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Abstract. We construct new types of entire solutions for a class of monostable delayed lattice
differential equations with global interaction by mixing a heteroclinic orbit of the spatially averaged
ordinary differential equations with traveling wave fronts with different speeds. We also establish
the uniqueness of entire solutions and the continuous dependence of such an entire solution on
parameters, such as wave speeds, for the spatially discrete Fisher-KPP equation.
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1. Introduction. We consider the following delayed lattice differential equa-
tions:

(L) wy,()=D 3 T()[un—i(t) —un (D] = dun (£) + > T ()b (wn—i (t — 7)),

1€Z\{0} 1E€EZL

where D > 0 is a given constant, 7 > 0, I(i) = I(—i) > 0, J(i) = J(—i) > 0,
Yiengoy L) =1, Xoier () = 1, Xienqoy eMI(i) < oo, and >icz Ml (i) < oo
for every A > 0. The birth function b € C?(R), and we assume that there exists a
constant K > 0 such that

b(0) = dK — b(K) =0

and that

(H1) for u € (0, K), there hold b(u) > du, b’ (u) > 0, and b(u) < V' (0)u;

(H2) V' (K) < d < b (0).
A specific function b(u) = pue™** with p > 0 and a > 0, which has been widely used
in the mathematical biology literature, satisfies the above conditions for a wide range
of parameters p and «.

A special case when I(i) = 0 for |i| # 1 and I(1) = 1 is

D
(1.2) up = 5 [n g1+ tnoy = 2un] = dun + > T ()b (un—i (t—17)).
i€EZ
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This system was derived by Weng, Huang, and Wu [40] for the dynamics of growth of
a single species population with two age classes distributed over a patchy environment
consisting of all integer nodes of a one-dimensional (1-D) lattice. Another special case
when 7 =0, J(0) =1, and J(i) =0 for |i] > 0 is

(1.3) =D > T(i)[un—i(t) —un ()] + f (un (£)),

1€Z\{0}

which was derived by Bates and Chmaj [1] as an ls-gradient flow for a Helmholtz-free
energy functional with general long range interactions. Both lattice systems include,
as a special example, the following spatially discrete Fisher-KPP equation:

D

(14) (1) =7 |

It is shown in [25] that (1.1) admits a nondecreasing traveling wave front ¢.(n+-ct)

satisfying ¢.(—o00) = 0 and ¢.(+00) = K for every ¢ > ¢* > 0. Furthermore,

limg oo ¢e(€)e™ ()8 = 1 and lime_, o ¢.(&)e M1(DE = \j(c) for ¢ > ¢*, where ¢
and A1 (c) satisfy

(15) AM\e=D Y I@)(eM=1)—cA—d+b (0)e > J(i)e =0

1€Z\{0} €7

Unt1 + Un—1 — 2un] + f (un ().

and c¢* is determined by A(\,¢) = 0 and a%A(x\, ¢) = 0. More precisely, there exist
c¢* > 0 and A* > 0 such that

(D1)if 0 < ¢ < ¢* and A > 0, then A(A,¢) > 0;

(D2) if ¢ = ¢*, then the equation A(\,¢*) = 0 has a double real root A;(c*) =
A2(c*) with 0 < )\1( *) = A2(c*) = A* such that A(X, ¢*) > 0 for X # \*;

(D3) if ¢ > ¢*, then the equation A(), ¢) = 0 has two positive real roots A1 (c) and

A2(c) with 0 < )\1( ) < A* < Aa(c) such that Nj(c) < 0, Xy(c) > 0, £{cAi(c)} <O,

and

>0 for A < Ai(c),
AN ) =< <0 for A e (Ai(c),A(c)),
>0 for A > A(c).

We note that in [25] (see also [1], where bistable waves were considered) there is a
further assumption on the kernel I; that is, the support of I contains either i =1 or
two relatively prime integers, to ensure ¢..(£) > 0 for every ¢ > ¢*. It is interesting to
note that, for ¢ > ¢*, we can confirm ¢, (§) > 0 for any £ € R without this assumption.
In fact, for a fixed ¢ > ¢*, their proof of the existence of nondecreasing traveling
wave fronts ¢, with ¢.(—00) = 0, ¢pe(+00) = K, and limg_, o ¢o(£)e (¢ = 1 is
independent of this assumption; so is the proof of limg_, o ¢.(£)e™ ()¢ = A ().
We now note that ¢(£) > 0 for £ € R. Assume that there exists & € R such that
¢L.(£0) = 0. Then there must be ¢/ (&) = 0. It is obvious that ¢, satisfies

L€ =D Y I(0) (L& — i) — $L(9)] — dol(&)
i€Z\{0}
+ 3T (e (€ — i —er)) L (€ —i—er),

€L

which implies that ;7\ 1oy 1(i)dc(€0 — @) = 0. By 37,z (03 £(i) = 1, there exists
a ig € N such that I(ig) > 0 and ¢.(§o — io) = 0. Let & = & — ip. A similar
argument yields ¢/ (&y — 2ig) = ¢.(&1 — i9) = 0. Continuing this procedure, we have
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¢L.(€o — mig) = 0 for all m € N, a contradiction to the fact limg_, o, ¢.(€)e ()¢ =
A1(c). Therefore, we have ¢.(£) > 0 for £ € R. Of course, to prove ¢.(§) > 0 for the
case ¢ = ¢* the above assumption on the support of I seems necessary. Since in what
follows in this paper we use only the traveling wave fronts ¢. with ¢ > ¢*, we shall
not require this assumption.

In the remainder of this paper, we always normalize the traveling wave front
¢e(n + ct) so that ¢.(0) = &. Then, for each ¢ € (¢*, +00), we set

(1.6) ac = lim_¢.(z)e M7,
Furthermore, we define A. > 0 for each ¢ € (¢*, +00) by
(1.7) A. = inf {A >0:A> p(2)eMO% forany ze€ R} .

It is easy to see that A. > a..
Our focus is on the so-called entire solutions; here an entire solution of (1.1) is
a solution defined for all (n,t) € Z x R. In what follows, we say that a sequence of
functions ®,(t) = { Py, p(t) Inez converges to a function ®p, (t) = { Py po () fnez in T
if, for every compact set S C Z x R, the functions @, ,(t) and £, ,(t) converge
uniformly in (n,t) € S to @, ,,(t) and L&, , (t) as p — po.
One of our main results can be stated as follows.
THEOREM 1.1. Let T'(t) be a heteroclinic orbit of the following functional differ-
ential equation:
d
dt"
which is increasing and satisfies T'(—o0) = 0, ['(+00) = K, limy__ o e M™T(t) = K,
and T'(t) < KeMt for allt € R, where A > 0 is the unique real oot of the equation A+
d—b'(0)e=*" = 0. Then for every ci,...,cm,Ch,... ¢, > c*, 00,01,...,0m,01,...,0, €
R, and x € {0, 1}, there exists an entire solution ®(t) = {®,(t) }nez of (1.1) such that

(t) = —du(t) + b(u(t — 7)),

. . / — I, /.

(1.8) max {1r<nlagfn e, (N + it +6;), max, e (—n+djt+05) X (t+ 90)}
< @ (t) < min {0}, (n,1), 9, (n,1),9°(n, 1) }

on (n,t) € Z x R, where

ﬂrtl(na t) = 1£I%i<nm ¢e, (N4 cit +0;) + XKEA*(tJrGo)

+ Z A, et (e)(nre;t+6;) Z Ac; () (=ntejt+65) ,

1<j<m,j#i 1<5<

97 (n,8) = min 3 b (=m0 -+t +0)) + K00

+ Z ch 6)\1 (¢j)(n+cjt+06;) + Z Acg e)\l(C;)(f’l’LJrC}t‘l*e;) ’

1<j<m 1<j<l,j#i
190(”’ t) _ XP (t + 6‘0) + Z che)\1(cj)(n+cjt+9j) + Z Acce)‘l(c;')(fnﬂg'”e;‘),
1<j<m 1<5<d ’

and m,l € NU {0} with x + m +1> 2. Moreover, the following statements hold:
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(i) For anyn € Z, @, (t) > 0 fort € R.

(ii) im¢—oo SUP,ez |Pn(t) — K| = 0 and lim—, —oo SUP|, <y, [Pn(t)| = 0 for every
given Ny € N.

(iii) If m > 1, then lim, oo || Pn(-) = K||Loja,400) = O for every a € R; if I > 1,
then lim, . oo [P () = K| oo[a,400) = O for every a € R.

(iv) If x =1 and m = 0 (I = 0, respectively), then ®,(t) converges uniformly on
t €la,b] toT(t+6p) as n — +oo (n — —o0, respectively) for any a,b € R with a < b.

(v) If x = 1, then @, (t) ~ Ke*(+0) g5t — —oo for every n € Z.

