eR
satisfies (H3) and z : R 2 t — By(t) € R? is a Ty-periodic solution of (3.1) with
7 = 1. Clearly, V(z¢) = 2k for all t € R. By applying Proposition 3.8, we obtain that
BlY7| N |X7| = for all j € {0,1,2}. This contradicts with 3|Y°| N |X° # 0 and
hence we have proved (i).

(ii) We finish the proof of statement (ii) by distinguishing two cases.

Case 1. (k,7) = (0,0). By way of contradiction, we show that (1.1) has no
nonconstant periodic solutions in V~1(0). Suppose that there exists a nonconstant
periodic solution z : R — R? of (1.1) such that V(z;) = 0 for all t € R. It follows
from the definition of V' that 2°(¢) # 0 for all t € R. Then, by Proposition 3.1, either
(x9(t) > 0 for all j € {0,1,2} and t € R) or (27 (¢) < 0 for all j € {0,1,2} and ¢ € R).
Therefore, Proposition 2.5 implies that either x; = 5/; or xy = gA— , a contradiction
with the fact that z : R — R3 is a nonconstant periodic solution of (1.1).

Case 2. (k,j) € Nx {0,1,2}\ {(0,0), (0,1)} such that 7, ; > 1. Again, we show
by way of contradiction that (1.1) has no periodic solutions in V =!(6k+23). Suppose
that 2 : R — R3 is a nonconstant periodic solution of (1.1) with the minimal period
T, > 0 and V(z;) = 6k +2j (> 4) for all t € R. Define w : R — R? such that
w(t) = X(k,j,1,0,74,;)(t) for all t € R (see Appendix A, p. 59 for the definition
of X(k,j,1,0,74;)). Then, by Theorems A.13 and A.16, w is a nontrivial periodic
solution of (3.2) with 7 = 74, ; and g(§) = f/(0)§ for all £ € R, and V(w;) = 6k + 2j
for all ¢t € R. It follows that y : R > ¢ — w(%) € R is a nontrivial periodic solution
of (3.1) with 7 = 74 ; and g(§) = f'(0)¢ for all ¢ € R. Denote the minimal period
of y by T,. For each j € {0,1,2}, define X7 : [0,T,] 3 t — (27 (), 27(t))" € R? and
YI:00,T,] >t~ (¥ (t),y7(t))™ € R%. From Proposition 3.1 and the definition of V,
we know that 29 and y" have zeros. By Corollary 3.3(ii), 0 € int(X°) and 0 € int(Y?).
Let

B=inf{p>0:p'|Y° Cext(X?) for all p’ € (p,o0)}.

Note that Proposition 3.4 yields |X°| = |X!| = |X?| and |Y°| = [Y'!| = |Y?|. This,
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combined with the definition of 8, implies that for all j € {0, 1,2},

BIYI| C [ X?|Uext(X?) and 7B|]Y7| Cext(X7) forr > 1,

and B|Y°| N [XO| # 0. Clearly, ¢'(0) = f(0). The fact that lim¢ o <8 =1 and

(H2) combined yield M < 1 for £ > 0, or equivalently, (@)’ < 0 for £ > 0.

Using this and the equatlon lime_,0 = £ — = f/(0), we obtain g(¢) = f/(0)¢ > f(&) for

& > 0. Moreover, % > J}(g for 5 > 0. Applying Proposition 3.8 with 7 = 7y 5,

g9(&) = f'(0)¢ and 2(t) = ﬁy( ), we get a contradiction. O

In the remaining part of this section, we study the existence of periodic orbits
of (1.1). For this purpose, we introduce the following parameterized scalar delay
differential equation

(3.15) (t) = —Tpx(t) + 7f(z(t — 1))
and parameterized system of delay differential equations

#(t) = —Tpa(t) + 7f (22 (1)),
(3.16) #1(t) = —Tuxl (t) + 7f(2%(1)),
#2(t) = —Tpa’(t) + 7f(2°(t — 1))
with parameter 7 (> 0), where g > 0 and f : R — R is a strictly increasing and
continuously differentiable function satisfying assumptions (H1) and (H2).

The following result comes from [15].

ProrosiTiON 3.11. If 7 > TIT’O, then there exists a monconstant periodic orbit
O(7) of (3.15) such that the minimal period T'(T) of O(7) belongs to (1,2).

ProproOSITION 3.12. If T > 7109, then there exists a unique nonconstant periodic
orbit O1,0(T) of (3.16) such that V(1) = 6 for all i € O1,0(T) and the minimal period
Ti0(7) of O1,0(7) belongs to (%,2).

Proof. For each T € (71—30, o0), by Proposition 3.11, we may choose a nonconstant
periodic solution p(7) : R — R of (3.15) such that (p(7)); € O(r) for all t € R and
the minimal period T'(7) of p(7) belongs to (1, 2).

For a given 7 > 71 9, define p1 o(7) : R — R by (p1,0(7))? (t) = p(§)(3t —j) for all
(t,7) € Rx{0,1,2}. It is easy to check that p1,0(7) is a nonconstant periodic solution

of (3.16) with the minimal period T} o(7) = @ € (3,2). Then (p1o(7))'(t) =
(p1.0(7)°(t = 5) = (p1.0(7))°(t + Z4T2) and ZREEEL € (0,T0(7)). Moreover,
by Proposition 3.1 and (H1), (p1,o(7 )) has a zero. By applying Corollary 3.6, we
know that V((p1,0(7)):) = 6 for all ¢ € R. On the other hand, the uniqueness of
a nonconstant periodic orbit in V=1(6) follows from Theorem 3.10. Let O (1) =
{(p1,0(7))s : t € R}. Then 7 > 719, O1,0(7) is the unique nonconstant periodic orbit
of (3.16) such that V(w) = 6 for all ¢ € O1,0(7) and the minimal period T3 o(7) of
O1,0(7) belongs to (1, 2). This completes the proof. O

PROPOSITION 3.13. T : (71,0,00) — (0,00) is a continuous function. Moreover,
TLO( ) — % as T — (7'170)+,

Proof. Define T : [11,9,00) — R by T(r10) = 1)21—”0 and T(1) = Tho(7) for all

T € (71,0,00). We claim that T is a continuous function on [r1 9,00). If the claim

is true, then it follows immediately that 7)o is continuous and Tjo(7) — 1)21—”0 as

T — (7’170)+.
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In the following, we will prove the claim by way of contradiction. Suppose that
the claim is not true. Then there exists a sequence {7} C [ri,0,00) such that
limyy, 00 T = 7% € [71,0,00) and T'(7,,) does not tend to T'(7*) as m — co. Note that
T([r1,0,00)) C [5,2] as T((r1,0,00)) C (3, 2) by Proposition 3.12 and bzﬁ €(3,3)
By taking a subsequence if necessary, without loss of generality, we assume that
{Tm} C (71,0,00) and there exists Ty # T(7*) such that Ty € [, 2] and T(7,n) — To
as m — oco. By Propositions 3.1 and 3.12, for each m € N, we choose the solution
Tt R — R3 of (3.16) such that (x,)0 € O1,0(7m) and (2,,)°(0) = max{z?,(t) : t €
R}. By Proposition 2.4 (ii), for each m € N, (x,,)?(t) € [£7,¢7] for all j € {0,1,2}
and t € R. Let a* = sup{| — mpa + 7 f(0)| : a,b € [€7,£T] and m € N} and
b* = sup{| — Tmpa + T f(d)b] : d € £, and a,b € [—a*,a*] and m € N}. It
follows from (3.16) that |(z;,)? (t)| < a* and |(2;,)? (t)] < b* for allm € N, j € {0,1,2}
and t € R. Thus, by Remark 2.3, by passing to a subsequence if necessary, we can
assume that there exists a map x : R — R3 such that z,, — 2 and z),, — & uniformly
in any compact interval of R as m — oco. We shall finish the proof by distinguishing
two cases.

Case 1. z is not zero. Obviously, 2°(0) = max{z°(¢) : t € R} # 0 follows from
the fact that 29, (0) = max{z? () : t € R} for all m € N. We first prove the following
statements:

(i) z(t) = x(t — To) and z(t) = —x(t — %) for all ¢ € R.

(ii) « is a nonconstant periodic solution of (3.16) with 7 = 7*.

(ili) #°(t) < 0 for all t € (0, 22) and 2°(¢) > 0 for all t € (L2, Tp).

(iv) The minimal period of z is Tp.

To verify (i), for any ¢ € R, let I* = [t — 1 — 2Tp,¢]. Then the above discussions
imply that {2,,|r }men is equicontinuous on I* and x,,|;+ tends uniformly to x|
as m — oo. Thus, for any € > 0, there exists n; € N such that |z,,(t — T(7n)) —
T (t —To)| < § and |2, (t — To) — 2(t — Tp)| < § whenever m > n;. It follows that
() — 2t — Ty)| = [m(t — T(7)) — 2t — To)! < [m(t — (7)) — (¢ — To)| +
|zm (t — To) — z(t — Tp)| < € whenever m > ny. This means that z,,(t) = z(t — Tp)
as m — oo and hence z(t) = z(t — Tp). Similarly, by using m(t) = —am (¢t + L&),

we can show that z(t) = —x(t — %) Since t is arbitrary, we have proved (i).

From statement (i) and the fact that z is not zero, we know that x is a nonconstant
periodic map. Moreover, since x,, — x and x;, — & uniformly in any compact interval
of R as m — oo, we easily see that x is a nonconstant periodic solution of (3.16) with
7 = 7*. This proves (ii).

Observe that z,|;« tends uniformly to Z|;« as m — oo, where I* = [0,Tp].

