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Abstract—We analyze functional-differential equations with unbounded operator coefficients
in a Hilbert space whose leading part is an abstract hyperbolic equation perturbed by terms
with a retarded argument and by terms with Volterra integral operators.

We consider spectral problems for the operator functions that are the symbols of above-
mentioned equations in the autonomous case.
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Numerous papers dealing with the analysis of the solvability and asymptotic behavior of solutions
of functional-differential and integro-differential equations in Banach spaces and, in particular,
in the Hilbert space have been published recently (see [1-16] and the bibliography therein).

In the present paper, we consider functional-differential and integro-differential equations with
unbounded operator coefficients in the Hilbert space. The leading part of these equations is an
abstract hyperbolic equation perturbed by terms with retarded arguments and by terms with
Volterra integral operators.

Unlike other studies known to the authors in this direction, the present paper deals with the
analysis of variable delays and variable operator coefficients, while, in most of the papers known to
the authors, the case of constant delays (see [1-5]) and bounded operator coefficients multiplying the

delays (see [8, 9] and the bibliography therein) was considered.

We prove the well-posed solvability of initial-boundary value problems for the above-mentioned
equations in weighted Sobolev spaces on the positive half-line.

In the final part of the present paper, by way of application, we consider some results for the
Gurtin—Pipkin integro-differential equations describing the propagation of heat at a finite velocity
in media with memory.

1. DEFINITIONS, NOTATION, AND STATEMENT OF THE MAIN RESULTS

Let H be a separable Hilbert space, and let A be a positive self-adjoint operator with bounded
inverse in H. The domain Dom(A”) of the operator A®, 3 > 0, is a Hilbert space Hz with respect
to the norm || -||5 = ||A” - || on Dom(A”), which is equivalent to the graph norm of the operator A”.

By L. ((a,b),X), —oo < a < b < +oo, we denote the space of measurable vector functions
ranging in a Hilbert space X; it is equipped with the norm
b

1/2
1 1La (b)) = </ exp(=27t)[1 f(1)[1% dt) , =20

a

By W3 ((a,b), A™), m € N, we denote the space of vector functions ranging in H such that
Army(t=P)m ¢ L, _((a,b), H) (p=0,1); this space is equipped with the norm

”UHngg((mb),Am) = (”U(W)Him((a,b)ﬂ) + ”AmUHQLM((a,b)7H))l/2~
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dm
Here and throughout the following, ™ (t) =  w(t), m € N. For a more detailed description of
the space W3" ((a,b), A™), see [17, Chap. 1]. Throughout the following, we omit the corresponding
index if v = 0.
Consider the initial-boundary value problem for the functional-differential equation of the form

@ (1) + A%u( Z t)Au(g; (t)) + D;(t)u' (g;(1))]

/Kt—s )Au(s d8+/Q uM(s)ds = f(t), t>0, (1)

with the initial condition

U(t) = So(t)v teR_= (_0070]' (2)
Here B;(t) and Dy(t), j = 1,2,..., are operator functions ranging in the ring of bounded operators
in H, and K(t) and Q(t) are operator functions ranging in the ring of bounded operators in H and

— ot

Bochner integrable on the half-line R, with weight e™*7,

/ exp(—st)|| K (t)| dt < +oo, / exp(—st)||Q(t)]| dt < +o0; (3)

further, the g;(¢) are scalar real-valued continuously differentiable functions on the half-line R
such that g;(t) <t; gj(»l)(t) >0,teRy (j=1,2,...).

By gj_1 we denote the inverse functions of g;. In the following, we assume that f € L, ., (R, H;)
and ¢ € me (R_, A?) for some v, and 7, € R.

Definition 1. A function u is called a strong solution of problem (1), (2) if it belongs to the
space W3 _ (R, A?) for some v > 0 and satisfies Eq. (1) almost everywhere on the half-line R, and

the initial condition (2).

The following theorem on the well-posed solvability of problem (1), (2) is one of the main results
of the present paper.