(vi) If x = 0, then, for every n € Z, there exist Bo(n) > Bi(n) > 0 such that

By (n)efmaxtilema)t « & (1) < By(n)etmaxtilemadt  for epery t < —1,

where Cmax = Max{maxi<;<m ¢;, Maxi< <y c;}
(vii) If we denote ®(t) by (I)cl,...,cm;c’l,...,c§;01,,..,9m;01,...,9{;00(t) when x = 1 and
denote ®(t) by Pe, ... .conscy,nc)ir, . s0mi0),....01 () when x =0, then

Doy icmich oofib1 6 ..., 0560 (F)

converges to (I)cl,...,cm;c’l,...7c;;017...,9m;0{7...,9{(t) as 0y — —oo in T and uniformly on
(n,t) € Z x (—o0,al for every a € R; ey coiet,ne)ib1,....0m:0,,....00:00 (t) converges to

K as 0p — +o00 in T and uniformly on (n,t) € Z x [a,+o0) for every a € R.
(Vlll) (I>cl,...,cm;c/1 ..... c§;91,...,0m;9’1,...,02;90(t) converges to

(I’C1,~»,Ci—1>cm‘+1,---7Cm;C’1,---7C2;91,»»»,9i—1,9i+1,~~,9m;9{,---79{;90 (t)

as 0; — —oo in T and uniformly on (n,t) € {n:n < Nyo,n € Z} x (—o0,a] for every
No €Z and a € R. (I)cl,...,cm;c’l,...,c{;@l,...,Gm;ei,...,9{;90(t) converges to

vl / / /. .07 ’ ’ /.
Doy emiCh oo 4ol yseens}iO e OmsOl o000 ees00300 (E)

as 0 — —oo in T and uniformly on (n,t) € {n:n > No,n € Z} x (o0, al for every
No € Z and a € R. Similar results hold for ®¢, . c...ct...., c;;gl,___ygm;gll,___ygl/(t).

(ix) ®(t) converges to K as 8; — 400 in T and uniformly on (n,t) € {n:n >
No,n € Z} x [a,+00) for every Ny € Z and a € R; ®(t) converges to K as 0 — +o00
in T and uniformly on (n,t) € {n:n < No,n € Z} X [a,+0) for every No € Z and
acR.

From (iv) and (v) of Theorem 1.1 and the fact A\i < ¢maxA1(Cmax), it follows that

o, A}, B0 ...,00:0, (1) are completely different from

el
1y--495Cm;3Cyyee
(b ol /. .07 ’ .
C1yeeyCmiCY e 5Cp3 0150, 0ms3 07 5., 0] (t)

Theorem 1.1 applies to the spatially discrete Fisher-KPP equation (1.4), where
[ € C? satisfies f(0) = f(1) =0, f/(0) > 0, f/(1) <0, f(u) >0, and f(u) < f'(0)u
for w € (0,1). In this case, K =1, d = max,¢[o,1) |f'(v)], and b(u) = du + f(u). The
existence, uniqueness, and stability of traveling wave fronts of (1.4) were studied in
Chen, Fu, and Guo [3], Chen and Guo [4, 5], and Zinner [44]; the entire solutions of
(1.4) were studied by Guo and Morita [18] and Guo [19]. However, there seem to be no
results on the uniqueness of entire solutions of (1.4) and the continuous dependence on
parameters ci,...,Cm, ¢, ..., ¢}, 00,61,...,0m,01,..., ¢ given by Theorem 1.1. The
following theorem is devoted to this topic and is a spatially discrete version of results
of Hamel and Nadirashvili [20], where the reaction-diffusion Fisher-KPP equation was
considered.
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THEOREM 1.2. For any ¢,d > ¢, 6p,0,0' € R, and 0,0, x € {0,1} with o+
o'+ x > 2, there exists a unique entire solution ®(t) = {®,,(t)}nez of (1.4) such that
(i)—(ix) of Theorem 1.1 hold and

(1.9)  max{op.(n+ct+0),0 ¢ (—n+ct+0),xT(t+6)}
< 0y (t)

< min {Q¢c (n+ct+0)+ Xef/(O)(t+00) + g/AcleA1(c’)(—n+c’t+9’),
Ql¢c’ (—TL +t+ 9/) + Xef/(O)(t+90) + QAce)\l(c)(nJrctJrG)’
xT (t+ 6p) + oA e () (ntetto) o Q’Ac/e)‘l(cl)(*"“/”e/)}

on (n,t) € Z x R. In particular, when o0 = ¢ = x = 1, the entire solutions
O = D, 009, depend continuously on (c,c’,0,6',0y) € (c*,+00)? x R in T; when
0=0 =1 and x = 0, the entire solutions ® = D, 99 depend continuously on
(c,c,0,0) € (c*,+00)?> x R? in T; when o = x = 1 and o' = 0, the entire so-
lutions ® = ®. g9, depend continuously on (c,0,6p) € (c*,+00) x R? in T; when
o =x =1 and o0 = 0, the entire solutions ® = D g 9, depend continuously on
(¢,0',00) € (c*,+00) x R? in T.

We note that when ¢’ = x =0 and 9 = 1, D, (t) = Ppico(t) = d(n + ¢t + 0) for
(n,t) € ZxR; when p=x =0and ¢ =1, D,(t) = Ppier o0 (t) = ¢p(—n + It +6')
for (n,t) € Z xR; and when o = ¢’ =0 and x = 1, ®,(t) = Pp.9,(t) = T'(t + 6p) for
(n,t) € Z x R. Therefore, similarly to the discussions in Hamel and Nadirashvili [20],
it follows from Theorems 1.1 and 1.2 that the functions @, g.0/,0,(t) (Pec,e,0,00 (),
D g.0,(t), Per o0, (t), respectively) established by Theorem 1.2 are the 5-D (4-D, 3-D,
and 3-D, respectively) manifold of entire solutions of (1.4). In addition, (1.4) possesses
two 2-D manifolds of entire solutions of traveling wave type, namely, ® () = {¢.(n+
ct + 0)}nez and @, 5/ (t) = {der(—n + 't + 6') }nez, and a 1-D manifold of spatially
homogeneous entire solutions, namely, T'(t + 6p). Let M5 (M4, M3, M3, M7,
M3, and M, respectively) be the above 5-D (4-D, 3-D, 3-D, 2-D, 2-D, and 1-D,
respectively) manifold of entire solutions. Then, from Theorems 1.1 and 1.2, it follows
that My is on the boundary of Ms (via taking the limit g — —oo) and M3 (or
M3 ) is on the boundary of M5 (via taking the limit 6 — —o0) (or §' — —o0). M7
(or M3 ) is on the boundary of My (via taking the limit 8’ — —o0) (or § — —o0)
and is also on the boundary of M3 (or M3 ) (via taking the limit 6y — —oc). M; is
on the boundary of M (or M3 ) (via taking the limit § — —o0) (or ' — —o0). In
particular, M7 (or M3) is on the boundary of Mj (via taking the limits § — —oo
and 6y — —oo) (or § — —oo and fy — —o0), and M is on the boundary of M5 (via
taking the limits § — —oo and §/ — —o0). We can also easily show that the functions
D cr.0,67,0, cOnverge to <I>:r_9 as 0 — —oo and 0y — —ooin 7 and to ®_, ,, as § — —o0
and #p — —oo in 7, and that D o.0,0',0, converge to g, as § — —oo and 0 — —oo
in 7.

Contrasting to [18, 20], we require only f(u) < f'(0)u for any u € (0, 1) other than
f'(u) < f7(0). We also note some differences on the uniqueness of entire solutions up to
a spatial-temporal translation between a reaction-diffusion equation and its spatially
discrete analogue (see a similar remark for the bistable nonlinearity reported by Wang,
Li, and Ruan [39]). Namely, consider the reaction-diffusion KPP equation

(1.10) u(z,t) = DAu(z,t) + f(u),

4
dt
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for which the existence of entire solutions was established by Hamel and Nadirashvili
([20, Theorems 1.1, 1.3, and 1.4 and Corollary 1.5]). For comparison, we consider
only the entire solutions established by [20, Theorem 1.3], corresponding to the case
x = 0and o = ¢ = 1 in our Theorem 1.2. The entire solution ve ¢ pn(x, ) of
(1.10) established by [20, Theorem 1.3] and satisfying (1.4) of [20] is unique for each
given (c,c’,h,h’) € (c*,+0)? x R2. Consequently, it is easy to see that for any
(h ') # (h, 1),

Voo i (T51) = Vo o (T + 0, t +10)  for  (2,t) € R?,
where

c(W —=n)—d (h—h) (R = 1)+ (h—h)
o = ;o= .
c+c c+c
But for (1.4) if (9,0') # (6,6'), then @,,.. .55 (t) = Prynose,er0,0/(t + to) for any

(n,t) € Z x R if and only if

(W — 1) —¢ (h—h)
c+c

€ Z,

and, hence, ng = W, to = % When (¢,¢') # (¢, ), as proved

by [24, Theorem 1.1], there exists no (zo, to) € R? such that vz pp (-, ) = Veer pn (+
To, - + to) on R? for (1.10). Similarly, for (1.4), there exists no (ng,to) € Z x R such
that @z h.p (t) = Untngic,e,h.p () for any (n,t) € Z x R.

