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Travelling waves of a diffusive
Kermack—McKendrick epidemic model with
non-local delayed transmission

By ZHI-CHENG WANGL* AND JiaNHONG WU23

LSchool of Mathematics and Statistics, Lanzhou University, Lanzhou,
Gansu 730000, People’s Republic of China
2 Centre for Disease Modeling, York Institute for Health Research, and
3 Department of Mathematics and Statistics, York University, Toronto,
Ontario M8J 1P3, Canada

We obtain full information about the existence and non-existence of travelling wave
solutions for a general class of diffusive Kermack—-McKendrick SIR models with non-
local and delayed disease transmission. We show that this information is determined by
the basic reproduction number of the corresponding ordinary differential model, and the
minimal wave speed is explicitly determined by the delay (such as the latent period) and
non-locality in disease transmission, and the spatial movement pattern of the infected
individuals. The difficulty is the lack of order-preserving property of the general system,
and we obtain the threshold dynamics for spatial spread of the disease by constructing
an invariant cone and applying Schauder’s fixed point theorem.
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1. Introduction

The basic compartmental models to describe the transmission of communicable
diseases are contained in a sequence of three papers by W. O. Kermack and
A. G. McKendrick (1927, 1932, 1933) (Anderson 1991; Brauer 2008), where the
SIR model

d
&S(t)= —BSW)I(1),
d
&I(t)ZﬁS(t)f(t) —yI() (1.1)
d
and &R(t) =yI(t)

was formulated and analysed, where S(t), I(t) and R(t) denote the sizes of the
susceptible, infected and removed individuals, respectively. The constant g is the
transmission coefficient, and y is the recovery rate. Let Sy = S(0) be the density
of the population at the beginning of the epidemic with everyone susceptible,
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then it is well known that the so-called basic reproduction number Ry = 8Sy/y
completely determines the transmission dynamics and epidemic potential: if Ry >
1, the I(t) first increases to its maximum and then decreases to zero and hence
an epidemic occurs; if Ry <1, then I(¢) decreases to zero and epidemic does not
happen.

Such a model and the aforementioned threshold result have been playing a
pivotal role in subsequent developments in the mathematical modelling-assisted
study of infectious disease transmission dynamics. This model is based on the
assumption of a high degree of homogeneity in the population, including
the mobility. In reality, however, individuals can be exposed to the infection
from contact with infectives in different spatial locations. This consideration
led to the Kendall non-local model in 1957 that involves space-dependent
integro-differential equations

0 +0o0
S0 =S, J Iy, K (2 — ) dy,
0 +o0
LI = S, D J Iy, 0K (2 — ) dy — yI(a, 1) | (1.2)
d 0 Rz, t)=yI(x,t
an a (:Ea )— V (SC, )7

where the kernel K(z — y) >0 weights the contributions of the infected
individuals at location y to the infection of susceptible individuals at location z,
with [ J_rgz K(y)dy =1. Disease propagation in space is relevant to the so-called
travelling waves, solutions of the form (S(z + ct), I(z + ct), R(z + ct)) for which
¢ is called the wave speed. In the case where Ry > 1, Kendall (1965) proved that
there exists ¢* >0 such that equation (1.2) admits non-trivial travelling wave
solutions for all speeds ¢ > ¢* and no non-trivial travelling wave solution with
speeds less than c¢*. Aronson (1977) later showed that equation (1.2) can be
reduced to a scalar integro-differential equation, and this reduction enabled him
to formally link the wave speed to the asymptotic speed of propagation. Similar
reductions can be done for more general situations, for example, the nonlinear
(double) integral equation model

t

u(x, 1) :J

|, atutrt=00k@. 2.0 dy 0 + 6. (13)
was used to include the incubation period in Diekmann (1978, 1979) and Thieme
(1977a,b, 1979). When 2 =R¥ | the existence of travelling wave solutions and
the asymptotic speed of propagation were considered in Diekmann (1979) and
Thieme (1979) for equation (1.3), see also Thieme and Zhao (2003), Ruan
(2007) and references therein for other subsequent works in the subject area.
An important feature of the reduced model is a certain order-preserving property
that permits the applications of the powerful monotone dynamical systems and
comparison arguments.
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Random movement of individuals in space was further incorporated into the
Kendall model by De Mottoni et al. (1979) by adding some diffusion terms as
follows:

S50 =80 + =080~ 5.0 | 100K dy
2
(1.4)
and %I(x, ty=dAI(z,t) + S(z, t)J Iy, )y K(z,y)dy — yI(z, 1),
Q

subject to the Neumannn boundary condition. When the space is unbounded,
uw=o0 =0 and K(-) is a constant () multiple of the delta function, system (1.4)
reduces to the following reaction—diffusion model:

iS(OC, 1) =AS(x,t) — BS(z, ) (x, 1)
3875 (1.5)
and El(x, t)y=dAI(x,t)+ BS(x, ) (x,t) — yI(z,1).

This equation was considered by Hosono and Ilyas (1994), where it is proved
that if 5(0,z)=.S5) is a constant and if y/BS5) <1, then for each c¢> c¢*=
2\/,850d(1 —y/BSy) there exists a positive constant & <.Sp such that system
(1.5) has a travelling wave solution (S(z+ ct),I(z+ ct)) satisfying S(+o00) =
So, S(—00) =¢, [(£o0) =0.