Theorem 1. Suppose that operator functions B;(t), D;(t), B;(t) = AB,;(t)A~", and D;(t) =
AD;(t)A™" range in the ring of bounded operators in H, are strongly continuous, and satisfy the
inequalities

oo B el ]

2 p o0 =0, [ S (e TR (0] ST v
. 1B TR

;tsel]gz exp(—=d(t — g;(t))) [ teRli (9;1)(t))1/2 R (9§1)(t))1/2 <+ (5)

for some 6 > 0, where the g;(t) are functions such that t — g;(t) > oy = const > 0, t > 0,
j =1,2,... In addition, suppose that the operator functions K(t), Q(t), K(t) = AK(t)A™Y) and
Q(t) = AQ(t)A~" range in the ring of bounded operators in the space H and satisfy inequalities (3)
and the inequalities

/ exp(—sat)|| K ()| dt < +oo, / exp(—st)||Q(1)|| dt < 400 (6)
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SPECTRAL ANALYSIS AND SOLVABILITY OF ABSTRACT HYPERBOLIC EQUATIONS 541

for some s, > 0. Then, for arbitrary functions @ € me (R_,A?) and f € Lo, (Ry, Hy) with
some Yo,v1 > 0, there exists a constant v* > max(vg,y1) such that, for all v > ~v*, problem (1), (2)
has a unique solution u € VV22 7(R+, A?) satisfying the inequality

lllwz a2y < ANAFIL, @ + 1200z e a2)"? (7)
with a constant d independent of f and .

Remark. Conditions (4) and (5) are essential for the well-posed solvability of problem (1), (2).
The corresponding examples can be found in [13].

If the coefficients B;(t) and D,(t) are independent of ¢ [i.e., B;(t) = B; and D;(t) = D],
and the delays g¢;(t) have the form g;(t) = ¢t — h; with positive constants 0 < h; < hy < ---
we consider the operator function

)

L) = NT+ A% + i(BjA + AD;) exp(—=Ah;) + KA A+ XQ(\), (8)

j=1

where K (\) and Q(\) stand for the Laplace transforms of the operator functions K (t) and Q(t)
and [ is the identity operator in H. Note that the operator function £(\) is the symbol (an analog
of the characteristic quasipolynomial) of Eq. (1) in the autonomous case.

Suppose that there exists a constant v, such that

iexp(—Vohj)(lllel +1D;]) < +o0. (9)

Jj=1

Assertion 1. Let condition (9) be satisfied, and let the operator functions K (t) and Q(t) satisfy
condition (3). Then there exists a »* > 0 such that the operator function L(\) satisfies the inequality

INETO AL < TaYs ReA (10)

Along with problem (1), (2), consider the functional-differential equation

u®(t) + A%u(t) + > _[B;Au(t — hy) + Dju® (t — hy)]
+ / K(t — s)A*u(s)ds + / Q(t — s)uMV(s)ds = f(t), t >0, (11)
with the initial condition
U(t) = So(t)v teR_= (_0070]' (12)

Theorem 2. Let the operators B;, D;, B; = AB;A™"', and D; = AD;A™", j = 1,2,..., N,
be bounded in the space H, let K(t) and Q(t) be complez-valued functions in the spaces W} (R,)
and Ly(Ry), respectively, and let f and ¢ be vector functions such that f € Lo (Ry, Hy) and
o € W5 (R_, A%) for some 7o, 1 € R. Then there exists a v* > max(yo,71) such that, for all
v > 7%, problem (11), (12) has a unique solution u € W3 _(R,., A%) satisfying the estimate

lullwz, a2y < di(IAFIZ, e + 10l @ a)? (13)
with a constant d; independent of f and .
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The proof of Theorem 2 can be found in [15].

Note that although problems (1), (2) and (11), (12) are similar, they have differences in state-
ments. In particular, the integral terms are different: only the first power of the operator A is
admitted in Eq. (1) under much more general conditions on the operator function K (t), while the
second power of the operator A is admitted in Eq. (11) under much more restricted conditions for
the kernel K (t).

Equation (11) is closely related to applications, since, for the case in which B; = D; = 0,
j=1,2,..., N, it is an abstract form of the Gurtin—Pipkin integro-differential equation describing
the propagation of heat at a finite velocity in media with memory.

This integro-differential equation was derived by Gurtin and Pipkin in [19].

Presently, such equations are studied by numerous authors (see [20] and the bibliography
therein).