There have been extensive studies about the dynamics of lattice delay systems
(1.1), as reported in a recent survey by Gourley and Wu [16]. In particular, the
asymptotic speed of propagation and the existence of monotone traveling waves were
studied in [25, 40]. The existence, uniqueness, and stability of traveling wave solutions
of (1.1) and (1.2) with monostable and bistable nonlinearities have henceforth been
studied; see Ma and Zou [26] for the bistable case and Ma and coworkers [25, 27] for
the monostable case. Also, Gourley and Wu [17] proved for (1.2) that if the birth
rate is so small that a patch alone cannot sustain a positive equilibrium, then the
whole population in the patchy environment will become extinct; and if the birth rate
is large enough that each patch can sustain a positive equilibrium and if the matu-
ration time is moderate, then the model exhibits nonlinear oscillations characterized
by the occurrence of multiple periodic traveling waves. A stage-structured model for
a single species on a finite 1-D spatial lattice was also studied in [22]. Related re-
sults on traveling waves of lattice differential equations (without delay) can be found
in Cahn, Chow, and Van Vleck [2], Chen, Fu, and Guo [3], Chen and Guo [4, 5],
Chow [10], Mallet-Paret [28], Wu and Zou [42], and references therein. We note that
some progress has been made as well for 2-D lattice delay differential equations; see,
for example, Cheng, Li, and Wang [8, 9], Shi, Li, and Cheng, [32], and Weng et al.
[41]. In addition, Wang, Li, and Ruan [35, 36, 37] studied traveling wave solutions of
reaction-diffusion equations with spatial-temporal delay.

The aforementioned studies also suggest that these wave solutions ¢.(n + ct) are
defined for all ¢ € R. They often determine the long time behavior of the solutions of
Cauchy-type problems and constitute an important part of global attractors, which
consist of entire solutions. However, the global attractors can be quite complicated,
and recent studies for reaction-diffusion equations with continuous spatial variables
have showed the existence of many new types of entire solutions arising from the
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simple traveling wave fronts, and these entire solutions combined provide essential
information about the global attractors; see Chen and Guo [6], Chen, Guo, and Ni-
momiya [7], Fukao, Morita, and Nimomiya [14], Guo and Morita [18], Hamel and
Nadirashvili [20, 21], and Yagisita [43]. For the Fisher-KPP nonlinearity and bistable
nonlinearity, these entire solutions behave as two (opposite) wave fronts of positive
speed(s) approaching each other from both sides of the z-axis and then annihilate in a
finite time. Similar results hold true for nonlocal reaction-diffusion equations with de-
layed monostable and bistable nonlinearities ([24, 38]). Morita and Ninomiya [30] and
Guo [19] have constructed other types of entire solutions for reaction-diffusion equa-
tions and discrete diffusive equations with bistable nonlinearity, respectively, which
are different from those obtained in [6, 7, 14, 18, 20, 21, 24, 38, 43]. In particular, Li,
Liu, and Wang [23] established the existence of entire solutions for reaction-advection-
diffusion equations in cylinders, where the ignition temperature nonlinearity has been
studied. As reported in [30], entire solutions play also very important roles in some
other areas, for example, transient dynamics, distinct history of two solutions, etc.
The remainder of this paper is organized as follows: In section 2, we show how sys-
tems (1.1) arise from some areas, such as population biology. In section 3, we establish
some existence and comparison results, which are needed in what follows. In section 4,
we show the existence of heteroclinic orbit I'(t) connecting two equilibria 0 and K.
Section 5 is devoted to Theorem 1.1, and then Theorem 1.2 is proved in section 6.

2. Important particular cases. In this section, we derive from a structured
population model a particular case of systems along with an explicit formula to cal-
culate J(3).

Consider a single species population with age structures distributed over a patchy
environment consisting of all integer nodes of a 1-D lattice. Let wy,(t) be the density
of juvenile individuals in the nth patch and at time ¢, v,(t,a) be the density of
individuals with age a in the nth patch and at time ¢, and 7 > 0 the length of a
juvenile period. Then

wp (1) = /0 "o (t,a) da.

Let u,,(t) be the density of mature individuals in the nth patch and at time ¢. Assume
that the spatial dispersal of juvenile individuals and mature individuals is isotropic
and can be long range (see Murray [31]). Assume that the diffusion rate of juvenile
individuals with age a is D(a) > 0 and the diffusion rate of mature individuals is a
constant D > 0. Let K (n —1i) and I(n —1i) be the probability distributions of juvenile
individuals and mature individuals traveling from the ith patch to the mth patch,
respectively. Then we have

K(i) >0, I(i) > 0, K(i) = K(—i), I(i) =I(—i), Y K(i)=1, > I({)=L
iez\{0} i€Z\{0}
Since only the mature population can reproduce, we have

%vn (t,a) + %Uﬂ (t,a) = D (a) ZieZ\{O} K (n—1) [Ui (t,a) —vn (1, a’)]

—p(a)vy (t,a), 0<a<rm,
B 01,0 = Blun (1),

drun (1) = DY iea oy T (0= ) [ui () = wn ()] = d (un (£)) + 0 (8,7,
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where p(a) denotes the death rate of the juvenile individuals with age a € (0,7),

b: Ry — Ry is the birth function, and d: R4 — Ry is the death function of mature
individuals.

For fixed s > —7, let V.5(t) = vo(t,t —s) for s < t < s+ 7. Then V?(s) =
n(,0) = b(un(s)). From (2.1),

(2.2) %Vj()— %vn(t,a) B +%vn(t,a) B
=D(t—s) Z K@) [Vi, ()= Vi ()] —put—s) Vi (t).

i€Z\{0}

Note that the grid function V,? (t) can be viewed as the discrete spectral of a
periodic function v*(¢,w) by discrete Fourier transform [15, 34]:

(2.3) v* (t,w) e Oy (¢

fz

n=—oo

(2.4) Vi) = = /_ )

where i is the imaginary unit. Applying (2.2) and (2.3) yields

z(nw) s t UJ) dw,

—v* (tbw)= [D(t—s) > Kk (e™ —1)—p(t—s)|v*(tw)
keZ\{0}

= |-2D(t—s) Z K (k)sin? (kg)—u(t—s) v° (t,w).

kez\{0}

Solving the equation, we get

v (t,w) =exp{ —2 Z K(k)sin2(%)Atﬁ(z—s)dz—/stu(z—s)dz

keZ\{0}
xv® (s,w).

By the inverse discrete Fourier transform (2.4), we obtain

1 ¢
VS (1) = 67-[5 p(z—s)dz
X /ﬂ ") exp { —2a, Z K (k)sin® (k_w) v’ (s,w) dw
. 2 ) )
kez\{0}
where a5 = f: D(z—s)dz = gis D(z)dz. Noting that V,*(s) = v, (s,0) = E(UH(S)),
by (2.3) we have
v, (8,w) = L D e UV (1) = L > e U (u; (s))
V2T iz ’ V2T e
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Hence,
1 -
s — = [ u(z—s)dz
(25) Vi) = goe S R (9)
JEZ
></7T e (n=0)9) oxp { —2ar, Z K (k)sin® (k_w) dw.
o 2
kez\{0}
Let t = s+7, i = e Jo n(z=9)dz — o= JT n(x)dz ang o = Jo D(2)dz. Then (2.5) yields
fi S
7 = S = By () = A3 B ) B (- 7)),
JEZ jEZ
where

ﬂa(j):[ﬂei(j“)exp —2a Z K (k) sin? <k7w) dw.

kez\{0}
Thus, the last equality of (2.1) becomes
d ~
(2.6) =D D T(0) [t (8) = un ()] = d(un (1))
i€Z\{0}
“Zga b(u;(t—7), t>0.
JEZ

Let d(u) = du, b(u) = [ib(u), and J (i) = 5=Ba(i); then (2.6) reduces to (1.1).

In particular, the case when I(i) = K(i) = 0 for |i| # 1 and I(1) = K(1) =
was studied by Weng, Huang, and Wu [40]. In this case, (2.6) reduces to (1.2). Whe
D(a) =0, we have a = 0, and it follows that (2.6) reduces to

1
2
n

d. - ~
d =D Z ) [n—i (t) —un )] — d (un (t)) + b (un (t — 7)), t>0.
1€Z\{0}
When 7 =0, a =0, and 7 = 1, we have
d ~ ~
_un =D Z ) [tn—i (t) —un (V)] — d (un (1)) +b(u; (), t>0,
1€Z\{0}

which coincides with (1.3).
When the diffusion rate D(a) and death rate u(a) of the juvenile individuals are
independent of age a, namely, Dy = D(a) and v = p(a) for a € [0, 7], we have

1) S =Dy Y K)o () = wn (0] = 70 1)+ (n(0)
1€Z\{0}
”TZm bluj(t—7)), t>0.
JEZ

We note that it is easy to prove that jez % Ba(j) = 1. Tt seems difficult to prove
Ba(j) > 0 for general kernel EzGZ\{O} K (i) = 1 though it was proved by Weng, Huang,

and Wu [40] for the case when K (i) = 0 for |i| # 1 and K(£1) = 1. Nevertheless,
in the remainder of this paper, we consider (1.1) for general kernel functions (i) and

J(7) satisfying the assumptions in section 1.
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3. Preliminaries. Consider the initial value problem

W (1) = D Ym0y 1 0) ltn—s () = 1t ()] — dit (8) + SsJ (3) b (s (¢ — 7)),
Un () = ¢n (s),
(3.1)
where n € Z, t > 0, and s € [—7,0].
DEFINITION 3.1. A sequence of continuous differentiable functions {v,(t)}nez,
te[—71),1>0, is called a supersolution (subsolution) of (3.1) on [0,1) if

(3.2) on (8) 2 ()D Y 1(0) [oa—i () = va ()] = dua (1)
i€Z\{0}
+ T (@) b (vns (t—T))
€7

for allt € ]0,1).