Extension of the above result for system (1.4) with a general kernel K(-), even if
uw=o0 =0, is difficult due to the fundamental issue that the system of equations
governing the wave solutions is no longer an ordinary differential system: it is
a system of functional differential equations with both advanced and delayed
arguments and it is a system without any obvious order-preserving property. In
addition, if we wish to consider, as pointed out in Ruan (2007), the effect of
spatial heterogeneity (geographical movement), non-local interaction and time
delay such as latent period on the spread of the disease, we need to examine an
even more general model of the following form:

+00

t
%S(x, B = diAS(z, t) — BS(a, t)J J I(y, 9K(z -y, t — 5)dyds,

%m, f = dAI(z, 1)

t —+00
+ﬂS(:c,t)J J Iy, Kz -y, t — 5)dyds — yI(x, 1)

d
and 5R(j;’ t):dgAR(JJ, t)-l-J/[(x;t)’

(1.6)
where d;,dy and d; are the diffusion rates for the susceptible, infective and
removed individuals, respectively. The kernel K(xz — y,t — s) >0 describes the
interaction between the infective and the susceptible individuals at location z
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and the present ¢ which occurred at location y and at earlier instance s, which
throughout this paper is assumed to satisfy the following conditions:

(K1) K is non-negative and integrable, and satisfies

ro ro K(z,t)dxdt=1 and K(z,t) = K(—=x,1),(z,t) € R x [0, 00);
0

—00

(K2) For every ¢ > 0, there exists A, € (0, +00] such that fgo [ Kz, t)eMated

dzdt < +oo forany A €[0,4.),and [;° [* K(z,t) e " dz dt — 400 as
A—>A.—0.

It is not difficult to verify that A, is non-decreasing on ¢ > 0.

We focus here on the existence and non-existence of travelling wave
solutions of system (1.6). We shall prove that if Ry=pSy/y >1, then
there exists ¢, >0 such that for every c¢> ¢, system (1.6) admits a non-
trivial travelling wave solution with wave speed ¢, and if Ry=pgS5/y <
1, then for any ¢>0, system (1.6) admits no non-trivial travelling wave
solutions with wave speed c¢. Therefore, the existence and non-existence of
travelling wave solutions is determined completely by the basic reproduction
number and the condition Ry=8S5;/y =1 coincides with the threshold for
the existence of wavefronts. Furthermore, when BS;/y >1 we show that
equation (1.6) admits no non-trivial travelling wave solutions with wave speed
c €10, ¢,). Therefore, we confirm that ¢, > 0 is indeed the minimal wave speed.
We do anticipate that ¢, is the asymptotic speed of propagation for equation (1.6),
following the work described in Murray (1989), though verification of this
requires some additional work. Our approach for the existence of travelling wave
solutions is to construct a suitable invariant set and then apply Schauder’s fixed
point theorem, see also Li et al. (2006) and Ma (2001). Our construction of
the invariant set is motivated by the work of Ducrot and Magal (2009). For
c €10, ¢,), we conclude the non-existence of non-trivial travelling wave solutions
by an argument applying the Laplace transform to the I(x + c¢t) component, this
argument was first introduced by Carr and Chmaj (2004) and further used by
Wang et al. (2008, 2009).

We should point out that when K(z,t)=38(t— 1)1/(v/4m dyr)e~)/ b0
the existence and non-existence of non-trivial travelling wave solutions of
equation (1.6) were proved by Ducrot and Magal (2009) (see also Ducrot et al.
2009). These studies considered the following infection-age structured model with
diffusion:

a4+

%S(J,‘, H)y=diA,S — S(z,t) J B(a)i(z,a,t)da,
0

0 a
&7’(1‘7 a, t) + a_z(xa a, t) = d2A‘L/L - )/(@)2(557 a, t)y ae (07 CL+)
a

a4

i(x,0,t) = S(x, t)J B(a)i(z,a,t)da, zeR,t>0
0

and 5(x,0)=50(z), iz, 0a,0) =1z, a),
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with @ being the time since the infection and a, € (0,400] the maximum
attainable age of infection. When the incubation is exactly equal to T > 0, then
the function B(a) takes the form S(a) :B1[T7+oo)(a), a>0. So, if we further
assume that a; =00 and y(a) = y, then equation (1.7) reduces to the two former
equations of (1.6) with g = Bev" and K(z,t) =8t — 1)1/(Vix do7)e—T)/AdT)
However, the aforementioned papers did not prove the existence of the minimal
wave speed. We also refer to Faria et al. (2006), Gourley et al. (2004), Li & Zou
(in press), Ou & Wu (2007), Wang et al. (2006, 2008) and references therein
for some relevant progress on the existence of travelling wave solutions of
reaction—diffusion equations with non-local interaction and time delay.

Our analytic study about the minimal speed permits discussion of the effect
on the minimal wave speed ¢* of (i) the diffusion rate dy of infective individuals,
(ii) non-local interaction between the infective and the susceptible individuals
and (iii) the latent period of disease. We confirm that the latent period of disease
can slow down the speed of the disease, the non-local interaction between the
infective and the susceptible individuals and the spatial movement of infective
individuals can increase the speed of the spread of the disease.

2. Main results

In this section, we will state precisely and prove the main results of this paper. In
the sequel, we always assume that the initial disease free equilibrium is (5,0, 0).

Because the first equation and the second equation of system (1.6) form a
closed system, we consider only the following system:

a t +00
ES(ZL‘, )y =dAS(x,t) — BS(x, t)J J 1(y,)K(z — y,t — s)dyds
0
and &I(x, )= dAl(z,1t) .
t (oo
+,BS(x,t)J J I1(y,)K(x — y,t — s)dyds — yI(x,t).

(2.1)
We look for the non-trivial travelling wave solutions (S.(x + ct), I.(z + ct)) of
(2.1) satisfying the following conditions:

Se(—00) =8y, Sc(+o0)=87, I(+oo)=0 (2.2)

and
S(-) is decreasing and I(-) >0, Sy > S >0.

Let & = x + ct. Then the system describing travelling wave solutions is as follows:
oo +00
S =S = pS.&) | | 16—y oKy ) dyds
0 J—oo

o0 +OO
and cfg=d21;’+ﬁsc<s)J J L — y— c)K(y, s) dyds — yL(E).

0 J—oo

(2.3)
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Linearizing the second equation of (2.3) at the initial disease free point (S, 0),
we have

o0 —+0o0
oT = dyJ" + B0 J J JE —y— c)K(y, ) dyds—yJ ). (2.4)

0 J—oo
Let J(£) =e*, then we get a characteristic equation

oo 400
O, c):=dr?— ch + /BSOJ J e MM K (y,s)dyds — y. (2.5)
0

—00
For the sake of convenience, we set
00 p+00
G(X, c) :=J J e MM K (y, s) dy ds.
0 J—oo

It is easy to prove the following lemma, see also Li et al. (2007, lemma 3.27) and
Wang et al. (2006, lemma 2.2).