Under additional constraints imposed on the coefficients of the equation, one can give a very
detailed description of the spectrum of the corresponding operator function £(\). We make the
following additional assumptions: B; = D; =0, j =1,2,..., N, Q(t) = 0, and the kernel K(¢) can
be represented in the form

K(t)=— Z c; exp(—;t),

where ¢; > 0,7, >0,j=1,2,...,0< 9 << <7, <-, 7 — +00 (j = +00), and
ch<+oo, Z < 1.
j=1 =1

Under these assumptions, the spectrum of the operator function £(\) is the set

o ((0)0()

k=1 n=1

where the \,, are real eigenvalues with condensation point o, = lim,, ., A,, and the o (o7 >
09 > -+ >0, > ---) are the solutions of the equation

Zx-i—’yk =1

k=1

In turn, the complex eigenvalues )x,jf = W, *iv, with p,, v, € R, satisfy the relations

1 — 1
nhjgo:un:_zzcka U7L:a7l+6<a2>7
k=1

n

where the a,, are the eigenvalues of the operator A: Ae, = a,e,, and {e,}>2, is an orthonormal
basis of the corresponding eigenvectors. The eigenvalues {a, }°, are arranged in increasing order
(0 < a3 < ay < ag < ---) counting multiplicities. This result on the structure of the operator
function £(\) was proved by G.R. Kabirova.

It is of interest to note that if .

Cj
Vi

<1,

j=1
then the spectrum of the operator function £(\) lies in the open left half-plane. But if the opposite
inequality

icj>1

=1 Vi
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holds, then the accumulation point o; of the eigenvalues A, lies in the right half-plane, and in this
case, problem (11), (12) is unstable.

It is also reasonable to note that the complex branch of the roots {\f}>° | is responsible for the
wave character of heat propagation at a finite velocity in media with memory.

2. PROOF OF THE MAIN RESULTS

We prerequisite the proof of the main results with a number of auxiliary results.

Throughout the following, we denote norms of operators acting in the spaces Ly(R,, H) and
WQZ’V(RJF,AQ) by ||| - [l and ||| - [|lw, respectively.

Lemma 1. The operators L and M defined by the relations

t

(L2)(t) = / exp(—(t — $)) A~ sin(A(t — $))2(s)ds,  ¢>0,

(Mz)(t) = /exp(—v(t — s))cos(A(t — s))z(s) ds, t>0,
satisfy the estimates

1 1
ALl < _, 1Ml <, >0 (14)
2y ¥

Note that the proof of Lemma 1 can be found in [13]. We introduce the operators acting by the

rule
u(g;(t)) for t such that g;(t) > 0

(Sg,u)(t) = { 0 for ¢ such that g;(t

(t) <
9 _ 0 for t such that g;(t) >0
(T%u)(t) = {u(gj (t)) for t such that g;(t) <0

Obviously,
’ ul(g, (1)) = (S, u)(t) + (Tou)(t), 130,

By using the above-introduced operators, we rewrite Eq. (1) as

ul® (t) + A%u( Z u)(t) + D (1)S,, (ulV)(t)]

/Kt—sAu ds+/Q (s)ds = fi(t), t>0,  (15)
where the right-hand side f;(¢) has the form

)= D_IBS (T (Ag) (1) + D, ()T () (1)

—/K(t—smw(s)ds—/cz(t e (s)ds = fu(t),  t>0, (16)

since u(t) = ¢(t) for t < 0.
Our next step is to analyze the well-posed solvability of Eq. (15) with the initial conditions

u(+0) = p(=0) = o, ulV(+0) = ¢V (-0) = 1. (17)

It is important that Eq. (15) is a linear equation with Volterra operators.
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We pass from problem (15), (17) to a problem with homogeneous (zero) initial conditions. To this
end, we introduce the new unknown function w(t) as follows:

u(t) = cos(At)py + A sin(At) o, + w(t).

Since Eq. (15) is linear, for the function w(t), we obtain the problem

(1) + A% +Z W) (t) + D; (1), (W) ()]
/Kt—sAw ds—i—/Q (s)ds = fa(t), t>0, (18)
where
Z )(t) + D;(1)S,, (p) (1))
_ / K(t— ) Ap(s) ds + / Qt — $)p™(s) ds, (19)
and

p(t) = A7  sin(At)p, + cos(At)pg,

with the initial conditions
w(+0) =0,  wP(+0)=0. (20)

We seck the solution of problem (18)—(20) in the form w(t) = exp(yt)v(t) with a new unknown
function v(¢). Then for the function v(t), we obtain the problem

V(1) + 295 (1) 4+ (A2 92Dt

t t

+ /exp(—fy(t —$))K(t — s)Av(s)ds + /exp(—fy(t —9))

X Q(t — s) (™M (s) 4+ yu(s) ds—l—ZeXp Yt — g;(t)))

X [Bj(t)Sg, (Av) () + D;(t)S,, (v(” +0) ()] = exp(—t) 2(t), >0, (21)

v(+0) =0, v (40) =0, (22)
whose solution will be sought in the form v = Lz with a new unknown function z.
By substituting this function into Eq. (21), we obtain the integro-differential equation

t

(0 + / exp(—(t — ) K(t — 8)A(L2)(s) ds

4 / exp(—(t — 5)Q(t — 5)(M=)(s) ds

+ Z exp(=y(t = g;(1)))[B; (1) Sy, (ALz)(¢) + D; () Sy, (M2)(t)]

—exp(—Dh(E),  teR., (23)
which is equivalent to problem (21), (22) in the sense of solvability.