By Remark 2.3, we have 2;,°(t) < 0 for all ¢ € (0, 2= and ;,°(t) > 0 for all

t e (@,T(Tm)). These facts, combined with the fact T'(7,,) — To as m — oo,

show that i%(t) < 0 for all ¢ € (0,22) and (t) > 0 for all ¢t € (L2, 73). Again
by statement (ii) and Remark 2.3, we obtain that #°(t) < 0 for all ¢ € (0,22) and
i0(t) > 0 for all t € (L2, Tp), verifying (iii).

By statements (i) and (iii), we know that the minimal period of z is Tp.

Statements (ii) and (iv) imply that z is a nonconstant periodic solution of (3.16)
with 7 = 7* such that the minimal period of = is Tj.

By Proposition 3.2(iv) and statement (ii), we know V' (z;) = 2k for some k € N
and all t € R. This, combined with Proposition 2.6(iii)(b), implies that z; € R for
all t € R. Thus, for each ¢t € R, by Proposition 2.6(ii), we obtain that V(x;) =
limy, 00 V(2 )t) = 6 since () — x4 and (z7,): — (&) as m — oo. Thus by
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Theorem 3.10 and Proposition 3.12, we obtain that 7* > 71 ¢ and the minimal period
To = T(7*), a contradiction.

Case 2. £ = 0. In this case, x,, uniformly tends to zero in any compact subset
of R as m — oo. Let M,, = max{|(z,,)°(t)| : t € R} and y,,(t) = ml’\”’/[‘—fyf) for all m € N
and ¢ € R. Then |(ym,)?(t)] < 1 for all m € N and ¢t € R. We can easily check that
limy, 00 My, = 0, and V((ym):) = 6 for all m € N and ¢t € R. It follows from (3.16)
that, for each m € N, y,,, satisfies the following equation:

0(4) — f(Mmy* (¢
90(t) = =Ty (t) + T fEMMiZE ;;
. my(t
(3.17) JH(t) = —Tmpy (t) + T =5,
Mmy (til))

. 0
G2(8) = Ty (1) + Ty L =2)

For each m € N, define f,,, : R — R by fn.(y) = % for all y € R and define
fo:R =R by foly) = f/(0)y for all y € R. Thus, fm — fo and fr— f} uniformly
in any compact subset of R as m — oc.

Let a** = sup{| — Tmpa + 7m fm(b)] : a,b € [—1,1] and m € N} and b** =
sup{| — Tmpa + 7f),(d)b| : d € [-1,1] and a,b € [—a**,a**] and m € N}. It follows
from (3.16) that |(y;,)7 ()| < a** and |(y;m)?(t)| < b** for all m € N, j € {0,1,2} and
t € R. Then, by passing to a subsequence if necessary, Remark 2.3 shows there exists
a function y : R — R? such that v, — y and %,, — ¢ uniformly in any compact
subset of R as m — oo. Thus, y is a nonconstant periodic solution of (3.13) with
7 = 7%, and the minimal period of y is Ty. Again, by Proposition 2.6 (ii), we obtain
that V(y:) = limp o0 V((ym):) = 6 for all t € R. By Theorems A.13 and A.16 and
the fact that V(z;) = 6 for all t € R, we know that 7 = 71 o and Ty = %, which

contradict with Ty # T'(7%).
Therefore, we have proved the claim. This completes the proof. d
PROPOSITION 3.14. liminf, o T1o(7) = 1.
Proof. By way of contradiction, assume liminf,_, o T3 o(T
sition 3.12, liminf, o T o(7) > % Thus there exist T* € (%
that Ty (1) > T™* for all 7 € (7%, 00).

Let M = sup{f’(z) : x € R}. By (H2), for & > T, we have f/(§+) = E;{;(f;) >

S48 which implies that f/(¢) < FEHD < SED ) — f/(e*) Tt follows that

M € (0,00) and |f(z)] < M|z| for all x € R. Furthermore, let k = f/(o#. Then
k> pas f/(0) > p. It follows from f'(0) > p and f'(z) > 0 that there exists

y* e (0 ) such that |f(x)| > k|z| for all z € [—y*,y*] and |f(z)| > ky* for all

) # % Then, by Propo-
, %) and 7** > 11 o such

_ &
T 2(1421)
x € (—oo, —y*| U [y*,00). Let A* = %ln(
T1,0, 1 + T**}.

Assume that p : R — R3 is a periodic solution of (3.16) with 7 = 7* such that
p°(0) = max{|(p°(¢)| : t € R} and V(p;) = 6 for all ¢ € R. Then by Proposition 3.12,
we have p(t) = p1o(7*)(t +t*) for all t € R and some t* € R, and the minimal period
of pis Tho(7*). Define z : R — R by z(t) = p°(t) for all t € R. Let T = Ty o(7").
Then z(0) = max{|(z(t)| : t € R}, T' € (T*, ) and the minimal period of z is T. By
Proposition 3.5, we infer that z satisfies the following equation:

ky" €1 (2ut2M)

(k—m)y* ) and 7 = max{%, 1+

(3.18) Ht) = =7 pa(t) + 7 f (z <t _ %)) .
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Let & = %. Since z(0) < &* (by Proposition 2.4(ii)) and y* < T, we know
that & < min{y*, 2(0)}. It follows that |f(z)| > k|z| for all z € [—-£*,&*] and |f ()] >
k&* for all z € (—oo, =¥ U [£*,00). By the fact that £&* < 2(0), there exist 77 and
T; such that T1 = sup{t € (—00,0) : 2(t) = £*} and T, = inf{t € (0,00) : z(t) = £*}.
Using Remark 3.3, we know that z(t) > &* for all ¢ € [Ty, T3] and z(t) < &* for all
t € [Ty, Ty + T). Moreover, Tp < Ty + L since z(Ty + %) = —2(T1) = =&~

We now prove that T, — 71 > T — 3. If this is not true, then 7o — Ty <T — 1. It
follows that —T) < T — % < g and Tp+ 3 < T+ Ty <T. Thus —3 + [T2 + 3,T] C
[T, Ty + T], which implies that z(t — 3) < & for all ¢t € [T3 + 3,7T]. It follows
from (3.18) that

2(t) = =1 pz(t) + 7 f(2(t — 3)) < =T pz(t) + MT*Er,
or

A0t _ ME d(er™)
dt T dt

for all t € [Ty + %, T). Integrating this differential inequality gives us
2(T) < 2(Ty + §)en (T=Tomi)  ME _ MEL o=y (T=To4
< 2(Ty+ L)emwm (T-To=5) 4 MTS
< g*e—MT*(T—D—%) 4 M_f*
I
< (1+ D
_y2(0)
26+
z(0)
2 )

<

a contradiction to z(T') = z(0) > 0. This proves T, — T} > T — 3 and hence Tp — T} >
T - L
3

Let S* = f—* + Ty + % Note that T* + % < 2T and T < % Also recall that

Ty < T+ % By a simple computation, we obtain that S* > Ty + % > T + % > Ty

and S* < T3 + T —l—% < %—i—ﬂ —l—% =T+T) < T2+%. In particular,

S* e [T+ 3,T> + 3]. Using (3.18), for all t € [T} + 3, T» + 3], we have

i(t) = =7 uz(t) + 7 f(2(t — 3)) = =7 pz(t) + ke
and hence

d(z(t)er™t) S Ed(e*”*t)
dt T dt

Integrating the above differential inequality yields, for all ¢ € [T} + %, T + %], that

2(t) > z (T + %) e hT (t=Ti—%) 4 % _ %e—m*(t—ﬂ—é)

> — (2(0) + ) e (oTiod) B
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In particular,
2(87) 2 = (2(0) + 5 ) e (57oNd) 4 B
(o)

+ oo * « *
:_((2u+2M)E € 4 ke )e*ﬂA 4 R

ny* Iz

It follows from the definition of A* and the above inequality that z(S*) = z(4- + T} +

1) > & This, combined with the fact that S* > Ty, implies 2= + T} + 2 > T + Ty.

Thus T' < f—: + % < T*, a contradiction. This completes the proof. O

PROPOSITION 3.15. Assume that 7 > 0 and k* € N\ {0} satisfy
(2k*+2)m—3 arccos —— 2k*m—3 arccos
(H4)

T@ > 2k™m—3 arccos gy
VI (02 —p? - [f7(0)]? —p?
Then, for each positive integer | < k*, we have the following results.
(i) Ifl > 2, then there exists one and only one nonconstant periodic orbit O(7*)
of (3.16) with 7 = 7* such that V() = 21 for all ) € Oy(7*) and the minimal
period Ti(7*) > 0.
(ii) Ifl =1, then there exists at least one nonconstant periodic orbit of (3.16) with
T =17 in the level set V~=1(2): that is, for any such orbit O1(1*), V(¢) = 2
for all ¢ € O1(7*) and the minimal period Ty (7*) > 0.
Proof. Let k= {1,2,...,k*}, D1 = (1,00), and D; = (1, 7725) for all l € x\ {1}.
We now claim that there exists k* nonconstant periodic orbits {O; : | € k} of (3.16)
such that the minimal period of O; is T} € D;, where | € k.
Now suppose | € k. Then there exists (ki,j;) € N x {0,1,2} such that | =

3k; + ji and 7 > Tx,5. Let wi(y) = 1+ (I —3)Tho(y), Ti(y) = 7;1”(253) and
pi(Y)(t) = p1o(y)(wi(y)t) for all ¢ € R and v > 71 9. A simple computation shows
that p;(y) : R — R3 is a periodic solution of (3.16) with 7 = yw; (). Proposition 3.12
implies that the function h : (71,9,00) 3 v — ywi(y) € R is continuous and satisfies
lim, _, (r, o)+ h(7) = Tk, j,- Moreover, Proposition 3.14 implies limsup,,_, ., h(y) = oo.
Hence, by 7% > 7, j,, there exists a v* € (11,9,00) such that h(y*) = 7*. Then
wi(y*) > 0. Thus p;(v*) : R — R? is a periodic solution of (3.16) with 7 = 7* such
that its minimal period is T;(v*). Moreover, by Proposition 3.5 and the definition of
pi(7*), we obtain

Ly N (E) = (pro(y™) (wi(v)t)

= (pro(r"))° <wl(y*)t  HTiolo) - 1)
s )

Hsz(’y*)—l).
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Obviously, =1 — 3T§$l(("f;))*1 = Ti(v*) = 5555 € (0,Ti(v")) follows from

wi(y*) > 0. So, by Corollary 3.6, we have V((p;(v*)):) = 2l for all t € R. Now,
we show Tj(v*) € D;. First, by Proposition 3.5 there exists a &1 € (—3,1] such
that 1 = (I — 1)T1(v*) + 61T3(7*), which implies that T3(v*) > 1. If T;(v*) = 1,

T .

then it follows from Ty(v*) = } = WSEO)W that T10(y*) = %, a contradic-
tion to T1,0(v*) € (3, %). Thus Ty(y*) > 7. On the other hand, by Proposition 3.5

again, there exists 03 € (—3,1] such that 1 = 2Ty ,9(v*) + 62T1,0(y*). Then wi(y*) =
2T 0(v*) 4 02T1,0(v*) + (L = 3)T10(v*) > (2= 5 +1=3)T10(v*) = (I — 3)T10(7").