LEMMA 3.2. For any ¢ = {¢n}nez with ¢, € C([-1,0],[0,K]), (3.1) admits
a unique solution u(t; @) = {un(t;¢)tnez on [0,+00) satisfying u,(s) = @n(s) and
0<un(t) <K forse[-7,0],t€[-7,+0), andn € Z. For any pair of supersolution
w; (t) and subsolution w,, (t) of (3.1) on [0,400) with0 < w,, (t) < K, 0 <w/(t) < K
fort € [-1,400), n € Z, and w}(s) > w, (s) for s € [-7,0], n € Z, there holds
wi(t) > w, (t) fort >0, n € Z.

Note that (3.1) is equivalent to

Un (1) = @ (0) e~ PHIE [ e(DFDGE=DH, [u] (s)ds, ¢ >0,
un (t) = @n (t), te[-1,0],

where Hy[u(t) = D3z g0y L (D) un—i(t) + -,z J (0)b(tn—i(t — 7)). Lemma 3.2 can
be proved using an argument used in [26, Lemma 4.1].
Consider also the following linear initial value problem:

Wy (8) = D e oy T () [tni () =t (8)] — din (8) +V (0) Sy T (0) s (£ — 7).
Un (8) = ¥n (5) ecC ([—7‘, O] 7R) )
(3.3)
where n € Z, t > 0, and s € [—7,0].
Before stating the following theorem, we first define a Banach space [*° by

[ = {f = {fi}iez afi eR: sup |€Z| < OO}
i€Z

with the norm [|€][; = sup;ez |&il-

THEOREM 3.3. For any ¢ = {¢n}nez with ¢ € C([—7,0],1°°), (3.3) admits a
unique solution u(t) := u(t; p) = {un(t; ) fnez on [0,+00). Furthermore, if ¢*, p? €
C([—7,0],1°°) satisfy ¢k (s) < p2(s) for any n € Z and s € [—7,0], then u,(t; ') <
un (t;p?) holds for any n € Z and t > 0.

Proof. Let X = 1. Set Xt ={£ €[> :& >0 for each s € Z}. Then it is easy
to see that X7 is a closed cone of X. Let T(t) = e~ (P+dt. it is obvious that {T'(t)}
is a strongly continuous semigroup on X. In particular, it is strongly positive. Now
let C = C(]—7,0],X) be the Banach space of continuous functions from [—7,0] into
X with the supremum norm. Set C* = {® € C: ®(s) € X*,s € [-7,0]}. Then C* is
a positive cone of C. For any continuous function w : [—7,400) — X, define w; € C,
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t € [0,+00), by wi(s) = w(t + s), s € [-7,0]. Then the map ¢ — w; is a continuous
function from [0, 4+o00) to C.
Define f : C — X by

fw) ={fi(W)}iez

for w = {w; }iez € C, where

=D Z ’UJZ J +bl ZJ Wi— k )

JE€Z\{0} keZ

It is not difficult to verify that f : C — X is globally Lipschitz continuous. Further-
more, since for any v, w € C with v > w in C,

fi () - =D > I({vi;(0)-D > TI(j)wi;(0)

JEZ\{0} JEZ\{0}
+ b/ Z J UZ k — b/ Z J wl k )
keZ keZ

>0

)

it follows that f(v) > f(w) in X for any v,w € C with v > w, which implies that
f:C — X is quasi-monotone in the sense that

lim hdlst (0 (0) —w (0) + h[f (v) — f (w)],X*) =0

h—0

for any v,w € C with v > w.
Note that (3.3) is equivalent to

u(t) =T (t)u(0)+ (t—3s) f(us)ds, t>0,
(3-4) {u ) = o (t) I te[or0].

Take My = max,c[_r,o] [|¢(t) |1 . Furthermore, define a vector-valued function v (-) =
{vi ()Inez : [-7,400) — X by

v (t) = Mo, te-1,0],
(3.5) ,
v (t) = Moe® ©=dt ¢ >0 for any n € Z.

It is easy to verify that v™ satisfies

(3.6) vt () >T (t)v" (s)—i—/tT(t—T)f(U:,r) dr for any t > s > 0.

Define v~ (+) = {v;, (") }iez : [-7,+00) — X by v~ (-) = —vT(-). Then v~ satisfies
(3.7) v ()< T @)v™ (s)+/tT(t—r)f(v;) dr for any t > s > 0.

Now we use the conclusions of [29]. By setting S(¢,s) = T'(t,s) = T(t — s) for any
t > s >0and B(t,®) = f(P), the existence and uniqueness of the solution u(t; ¢)
follows from [29, Corollary 5].
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For any ¢!, p? € C with ¢! < ? in C, again applying [29, Corollary 5], we have
v (1) Su(t;e') <u(t;?) <ot (t) in X for any t >0,

via letting

MO = max {Sen[l_ajfo] H(pl (S)Hloo ,sen[l—ajfo] H(pQ (S)H[OO}

in (3.5). This implies the solution semiflow is order preserving. The proof is com-
plete. a

Remark 3.1. Assume that the continuous functions w* = {w¥},ez : [-7, +00) —
[ satisfy (3.6) and (3.7), respectively, and w;! (s) > w;, (s) for any (n,s) € Zx[—7,0];
then we have w; (t) > w,, () for any (n,t) € Z x [0, +00).

THEOREM 3.4. Assume that

w;, (t) € C([-7,00),(—o0,K]) and w} (t) € C([-T,),][0,00))

satisfy w,, (t) < wt(t) for any t € [-7,0] and n € Z and

(39) Sui 02D Y 16) [wi ()~ w ()] - duy (1)
1€Z\{0}
+V(0)Y T (@ wl (t—T),
i€Z
(39) Sur =D S I [ ()~ wy ()] - dg (0
i€Z\{0}
+V(0)Y T w,_, (t—7)
€L

for any t >0 and n € Z. Then there holds w; (t) > w,, (t) for any t > 0 and n € Z.

Proof. Put wy(t) = w, (t) —w}i(t), n € Z, t € [-7,+00). Then w,(t) is
continuous and bounded from above by K, and W(t) := sup,,cz wn(t) is continuous
on [—7,00). We use a contradiction argument to prove the assertion. Suppose that
the assertion is not true. Let My > 0 be such that My + d — ¥’ (0)e=°7 > 0. Then
there exists to > 0 such that wW(ty) > 0 and

(3.10) W (tg) e Mot = sup {w(t)e '} >w(s)e Mo® for all s € [—7, ).
t>—7

Let {n;}jen be a sequence so that wy,, (o) > 0 for all j > 1 and lim; o wy, (to) =
@(fo). Let {tj}jeN C (O,to] so that

— Mot — M,
(3.11) Wy, (tj)e osztg[l&?o]{wnj (t)e Mot}

Since
U}nj (tO) efMoto S wnj (tj) e*Motj S w (tj) e*Motj S W (to) e*MOtO’

we have lim;_, ;oo W(t;)e~Moti = w(ty)e~ Moo, Then there must be lim; o0 tj = to
due to (3.10). In view of wy, (to)e™Molto=t) <, (t;) < W(tg)e Moto=4)  we obtain
liijJroo W, (tj) = E(to).
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Following (3.11), for each j > 1, we have
d
0< — {wnj (t) e_MOt}t:tj = |:w;lj (t]) - Mownj (t]):| e_MOtja
and, hence, wy, (t;) > Mowy,(t;). Then it follows from (3.8) and (3.9) that

0w, (t;) =D > T(i) [wn,—i(t;) — wn, (t;)] + dwn, (t;)

1€Z\{0}
— (0 ZJ [n_zt—T) wy . (t —7)}
i€Z
> (Mo +D+d)wn, (t;) =D Y T (i)wn,—(t;) = (0)T(t; —7)

i€Z\{0}
> (Mo + D+ d)w,, (t;) — D@ (t;) — b (0)W (t; — 7).

Taking j — +o00, we have

0> (My+ D+ d)w (to) — Dw (to) — b’ (0) eMolto=7) [w (to — 1) e~ Molto—7)

> (MQ + d)E(to) N (0) eMo(tO*T)E (tO) e*Moto
= [My+d—v (0)e M7 w (L) .

In view of My +d — b'(0)e=™o™ > 0, we obtain that w(tg) < 0, which contradicts
to w(tp) > 0. Consequently, we conclude that w;(t) > w, (t) for all n € Z and
€ (0,+400). This completes the proof. 0

4. Existence of heteroclinic orbits. In this section, we show the existence
of a heteroclinic orbit connecting the equilibria v = 0 and v = K for the following
functional differential equation:

d

(4.1) =

u(t) = —du(t) + b(u(t — 1)).