DIFFERENTIAL EQUATIONS Vol. 45 No. 4 2009
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Our next aim is to prove the well-posed solvability of Eq. (23) in the space Ly(R,, H;). To this
end, we show that norms of the integral operators occurring on the left-hand side in Eq. (23) can
also be made small by an appropriate choice of a sufficiently large ~v > 0.

To prove this result, we need the following assertion.

Assertion 2. Let g(t) be a continuously differentiable real-valued function such that g(t) < t

and gM(t) > 0, t € R.. Let B(t) be an operator function that ranges in the ring of bounded
operators in H, is strongly continuous, and satisfies the condition

1
sup | B(@)|? > = by < +00. (24)
t€lg=1(0),+o0] < g (1) ’

Then the operator (Sv)(t) = B(t)(S,v)(t), where S, is the internal superposition operator

_ [w(g(t)) for t such that g(t) >0
S0 = {0 Jor L ek et 20

is bounded in the space Ly(Ry, H), and its norm can be estimated as

IISII < Vbo. (25)

Note that close assertions can be found in [18, Chap. I, pp. 20-28]. From Eq. (23), we pass to
the following equation for the new unknown function y(t) = Az(¢):
t
u(0)+ [ exp(=a(t = )AK(t~ )47 (Ly)(s)ds

0
t

T / exp(—(t — 5))AQ(t — 5) A1 (My)(s) ds

+ Z exp(—(t — g;(1))[B;()Sy, (ALy)(t) + D;(t)S,, (My)(t)]

— exp(-OAR(),  teR,, (26)

which will be considered in the space Ly(Ry, H).
By using Assertion 2, Lemma 1, and assumptions (4) and (5), we obtain the estimate

Z exp(—y(t — g;(t))[B;()Sy, (ALy) (1) + D;(t)S,, (My)(1)]

Ly(R4,H)
1B, (t)ll 1D; (#)l]
< sup exp(—7(t — g;(t))) | sup + sup
gteﬂh J ek, ( J( (t)V/2  tery (g§1)(t))1/2
1
X 7||y||L2(R+,H)7 v > 6> 0. (27)

In turn, for the second and third terms on the left-hand side in Eq. (26), we obtain the estimates

t

. . 1
/exp(—v(t — ) K (t —s)(Ly)(s)ds < sup |K (v + )| 2 Il Loy arys v > 221, (28)
0 Lo (R4, H) ve
t
- ~ . 1
‘ /exp( Y(t —s))Q(t — s)(My)(s) ds < sup 1Q(y + w)ll,y||y||L2(R+,H>7 v > . (29)
ve
0 L>(Ry,H)
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546 VLASOV, WU
By taking into account the well-known properties

sup |[K(y + )| — 0,  sup||Q(y+iv)| —0, ~— +oo, (30)
veR

veR

of the Laplace transform of the functions K (t) and Q(t) and inequality (14), we obtain the unique
solvability of Eq. (26) in the space Ly(R,, H) for a sufficiently large v > 0. Note that, by virtue
of the conditions imposed on the right-hand side f(¢) of Eq. (1), the representations (16) and
(19), and the conditions imposed on the initial function ¢, we conclude that the vector function
exp(—~t)Af(t) belongs to the space Ly(R,, H) for v > ~*, where v* > max (o, 71).

Moreover, by a straightforward verification with the use of relations (4)—-(6), one can show that

|Af2llLs, @y, m) < const X (|Af]L., @,m + lellwz & a2) (31)

with a constant independent of the functions f and .

Then, by using inequality (31) and by taking into account the well-posed solvability of Eq. (26),
we obtain the estimate

Nyl ey < ci([ASflLa sy my + l@llwz @, a2)) (32)

with a constant ¢; independent of the functions f and ¢.

By using the representations v = Lz and y = Az and Lemma 1, we show that, under the
above-stipulated assumptions, v € W2 (R, A?) and

[vllwz, &, a2) < ([ Af s, @y + l@llwz, ®_ a2)) (33)

with a constant ¢, independent of the functions f and ¢. This estimate readily implies the desired
estimate (7). The proof of Theorem 1 is complete.