* T * N
Thus, T;(v*) < W% = 525 for | > 2. It follows that Ty(v*) € Dy for I > 1.

So far we have shown the existence of at least one periodic orbit in V~1(2l) for [ € k.
This, combined with Theorem 3.10 and the arbitrariness of [, shows that statements
(i) and (ii) hold. This completes the proof. O

We now present the second main result of this section.

THEOREM 3.16. Suppose (H1) and (H2) hold. Then the following statements are
true.

(i) If 701 € (0,1), then system (1.1) has at least one periodic orbit in V=1(2).

(i) For every (k,j) € {(k,j) € N x{0,1,2}\ {(0,0),(0,1)} : 7 ; € (0,1)},

system (1.1) has a unique periodic orbit in V~1(6k + 27).
(iii) For every (k,j) € {(0,0)} U{(k,j) € N x{0,1,2}\ {(0,0), (0, 1)} : 7.5 > 1},
system (1.1) has no nonconstant periodic orbit in V=1(6k + 2j).
* * o g £7(0)

Proof. Let 7* =1 and k* =sup{k e N: 7* > IO 1.

(1) Since 70,1 € (0,1), we know that [ = 1 < k*. Then conclusion (i) follows from
Proposition 3.15(ii).

(ii) For every (k,j) € {(0,0)} U{(k,j) € N x {0,1,2} \ {(0,0),(0,1)} : 7 ; €
(0,1)}, we have 3k + j < k*. Then by Proposition 3.15(i), system (1.1) has a unique
periodic orbit in V~1(6k + 27).

(iii) Obviously, conclusion (iii) follows from Theorem 3.10(ii). 0

According to Theorems 3.16, A.12, and A.13(ii), we know that the number of the
nonconstant periodic orbits is larger than or equal to the number of the roots with
positive imaginary parts and positive real parts of the characteristic equation (3.12)
with 7 = 1.

2km—3 arccos

4. Structure of the global attractor. In this section, we describe the struc-
ture of the global attractor A. For K C A, define W*(K) ={¢ € A: a(¢) C K}.

PROPOSITION 4.1. Let x : R — R? be a nonzero solution of (1.1). If there exists
k € N such that V(x:) = 2k for all t € R, then x; € R for all t € R. In particular,
for any j € {0,1,2}, 7 (x¢) # (0,0)' for all t € R, and if to € R is a zero of a7, then
it must be simple.

Proof. Tt follows from Proposition 2.6(iii)(b) and the fact that V(z;) = 2k for all
t € R that z; € R for all t € R. This, combined with the definition of R, yields the
conclusion and hence the proof is complete. O

PROPOSITION 4.2. Letx : R — R? be a nonzero solution of (1.1) and let x = {t €
R:a2%(t) = 0}. Ifw(z) = a(z) = {0} and there exists k € N such that V (x;) = 2k for
all t € R, then x # 0 and inf{t : t € x} = —oc.

Proof. First, we claim that, for any j € {0,1,2}, there exists no T € R such
that 27 (t)z7t1(t) < 0 for all t € (=00, T). Recall that 23(t) = 2°(t — 1). If the
claim is not true, then there exist j € {0,1,2} and T € R such that =7 (¢)z7+1(t) < 0
for all t € (—o00,T). It suffices to consider the case where 2°(¢) > 0 and z!(t) < 0
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for all t € (—oo,T) since the proofs for other cases are similar. By (1.1), 20(t) =
—ux®(t) + f(z1(t)) < 0 for all t € (—oo,T). This implies that 2°(t) > 2°(T — 1) > 0
for all t € (—oo, T — 1], a contradiction to a(z) = {0}. This proves the claim.

Now, we prove Proposition 4.2. Obviously, it suffices to show that inf{¢ : ¢t €
xU{0}} = —oo. By way of contradiction, suppose inf{t : t € xU{0}} = T"* € (—o0, 0].
Then either (z°(t) > 0 for all t € (—00,T*)) or (2°(t) < 0 for all t € (—o0,T*)).
Since —z satisfies all the conditions of Proposition 4.2, without loss of generality,
we can assume that 2°(t) > 0 for all t € (—o0,7*). It follows from (1.1) that
% =ettf(z(t —1)) > 0 for all t € (—oo, T* + 1), which indicates that z*(t)e*
is strictly increasing on (—oo,T* + 1). If there exists t* € (—oo,T* + 1) such that
22(t*) = 0 then 2%(t) < 0 for all t € (—oo,t*). It follows that z2(t)z°(t — 1) < 0
for all t € (—o0,t*), a contradiction to the above claim. Thus, z2(t) > 0 for all
t € (—oo, T* +1). Then it follows from (1.1) that % = el f(22(t)) > 0 for all
t € (—oo, T* + 1), which implies that z!(t)e#! is strictly increasing on (—oo, T* + 1).
Similarly as before, we have z!(t) > 0 for all t € (—o00,T* +1). Thus z; € (C4)°
for all t € (—oo0,T™*). This, combined with Proposition 2.5, gives w(z) = {a}, a
contradiction and hence the proof is complete. O

PROPOSITION 4.3. Let x : R — R? be a nonzero solution of (1.1). If there exists
k € N such that V(xzy) = 2k for all t € R and V(x¢ — x5) = 2k for all t # s, then
either w(z) # {0} or a(x) # {0}.

Proof. By way of contradiction, suppose w(x) = a(z) = {0}. Proposition 4.1
and Proposition 4.2 ensure that 2° have zeros and all zeros are simple. Moreover,
inf{t € R : 2°(t) = 0} = —oo. Choose tg € (—00,0] such that 2°(tg) = 0 and
#%(tp) > 0. Note that {t € (—o0,to] : 2°(t) = 0} is a discrete set of R. Arranging
these zeros of 2° in a decreasing order gives a strictly decreasing sequence {t, }nen
such that lim,, o t, = —00 and i°(ta,)3(t2ns1) < 0 for all n € N. As i%(tg) > 0,
it follows from (1.1) and #°(ta,,)i%(t2n41) < 0 for all n € N that z!(ten41) < 0 and
x!(ta,) > 0 for all n € N.

Define ¢ : R > ¢t + 7°(x;) € R% Proposition 4.1 and the facts that V(x;) = 2k
for all t € R and V(ay — z5) = 2k for t # s imply that 2; € R for all ¢ € R and
xy — x5 € R for t # s, and thus c(t) # c(s) # 0 for t # s. Choose p > 0 so that
||c(0)]] > p. Tt follows from w(z) = az) = {0} that limy s c(t) = lim;_, oo c(t) = 0.
Then there exists a positive integer ng such that z'(t2,,) > 2! (tan,—2) and |[c(t)|] < p
for t < ton,. Let a = tan,—2, b = ta,, and C : [a — 1,b] — R? be such that C(t) = ¢(t)
for all t € [a,b] and C(t) = (a — t)c(b) + (t — a + 1)c(a) for all t € [a — 1,a]. Then
C is a simple closed curve in R2. In fact, in the (z,y)-plane, C consists of the line
segment C([a — 1,a]) on the positive y-axis, the curve C([a,t2n,—1]) is completely
on the right-hand side of the y-axis and the curve C([t2n,—1,b]) is completely on the
left-hand side of the y-axis. By the definition of C, we have 0 € int(C). On the other
hand, from lim; , ¢(t) = 0 and ||¢(0)|| > p, we can deduce that there exists s; > 0
such that ¢(s1) € C((a — 1,a)) because c(s1) ¢ c([a,b]). Let t* = sup{t € R : ¢(t) €
C((a—1,a))}. Then t* > 51 and t* < 0o as limy_,, ¢(t) = 0. Moreover, t* > s; > 0
implies that t* ¢ [a, b] and hence ¢(t*) € C((a—1,a)). Let 6 = mingcq 4 [|c(t) —c(t*)]|.
Then 6 > 0 and N (c(t)) N {(&,6£)" € R? : & > 0,& > 0} C ext(C), where
N (c(t*) = {(&1, &) € R? ¢ ||(&1, &)™ — ()| < %} Moreover, it follows from the

definition of C that z°(#*) = 0 and z*(t*) > 0. By (1.1), we have 20(t*) > 0. Then
there exists € > 0 such that 2°(¢) > 0, 1 (t) > 0 and (2°(¢),2'(¢))" € N (c(t")) for
all t € (t*,t* +¢). That is, c(t) € ext(C) for all t € (t*,¢* 4+ ¢). This, combined with
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lim; o ¢(t) = 0, implies that there exists t** > ¢t* +¢ such that ¢(t**) € C((a—1, a)),
a contradiction with the choice of t*. O

PROPOSITION 4.4. Let x : R = R3 and y : R — R3 be two nonzero solutions
of (1.1) with y; € a(x) for all t € R. If ay) = {0}, then there exists k € N such that
Vye) =2k for allt e R and V(y. — ys) = 2k fort # s.