There are now various methods developed to establish the existence of such a hetero-
clinic orbit, for example, Faria, Huang, and Wu [11], Faria and Trofimchuk [12, 13],
Li, Wang, and Wu [24], and Smith [33]. However, except for Faria and Trofimchuk
[13], these results do not give the exponential decay rate of the heteroclinic orbit
connecting the equilibria © = 0 and u = K at minus infinity. At the same time, the
results in [13] are not directly applicable (see the condition (A1) of [13]) and do not
ensure the monotonicity of the heteroclinic orbit.

Define

AN =A+d—b(0)e;

then it is easy to prove that the equation A(A) = 0 has one and only one real root
A« > 0 such that A(X) <0 for any A < A, andA(/\)>0f0rany/\>)\
Define an operator S : C(R, [0, K]) — C(R, [0, K]) by

t

S(u)(t) = e*dt/ e®b (u (s — 1)) ds for any u € C (R, [0, K]).

— 00

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 11/11/15 to 130.63.174.98. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journal s/ojsa.php

ENTIRE SOLUTIONS IN DELAYED LATTICE EQUATIONS 2405

PROPOSITION 4.1.

(i) If u € C(R, [0, K]), then S(u) € C*(R, [0, K]).

(ii) For any u, ’UEC( .10, K1) with u <wv, S(u) < S(v).

(iii) For any u € C(R, [|0 K1), if u(-) is increasing in R, then so is S(u)(-).
K |b

Let b}, = max,¢[o "(u)]. Define

u(t) = Kmin{ex*t, 1} and u(t) = max{Ke)‘*t (1—Me"),0},
where € € (0, \y) and M > 1 with

1_ (d+>\*)6_67 _ (d+)\ )Ke—A*Tb;;laX > O
dt At e MUV (0) (d + 2X.) '

LEMMA 4.2. For anyt € R, S(m)(t) <u(t) and u(t) < S(uw)(t).
Proof. First, we prove S(u)(t) < u(t). When ¢t > 0, u(t) = K. Therefore,

t

S@)(t) = e*dt/ e®b (T (s — 7)) ds

— 00

t t
< e*dt/ e®b (K)ds = dKe*df/ eBds =K =7(t).

When t < 0, u(t) = Ke*+t. Noting that d + A, = b'(0)e™*", we have

— 00

S(u)(t) = eidt/ e®b (T (s —7))ds < eidt/i e (0)a (s — 7) ds
b (0)e

¢ o
<V (0)Ke % edser (=T g = # At (t).
- d+ A

Now we prove u(t) < S(u)(t). Let to = L In 5; < 0 such that 1—Me® = 0. When
t > to, u(t) = 0, and, hence, u(t) < S(u) (t). When t < tg, u(t) = Ke**t(1 — Me) <
Ke*+t. In this case, we have

S (u) (£) = =t / b (u (5 — 7)) ds
2t [ O)uls )~ W (5 - ] ds

> e /t eds [b/ (0) Ker(=7) (1 — MeE(S_T)) b KQeZA*(S_T)} ds

max
— 0o

" K26—2A*~r Pt

max

b (0)Ke ™7 . Mb(0) Ke_(A*“'E)Te(A*ﬁ)t b

T d+a d+ h t ¢ d=+ 2\,

> w4 MY O Ke 7 [0 (d+A)eT  (d+ M) Ke bl nvo
- d+ A d+ M +e Mb (0) (d + 2)\)

> u(t)

The proof is complete. O
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THEOREM 4.3. There exists a heteroclinic solution T'(t) of (4.1), which is in-
creasing on R and satisfies limy_,_ o, e ™ M!T(t) = K, T'(+00) = K, T'(t) < Ke*t, and
I'(t) > 0 for every t € R.

Proof. By an argument similar to that of [42, Theorem 3.1], we can get a nonde-
creasing solution I'(t) which meets the theorem except I'(¢) > 0 for any ¢ € R. Since
I(t) satisfies

M) =—dl'(t)+ V' Tt —7)'(t—7) VteR,

we have
t
I'(t) = e =91 () + / eI (D(t — 7)) TV (r — 7)dr  for any s < t.

Note that I(¢) > 0 for any ¢ € R. Then it is easy to see that if I'(tg) > 0 for some
to € R, then IV(t) > 0 for all t > to. In view of lim;_, o, e ™!T'(t) = K, we know
that there exists a sequence {t;} with ¢; — —oo as i — +oo such that T'(¢;) > 0
for any ¢ € N. Hence, we conclude I(t) > 0 for any ¢t € R. This completes the
proof. 0

5. Proof of Theorem 1.1. In this section, we prove Theorem 1.1.

LEMMA 5.1. Suppose that u(t; o) = {un(t;©)}nez is a solution of (1.1) with
initial value o = {@n}nez with @, € C([—7,0],[0,K]); then there exists a positive
constant M, > 0 such that for any ¢ = {©n}nez with ¢, € C([-7,0],[0,K]) and
t> 1, ul(t;0)] < M. and |[ull(t; @) < M,.

Proof. Denote uy,(t;p) by un(t). Let M’ = 2DK + 2dK. Tt is easy to see that
lul, (t; 0)| < M’ for any t > 0. For t > 7, there is

(=D 3 16) [, () — o, (1)
i€Z\{0}
—du +ZJ b/ u?’L'Lt_T))u;’L z(t_T)

€L

Set M" = 2DM’' + dM’' + M'V'(0). Then |u,(t;p)| < M". Note that M’ and M”
are independent of ¢ and t > 7. Take M, = max{M’, M"}. This completes the
proof. 0

LEMMA 5.2. Let uF(t; %) = {uk (t; %) nez be a solution of the following initial
value problem:

s (t) = DY ieq oy L (0) [un—i (t) = un (1)]
—du (8) + Yy T ()b (un i (E— 7)), t> 0,
up (1) = ¢y (t), t € [-7,0],

where

o (6 = max { mae 0 (o= 1) +0),

1<i<m

max ¢ (- n—l—c;-(t—k)—l—G;),XF((t—k)—l—Go)}.

1<;5<1
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Then v* (t; tpk) = {ufZ (t + k; ‘pk)}nez satisfies

limsup ¥ (t) < ¢, (n+ cit + 0;) + xKeH00) Z A, eri(es)(nte;t+6;)
> —k,k—-+oo 1<j<m,j#i

(5.1) + Z A/e (§) (=ntcjt+05) for1<i<m,
1<5<1

limsup oF () < dor (—n 4 cit + 0]) + K e tF00) 4 Z A, et (nteit+;)
t>—k,k— oo ‘ 1<j<m

(5.2) + >0 AgeM @) ) 1 <<,
1<j<1l,j#1

lim sup ’UfL (t) < XF (t + 90) + Z ch eA1(c]~)(n—i-cjt+9j)
t>—k,k—4o00 1< om

(5.3) + 3 Ay e () (mnefttt),

1<j<i

Proof. We prove only (5.1), because the proofs of (5.2) and (5.3) are similar to
that of (5.1). Assume m > 1. Consider i = 1. Let

wh (1) = uf (t) — ¢e, (n+c1(t — k) +61).

Then wk (¢) satisfies

d
pn wy (t) =D Z ) [wWn—i (t) —wy (B)] — doy, (¢ —I—ZJ b(Up—i(t—1))
1€Z\{0} 1E€EZL
= T (i)b(e, (n— i+ (t—7)+061))
i€EZ
<D Z I(3) [wn—q (t) — wp (t)] — dwy, (t) + 0" (0 ZJ (1) wp—; (t— 7).
1€Z\{0} 1€EZL

Since

XKeA «((t=k)+00) 4 Z A, exl(cj (nte; (t—k)+0;) 4 Z A/e 1(c}) (=n+c(t—k)+07)
2<j<m 1<5<1

is a solution of (3.3) with

o (5) = yKer((s=k)+00) 4 Z A, e (ei)(ntei(s—k)+0;)
J

2<j<m

+ Z A /6 c n+c (s— k)+0;)

1<5<1
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for any s € [-7,0] and n € Z, then by Theorem 3.4 and

XKGA*((S*’CHGO)_,_ Z chexl(cj)(nJer(S*k)Jr@j)

2<j<m

£ Ay M) (k)
1<5< ’

> max {1I<nax Ge; (Nt (t—k)+6;),

max ¢ (- n—l—c}(t—k)—l—@é-),XF((t—k)—l—Go)}

1<5<1
—¢e, (n+c1(s— k) + 61)
for any s € [-7,0] and n € Z, we have
wﬁ (t) < XKEA*((t*k)JrGO) + Z A, e (eg)(ntc;(E—=k)+6;)
2<j<m

—I—ZA/e ¢§)(=ntej(t=k)+6;) for any ¢ > 0.
1<j<l

That is,

Ul (t) < Gey (n+ 1t — k) + 01) + xKe(E=k)+00) 4 Z A, et (e)nte;(t=k)+6;)
2<j<m

—I—ZA/e ¢f)(=n-tej(t=k)+6}) for any ¢ > 0.
1<j<l

By the arbitrariness of k € N, we have that (5.1) holds.
When m = 0, the inequality (5.1) reduces to the following:

1imsup Uﬁ()<XK8 «(t+00) + Z A/€ (c )( n+c’, t+9)
t>—k,k—4o0 1<]<l

which holds obviously. This completes the proof. d
Proof of Theorem 1.1. Define v*(t) = {vF(t)}nez with vE(t) := u,(t + k;¢F) for
any (n,t) € Z x [-1 — k, +00), where

={¥r ()} e
U (3) =max{ max de, (n+ ¢ (s — k) + 60,

1<i<m

max ¢/ (— n—l—c;-(s—k)—l—%),XI‘((s—k)—i—Go)}<K

1<5<1

for any (n, s) € Z x [—,0]. Note that

max{lr<na< de; (n+cit +6,;), mex, et (—n+cjt+05) X (t+ 90)}
(5.4) vk () < of T (t) < min {K, 19+ F (1), 9] (n,t),9°(n, 1) }

for any (n,t) € Z x [-17 — k,+00). From Lemma 5.1 and by a diagonal extraction
process, there exists a subsequence {v*i(t) = {vFi(#)},ez : i € N} such that v¥i(t)
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converges to a function ®(t) = {®,,(¢)}nez in T; that is, for any compact set S C ZxR,
vk (t) and Lovki(t) converge uniformly in (n,t) € S to ®,(t) and £ @, (t), respectively.
In view of v¥(t) < vF+1(t) for any t > —k, we have limj_. ;o v¥(t) = ®,(t) for any
(n,t) € Z xR. The limit function is unique, Whence all of the functions v*(t) converge
to the function ®(¢) in 7 as k — +o0o. Since u®i(t) = {uFi(t)},cz satisfies (1.1), the
limit function ®(t) = {®,(t)}nez is an entire solution of (1.1). In particular, it follows
from (5.4) that (1.8) holds on ( ,t) € Z x R.
Now we show (i); that is, £&,(t) > 0 on R for every n € Z. Since

1<i<m

wﬁ(s)zmax{ max ¢, (n+c(s—k)+6;),
1H<1§1§l(;50 (- n—l—c}(s—k)—!—@;),XF((s—k)—l—Go)}

< . : - ;
< max {12?21 e, (M+ci(s+e—k)+0;),

max ¢/ (—n+c}(s+£—k)+9;),xl“((s—i—a—k)—i—ﬁo)}

1<5<1
=n (s+e)
for any € > 0, s € [-7,0], and n € Z, we have uk (t;*()) < uk (t;9%(- + ¢)) for any
(n,t) € Z x [~7,400). On the other hand, ¥ (s +¢) < uk(s+¢e;9%(+)) for any € > 0,

s € [-7,0], and n € Z, and, hence,
uy (G0° () <y (Buy, (4508 () = uy (E+ 90 ()

for any (n,t) € Z x [—7,+00). Thus, it follows from the arbitrariness of € > 0; that
uk (t) is increasing on t; that is, v* (¢) is increasing on t. Therefore, ®/, (t) > 0 on R
for every n € Z. Since @/, (t) satisfies

oL(t)=D Y I (t) — @), (t)]
i€Z\{0}
(5.5) —d), (t)+ ) J (i) —i(t=T7) P (t—7),
i€EZL

we have that @] (t) satisfies
t
P! (t) = D, (5) e PFIE=s) 4 / e”PHDU=R (&) (r)dr for any s < t,

where R, (®)(t) = D3 cq oy L(0)®5, i (1) + 25 J (DY (Pn—i(t —7))@;,_;(t—7) > 0.
Obviously, for each n € Z, if there exists ¢ty € R such that ®/ (to) > 0, then @/, (¢) >0
for any ¢ > tg. Therefore, there must be @/ (¢t) > 0 for any (n,t) € Z x R. We
argue by a contradiction. In fact, assume that, for some ny € Z, there is ¢; such
that @) (t1) = 0 and, hence, then ®; () = 0 for any ¢ < t;, which implies that
limy—, oo ®p, (t) = Py, (t1) > 0. But following from (1.8), we have lim;_, o Py, (t) =
0, which yields a contradiction.
Now we prove (vii). For the sake of convenience, we denote

Lol ’. Y ’.
®C1;~~~7Cm»C1;~~~7Cl7017~~~;‘9myel7~~;‘91790 (t)
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by ©(t;00) and P, c,nich,.chii,...0m:0,....0,(t) By @(t; —00). For x € {0,1}, let
ONERTAON

k _ . _ )
8 6)y = max{ e 0 (041 (5 ) +0).

kez’

max gor (—n+ ¢, (s—k)+9;),xr((s_k)+eo)},

1<5<1

and vF(t), = {v () bnez with vE(t)y == un(t + k; wk() ) for any ( 1) € Z %
[—7 —k,400). Set o¥(t) = v¥ () — v (t)o = {vF(£)1 — 0¥ (t)o }nez. Then o*(t) satisfies
0 <9*(t) < K for any t € [-7 — k, +00) and

%@,’3 () <D > 1) [k (t) — vk ()] — dok (£) +'(0)> T (i) vk (t—7).

1€Z\{0} €L

Noting that ©F(s) < Ke*<(s+%) for any s € [-7 — k,—k] and wk(t) = Ke*-(t+0o)
satisfies

d /
gun=D > I () —wk (8)] — duwt (6) + 0/ (0) 3T (D) wh_, (¢ —7)

i€Z\{0} €7

for any t € [~ — k, +00), it follows from Theorem 3.4 that 0 < % (t) < Ke*-(t+00)
for any (n,t) € Z x [-7—k,+00) and k € N. Note that limy_ o v5(t)g = ®,,(t; —0)
and limy_, 1o vE(t)1 = ®,(¢;6p) for any (n,t) € Z x R. Therefore, there must be
0 < ®,(t;00) — @, (t; —00) < KeM (%) for all (n,t) € Z x R, which implies that
®(t;6p) converges uniformly on (n,t) € Z x (—o0, a] to ®(t; —00) as fy — —oo for any
a € R. For any sequence 6§ — —oo (k — +00), the functions ®(t;6F) converge to a
solution of (1.1) in 7, which turns out to be ®(¢; —oo). The limit does not depend
on the sequence 6F, whence all of the functions ®(¢;6y) converge to ®(¢; —o0) in 7 as
0y — —oo. The assertion as 8y — 400 is obvious.
We next prove (viii). Assume y = 1. Similarly to that in (vii), we denote

q)cl,~~~7Cm;cl1x~~~7cf§917»»»;‘9771?917“"‘9{;00(t)
by <I>(t)9i and ‘I>C1,...,ci_1,Ci+1,...,cm;0'1>~~,CZ;91,---,91'—1,9i+1,---79m;9§a---vez’%eo (t) by (I)(t)OO' Set
F(t)o, = {vk (S)Gi}kez’

vk (s), = max{ max ¢, (n+cj(s—k)+6;),
‘ 1<jsm

max gbc ( n—|—c}(s—k)+9;),F((s—k)—|—00)},

1<5<l

and v¥(t)g, = {vE(t)e, fnez With vE(t)e, = un(t + k;9F(-)g,) for any (n,t) € Z x
[T —k, —|—oo) Take

V(000 = {1 ()} e
@ =max{ e G (ke (-0 46,

max gbc ( n—|—c}(s—k)—|—9;),F((s—k)—|—00)},

1<;5<1
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and v*(t)oo = {VX(t) oo bnez With vE(t)oe 1= un(t + k; 9% (")) for any (n,t) € Z x
[—7 — k,4+00). Set o*(t) = v¥(t)s, — v*(t)oo = {vE(t)o, — V5 (t)oo }nez. Then 0% (t)
satisfies 0 < 9% (t) < K for any (n,t) € Z x [~ — k,+00) and

%@g () <D > I() [oF; (t) = 0f (5)] — dok () +b/(0) > J (i (t—7).
i€Z\{0} €L

Noting that 0% (s) < ¢, (n + cis + 0;) < Ao eM(e)nteist0) for any s € [—1 — k, —k]
and that wk (t) = A,,eM(c)(nteitt0i) gatisfies

d _ Lk — / k
S0 () =D oI L () = wf (1)) = dwf (£) +6/(0) > T (i) wf_, (t—7)
1€Z\{0} i€Z
for any t € [~7—k, +00), it follows from Theorem 3.4 that 0 < 0F(t) < A, e (c)(nteit+6:)
k

for any (n,t) € Z x [-7 — k,+00) and k € N. Since limg_, ;00 v (t)g = ®(t)y, and
limg 400 V(oo = P(t)oo, We have 0 < @, (t)g, — Pp(t)o < Ag, etrlci)(nFeit+0i)
for all (n,t) € Z x R, which implies that ®(t)g, converges uniformly on (n,t) €
{n:n < Ngo,n€Z} x(—o00,a] to P(t)s as §; — —oo for any Ny € Z and a € R. For
any sequence 0F — —oo (k — +00), the functions ®(t)gr converge to a solution of
(1.1), which must be ®(#)oo. Since the limit is independent of the sequence 6, all of
the functions ®(t)g, converge to ®(t)o in 7 as ¢; — —oo. The assertion as §; — —oo
and the case x = 0 can be proved similarly.
Using the inequality (1.8), we can prove (ii)—(vi) and (ix) of Theorem 1.1. O

6. Proof of Theorem 1.2. In this section, we prove Theorem 1.2. We prove
only the continuous dependence of the entire solution on the parameters ¢, ¢, 0,6,
and 6y and the uniqueness of the entire solutions satisfies (1.9). Other conclusions
follow immediately from Theorem 1.1.