Lemma 2.1. Assume that Sy > y/B. Then there exists ¢, >0 and A* >0 such
that 9/0AO (A, ©)|px ) =0 and O (A%, c,) =0. Furthermore,

(i) if 0 < ¢ < ¢, then @ (A, c) >0 for all » € [0,A.);
(ii) if ¢ > ¢4, then the equation © (A, ¢) =0 has two positive real roots i(c) and
Aa(c) with 0 < A1(c) <A* < Az(c) <A, such that A} (c) <0, A5(c) >0 and

@(M){>0 for A € [0, () U (ra(€), 1)
<0 for A e (A i(c)re(0)).

In the following, we always assume that Sy > y /8. In addition, we fix ¢ > ¢,
and always denote A;(c) by A;, i=1,2.

Lemma 2.2. The function I (£) =e"¢ satisfies the following linear equation:

00 p+00
I=bl"+pS | |- y- K@ dyds -yl (20)
0 J—oo
Lemma 2.3. For o > 0 sufficiently small and o > Sy large enough, the function
S~ (&) :=max{S) — ce*,0} satisfies
o0 —+00
cS' <diS" — BSE) erJ J e MM (y s)dy ds (2.7)

0 J—oo

for any & #1/aln Sy/o.
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Proof. When & > (1/a)In(Sy/0), we have S7(£) =0, which implies that
equation (2.7) holds.
When & < (1/a) In(Sy/o), namely S~ (£) = Sy — o e*¢ > 0, we need to prove that

o0 —+00
—cao + dia’o + B(Sy — o ) et J J e MY MK (y, s)dyds <.
0 e (2.8)

Obviously, it is sufficient to ensure

o0
oo + diao + BS, e((kl—a)/a)ln(so/v)J

+o00
J e_“y_”\lsl((y,s) dyds <0.
0 J—

[e.e]

That is,

S, (h—a)/e poo ptoo
—cao + dio’o + BS, <—) J J e MYTMSK (y ) dyds < 0. (2.9)
o

0 —00

Keeping oo =1 and letting 0 — oo, for some o large enough we have that
equation (2.9) holds. This completes the proof. |

Lemma 2.4. Let ¢ >0 satisfy e <a/2 and € <iy—A1. Then for M >0
sufficiently large, the function I~ (£) :=eM5(1 — Me®®) satisfies
00 p+00
TSI+ S ®) | |16y - K9 dyds - yI©)
0 J—oo
Proof. If Sy — oe* <0, that is, £ > (1/a) In(Sy/0), it is needed to prove that
Il <dpI7" —yI (). (2.10)
Namely
chy €M — eM (A + g) e tos
< dzk% eMé _ MO + 8)2 eMteE _ y eMé + My er1te
Consequently, we need to verify that

o0 p+00
ﬂSoJ J e MM K (y, s)dyds < M[c(h + &) — da(hy + )% + ple.

0 —00

Since & > (1/a) In(Sy/0), it is sufficient to prove

00 400
ﬂSoJ J e MM K (y, 5) dy ds < M[c(h + &) — da(hy + )% + y] el /),

0 J—oo

Then, for sufficiently large M > 0 with
BSo Jo JIZ e MK (y, 5) dyds

0 €

T Mle(h +e) — (M + &) + yl e/ /o)

we have that equation (2.10) holds.
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If Sy — o e >0, that is, & < (1/a)In(Sy/0), it is sufficient to prove that

ch e — e M + &) e*1He%
< A2 ME — dyM (A + )2 P17
+ B(Sy — 0 ) (G (A1, 0) €"F — MG(A + &, ¢) P19
— yeME 4 My eh1Tok

that is,

0<M[c(h + &) — dy(h + €)° — BSyG (A + €, ¢) + yle
— 0B G(A1, c)e® + MoBG(h + ¢, c) @5
=—MOM +¢,¢)e* —aBG(h,c)e” + MoBG(r +¢,c)e @5,

Consequently, we need only to show that
—~MO@O +e,¢) =BG, ) e % > 0.

Since & < (1/a)In(Sy/0) <0 (see lemma 2.3, o >S)), we have oe@ % <
o e@?s < /o S,. Therefore, we have

—MOM +e,¢) —oBGr,c) e >0

if M >—(BvoSoG(A,¢))/(® (A + ¢, ). Thus, the proof is completed. |
Define
_ o | 97 (x) < S(z) <5,
r= {(S(')’I )€ CEFO max( 1), 0= 1) < I* (@) }
and
c—+c2+4dBay c++/c2+4dBay
11 5d; ; 12 5d; , o p1=di (A2 1),
c—+/c2+4dro c++/c2+4ddha
Agy = 24, 2 Ap= 54 2 b= dy(Ag — Agy),
2

where a; > Sy and as > y satisfy — A1 > 241 and — Aoy > 2. Furthermore, define
an operator F': I' — C(R,R?) by

Fi[S(¢), 1()]E)
FIS(), IM1G) = (F;[S(-), I (-)](S))’
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where
,3 3
Fi[SC), 1)) = p—J M= [ S(x) — S(x)(K * I)(x)] da
1 J—00
- pﬁ ro 126D, S(2) — S(x)(K * I)(z)]dz,
1 Je
3 _
RIS(), IOIE) = pﬁ J eAn=o) [S(w)(K « I)(z) + 21 I(w)] do
2 J—o0
n pﬁ ro eAnE=D) [S(q;)(K % (z) + 21 I(a:):| dz.
2 Je