Proof. Clearly, y is not a periodic solution of (1.1). Let k, =
where o > 0. We claim k, < oo for all o € (0, 00). Otherwise, there exist a op > 0 and
a sequence {t,}5° with lim, o0 t, = —o0 such that lim, e V(Yoo+t,, — Yt,) = 00.
On the other hand, it follows from yo € «(z) that there exists a sequence {s;,}5°
with lim,,—o0 $mn = —o00 such that lim,, oo s, = yo. Thus, for each t € R, by
Proposition 2.4(iii), 2415, — y¢ in O as m — oco. Then lim, oo (Togts,, +t, —
T, +t,) = Yoot+t, — Yt,, and Proposition 2.6(i) implies

sup,ep V(Yt+o—yt)
2 9

V(Yoottn — Yt,) <Hminf V(zoyts,, 41, — Ts,tt,,)-
m—r 00

Therefore, lim;—, oo V (25,4t — ) = 00. However, by Corollary 4.6 in [20] and Propo-
sition 2.6(iii), V (ysy+¢ —y¢) is constant for all large ¢ and thus Yo+t —ye~ € R for some
large t* > 0. Hence by Proposition 2.6(ii), V (yog+tx — Yt) = iMoo V(Togtt745,, —
Tprts,,) = limyy_ oo V(Tog4t — Tt) = 00, a contradiction to V(yettr — yex) < 00.
This proves the claim.

For a given ¢ > 0, it follows from Proposition 2.6 (iii) and the above claim that
there exists t; > 0 such that V(ys4t — yi) = 2ky for t < —t1 and V(yo4+ — y¢) is con-
stant for ¢t > ¢1. Hence, by Proposition 2.6 (iii)(b), we have y,4: —y: € R for [t| > t1+
4. Let {sm }&° be a sequence as in the above paragraph. Applying Proposition 2.6 (ii),
we obtain lim,, e V(Zots,,+¢t — Ts,,+t) = V (Yort — y¢) for |t| > t1 +4. On the other
hand, by Proposition 2.6 (iii), we can also obtain that for each 0 > 0, V(2545 — )
is nonincreasing and thus limg—, oo V(25ts — Ts) = iMoo V(Tots,, +t — Ts,, +t) =
V (Yot — ) for [t| > t1 +4. Hence V(yoqt — yt) = limsy oo V(Tors — x5) for
[t| > t1+4. Again, Proposition 2.6(iii) implies that V(y,+¢ — ) is nonincreasing and
thus for each 0 > 0, V(yott — yt) = limss oo V(245 — xs) = 2k, for all t € R. This,
combined with Proposition 2.6(iii)(b), implies y,+: —y: € R for all t € R and o > 0.
By Proposition 2.4(iii), we know that y, — yo varies continuously in o € (0,00), in
the C! topology. So, by Proposition 2.6(ii), we infer that k, varies continuously in
o € (0,00). This, combined with the fact that k, € N for all 0 € (0, 00), yields that k,
is independent of ¢. Let k = k, for some o € (0,00). In view of 0 € a(y) and Propo-
sition 2.6(1), V(y;) < 2k for all ¢ € R. On the other hand, since V (y;) is constant
for all large ¢, we can deduce y; € R for all large ¢ and thus, by Proposition 2.6(ii),
Vye) = limg— oo V(y: — y14s) = 2k for all large t. Therefore, by Proposition 2.6(iii),
we have V(y;) = 2k, for all t € R. O

THEOREM 4.5. A = {E:,EI} UWH({0}) U{W™(O) : O is a nonconstant periodic
orbit of (1.1)}.

Proof. Note that 0, 5/: , 5/; are the only stationary points of (1.1) with 5: and
EI being locally asymptotically stable (see Theorem B.5). Let ¢ € A\ {E:,EI}
Then there is a solution z : R — R3 such that g = ¢ and 2; € A for all t € R. By
Proposition 2.7, we can deduce that either a(x) is a periodic orbit O of (1.1) or for each
solution 3 : R — R3 with y; € a(x), the sets a(y), w(y) C {6,5:,5/;} If the former
holds, then ¢ € W%(Q). If the latter holds, then by the locally asymptotical stability
of & and £+, we have ax) N {6,5/:,?} = {0}. We claim a(z) = {0}. Otherwise,
there exists a nonzero solution z : R — R? in a(x) such that a/(z) = w(z) = {0}. Note
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that, by Proposition 4.4, there exists k € N such that V(z;) = V(24 —zs) = 2k fort # s,
a contradiction to Proposition 4.3. Therefore, a(z) = {0}, that is, ¢ € W*({0}). This
completes the proof. O

5. Discussion and generalization. In sections 2—4, we studied the cyclic sys-
tem (1.1) and obtained results on the existence, absence, and uniqueness of periodic
orbits in the level sets of a discrete Lyapunov functional V| and we described the
structure of the global attractor. Unfortunately, we cannot prove the uniqueness of
periodic orbits in V~1(2). This is due to the fact that we can only prove Proposi-
tion 3.8 for k € N\ {0,1}. The proof of Proposition 3.8 is quite similar to that of
Proposition 3.4 in Krisztin and Walther [15]. When proving Proposition 3.8, we need
k € N\ {0,1} to guarantee that o > o in Case 1. Unlike in the proof of Proposition
3.4 in Krisztin and Walther [15], instead of

(5.1) (k—3) T, <1<kl and (k—3)T. < a<kT:,
we can only have
(5.2) (k—=3)T, <1< kT, and (k=3)T. < a < kT..

The inequalities (5.1) play a key role in the proof of Proposition 3.4 in [15] to get a
contradiction in Case 1. The weaker version (5.2) we obtained forced us to modify
the argument in [15] in order. Unfortunately, this modification does not allow us to
obtain the contradiction for the case where k = 1. We thus leave the following as a
future project.

CONJECTURE 5.1. System (1.1) has at most one periodic orbit in V~—1(2).

To conclude this section, we mention that the arguments in this paper can be
modified to study the general system (1.4), that is, the system

20(t) = —pa®(t) + f (2 (1)),
#l(t) = —pa'(t) + f(2*(t),
(5.3) z
FHE) = —pa (1) + (2" (1),
a"(t) = —pa"(t) + f(2°(t — 1)),

where f satisfies the same assumptions as those in sections 2—4 and n € N with
21(t) =20t —1) if n=0.

Let K, = [-1,00U{1,2,...,n} and C, = C(K,,R). Note that Ko = [-1,0].
Define sc,,, Vi, : Cp, \ {0} = NU {oo}, respectively, by

0 if ¢ is nonnegative or nonpositive
there exists a strictly increasing
sn(9) = sup{ k € N\ {0} : finite sequence (67)k C K,
with ¢(67~1)p(09) <0 forall 1 < j <k

and

_ [scn() if sc,(¢) € 2N U {00},
Va(¢) = {scn(qS) +1 if sc,(¢p) € 2N+ 1

for ¢ € C, \ {0}.
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The only challenge in generalizing the arguments to (5.3) is to establish an ana-
logue of Proposition 3.5, that is, to establish the following result: Let w : R — R7+!
be a nonconstant periodic solution of

i0(t) = — O(t) + f(z (1)),
El(t) = —pxt(t) + f(22(1)),

FH(E) = —pa () + f(2"(2)),
&"(t) —ux() f@®t-1)

with the minimal period T, > 0, where > 0, 7 > 0, and the C'-function g : R — R
is odd and ¢'(§) > 0 for all £ € R. If V,,(wy) = 2k + 2 for some k € N and for all
t € R, then there exists § € (1*7", 1] such that the following results are true.
(i) 1 =kT, + 0T,.
(i) (wi(t),w?(t),...,w"(t),w’(t — 1)) = (W't + a),w(t + a),..., w1t +
a),w"(t + «)) for allt € R, where a = i;ﬁTw,

The difficult part in establishing the above result is determining how to keep track
of the sign changes due to the large number of coordinates. The modification for the
proofs of other results is minor. We list some results for (5.3) without detailed proofs.

PROPOSITION 5.1. Let x : R — R"*1 be a nonconstant periodic solution of (5.3)
with the minimal period T, > 0. ‘ . o

(i) For each j € {0,1,2,...,n}, there exist t) € R and t] € (t},t) + Ty) such
that 0 < xJ( ) for all ) < t <), 2(R) = [7(t]), 27 (£))], & (t) < O for all
] <t<th+T,.

(ii) If 2° has a zero, then x(t + L) = —x(t) for all t € R.

(iii) There exists k € N such that {z; : t € R} C V7 1(2k).

PROPOSITION 5.2. Let x : R — R"*1 be a nonconstant periodic solution of (5.3)
with the minimal period T, > 0. If Vi,(z¢) = 2k + 2 for some k € N, then there
exists 6, € (152,1] such that 1 = kT, + 6, T, and (z'(t),z%(t),...,a"(t),x (t - 1))
(2°(t+ag), 2 (t+ag), ..., 2" t+ay), 2" (t+ay)) for allt € R, where ay = =5

Let A = (Nx{0,1,2,. nb)\{(0,0)}, B, = {(k,§) € An <n+1>k+2;?%+1}

2(n+1)kr+2jm— (n+1)dI‘CCO§ o] (0) for each (k ]) cA.