Proof of Assertion 1. The spectrum of the operator A lies on the semiaxis R, . By using the
well-known estimate for the resolvent via the distance to the spectra of the normal operators +iA,
we obtain the inequalities

AT + A?) 7| < AT +3A) 7 |[(M —3A) 7| < (Re ), Re A > 0. (34)
Then from the previous inequality, we have
JAOT+ A2 < I +iA) 7 + MO + A% <2(Red)™,  ReA>0.  (35)
By using (34) and (35), we obtain the inequality
D " exp(—Ahy)[B;A + AD;| (AT + A?)

J=1

< const X (Z exp(voh;)(|| B, + || D;]|)(Re )\)1> , Re A > vy > 0. (36)

j=1
From the well-known properties
KNI =0, QNI =0  (ReA— +o0)
of the Laplace transform and the estimates (34) and (35), we obtain
LK (M)A 4+ AQN)(N2T + A%)~ Y| — 0, Re\ — +oo. (37)
If we take a sufficiently large s, > 0 and use relations (36) and (37), then we obtain the estimate
L)V + A2 — I <1,  ReA> s (38)
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In turn, on the basis of the estimate (38), the representations
L7 = (NPT + A% HI+ (L) — (VT + AD)(NT + A%~

and the estimates (34) and (35), we obtain the desired inequality (10). The proof of the assertion
is complete.

3. REMARKS AND COMMENTS

Our results are characterized by the fact that we consider the case of variable coefficients B;(t)A
and D;(t) and variable delays g;(¢) (Theorem 1), while the case of constant delays and constant
operator coefficients multiplying the retarded terms was considered in [1-9].

The method of proof of Theorem 1 essentially differs from the proof of solvability in [1-9, 21].
But it is mainly similar to the proof of well-posed solvability in [13-16]. Theorem 1 generalizes the
corresponding result in [13]. Consider this aspect in more detail. Following [13], we reduce prob-
lem (1), (2) to the equivalent (in the sense of the solvability) functional-integral equation (23) in
the space Ly(R, H). This functional-integral equation (by analogy with Eq. (29) in [13]) is charac-
terized by bounded operator coefficients, which essentially simplifies its analysis and, in particular,
the derivation of estimates for the norms of operators in the space Ly(R,, H).

It is reasonable to note that the method of proof of Theorem 2 on the well-posed solvability of
problem (11), (12) also essentially differs from the approach used in [20]. The proof of Theorem 2
can be found in [15, 16] and is based on the reduction of problem (11), (12) to an equivalent (in the
sense of solvability) functional-integral equation of convolution type in the space Ly(R,, H).

In turn, to prove the unique solvability of this equation, we estimate the Laplace transforms of
kernels of integral operators in Hardy spaces. The corresponding case in which

BJEDJEO, j:1,2,...,N,

was presented in [15, 16]. In [20], the Gurtin—Pipkin equation represented in a different form
and obtained by the integration of Eq. (11) with respect to the time variable ¢ was considered
(for details, see [15]). By using the operator functions sin(At) and cos(At), the author reduced
the original problem to an integral equation for the unknown function u, which is equivalent to the
original problem in the sense of solvability. In addition, unlike the results of the present paper,
Pandolfi considered the solvability in function spaces defined on a finite interval (0,7) of the
time variable ¢, while in the present paper, we analyze the solvability in Sobolev weighted spaces
W3 (R, A?) on the half-line R

In the proof of Theorem 2, we essentially use the Hilbert structure of the spaces W22 7(R+, A?)
and Lo (R, H) and the Hardy theorem, while in [20], considerations were performed in Banach
spaces of functions on a finite interval (0,7") of the time variable.

As was mentioned above, the results of the present paper generalize the results in [13] and
provide a natural development of the results in the papers [10-12] dealing with the analysis of
functional-differential equations with unbounded operator coefficients whose leading part is given
by an abstract parabolic equation.

In conclusion, note that problems arising in the theory of oscillation propagation in viscoelas-
tic media with memory naturally lead to the investigation of integro-differential equations of the
form (11) with

BJEDJEO, j:1,2,...,N

(see [22] and the bibliography therein).

Problems arising in the theory of oscillation propagation in strongly inhomogeneous media
(the Darcy law) also lead to equations of the form (11). The description of such problems can
be found in [23] (see also the related bibliography).
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