In the following, for v € I' we denote

(K xu)(&):= J(:roo J+00 K(y,s)u(¢ —y— cs)dyds, VEeR. (2.11)
Lemma 2.5. The set I' is closed and convex in C(R,R?).
The proof is very easy and we omit it.
Lemma 2.6. The operator F maps I' into I".
Proof. Give (S(-),1(-)) € I'. It is obvious that we only need to prove that
S™(@) = Fil5(), I()]1(2) = S0
and

max{I~(z),0} < B[S, [()](z) < I (2)

for all z e R.
First, we consider Fi[S(:),I(-)](z). Since a1S5(x) — S(z)(K * I)(x) < a1.5, for

any € R we have

3
FISC), IOIE) = —J eM1E= Ny S(7) — S(2)(K * I)(7)]dz

Pl J-

™=

+ b JOO e 2=y S(2) — S(z)(K * I)(z)] dz

- B [f A E=D) g 4 ro o A=) dx}
L1 —00 £

CBuSy (11

o (A_12 - A_u>

=S,
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Since S™(£) := max{Sy — o €*¢,0} satisfies

[e e lIE So'e)
cS—’@)sdls—”@)—ﬁs—(s)emj J IR (y, 5) dy ds

0 —00

=SdSTE) = BSTE)K x D)
=dS7"() — oS (&) + BST (E)lan — (K x [)(§)]
<d;S7"(E) — Bar S (E) + BS(E) a1 — (K x )(§)]

for £ # (1/a) In(Sy/0), we have
BSE)ar — (K« I)(E)]=—diST"() + cST'(§) + Bar ST (£).
It follows that

&
RSO, IOIE) = g] ey S(2) — S(2)(K * I)(2)]dz

N pﬁr eM26-D g, S(2) — S(2)(K * I)(z)]dz
1 Je

&
> —J eME=D_d, 87 (2) + ¢S7(x) + B S~ (2)] dz

1 o
+ p—J 126D, 87" (z) + ¢S7(z) + P S™(z)] dz.
1 Jg

When & > & := (1/a) In(Sy/0), we have

1 &
RISOLIONE) = — J eMED [ S (2) + ¢S~ (x) + B S~ (2)] da
1.Jg&

1 réo
X —J eME=D_q, 87" (2) + ¢S7(z) + Ba1 S™(2)] dz
Pl J—oo

1 (o 0)
+ —J 26~ _q, 87" () + ¢S7(x) + a1 S™ ()] dx
P1 Je

=576 + %e““ﬂ)[sxso +0) = 575 — 0)]
> 57(8).
Similarly, when & < & := (1/a) In(Sy/0), we have
RIS, TOE) = 87 (@).

Secondly, we consider Fy[S(-),I(-)](z). Since S(z)(K *I)(z)+ ((oa —y)/
B)I(z) >0 for all ze R, we have F5[(S(-),1(-))](z) >0 for all z €R. Because
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S(E)> S (§) =max{Sy —o e’5,0} and I(£)>max{/ (£),0}, we have that
I= (&) :=eM5(1 — Me®) satisfies
o0 400

CI_/(E)Sdzf_”(%“)+ﬂ5_(§)L J I"(§ —y—c)K(y,s)dyds —y I~ (§)

—00

< BI7(E) — anl (€)
o0 +OO
+BS(E) L J I — y— c)K(y, ) dyds + (s — PI(E).

—00

Hence, we have
1 ¢
Ey[S5(), 1()1¢) = EJ e EIBS(2) (K * D (z) + (a2 — y) I (2)] dz

. piJ»oo eA22(5_Z)[ﬁS($)(K * D) (x) + (e — y)I(x)]dx
2 Jg

1 3
> J eME D[, [ (z) 4+ eI 7' (2) + ax ] (2)]dz
P2 J-

L[ A (E—1) = =/ -
+ — e’ [—dol " () + ¢l () + asl ™ (z)]dx
P2 Jg

=1"(§).
Because I(§) <I1(&) and S(§) < Sy, by equation (2.6) we have

V(&)= IT(E) + ﬁsoJ

0
> I (§) — aal T (§)

400
J I — y— e K(y, ) dyds — yI*(&)

—00

o0 r+o0
+ﬁS(S)L J I — y— c)K(y, s)dyds + (@ — I (E).

—00

Consequently, we have

BISC), IO)E) = e EDBS(2) (K * I)(z) + (a2 — ) ()] dx

bl’_‘

J 126D [BS(2)(K % I)(x) + (ay — y)I(z)]dz

b|,~

l
p
J A E=D [ g TV (2) + eI (2) + oI (2)] da
L L
,02

J 2ED [ I (1) + eIV (2) + an I T (2)] dz

=I1().
This completes the proof. |
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Define

B,(R,R?%) := {45 = (¢1,¢) € C(R,R?)

supgcg |¢1(5)| e < 400,
SUPg g [¢2(8)] e 5! < +o00

with norm

@], = max {Sup 1p1 (&) e 1 sup |¢a ()] e_"'é'} ,
&eR £ecR

where u > 0 is a constant and satisfies 2A; < u < min{—A;, —Ag}.

Lemma 2.7. The map F: I — C(R,R?) is continuous with respect to the norm
|- 1. in B, (R,R?).

Proof. For any (S1(-), I1(-)) € I and (S5(-), Ir(-)) € I", we have
|F1[S1(), H(D1E) — Fi[S2(), b()1(E)| e !

¢
- pﬁe—usj eME=D [0, 81 (2) — Sy(z)(K % [)(2)]
1 —00

— [0 S2(2) — So(z) (K * L) (z)]| dz

+ ge—“ J 12670 [0) Sy (7) — Sy (x) (K * ) ()]
&

— [a182(z) — S2(2) (K * Ip)(z)]] d.
Note that (K * I)(z) < G(A1, ¢) e*?. When & >0, we have

|FLLS (), LOIE) — FiLSa (), B()](E)| e ™!