[ (0)]*—
Then the generali\z/ation of Theorem 3.16 to (5.3) is as follows.
THEOREM 5.3.
(i) If (k,j) € B, is given so that Ty jn < 1, then system (5.3) has at least one
periodic orbit in V" (2(n + 1)k + 27).
(ii) For every (k,j) € {(k,5) € Ay \ Bn : Thjm € (0,1)}, system (5.3) has a
unique periodic orbit in V,”1(2(n + 1)k + 2j).
(iii) For every (k,j) € {(0,0)} U{(k,j) € An : Tk jin > 1}, system (5.3) has no

nonconstant periodic orbit in V, 1 (2(n + 1)k + 25).

and T jin =

Appendix A. Zeros of the characteristic equation. The purpose of this
appendix is to analyze the distribution of the roots of

(A1) (C+7H)* = (1f(0))%e¢ =0,

where 7 > 0 and f/(0) > p. Our main results, among others, claim that the real parts
and imaginary parts of roots of (A.1) are well ordered. Let A = C*% Then (A.1)
reduces to

(A.2) X — e =0,
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T
where 3 = M > (. In the remaining part of this appendix, we study the general
case of (A.2), namely, we only assume 5 > 0.
LEMMA A.1. Any root of (A.2) is simple.
Proof. By way of contradiction, suppose that (A.2) has a root \g, which is not
simple. Then we have

(A.3) N — e =0
and
(A.4) 302 +3p%e 30 = 0.

Multiply (A.3) by 3 and add it to (A.4) to obtain 3A3 + 3A\% = 0. Then \g = 0 or
Ao = —1. However, it is easy to see that neither Ay = 0 nor A\g = —1 satisfies (A.3),
a contradiction. This completes the proof. O

Observe that if A is a root of (A.2), then so is . Thus, in the remaining part
of this appendix, we shall focus on roots of (A.2) with nonnegative imaginary parts.
Also observe that A is a root of (A.2) if and only if A is a root of one of the following
three equations:

(A.5) A—Be =0,
(A.6) A— e MET =0,
(A.7) A= Be MEI =

LEMMA A.2. Equation (A.2) has a root A = iv with v > 0 if and only if there
exists k € N such that § = %T’T + 5 and v = f.

Proof. If g = %T’T + § for some k € N, then we can easily check that if is a
root of (A.2). On the other hand, if A = v with v > 0 is a root of (A.2), then
—ivd = B3¢ 3", Separating the real and imaginary parts gives cos(3v) = 0 and
v? = B sin(3v). It follows that v = (8 and there exists a k € N such that 3v = 2k7+ %
as sin(3v) = 1, that is,v:ﬁ:%T”—i—%. O

LEMMA A.3. Suppose B < &. If A with Im(X) > 0 is a root of (A.2), then
Re(A) < 0.

Proof. By way of contradiction, suppose Re(A) > 0. Write A = u + iv. Then,
from |A]? = Ble™3*| = B33, we have (u? + v?)e?* = 32, Tt follows that 0 < u < 3
and 0 < v < (. First, assume that \ satisfies (A.5). Then v + Se “sinv = 0 and

hence 1 < e" = —ﬂﬁ% < 0, a contradiction. Next, assume that A\ satisfies (A.6).
Then u = Be~*“cos(v — &%) < 0, a contradiction. Similarly, if A satisfies (A.7), then
we shall have u < 0, a contradiction again. This completes the proof. O

LEMMA A.4. If m € Ry is given then, for every B > \/m?+ %, (A.2) has no
roots in the strip By, = {u+iv: 0 <v <m,u < 0}.

Proof. Suppose that the result is not true. Then there exist 8 > /m? + e%

and A = u + iv € B,, such that X\ satisfies (A.2). Thus, 8 = /(v2 + u?)e?* <
VuZ 4+ u?e? < \/m? + sup{u?e?* : u < 0} = /m? + %. This contradicts the choice
of 3. O

LEMMA A.5. Let I be a compact subset of (0,00) and B be a horizontal strip in

the complex plane. Then the real parts of roots of (A.2) in B are bounded from above
and below for all B € 1.
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Proof. Otherwise, there exist a sequence {8, }nen in I and a sequence {\, =
Up 10Uy  Up, vy € Ryn € N} in B such that A, satisfies (A.2) with 8 = 3,,, and either
lim,, s o0 Uy, = 00 or lim,, o 1, = —00. Thus, 3, = \/((vn)2 + (un)?)e2un. Note that
limy, oo v/ ((00)2 + (uy)2)e2tn = oo and limy, ——oo /((vn)2 + (un)?)e2un = 0, a
contradiction to the facts that 8, € I and I C (0, 00) is compact. 0

Deﬁnezgz{u—!—iv:szanduER}:R, Eé:{u—FiU:UE(O,%’T) and u €
R}, Eg ={utiv:ve (%, %) and u € R}, ZZ = {utiv:v e ((2k—1)r, 2kn) and u €
R}, ZL ={u+iv:ve (2k—3)m (2k+ 3)r) and u € R}, and Zi ={u+iv:ve
((2k + ), (2k + 3)7) and u € R} for k € N\ {0}.

LEMMA A.6. If X\ with Im(\) > 0 is a root of (A.2), then one of the following
statements 1s true.

(i) If X satisfies (A.5), then A € ZZ for some k € N.

(ii) If X\ satisfies (A.6), then A € Z,t for some k € N.

(iii) If X satisfies (A.7), then \ € Zi for some k € N.

Proof. If X satisfies (A.5), then (i) follows directly from Theorem XI.3.1 of Diek-
mann et al. [5]. If A = u + v with v > 0 satisfies (A.6), then v = —Be"sin(v — 2F)
and hence sin(v — 2F) < 0, which implies that A € Z,lé for some k € N. Similarly, if
A satisfies (A.7), then X € Zi for some k € N. This completes the proof. O

LEMMA A.7. For each given k € N and 8 € (0,00), the following statements are
true.

(i) Equation (A.5) has a simple and unique root Ao in ZZ

(ii) Equation (A.6) has a simple and unique root A1 in Z,lé

(ili) Equation (A.7) has a simple and unique root A2 in Zi

Proof. Because of Lemma A.1, we only need to show the existence and uniqueness
of arootin y 7, k€ Nand j € {0,1,2}.

First, we prove (i). If & > 1, then (i) follows directly from Theorem XI.3.1 of
Diekmann et al. [5]. Now, suppose k = 0. Define ¢ : R — R by £(\) = A — Be™ .
Then £(0) = —B3 < 0, limy,0c £(A) = 00, and HE(A) = 1+ Be™ > 0 for all A € R.
According to the definitions of Zg and &, we know that (A.5) has a simple and unique
root Mg in 28. This proves (i).

Next, we prove (ii) ((iii) can be proved similarly).

In view of Lemma A.6, (A.6) has no roots on the boundary of Z,ﬁ We claim that
the number of roots of (A.6) in Z,ﬁ is finite and independent of 3. Indeed, for any
compact interval I; C (0, 00), by Lemma A.5, there exist a1, b; € R such that for each
B € I, all the roots of (A.6) in Z,lc shall be in {u+iv € E,lc cu € (a1,b1) and v € R}.
Let B* ={u+iv € Z}C :u € (a1,b1) and v € R}. Tt follows from Lemma XI.2.8 of
Diekmann et al. [5] that for any 8* € I, there exists an open interval Vg« C (0, 00)
such that 8* € Vs~ and the number of roots of (A.6) in B* is constant for all 5 € Vg~
This and the compactness of I imply that the number of roots of (A.6) in B* is
constant for all 8 € I;. Therefore, the number of roots of (A.6) in 3_} is constant for
all 8 € (0,00). This proves the claim.

Let 3 = 2km + &+ Then it follows from Lemma A.2 that (A.6) has a unique root
ZB € Z,lc on the imaginary axis when g = B. Using the above claim, we know that,
for 5 = B, the number of roots of (A.6) in Z,lé is finite. Then there exists § > 0 such
that, for g = B, any root other than zﬁ has a real part bigger than ¢ or smaller than
—4. It follows that, for 8 = 3, the number of the roots of (A.6) in Zi is the sum of
1 and the number of roots in Z,lc N{u+iv: |u| > 6}
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Let B_ = Z,lc N{u+ v : u < 0}. For any compact interval Iy C [B,oo), b
Lemma A.5, there exist as, by € R such that for each 5 € Iy, all the roots of (A.6) in
B_ shall be in {u+1iv € B_ : u € (az,b2) and v € R}. Let B** = {u+iv € Z,ﬁ ju €
(az,b2) and v € R}. A similar argument as that in the proof of the above claim yields
that the number of roots of (A.6) in B** is constant for all 8 € I. Then the number
of roots of (A.6) in B_ is constant for all § € [3,00). This and Lemma A.4 imply
that the number of roots of (A.6) in B_ is zero for all 8 € [, 00). In particular, when
B = $, the number of roots of (A.6) in ZL N{u + v : v < —¢} is zero. Similarly,
with the help of Lemma A.3, one can show that the number of roots of (A.6) in
Z,lc N{u +iv : u > 8} is zero when 8 = 3. Therefore, the number of roots of (A.6) in
ZL is 1 and this proves (ii). O

For every k € N, j € {0,1,2} and 8 € (0,00), let us denote the unique root in
Lemma A.7 by A ;(8). Define the functions ug j, vk : (0,00) = R by ug ;(8) =
Re(Ag,;(8)) and vk ;(8) = Im(Ag,;(8)) for all 5 € (0, 00), respectively.

According to Lemmas A.6 and A.7, we know that for each given 8 € (0, 00), (A.5)
has a simple and unique root Ago(8) in {u+iv:v € (—m,7) and u € R}.

Define DY = (—m,7), D§ = (0,2F), D = (%,4F), and, for every k € N\ {0},
DY = ((2k—1)7,2kn), D} = ((2k— 3)m, 2k + 2)7), and D} = ((2k+ L)m, 2k + 3)7).