Consider (1.4) or

(6.1) uy(t) = 2

5 [un+1 + Up—1 — 2un] + f (un (t)) )

where f satisfies the conditions given after (1.4). Let ¢.(n + ct) be a traveling wave
front of (6.1) with wave speed ¢ > ¢*. As done in section 1, we normalize ¢.(n+ ct) so
that ¢(0) = 3. Then the functions ¢.(z) are continuous with respect to ¢ € (c*, +00)
in the norms CL _(R) (see [20, p. 1267] for the definition of these norms). Indeed, if
cy — ¢ € (c*,400), then by the unique boundedness of |¢,, (2)| and |¢; (2)] in z € R
on [ € N and by a diagonal extraction process, there exists a subsequence ¢;; such
that ¢, — ¢ in O} (R), where ¢ is a solution of

0/ (2)= 2 [0+ 1) 40~ 1) = 26(2)] + F(6(2)) mz € R

Obviously, ¢ is nondecreasing in R and is not a constant and ¢(0) = . By the
assumptions of f, we have ¢(—o0) = 0 and ¢(+o0) = 1. Thus, ¢ is a traveling wave
front of (6.1) with wave speed c. Following Chen and Guo [5], we have ¢ = ¢.. Finally,
the whole sequence ¢., — ¢, in Clloc(R) as | — +oo. In view of [4, 5], we know that
a. and A, defined by (1.6) and (1.7), respectively, are still valid for (6.1). In addition,
there exactly is A, = f/(0) for (6.1).

LEMMA 6.1. For (6.1), o, = lim,_, o ¢ (2) e (9% is continuous in ¢ €

(c*, +00).
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Proof. Fix ¢y € (¢*, 4+00) and let ¢; — ¢p as | — 400 with ¢; > ¢* for each [ € N.
Then by Chen and Guo [4] (see also Ma, Weng, and Zou [2~])7 we know that, for

each ¢ € (¢*, +00), there exists a unique traveling wave front ¢. such that ¢.(-) > 0,
pe(—00) =0, ¢.(+00) =1, and

lim ¢ (z)e M7 = 1.
Z——00
Then we have that ¢., — ¢, in CL.(R)asl — +oc. In fact, since ¢; — ¢p as | — 400,
then there exist a subsequence ¢;; and a function ¢ such that ¢., — ¢ in CL.(R),
where ¢ is nondecreasing and satisfies

c&(z)zg Gt D41 -2 +7(5() mzek

On the other hand, by Chen and Guo [4], there exist two constants ¢ > 1 and § > 1,
independent of ¢;, such that

M0z — gefh(e)z < g (2) < M7 4 gePM (2 for any 2 € R
and therefore, as [ — oo,
eti(e0)z _ gefrilen)z < g(z) < eMile)z 4 geBhi(eo)z for any 2 € R,

which implies that ¢(z) is not a constant and satisfies @(z)e=*1(c0)z = 1. Then it
follows from Chen and Guo [5] (see also Ma, Weng, and Zou [25]) that ¢ = ¢q,.
Consequently, the whole sequence ¢., — ¢, in C}_(R) as | — +oc.

Now let ¢, (s0) = 1 and b, () = 1. Then we have that ¢ — ¢ as | — +o0.
Assume that this assertion is not true. Take ¢ — T # ¢p as [ — 400 (up to extraction
of some subsequence). If [g| < oo, then, by ¢, — ¢, in CL_(R) as | — +oo, we
have ¢, (5) = 3 = ¢c, (s0), which is impossible since ¢, (z) > 0 for any z € R and
S # 0. If T =400, then ¢, (so+1) < ¢c, (q) = § for sufficiently large [ implies that
beo (0 +1) < 3 = be, (s0), which is also impossible. Similarly, T = —oo is impossible.
Thus, we conclude that ¢ — ¢g as [ — +o0. _

Again applying Chen and Guo [5], we have that ¢.,(-) = ¢¢,(so + +) and ¢, (-) =

501 (1 + +). Since

lim ¢, (2) e—M(co)(z+0) —  Jim 5600 (2 + %) e~ i(eo)(z+s0) 1,

z——00 z——00
we have lim, o ¢, (2)e 102 = erileo)so — ¢, . Similarly, we have

lim ¢, (Z) e~ M)z _ phle)s e, -

Z——00

Finally, there holds o, — a,, as | — +o00. This completes the proof. O
Recall that

A; = inf {A >0: AN > ¢ (2) inz € R} .
LEMMA 6.2. For (6.1), A. is continuous on ¢ € (c*,400).

Proof. Fix ¢y € (¢*,400) and let ¢, — co as | — +oo with ¢ > ¢* for each
I € N. We prove the theorem by way of contradiction. Assume A., — Ao € RU {o0}
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as | — oo (up to extraction of some subsequence) and Ay # A.. Since A, >
e~ M(e)zg (2) for any z € R, Ag > e (@2, (2) and, hence, Ay > A.,. Fix
b = min{ AOEACO , A +1}. Then there exists L € N such that for any [ > L, A., > b.
On the other hand, since a,, — ar, < Aq and Ai(g) — Ai(co), there exists a
constant Zo > 0, independent of ¢;, such that ¢, (z)e 1 (?)* < b for any |z| > Zo.
For z € [~Zo, Zo], by ey(2)e 2102 < A be,(2) — e (2) in O (R), and the
equicontinuity of e=*1 (¢ on [, there exists L' > L such that ¢, (z)e~ ()2 < b for
any | > L' and z € [~Zp, Zo]. Therefore, ¢, (z)e~*1(¢)* < b for any [ > L' and z € R,
which contradicts A, > b for any [ > L. O

Before proving Theorem 1.2, we first consider the following linear Cauchy prob-

lem:

(6.2) {iu(%)(tizog [Unt1 () + tn—1 (t) — 2upn ()] + f/ (0)un (t), t>0,

n’

where u® = {ul},ez € [°°. By Theorem 3.3, we know that (6.2) admits a unique
solution u(t) = u(t;u®) = {un(t)}nez on t € [0,+00). By using the discrete Fourier
transformation, we can exactly solve the solution u(t) = {u,(t)}nez of (6.2) as follows:

400 T
1 .
(63) un(t) = —ef (0)t Z u?/ cos ((Z _ TL)L«)) eDt(cosw—l)dw.
™ . 0

1=—00

This formulation is very crucial for the proof of Theorem 1.2.
Proof of Theorem 1.2. We prove only the case ¢ = ¢’ = x = 1. Consider a
sequence

(Chy €, O, 0, 00.) — (c,¢,0,0,00) € (¢*,+00)° X R® as k — +o0.

For given (¢, ¢}, Ok, 05, 00.) and (¢, ¢, 0,0, 00), it follows from Theorem 1.1 that there
exist entire solutions @, .0,.01 .0, , (t) and Pc.cr;0,07:0, (1) of (1.4) satisfying (1.9). For
the sake of convenience, set ®*(t) = {®F(t)} ez = Deyicr 000,00, (f) and (1) =
{(I)n(t)}nez = (I)C;C’;G;G’;Go (t)

Using Lemma 5.1, there exists a function ®(t) = {®,,(t)}nez such that & (¢) —
&)n(t) as k — oo (up to extraction of some subsequence) in 7. In particular, the
function ®(t) = {®n(t)}nez is also an entire solution of (6.1) (or (1.4)). By passage

to the limit & — 400 in (1.9), the function ®(t) = {®,,(t)}nez fulfills the estimates
(6.4) max {¢. (n+ct+0),T(t+600),p (—m+ct+6)}
< &)n (t) < min{17¢c (n +t+ 9) + eA*(tJrGo) + Acze)‘l(c/)(*nJrc/tJre’)’
1—\( t+90)+ Ace)\l(c)(n+ct+9) + Ac/ekl(c’)(—n+c't+0’),
bor (=1 + 't + §) + e (tH00) | Ace)\l(c)(nJrctJrG)}
for any (n,t) € Z x R.

Let us now prove that ®,(t) = ®,(t) for any (n,t) € Z x R. Recall that the
functions v*(t) = {v¥(¢)},en, which are solutions of the Cauchy problems

%vﬁ (t) = g [vaH (t) + vﬁ_l (t) — 2115L (t)] + f (v,’i (t)) ,t>—k,neN,
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with the initial conditions
ok (—k) = Uﬁ,o =max{¢.(n —ck+0),T(=k+60),pe (—n — 'k +6)},

converge to the function ®(t) = {®,,(¢)}nen in 7; see the proof of Theorem 1.1. Let
us now compare the functions ®(¢) to the functions v*(t) for t > —k. Following (6.4),
we get that

(6.5) O, (—k) —vf (k)
el O (=k+00) 1 A, oM (<) (=n—c'k+6") ifn>nt+2,
< A66A1(c)(n—ck+9) + Ac/e)q(c/)(fnfc'kJr@/) if n, +1<n< n; -1,
el (0)(=k+60) 1 A eMi(c)(n—ck+6) ifn<ng, —2

for sufficiently large %k, where n, and nz are two integers defined as follows:

N N (1) PNV NS SR ()

n, = int [ ck+ N (c’)k + 6 M) In or () 90] ,
—i PO, LR O}

n:—lnt [ck N (c)k 9—|—/\1 © lnac—i—)\l(c)ﬁo].

n,, is obtained by comparing ¢ (—n—c’'k+6") and I'(—k+6p) and using the asymptotic
behaviors of ¢ and I'. Similarly, we obtain n; .