£
< pﬁe"‘E J eMED |8 (1) — So(w)|

1 —00
+ [S1(2) (K * I;)(x) — S2(x)(K * L) (z)|]dz

4 B e J D15, (2) — S()|
P1 £

+ 151(@) (K * L) (2) — S2(2) (K * L) (2)|]dz

&
< % e M8 () — So(p + (K % L)) — (K * [2)(,)|M]J QA=) ulal g

+ % e 1S1() — o + (K * L)) — (K * IQ)C)"‘]J oARE=1) gulal g
1 §

+ ﬂ G()"la C)
P1

§ -
x U M=) haaulad/2 gy 1 J A=) Gz +ula))/2 dxi|
—00 £

1S1() — Sa (o

Proc. R. Soc. A


http://rspa.royalsocietypublishing.org/

Downloaded from http://rspa.royalsocietypublishing.org/ on November 11, 2015

Travelling waves of an epidemic model 13

=P 151 = SO + 1 D) = (K % O]

P1
0 & o0
X [J e/\n(S—l‘) e M dx + J eAn(S—:L‘) et dg + J e/nz(é—l‘) eh® dx]
—o 0 &
:8 G()"la C) _
+ =15 C) = SO ppe™

P1

0 §
% |:J M- (M—1/Dz 4. +J eAE=1) (Outu/Dz g,
—o0 0
o0
+ J eA12(§*-’E) e()~1+u/2):c d:E:|
§

= P 1,) = 2+ 1K % 1)) = (K * B,

P1
Ayg — Apy uE 21 Aug] BG (A1, ) g (.
X[(M—Au)(/hg—u)e +A%1—M2€ M o1 50
g welAn—ms (Ag — Ajp) eP1—w/2%
2Ol |:()~1 —Ap)? = p?/4 0 (b — A+ p/2) (A — A — M/Q)]
< @ [ Az — An 2 :|
T oo L(w—A) (A —p) AR —p?
G\,
X [181¢) = S2 () + 1(K * L) () — (K % B)()].] + %hﬂ(')
w A — Aq
— S(- :
2Ol |:()~1 — Ap)? — p?/4 * (A — A+ 1/2) (A1 — A — IL/Q)]

Similarly, for & < 0 we have

|FL[S1C), LOE) — Fi[S2(-), L()](E) e !
<@[ An = Ay 2u }

T oo LAn+w A+ AL —p?
G\,
x [1510) = S+ (K # 1)) — (K % )] + %w-)
u A — Aqn
S .
20 lur2 [(A11 — )% —p?/4 * (A — A —u/2)(Ag — M+ M/Q)i|

Then, it is sufficient to prove that [S;(:) — S2(-)|, — 0 and [L(-) — L()|,—
0 imply [51(¢:) = S2()lu2— 0 and [(K * [1)(-) — (K * L)(-)|,, — 0, respectively.
Given € > 0 sufficiently small. Note that |S;(z) — Sa(x)| < Sy for any z € R. Then
there exists N > 0 such that |9 (z) — Sy(z)|e /2 < Sye=*N/2 < ¢ for any |z| > N.
Furthermore, when |S;(-) — S2(1)[, < ee "N2 for |z| < N we have

1S1(z) — Sa(@)] e V2 < |8 (2) — Sap(a)] e MV <.
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Thus, we conclude that [S1(-) — Sa(-)],2 = 0 as [S1(-) — S2(-)], — 0. Consider
[(K % L) () — (K % D)) -
Since e MW+ K (y, s) € L(R x RY), then there exists N* > 0 such that
ﬂ e MUTS K (y s)dyds < e.
(RxR+)%([0,N*]x [~ N*,N*])
Furthermore, when [[1(-) — L(:)|, <€ e H+IN" e have

N* pN*
e‘ﬂ'zlj J |(z —y — cs) — L(z —y— cs)|K(y,s)dyds
0 —N*

N* pN*
< 1L = ()], eI N+ J J K(y, 9 dyds
0 —N*

<e€.

Combining the above arguments and the fact |I;(z) — L(z)| <e*? for any z € R,
we have that

(K * L)) = (K* L))y =0 as [L() = L), —0.

Thus, we conclude that F;: I' — C'(R,R) is continuous with respect to the norm
|1, in B,(R,R). Similarly, we can prove that F;:I"— C(R,R) is continuous
with respect to the norm |- |, in B,(R,R). This completes the proof. ]

Lemma 2.8. The map F:I" — I" is compact with respect to the norm |- |, in
B, (R,R?)
U .

Proof. For any (S,1) € I', we have
d BAn
— RS0, I =
& 1S, 1()1(€) .

n B A1
P1

¢
J MGy, S(z) — S(2)(K * [)(z)]dz

+00
J eM2E=D o S (1) — S(z)(K % I)(z)] dz.
¢

Therefore, for any & € R we have

d AnlSo (¢
—Fl[S(-),I(-)](S)‘S—ﬂ il OJ MED ey + G(hy, 6] da
dé P1 —00
A +oo
4 B USUJ "6 ay + G(h, 0™ ] da
P1 £
_ 2BS0 . |:,3A1250 G0 BANSIG (A, C)] it
P1 p1(A12 — A1) p1(k1 — A1) '
Similarly, for any & € R we have
d Agp Agy
—B[8(), 1] 5[ — }[SG)\,cha—]eM?
a2 (), 1()1(E) o (Ams — 1) 2o — Ay) BSoG(A1,¢) +ag —y
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For each integer n € N, define an operator F" by

FI(SC), I(DIE), & el—n,n],
FUISC), IO1E) = FIS O, I()I(=n), &€ (o0, —n]
FI(SC), I()I(n), & €[n,+00).

By Ascoli-Arzela lemma, we have that F":I" — I' is compact with respect to
supremum norm in C'(R,R?) because F"[S(-), I(-)](-) is also uniformly bounded
and equicontinuous for (5,7) € I'. Consequently, we have that F":I" — I is
compact with respect to the norm |-, in B,(R,R?). Furthermore, since {F"}°
is a compact series and

[F"LS (), IOIC) = FLSC), IO
=sup |[F"[S(), I()](E) = FISC), I()1E) e !