LEMMA A.8. For each given (k,j) € Nx{0,1,2}, the functions uy ; and vi ; are
continuously differentiable functions on (0,00). Moreover, for all 8 € (0, 00),

dug;(B) _ (vk,(8))? + ki (B) (1 +uk;(B))
dg Bl(vk,;(8))? + (1 + uk,;(8))?]

and

dog,i(B) Uk,5(B)

ds Bl(ve,;(8))* + (1 + ur;(8)°]

Proof. For j € {0,1,2},let §; = 2” . Define G = (G1,G2) : (O,m)xRxDi — R?
by G1(8,u,v) = u— Be™" cos(v — §; ) and G2(B,u,v) = v+ e *sin(v — ¢;) for all
(B,u,v) € (0,00) x R x Dj. Simple computations give us

% =1+ Be “cos(v — d;),
O pemsin(o — &),
O e tsin(o — 5y),
% =1+ Be “cos(v — d;),

and hence the determinant of the Jacobian of G is 1+3%e~2%+28e % cos(v—d;) > 0 for
all (8,u,v) € (0,00) x R x DJ. Note that G(8, ux j(5),vr.;(8)) = 0 for all 8 € (0, 00).
Applying the implicit function theorem, we can deduce that, for each given 5 € (0, 00),
there exist an open interval V' C (0, 00) and two continuously differentiable functions
p:V = R, q:V — D] such that 3 € V, p(8) = ux;(B), ¢(B) = v ;(B) and

G(B,p(B),q(B)) = 0 for all 3 € V. This and the definition of G imply that, for
each f € V, p(B) +iq(B) is a root of (A.j+5) in ZJ It follows from Lemma A.7
that p(B) = uk,;(8) and ¢(B8) = vk, ;(B). Therefore, uy ; and vy ; are continuously
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differentiable functions on (0, c0). The formulas for du’gé(ﬁ ) and dv’ii‘j ) can be easily
found by using a simple computation. This completes the proof. ad

LEMMA A.9. ug ;(8) > uky1,;(8) for all € (0,00), k € N and j € {0,1,2}.

Proof. For the case where j = 0, the conclusion follows from Theorem XI.3.12 of
Diekmann et al. [5].

It suffices to consider the case where j = 1 since the case where j = 2 can be
proved by a similar argument. We first claim that there are no k € N and 3 € (0, 00)
such that u,1(8) = uk+1,1(8). If this is not true, then there exist ke Nand g € (0,00)

such that ug ,(8) = u,;+171(ﬁ). It follows from (A.6) that

cos <v,~“(ﬁ~) — 2%) = cos (”15+1,1(B) — 2%)

and

ena(Bsin (v, 8) = 5 ) = s sin (vpanh) - 5 )

Note that sin(vj ,(8) — 2£) # 0 as vy ;(B) = —Be k1P sin(vg , (B) — Z) # 0. It
follows that vy 1(ﬁ) -+ ,(B), a contradiction, and this proves the claim.

Let My = {8 > 0 : up1(8) > urs1.1(8)} for k € N. Then, by the above claim,
we know that My, is a closed subset of (0,00). Indeed, suppose that {55} C My
and lim,,_,o 8 = 8* € (0,00). Then it follows from wux 1(8) > uks1,1(8}) and the
continuity of both w1 and wgi11 that ug1(8*) > ugt1,1(6*). This, with the help of
the claim, implies that ug 1(8*) > ug41,1(8*), namely, 8* € M. This shows that My,
is a closed subset of (0,00). On the other hand, also by the continuity of ug,; and
Uk+1,1, we know that M, is an open subset of (0, 00).

Next we claim My # (. Let 8 = 2kn+% for all k € N. It follows from Lemma A.2

that ur1(8k) = 0 = uk41,1(Bk+1). Moreover, by Lemma A.8, we have

°°|=\

I

<
ol
+
=
-

A1 (Be1) _ (k11 (Be1))? + U1 (Bra) (L + 1,1 (Brtr)) >0,

ds Brt1[(Vet1,1(Br41))? + (1 + wkt1,1(Brt1))?]

Then there exists a* € (B, Br+1) such that ury11(8) < 0 for all 8 € (a*, Bi+1)-
We now prove that wupy11(8k) < 0. If this is not true, then upyi1(8k) > 0. It
follows that there exists b* € [8k, a*) such that ugi11(b*) = 0. This and Lemma A.2
imply that vy41,1(b*) = b* € {Z% + T . | € N}. Using the definition of }_,, we
have vgy1,1(b*) = b* = Br41, a contradiction with the choice of b*. This proves that
Uk+1,1(Bk) < 0. Therefore, B € Mj,.

To summarize, we have shown that My C (0, 00) is a nonempty, closed and open
subset of (0,00). As a result, My, = (0,00) and hence the proof is complete. O

THEOREM A.10. ugo(8) > uk,1(8) > uk2(8) > ugt1,0(8) for all 5 € (0,00) and
k eN.

Proof. First, for each given 8 € (0,00), we claim that if \°, A\' and A\? respec-
tively satisfy (A.5), (A.6), and (A.7) with Im(\) > 0 for all j € {0,1,2}, then
Re(M') # Re(W ) for all (5*,5**) € {(0,1),(0,2),(1,2)}. Otherwise, there exists
(5*,7**) € {(0,1),(0,2),(1,2)} such that Re(\M") = Re(M ). It follows from (A.5),
(A.6), and (A.7) that

2 -k » 2 * %ok -
(A.8) cos <— ]37r + Im(N )) = cos (— j3 L Im(N ))
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and

-3k

(A.9)  Im(N)sin <— 2

-tk

" Im(v*)) — Im(X") sin <—2j3 Ty Imw**)) .

It follows from (A.8) that
25* . 24%* .
sin <— 337r + Im(N ))‘ = |sin (— j3 LI Im(N )) ‘ .

If one of sin(—25T + Im(X")) and sin(—25" + Im(M"")) is zero, then so is the
other and hence it follows from Im(M") = —Be R ) gin(— 227 4 Tm(\")) and
Im(NM") = —Be RO ) gin(— 27 4 Im(N7")) that Im(M") = Im(N"7) = 0. If

neither sin(—% +Im(M")) nor sin(— 2% 4+ Im(X"")) is zero, then it follows from

(A.10)

3
(A.9) and (A.10) that Im(\") = Im(NM ™). Therefore, we have shown Im(\") =
Im(M\"") and hence M = A", Then it follows from X" = Be=» +i%5" and M*" =
Be=N  +i%5 that R 1, which is impossible as (j*,5**) € {(0,1),(0,2),

(1,2)}. This proves the claim.

Let N = {8 >0 : ugo(B) > ur1(B)}, Nf = {B > 0: up1(B) > ug2(8)}, and
NZ ={B>0:uk2(B) > uks1,0(B)} for all k € N. Then similar arguments as those
in the proof of Lemma A.9 will yield that, for every (k,j) € N x {0,1, 2}, N,z is both
open and closed in (0, 00). We shall show that, for every (k,5) € Nx {0,1,2}, NJ # 0
and hence N,z = (0, 00).

Let ﬁi = 2km + ZJT’T — & for all (k,j) € N x {0,1,2}. We show that, for every
(k,j) e Nx{0,1,2}, N,z # () by distinguishing three cases.

Case 1. j = 0. First, suppose k = 0. Note that Ao (1) € Ri. Then, from (A.5)
and (A.6), we have A\ o(1) — e 20:0(1) = 0 and ug ; (1) = e~ ¥0:1 (D) cos(— & +v0,1(1)) <
e~v01(1)  Since the curve y = x — e~ % is strictly increasing on R, we must have
Ao,0(1) > wup1(1). In other words, 1 € N and hence NJ # (. Next, suppose
k > 1. Then M\ o(8Y) = iBY and uyo(82) = 0. On the other hand, it follows from
Lemma A.7 and (A.6) that vg,1(8)) € (2km — &7, 2km + 2F) and vi1 (B)) = —(2km —

%)e—uk,l(ﬁg)sin(vm(ﬁg) — 2y < (2km — %)e—uk,l(ﬂi). Then, e®1 (80 < ;i::% <1,
3
and hence uy 1(8Y) < 0 = uy,0(8Y). This means that 82 € NP, and hence N} # 0.
Case 2. j = 1. Similar arguments as those for the case where £ > 1 in Case 1
will show that 8} € Ni, and hence N} # 0.
Case 3. j = 2. Suppose k € N. Then u2(87) = 0. On the other hand,

it follows from Lemma A.7 and (A.5) that vgi10(8%) € (2km + 7,2k + 27) and

ver1,0(87) = —ﬁ,%e*“’““’ﬂ(ﬁi)sin(karLO(ﬂ,%) — %T) < B,%efu’““vo(ﬁi). It follows that
2
eun+1,0(80) < 2kik+ﬂ < 1, and hence ug41,0(87) < 0. This means that 37 € N7, and

hence N7 +# (.

To summarize, we have shown that IV, ,g C (0,00) is a nonempty, closed and open
subset of (0,00). As a result, Nj = (0, 00) for all (k,j) € N x {0,1,2}, and hence the
proof is complete. 0

As a corollary of Theorem A.10, we present the following theorem.

THEOREM A.11. vgo(8) < vg1(8) < vg2(8) < vgg1,0(8) for all B € (0,00) and
ke N.

Proof. We first claim that, for each given 8 € (0,00), if A* and A** satisfy
(A.2) with Re(A*) > Re(A**) and Im(A*), Im(A\**) € [1,00), then Im(A\*) < Im(\**).
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Suppose that this is not true. Then Im(A*) > Im(A**). It follows from (A.2) that
{[Re(A")? + [Im(A")[2}e2Re0) — 2 and {[Re(A™)J? & [Im(A™)2}e20e) — g2,
Define H : R x [1,00) — R by H(u,v) = (u? +v?)e?* — 32 for all (u,v) € R x (1, 00).
Then

0OH 1
OH (u,v) = (2u® + 2u + v?)e® > (2u? + 2u + 1)é? —e?* >0
ou 2
and
H
OH(u,v) _ 2ve?" > 0
v

for all (u,v) € R x [1,00). It follows that 0 = H(Re(\*),Im(\*)) > H(Re(A**),
m(A\*)) > H(Re(A*™),Im(\**)) = 0, a contradiction. This proves the claim.

Now, we are ready to finish the proof. Obviously, vgo(5) < vo,1(5) for all 5 €
(0, 00) by the definitions of vy g and v 1. It is also easy to see that the other inequalities
hold with the help of Theorem A.10, the definitions of vy ;, and the above claim. This
completes the proof. O

For each (k, j) € N x {0, 1,2}, define the function (i ; : (0,00) — C by (x ;(7) =

-1+ SA;@,](M) for all 7 € (0,00). By applying Lemma A.7, Theorems A.10
and A.11, the definitions of all the (s ;, and the fact that f’(0) > p, we have the
following theorem.

THEOREM A.12. For each T € (0,00), the zeros of (A.1) are given by a positive
real Co.o(T) and a sequence of complex conjugate pairs

{3 (1), Chs (T) Yk enix {0,1,210,{ (0,00}

with G ;(T) € 337, Re(Ceo(r)) > Re(Cea (7)) > Re(Ce2(r)) > Re(Crtr.0(r)) and
Im(Cro(7)) < Im(Cr,1(7)) < Im(Cr2(7)) < Im(Cry1,0(7)) for all k € N and j €
{0,1,2}. These are all simple zeros and (A.1) has no other zeros.

For each given (k, j) € (Nx{0,1,2})\{(0,0)}, let by,; = 6km+2jm — 3 arccos Fg; (0)

and 7y ; = W. Then, by Lemma A.8 and Theorem A.12, we have the
—p
following theorem.

THEOREM A.13. FEquation (A.1) has a purely imaginary root ¢ if and only if
there exists (k,j) € (Nx{0,1,2})\{(0,0)} such that T = 73, ; and ¢ € {£(p,;(Tk,;)} =
{=%iby,;}. Moreover, For each (k,j) € (Nx{0,1,2})\{(0,0)}, the following statements
are true.

() =Gy, > 0.
(ii) Re(Cr,;(1)) < 0 if and only if T < 75, and Re(Cx (7)) > 0 if and only if
T2 Tk

Proof. Suppose that 7 = 74, ; and ¢ € {£(,;(7k,;)} = {*ib;} for some (k,j) €
(N x {0,1,2})\ {(0,0)}. Then we can easily check that { is a purely imaginary root
of (A.1). On the other hand, let ¢ be a purely imaginary root of (A.1). Without
loss of generality, we may assume that ¢ = ib for some b > 0. Obviously, b > 0.
It follows from (A.1) that p = f/(0)cos(% — 23—’7) and b = —7f/(0)sin(% — 2T for

3 3773
some j € {0,1,2}. Thus there exists & € N such that (k,j) # (0,0), b = by; =
6km + 2jm — 3 arccos = Tk ;i SR [ B

T T VIR
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Now, we prove (i). For given (k,j) € (N x {0,1,2})\ {(0,0)}, it follows from
Lemma A.8 and the definition of (j ; that

T T L2
dRe (k. (7)) _ _#+3(Uk,j(ﬁ))2 g (B) 1+ wy(B) [ f1(O)eF  Tf(0)e™
dr Bl (8))? + (1 + uk,;(8))?] 3 9 ’
Sy T
where 3 = Tf(#. It follows from the definitions of (; ; and 74 ; that, for 7% = 7 ;
Tk, M
and B* = T (Qe” 5 (%)e ®_ we have Re(uy,;(8*)) = =, and
ARe(Giy (7))
dr —r

(00 (B + g (B) (1 + e (89) (£ . 7 (0)e s
B*[(vk,5(B*))? + (1 + uk,;(8%))?] 3 9

(0ns (B2 + T+ TE) o o

> =+

- Bllok,;(5%))? + (1 + 5)?]
Cpmind CEEA (0
> M+mm{ﬁ[v2+(1+T;“)Q] UE(0,00)} x (f'(0)e" s + up)
' .
_ 3 / % *
> 0.

The last inequality comes from the definitions of 7" and 3*.
Finally, we prove (ii). Let Re((x (7)) < 0. Suppose 7; < 7. Then 7, ; <
7 since Re(Ck (7)) # 0. From the above discussion, we have Re((x,;(7x,;)) = 0

and Wh:ﬂw > 0. It follows that there exists a* € (74;,7) such that
Re((k,j(a*)) = 0. Hence (j ;(a*) is also a purely imaginary root of (A.1), a contra-
diction. On the other hand, if 7 < 7 ;, then we can also show that Re(¢x ;(7)) < 0.
Indeed, by way of contradiction, assume that Re(¢x ;(7)) > 0. Then similarly we can
deduce that there exists a** € [r, 7y ;) such that Re((, ;(a**)) = 0. Again (i ;(a™) is
also a purely imaginary root of (A.1), a contradiction.

This completes the proof. ad

The following lemma is important to study the value of the discrete Lyapunov
functional for the solution of (3.13).

LEMMA A.14. Assume that a : R — R is a continuous periodic function with
minimal period T > 0 such that a(0) = 0, a(t) = —a(t + L) and a(t) > 0 for all
t € (0,L). Define x = (2°2',2%)" : R — R® such that 2*(t) = z'(t + o) =
20(t + 2a) = a(t + 2a) for all t € R and some o € R. If there exists | € N such that
V(xe) = 21 for all t € R, then the following statements are true.

(i) If « = —% and there exists k € N\ {0} such that 3kT > 1> (3k — )T, then

I =3k and thus V(x) = 6k for all t € R.

(i) Ifa=—3+ % and there exists k € N such that (3k +1)T > 1> (3k — 3)T,
then | = 3k + 1 and thus V(z) = 6k + 2 for all t € R.

(ili) If o = —3 + 2L and there exists k € N such that (3k+2)T > 1> (3k+ 3)T,
then I = 3k + 2 and thus V(x;) = 6k + 4 for allt € R.

Proof. We only prove (ii) since the other parts can be proved similarly. We
distinguish two cases to finish the proof.
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Case 1. k£ = 0. In this case, we have T" > 1. We distinguish two subcases to finish
the proof.

Case 1.1. T > 2. Then a € (£, L). It follows that '(0) = a(a) > 0. This,
combined with the definition of sc and 2°(t) < 0 for all ¢ € (—1,0), yields sc(zg) €
{1,2}. Thus V(zp) =2 and [ = 1.

Case 1.2. T € (1,2). Then o € (0, ). It follows that z'(0) > 0 and z*(0) > 0.
This, combined with the definition of sc, 2°(t) < 0 for all t € (—Z,0) and 2°(¢) > 0
for all t € (—1,—Z), yields sc(zg) = 2. Thus V(z¢) =2 and [ = 1.

Case 2. k > 1. Let a* = a+ kT. Then o* € (0,%) and 22(t) = 2! (t + o) =
20(t +2a*) = a(t + 2a*) for all t € R. We distinguish three subcases to complete the
proof.

Case 2.1. 1 € ((3k + 3)T,(3k + 1)T). In this case, a* € (0,Z). Then o,
20 € (0,%) and hence z'(0) > 0 and 2%(0) > 0. A simple computation gives
sc(xg) = 6k +2. So V(zg) =6k +2 and | = 3k + 1.

Case 2.2. 1 € (3kT,(3k + $)T). In this case, a* € [, ). Then 2%(a*) > 0
and z%(a*) < 0. By a simple computation, we get sc(zo+) € {6k + 1,6k + 2}. So
V(za-) =6k +2and | = 3k + 1.

Case 2.3. 1 € ((3k — 1)T,3kT]. In this case, o* € [£,Z). Then a* € (0,2),
2a* € (£,7), and hence z'(0) > 0 and z%(0) < 0. Again, by a simple computation,
we get sc(zg) =6k + 1. So V(zg) =6k+2 and [ =3k + 1. O

Let

of ={(k,j,a,b,7) € Nx {0,1,2} x R x R x (0,00) : (a,b) € A ;},

where

A _ JRXE, if (k,j) € (Nx{0,1,2})\ {(0,0)},
kg = {]R x {2}, if (k) = (0,0).

For each (k,j,a,b,7) € o, define X (k,j,a,b,7) : R — R? by
(X (k,5,0,b,7))°(t) = ae®rs T sin(Im(Cy, ; (7))t +b),

1 1 219
(X (K, §,a,b, 7)) (t) = aeReCrs(TDE=H) gin <Im(<k,j(7-)) <t — _> +bh+ ﬂ) 7
1 1 4
(X(k, j,a,b,7))2(t) = aeReCra (M3 gy <Im(<k,j(7-)) <t — _> +bh+ ﬂ) ]

In particular, (X (0,0,a, Z,7))°(t) = ael0(™t (X(0,0,a,Z,7)) () = aelCo()t=3),

' 9 ’ 9
and (X(0,0,a,%,7))2(t) = ae(©0(M)(t=3) for all 7 € (0,00) and t € R. According to
the above definition, we can easily check that X (k,j,a,b,7)(-) is a solution of (3.13)
for all (7,k,j,a,b) € o.

For 7 € (0,00), let Pyo(7) and Py ;(7) ((k,7) € (N x{0,1,2})\ {(0,0)}) be the
realified generalized eigenspaces of the generator of the semigroup given by the linear
system (3.13) for the spectral sets {Co,0(7)} and {C,;(7), Ck,;(7)}, respectively. By a
simple computation, we have the following result.

PROPOSITION A.15. For each (1,k,j) € (0,00) x N x {0,1,2},

Py (1) ={(X(k,j,a,b,7))o : (a,b) € Ag;}.