£eR

= sup [F'ISC), IO1E) = FISC), I()1E)] e

£e(—00,—n]U[n,00)

< sup max{Sy, e ", etE}e el
§€(—00,—n]U[n,00)

<max{Sye ", e H M 5 (0 as n— 400,

by proposition 2.1 in Zeilder (1986) we have that {F"}3° converges to F' in I" with
respect to the norm |- |, and hence, F': I' — I' is compact with respect to the
norm | - |, in By, (R,R?). The proof is completed. [ |

Theorem 2.9. Assume that Sy >y /B. For every ¢ > c, system (2.1) admits a
travelling wave solution (S.(x + ct), I.(x + ct)) such that (2.2), 0 < [.(§) < Sy —
S5 for any & e R and S.(-) is non-increasing in R. In addition, we have

g’:lim e M[E)=1 and J I.(r)dz = E[SO - S
——00 Y

—00

Proof. When ¢ > c¢,, Schauder’s fixed point theorem implies that there exists a
pair of (S.(-),I.(-)) € I', which is a fixed point of the operator F. Consequently,
the solution (S.(z + ct), I.(z 4+ ct)) is a non-negative travelling wave solution
of equation (2.1). It is obvious that S.(—o0) =Sy, lims, e 5 1.(§)=1, 0 <
S.(£) < Sy and 0 < I.(§) < eM® for any £ € R. In the following, we first prove that
S.(€) is non-increasing and equation (2.2) holds.

Note that (S.(-),1.(:)) € I' is a fixed point of the operator F. Applying the
L’Hospital theorem to the maps F; and Fj, it is easy to show that

S/ (—00)=0 and I)(—00)=0.

Consequently, it follows from equation (2.3) that S”(—o00) =0 and I/(—00) =0.
Integrating the two sides of

cSe(§) — di1S;(§) = —BSc(§) (K = 1.)(§) (2.12)
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16 Z.-C. Wang and J. Wu

from —oo0 to &, we have
3
d1S,(&) = c[S.(§) — Sol + ﬂJ Se(x)(K * I.)(x) dz.

Since 0 < S.(§) <5y for any & € R, we conclude that firgz S.(x)(K % 1) (z)dz <

+oo and hence, S/(£) is bounded on ze€R. Otherwise, if J'J::z Se(x) (K *
I.)(z) dz =400, then there exists a constant 8, >0 such that S/(§)>§, for
large & > 0, which contradicts the fact 0 < S.(z) < Sy. Therefore, firz Se(x) (K *

I.)(z) dz < 400 and S.(§) is bounded on z € R. Multiplying (1/d;) e~ (/W% for the
two sides of the equality (2.12), we have

(S.(E)e™ /MY = p/d ™ T NES () (K * I)(5), V& €R.
Integrating the last equality from & to +o00, we have

+00
S6) =~ e/ | e S (o) (@) do <0, Ve €R

1 &
which implies that S.(§) is non-increasing in & € R. Because (S.,1.) € I, for £ <0
with |&]| sufficiently large, we have

+00
J e NS (1)(K * I,)(z) dz > 0.
&

Hence, there exists £&* <0 such that d/d&(S5.(¢)) <0 for & < &*. Therefore, we
have 0 < S.(400) := 5 < 5.
Furthermore, since

CI(E) — BI(E) = BS.EVK % [)(E) — yLE), VECR,  (213)
we have
3 +00
Le="L j € 5 () (K % 1)(2) dw + 2 J A0 8 () (K * I,)(x) da
9 J—0 2 JE

for any & € R, where

o _c—y/c+ddy . —
21 = 2d, , 22 =

c++c2+4dyy

2d, ’

py = dy (A — Ayy).
In view of f"_sz Se(x)(K % 1.)(x)dz := Ay < +00, we have that

“+00
J I.(z) dx < o0.

—00
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Since

/ +00

_Aub J eS¢ — 2)(K % I)(E — z)dz
Py Jo

ApB [

+ J 1278, (€ — 2)(K * L)€ — ) dz,

2

we have

3 &
IC(S)=J @) de < pmﬁ J J Suy — o) (K % 1)(y — 2) dydo
— 2 0 —00
Abyp
Py

284
= ’3,0, VE € R.
2

3
+ J eA%ﬂJ Su(y — 2)(K % L)(y — 7 dy da

Consequently, it follows that |I/(£)| < (4B%A40Sy/(py)?) for any & € R. Thus, we
have limg_, 4o I.(§) = 0 because I/(§) is bounded.
Now by lemma 2.3 in Wu & Zou (2001), we have

§(£00) =0, §/(xo0)=0, I'(to0)=0, I/(+o0)=

Consequently, integrating equation (2.12) on R yields
o
Bl sco E) = dsi - 51
—00
Furthermore, by integrating equation (2.13) on R, we obtain
+00 c
J I.(z)dx=—[S) — S°].
—0 Y

To prove that 0<I.(§)<S)—S5*, we define a function /]%C(S) =y/c
J‘ioo I.(x)dz+y/c f;oo e/BE-DT (rydr for any £eR which satisfies the
following equation:

CR.(E) = b R!(E) + yL.(E), VEER.

Obviously, R (—00) =0, R c(+00) = Sy — S and R/ (£00) =0. Furthermore, we
can show that N.(§) :=1.(§) + R .(£) is non-decreasing in R. In fact, N.(&) satisfies

cN(€) = N/() + BS(E)(K x 1)), VEeR.
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Following this, we have that

N/(&) = ’32 (c/dp)§ J e~ BTG () (K % I)(z)dz >0, VEeR.
S

In view of N .(4+00) =Sy — S, we have that 0 < [.(§) < Sy — S for any & e R.
This completes the proof. ]

Theorem 2.10. Assume that Sy >y /B. For ¢ € (0, ¢,), there exist no non-trivial
travelling wave solutions (Se(z + c't), I.(x + c't)) of equation (2.1) such that
equation (2.2) and 0 < Sy (§) < Sy and 0 < I.(§) < Sp.

Proof. Now we consider the case ce€ (0,¢,). Fix ce(0,c¢). We prove the
theorem by way of contradiction. Assume that there exists a non-trivial travelling
wave solutions (S.(z + ct), I.(z + ct)) of (2.1) such that equation (2.2). Since
S(—00) =5, there exists & <0 such that S(&) > (B8Sy + y)/2B8 for any & <§&'.
Therefore, we have

cl'(§) = dpI"(§) + BSENK x (&) — y1(§)

So —
> 1) + Pty "IV« D@ - 11+

Y1) (2.14)

for any & <¢&’. Let J(§) = fioo I(n)dn for any & e R. It is not difficult to verify

IE_OO(K x 1) (n)dn = (K * J)(§), see also Wang & Li (2009, theorem 3.5), where the
convolution is defined by equation (2.11). Then, integrating two sides of inequality
(2.14) from —oo to & with & <&’ we have

JE) < cl(€) — dT'(E) - P2 °+V

S _
MTV [(K % J)(E) — J(&)]. (2.15)

In view of
3
J (K % T)(n) — ()] dn
3
= i | 1G5 D) = Tl

& roo roo
~ lim j J j K(y, 9T -y — es) — Jan]dydsdy

Z—>—00 2 Jo —00

§ (oo oo 1
= lim —J J J (y—{—cs)K(y,s)J I(n —6(y+ cs))dddydsdn
0

Z—>—00 2 Jo —00

00 oo 1§
= lim —J J (y-i—cs)K(y,s)J J I(n—0(y+ cs))dndfdyds

>0 0 J-—co 0Jz
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00 poCO 1
= lim —J J (y+cs)K(y,8)J[J(S—B(y+cs))

Zz—>—0Q 0 00 0

—J(z—0(y+ cs))]dodyds

o0 roo 1
—| | o+ ek | g€ -0+ eonaodyas,
0 J-co 0

we have that (K *xJ)(&)— J(&) is integrable on (—o00,&] for any & eR.
Consequently, from equation (2.15) we have that J(&) is integrable on (—o0,£]
for any & € R. Now integrating the two sides of inequality (2.15) from —oo to &
with & < &', we have

S, — 3
MTVJ J()dn + dI(E)

00 pOO 1
§cJ(€)+ﬁSO2+y J J (y—i—cs)K(y,s)J J(E —0(y + cs))do dy ds.
0 —00 0

Since (y + ¢s)J (& — 6(y + c¢s)) is non-increasing on 6 € [0, 1], we have

BSo—vy
2

3 00 (oo
J J(n)dn+d21<s>s[c+’gs°2+yJ J (y+cs>K<y,s>dyds] 7).
) 0 e}

Let K1 =(BS+y)/2 fgo fiooo sK(y, s)dyds. Since the kernel K(y,s) is an even
function of y, we have fgo fiooo yK (y, s) dyds=0. Then, we have

BSo— v

&
: J Ty dn + bIE) < e+ KD JE), Ve < (2.16)

Therefore, for any & <&’ we have

S — 0
PREE] s eman=ea+ ke,
Since J(-) is increasing, then for any & <&’ and any n > 0 we have

BSo—vy
2
Thus, there exists ny > 0 sufficiently large and some 6, € (0,1) such that
JE —no) <6 J (&), VE<E.
Let p(x) = J(x) e with ug= (1/n9) In(1/6y) < A1. Then,
p(E — o) = J(E — o) e 0ET <G J(€) eTHET = p(§), VE <&

By virtue of p(z) — 0 as £ — +00, we have that there exists py > 0 such that

nJE —n) <cl+ K)JE).

p(r) <py for any z € R,

which implies that
J(x) < ppet®®  for any z € R.
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Consequently, there exists gy > 0 such that [ foo J(y) dy < gy e” for any z € R.
Furthermore, by equations (2.14)—(2.16), we have

sup{I(z) e ™"} < oo, sup{|I'(z)|e ™"} <oo, sup{|l’(z)|e "} < o0.
zeR zeR zeR

Now consider Sy — S(&¢). By ¢S (§) = d1 5" (&) — BS(E)(K = I)(&), integrating from
—00 to & yields

§
c[SE) — Sol=di5'¢) — ,BJ S (K * I)(n) dn.

Let f(§)=p fg_oo S (K * I)(n)dn. It is obvious that f(x) < Cyeto* for any x € R
and some constant Cy > 0. Let R(§) =5y — S(§) >0 for any & € R. Then, we have

d R'(§) — cR(E) = —f(§).
Solving the last ODE yields

N 1 0
R(E) = &y et/ = ROTAY: J e~/ () dy. VE €R,
£

where 6’0 = R(0). Since f(£) = O(e"%) as &€ — —o0, it is easy to see that R(£) =
O(e'f) as € — —o00, where o =minf{ug, ¢/di}. In view of 0 < R(§) < 5, we have

sup{R(x) e M%) < oo.
zeR

For A € C with 0 < ReA < g, we can define a two-sided Laplace transform
of I by

+00
L(}) :J e M) de.

—0o0
Applying the property of Laplace transforms (see Widder 1941), we know that
either there exists a real number o >0 such that £(}) is analytic for A € C
with 0 < ReA <« and A =« is singular point of £(}), or for A € C with ReX > 0,
L) is well defined. Now we use this property to conclude that for ¢ € (0, ¢,),
equation (2.1) admits no travelling wave solutions (S(z + ct), I(z + ct)) satisfying
equation (2.2).

By Fubini’s theorem, we have

Jw (K % D)(E) d8

:JOO e Joo J'°° K(y,s)I(E —y— cs)dydsdé
(

—00 ) —00

=J J K(y, s) e‘“ywj e M= (g — y — es)dE dyds

0 —00 —00

=L J J K(y, s)e W+ qy ds
0

=LA G, 0),

—00
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where G(&, ¢) := [ fJ_roo M=K (y, s)dyds. In view of

ooe
b 1"(E) — cl'(§) + BSo(K * D)(E) — yI1(§) = BLS — SENK = [)(§), VEER,

we have

(o]

O (%, ) L(}) ZﬂJ eS8 — SEIK * I)(§) d§ (2.17)

—0o0

for A € C with 0 < ReA < pg, where © (1, ¢) is defined by equation (2.5). Note that
the right-hand side of equation (2.17) is defined for A € C with 0 < ReA < po + -
For c€ (0, ¢,), since ® (A, c) >0 for A € (0,X.), we have that L£(1) is defined for
all L € C with L. > ReA >0 and there are no singularity of £(}) in A €[0,X.).
Because equation (2.17) can be re-written as

J O, OL(E) — B(Sy — SENE % D)(E)]d = 0.