THEOREM A.16. If (1,k,j) € (0,00) x N x {0,1,2} and ¢ € Py ;(7) \ {0}, then
there exist a € R\ {0} and b € R such that

(X(k,j,a,b,7))o=¢ and V((X(k,j,a,b,7)):) =6k+2j forallteR.
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Proof. By Proposition A.15, there exist a, b € R such that the solution of (3.13)
through ¢ is X (k,j,a,b,7) with (X(k,j,a,b,7))o = ¢. If k = j = 0, then b = T.
In view of the definition of X(0,0,a,%,7) and V, V((X(0,0,a,%,7)):) = 0 for all
t € R. Now suppose (k,j) # (0,0). Since X(k,j,a,b,7) is the multiplication of
a periodic function with a positive (or negative) function, V((X(k, j, a,b, 7)):) must
be periodic with a period Im(iﬁ Moreover, Proposition 2.6 (iii) tells us that
V((X(k,j,a,b,7)):) is nonincreasing in t. Thus V((X(k,j,a,b,7)):) is constant and
there exists [ € N such that V((X(k,7,a,b,7))¢) = 2l for all t € R. For (k, j,a,b,T) €

o, define X (k, j,a,b,7) : R — R3 by
()’z(kv.]a a, ba T))O(t) = Sin(lm(Ck,j (T))t + b)7

(X)) = sin (1) (1= 3 ) + 04 27

= 1 43
(X (k. j,a,b,7))2(t) = sin (m(gk,j(ﬂ) (t - 5) +b+ %) .
Then we easily see that V(X (k,j,a,b,7));) = V((X(k,j, a,b,7));) = 2l for t € R.
Applying Lemma A.14, we have V((X(k, j,a,b,7)):) = 6k + 25 and it follows that
V(X (k,j,a,b,7))t) =6k + 24 for t € R. This completes the proof. O

Appendix B. Several basic results on (1.1). Though the natural phase space
C([-1,0],R3) is replaced with C' = C(K,R), there is no change in the basic theory
on (1.1) with this obvious modification. In this appendix, for clarification and for
the readers’ convenience, we provide the precise explanations and detailed proofs for
some of the results mentioned in the main text.

A simple computation reveals that = satisfies (1.1) if and only if z satisfies the
following system of equations:

AR = e (1),

g
(B.1) G = e f(a(1))
TR = e = 1),

According to the method of steps, we can easily deduce results on the existence,
uniqueness, and continuous dependence on the initial value ¢ € C of solutions to (1.1).
Precisely, for each ¢ € C' and ¢y € R, there exists a unique solution x4 = (xg, x}ﬁ, xi)“
to (1.1) on [tg, 00); that is, a:g € C([to—1,00),R) and z§|1,,00), T4, 3 € C*([to, 00), R)
such that (z4), = ¢ and a:g (1 =0, 1, 2) satisfy (1.1) on [tg,00). The solution is also
denoted by (-, ¢,to9). Moreover, z(-, ¢,ty) depends continuously on ¢ € C.

PrOPOSITION B.1. Let x and y be two solutions of (1.1) on a closed interval I
with sup I = co. If x4« = yp» for some t* € I, then xy =y, for allt € I.

Proof. Obviously, it follows from the uniqueness of solution that z; = y; for all
t € [t*,00). We shall distinguish two cases to finish the proof.

Case 1. There exists a € R such that I = [a,00). Let s* = sup{t € [a,t*),2; #
yt+. Then x4 = yg« and hence z; = y; for t > s* by the above discussion. We claim
that s* = a. If s* # a, then s* > a. Let t** = max{s*,a + 1}. It follows from
xy =y for all t > ¢** that 20(t) = y°(¢) for all t > t** — 1. Then the first equation of
(B.1) implies that f(z'(t)) = f(y'(t)) for all ¢ > ¢** — 1. Thus z*(t) = y'(¢) for all
t > t** —1 as f is strictly increasing. Similarly, from the other two equations in (B.1),
we can obtain x2(t) = y2(¢) for all t > t** — 1 and 2°(t) = 3°(¢) for all t > t** — 2. It
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follows that x; = y; for all t > t** — 1, a contradiction to the choice of t*. This proves
the claim and hence z; = y; for all ¢ € [a, 0).

Case 2. I = R. For any b € R, from the discussion of Case 1, we know that
xy =y for all t € [b, 00). Because of the arbitrariness of b, z; = y; for all t € R.

This completes the proof. ad

Define the map F : Ry x C' 3 (t, ) + (z4): € C.

ProproSITION B.2. The following statements about the map F hold.

(i) The map F': Ry x C 3 (t,9) — (24): € C is a continuous semiflow on C.

(ii) All maps F(t,-) : C — C are injective whenever t > 0.

(iii) All maps F(t,-) : C — C are conditionally completely continuous whenever

t>1.

(iv) For each t > 1, all maps F(t,-) : C — C! are continuous.

Proof. (i) follows immediately from the uniqueness and the continuous dependence
on the initial data of solutions of (1.1).

(ii) follows from Proposition B.1.

(iil) follows from Remark 2.3, and (1.1).

(iv) follows from (1.1), Remark 2.3, and the definition of F'(-,-).

This completes the proof. a

In order to derive locally asymptotic stability of the equilibria of (1.1), we intro-
duce the following system of delay differential equations,

9O(t) = —py®(t) + f(y'(t = 3)),
(B.2) grt) = —pyt(t) + fF(2 (= 3)).
1
§ .

9P(t) = —py?(t) + (Ot - 3))

The natural phase space for (B.2) is the Banach space Y = C([—3,0], R?), equipped
with the supremum norm || - [|y. For a given interval I, let [-3,0]+ 1 ={t+6:t ¢
I and 6 € [-£,0]}. For a continuous function y : [-1,0]+ 1 — R3 on [ and ¢ € I,
define P(y,t) € Y by P(y,t)(0) = y(t + 0) for all § € [-1,0].

For a given interval I, we say that a continuous function y : [—%, 0]+ - R3isa
solution of (B.2) on I if y°, y!, and y? are continuously differentiable on the interval
I and satisty (B.2) on I. We denote the solution semiflow of (B.2) by G(¢, 1), where
Y €Y and G(0,v) = .

Define M : C' = Y by

M(9)(0) = (6°(0), (x9)" (0 + 3). (w4)*(0 + 3))*"  for O € [~3,0]and ¢ € C.
Obviously, {M(0), M(g), M(ffz)} is the set of equilibria of (B.2).

PROPOSITION B.3. Forany ¢ € C andt € Ry, we have G(t, M (¢)) = M(F(t, ¢)).
Proof. Define z, y : [—%, ) — R3 by

and

8

) = { SO0 <l

M(6)(2) e [-1,0].

t,
(
It suffices to prove that x(t) = y(t) for all ¢ € [~%,00). Obviously, by the definition
of y, we know that y satisfies (B.2) with the initial value M(¢). On the other hand,
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from the definitions of x, F(t,$), and M, we obtain that z(t) = ((24)°(t), (ze) (¢t +
1), (z4)%(t 4+ 2)) for all t € [~1,00). This, combined with the fact that z, satis-
fies (1.1) with the initial value ¢, implies that x also satisfies (B.2) with the initial value
M (¢). Therefore, by the uniqueness of solution to (B.2), we infer that z(t) = y(t) for
all t € [—%, 00). This completes the proof. ad

PROPOSITION B.4. M(g) and M(gA—) are locally asymptotically stable.

Proof. Recall that f/(§7) = f/(¢7). Then linerization of (B.2) around M(g)
yields the delay system

§o(t) = —py (6 + (€ (t = 5),
g2 (1) = —py’ () + (€2 (5,
go(t) = —uy® () + f1(EF)y°(t - 3)
with the characteristic equation
(B.3) (C+Tp)* = (rf(EN)*e ¢ =0,

Since f/(¢7) € (0,p), it is easy to see that (B.3) has a negative solution. Let \ =

“% and § = M Then (B.3) becomes (A.2). It follows from Lemma A.7,
Theorems A.10 and A.11, and the fact that (B.3) has a negative root that all the
roots of (B.3) have negative real parts. This and the general results in [7] show that
M (EI) are locally asymptotically stable. This completes the proof. 0

Given e > 0, * € C and ¢¥* € Y, let B(p*,e) ={p € C: ||¢ — ¢*|| < €} and
BY (W) = {veY:w—vly <eh

THEOREM B.5. The equilibria £+ and €~ of (1.1) are locally asymptotically
stable. .

Proof. We only prove that £1 is locally asymptotically stable since the proof for
the stability of 5/: is similar.

First, we prove that EI is locally stable. For any € > 0, by Proposition B.4, there
exists 8, > 0 such that G(t,1) € BY (M(€+), ) forallt € Ry and ¢ € BY (M(E+),6,).
From the continuity of M, there exists § € (0,d1) such that M(¢) € BY(M(EJ?)7 91)
for all ¢ € B({q7 d). This, combined with Proposition B.3, gives us that M (F (¢, ¢)) €
BY(M(ffJ:), ) for all t € Ry and ¢ € B(g, ). It follows from the definition of M
and the continuity of F(-,-) that F(t,¢) € B(g;,s) for all t € Ry and ¢ € B(g;, 9);
ie., EI is locally stable.

Next, we show that EI is attractive. Proposition B.4 implies that there ex-
ists 6* > 0 such that lim;_, ||G(¢,¢) — M(EI)H =0 for all ¢ € BY(M(g),d*).
From Proposition B.3 and the continuity of M, there exists ¢** € (0,6*) such that
limy o0 [|M(F(t, ) — M(EV)|| = 0 for all ¢ € B(ET,6**). Tt follows from the def-
inition of M and the continuity of F(-,-) that lims o ||F(¢,¢) — EIH = 0 for all
¢ € B(EJ\F, 0**); ie., f/J? is attractive.

In summary, by the above discussions, we have shown that f/J\f is locally asymp-
totically stable. O
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