However, for c € (0, ¢,), we have that ® (X, ¢) - 400 as A - A, — 0, which implies
that the last equality is false. This is a contradiction. The proof is complete. W

Theorem 2.11. Assume that Sy <y/B. Then for any c¢>0, there exists no
travelling wave solutions (S(zx + ct), [(x + ct)) satisfying

S(—00) =Sy, S(+00) = Seo < Sy,  I(£00) =0. (2.18)

Proof. Assume that there exists non-trivial travelling wave solution (S(z + ct),
I(z + ct)) such that equation (2.18). Then, we have

3 +00
1(§) = ﬁ J e nCE=D G () (K % I)(z)dz + g J e 2€=9 G (2)(K * I)(z) dx
2 J—00 2 J&

_ /3 J+m Ay
== e’n*SE — ) (K *xI)(§ —2)de
Py Jo

0
+ EJ e 2" S(E — )(K * ) (& — z) da.

’
2

Integrating the two sides of the last equality, we have

+00 ’3 too —+00
J I(%‘)déz—/J ewj S — (K * D(E — 2) d& da

—0o0 2 J0O —0o0

:3 0 , +00
+ FJ eA22mJ S(E —x)(K % I)(& —2)dé dz
2 J—00 —00
:3 +o00 , 0 , +o00
= U e dg 4 J e/\n® dx:| J SEVK « I)(&)de
2 0 —00 —00

Proc. R. Soc. A


http://rspa.royalsocietypublishing.org/

Downloaded from http://rspa.royalsocietypublishing.org/ on November 11, 2015

22 Z.-C. Wang and J. Wu
S 1 1 +oo
< 25 ( S )J (K + D)() d
Py \Ayy Ay /) o
,BS 400
=P we e as
S, +00
=P e
~+00
< J 1(&)dé&.
This is a contradiction. This completes the proof. |

Remark 2.12. When d; - d; =0, the conclusions in theorems 2.9, 2.10 and 2.11
remain valid. In fact, if d; =0, then it is sufficient to define F; by

£
B[SO, IO = éj e P/ oy S(z) — S(x)(K * I)(z)] dz,

where ay > Sy satisfies Soy/c > 2A;. Similarly, if dp =0, then we need only to
redefine Fy by

B

3 —
RIS( 101 =2 [ et [S(x)(K # (@) + =T

I(x)i| dx,

where ay > y satisfies as/c > 2A4.

3. Discussion

In this paper, we study the existence and non-existence of non-trivial travelling
wave solutions for model (1.6). As the travelling wave solutions obtained or
excluded in this work describe the transition from a disease-free equilibrium to
an endemic equilibrium, the existence and non-existence of non-trivial travelling
wave solutions indicates whether or not the disease can spread.

Theorems 2.9 and 2.11 combined provide a threshold condition for the existence
of travelling wave solutions in terms of the basic reproduction number 85y/y of
the corresponding ODE system in the absence of non-local interaction, time delays
and spatial diffusion. Therefore, whether disease spreads or not is independent
of the non-local delayed interaction and spatial movement patterns of the
population.

The speed at which the disease spreads (if it does), however, depends on the
aforementioned factors. We have shown that if the basic reproduction number is
larger than one, then system (1.6) admits a non-trivial travelling wave solution
with wave speed ¢ > ¢,, where ¢, is the minimal wave speed. As discussed in §1,
this minimal wave speed ¢, should be the asymptotic speed of propagation of
the disease. This minimal wave speed ¢, is defined by lemma 2.1, from which
it is easy to see that c, is dependent on the diffusion rate dy of the infected
individuals, the pattern of non-local interaction between the infected and the
susceptible individuals, and the latent period of disease.
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More specifically, for ¢ >0 and X € (0, .), direct calculations yield that

le) o (oo
e I—)‘—)»,BSOJ J se MK (y, 5)dyds <0,
0 —00
e = 3.1
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and ©0,¢0)=8S%—y>0 and OK.—0,c)=+4o00.

In the case where K(z,t) =§(t — t)§(z) with T > 0, we have
00
ot

Therefore, from equation (3.1), we can conclude that ¢, = c,(7) is a decreasing
function of t > 0. ,
In the case where K(z,t) =8(t)(1//4mp)e " /%" we have
RIC)
O, c;p) = A2 — ch + BS, P — VY, e A2BS, e > 0.
0

Consequently, ¢, =c,(p) is an increasing function of p > 0. Indeed, direct
calculations also give

@()"7 C; T) = dQ)\.2 —ch+ }350 e_}‘” -, — _)\'Cﬁso e—)»cr <0.
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and p
C;(p) = MBSy e > 0. (3.3)
0

Hence, we observed that the latent period can reduce the speed of the spread of
the disease, and the non-locality of interaction can increase the speed of disease
spread, an observation in coincidence with those reported by Li et al. (2007) and
Wang et al. (2008).

Similar conclusions can be made for the case where K(z,t)=46(t —t)(1/

VAT dyT) e”/40T with T > 0. This case reduces to equation (1.7), and we have

O, ¢, dy, T) = doA2 — ch + B Sy e @07 _ ) % — A2 £ TA2B8, el®@¥ T o (.
2

This implies that ¢, is an increasing function of dp >0 and hence, we know
that the geographical movement of infected individuals can increase the speed
of the spread of the disease. Now fix dy > 0, then for any 7y > 0, there exists
a unique pair of Ay (7p) >0 and c¢,(19) >0 such that @ (A.(1y), (1), do, T9) =
0 and @, (1), do, 79) >0 for any A>0. It is easy to see that dzkz(ro)—
L (T0) €« (T9) < 0. Then we have
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which implies that ¢, is a decreasing function of v > 0.
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