For any z € R, define
int[z] = max{m :m € Z,m < x}.

Fix tg > —k. For any n € Z and k € N with k > —t¢, define

aﬁ — iefD(toJrk)/ cos (TL’LU) eD(toJrk) cosw g\
2m 0

k
-n

By Weng, Huang, and Wu [40], we know that a® = a
—+o0 k _—

> 0 for any n € Z and

ne o Gy = 1. Furthermore, for n > 1 there is
k 1 " D(to+k)[cos w—1] 1 " D(to+k)[cosw—1] 7 os
ap = 5 cos (nw) e” 0 dw = T e\ dsin (nw)
™ Jo nm Jo
D(to+k) [
= ﬁ/ sin (nw) sin weP toFRleosw=1] gy,
2nm 0
D(to+k) [T
= ﬁ/ [cos ((n — 1) w) — cos ((n + 1) w)] ePlotlcosw=l gy,
dnm 0
D(to+k) ( & k
= DO ().

which implies that a®_; > afLH for any n € N. By the symmetry, a* | < a’inH

for any n € N.
We claim that, for any given 5 € (0, +00), there hold

(6.6) aikm[nk] — 0 and aikm[nk]fl —0 as k— +oo.
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Consider af |~ 0 as k — 4o0. If the assertion is false, then we can assume

int[nk
that af ntpgk) — 0 > 0as k — 400 (up to extraction of some subsequence). Taking k
mt[nk] > = —|— 1 and alnt k] > 2, by ak_, > an+1 for n € N,

we have th M gk > 1, wh1ch contradlcts the fact 3.7 _af < 1. Therefore,

n=—oo N

sufficiently large such that

limg 4 oo amt[nk] = 0. Similarly, we have limg_, 4 o U“{Cnt[nk]—l = 0. For any m > N,
- D (to + k) D (to + k)
Z (Iﬁ =T oN (aN—l - alfv+1) + m (GN - (Ilfv+2)
n=N>1
D (tg+ k) k
m ( aAN11 (IN+3)
+o Tt 2m—1) (am_s —ap,) + 5 (am—1 — ami1)
_D(t0+k)ak D(t0+k)ak _D(t0+k)ak
T 2N MU g(N+1) N N(N+2) M
_ D (to + k) ok D (to + k) ok
(N +1)(N+3) N+2 (m—3)(m—1) ™2
D(tO"’k) k (to—Fk) E D(to—Fk) E
(m—2)m 2(m—1) 2m
D (to+ k) & D (to+ k) 4
S— v ANaaT oo ¢
2N 2(N+1)
Therefore,
i Dt0+k)k (to+k) &
N
oy 4 (N +1)
Consequently, we obtain that for any given n > 0,
(6.7) Z a® -0 and Z a® -0 as k— +oo
n=int[nk] n=int[nk]+1
dueto%%% as k — +4o0.

Now fix (no, to) € Z x R; we estimate ®,,, (to) — v* ,(to) as k — +o00. We compare
®,,(t) — vE(t) with a solution of the linear equation

%un (t) = g [Unt1 (8) + Un—1 (t) — 2upn ()] + f (O uy (), t> —Fk,

with the initial condition u, (—k) = |®,(—k) — v (—k)|. Using (6.3), we deduce that
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By (t0) = v, (1)

+oo T
1, , -
< Zel Otttk §7 / cos ((n — ng) w) ePto+k)lcos w—1] ‘cpn (—k) — oF (—k)‘ dw
i n=—oov0
“+oo T
1, , -
< —ef Otk 7 / cos ((n — ng) w) ePto+k)cos w—1] ‘cpn (—k) — oF (—k)‘ dw
T n:nI+2 0
1, & ‘ _
+ Zef Ototh) / cos ((njf + 1 —ng) w) ePothlcosw=1] ‘@n (=k) —vF (—k)‘ dw
T 0
1, m , _
+ Zef Ototh) / cos ((nf —ng) w) ePlotMleosw=il g (k) — ok (—k)‘ dw
T 0

nf—1
1 !’ k ™ . ~
e O ST [ os (0= o) w) DI, (k) = of (<) du
0

n:n;+l
1 . i ~
4 2l OO [ s (= o) w) ePCrIeos w1 [, (k) — o ()] duo
0
1, " o
+ Zef Ototh) / cos ((ny;, — 1 —ng) w) ePlotMlcosw=1] ’q)n (=k) — ¥ (—k)‘ dw
n 0

n

n, —2
1 !’ k ™ . ~
+ Zef (O(o+k) E : / cos ((n — ng) w) eD(to+k)[cos w—1] ‘q)n (k) —oF (—k)‘ dw.
™ 0

n=—oo

Call I, II, III, IV, V, VI, and VII the seven terms on the right-hand side of this last
inequality. We have

“+o0 T
1 . o
[= —ef' (Ootk) E / cos ((n — ng) w) ePGotPleosw=111g () — % (k)| dw
7T " 0

n=ng +2

“+o0 T
< lef/(O)(toJrk) Z / cos ((TL _ Tlo) w) eD(t0+1€)[COSwfl]ef/(o)(*kJrGo)dw
m 0

n:nI+2
“+o0 T
+ %ef/(o)(toJrk) Z / coS ((n _ nO) ’U}) eD(toJrk)[COS wfl]e)\l (c’)(fnfc'kJr@/)dw
n:n;:JrZ 0
=1 + L.
Obviously,

+oo T
I, = %ef/(O)(toJrk) Z / coS ((Tl _ nO) ’UJ) eD(toJrk)[coswfl]ef/(O)(kar@O)dw
~ _Jo

n=n, +2

—+o0
— 901 (0)(to+00) Z aﬁ_

n:n2'+2

ne — 0 as k— +oo

ni+2-ng cA1(e)—F'(
k Z >

(0 9 > 0 for sufficiently large k and (6.7). In

due to the fact
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addition, we have

+oo
Iy A f (0)(to+k) Z / COS n _ nO) ) (to+k)[cosw—l]e)\l(c')(fnfc/kJrG’)dw

n= nk++2
+oo
_ 2Ac/e(f (0)=A1(c)e" )k o (0)(to+0") Z aﬁinoeﬂ\l(d)n
n:nz+2

<2A/ef(0)t0+9 Z a o — 0 as k — oo,

n= n++2
Consider II. In this case, let

_ f'(0) 1 )
0<6= (ck— Al(c)k_0+Al(c)lna_c+/\1(c)00) —nz<1.

Then we have

II = 2¢f 0)(ot+k) (&

&)n;:Jrl (—k) - US;H (_k)’

;:Jrl no
< 2SO0tk gh,  [ofO)k+b0) 4 4 M (<) (=nE —1—c’k+9’)]
- Ynft1-no |
1 9ed(0)(t0+k) {A LM () (mnf —1=ck+0) | 4 e)\l(c)(nz+l—ck+9):|
n +1 —no c c
— 98 (0)(to+k) K . o' (0)(—k+60) + 2Ac,e>‘1(C/)(*”?“*C'k*e/)}
nkJr no |
4 96 ) (to+h) A MO (k= LG k=0t 57l i 2+ L& 00) —o1-ck10}
k+1,n0 ¢
— 2¢f (0)(t0+k) k f/(o)(—k+90) +924 /exl(cf)(_n;—l_cfkﬂ/)}
nk+1 no | c
2Ac \1(€)(1=0)+1'(0)(to+60) 4k
+ — e ! 0 ’ nz-‘rl no
—0 as k — 4o0.

Similarly, we have that III— 0 as £ — +o00. For IV, we have
IV = Lof ) (totk)
™

nk —1

Z / cos ((n — ng) w) ePtotRlcosw=1l|G (k) — F (—k)} dw

+
ny—1

S 2ef/(0)(to+k7) Z aﬁ_ng |:Ace)\1(c)(nfck+9) + Acle)\l(C/)(_n_C/k+9/):|
n:n;+1
nt—1

K

— 9 O g

n=0
71 ’ !
+ 2¢f (0)(to+k) Z aﬁino [Acekl(c)(n—ck-i-e) + Ac/e)\l(c )(—n—c'k+6 )}

n:n; —+1

no

|:Ace)\1(c)(n—ck+0) + Ac/exl(cl)(*n*c/kJrG’)}

=1V +1V,.
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Consider IVy. Then

1

nk—
IV, = 2¢/ "(0)(to+k) Z a [Ace)\l(c)(nfckJre)_’_ Acleh(c/)(,nfcfmg/)}

—no

< 9A e~ (M) =1(0))k ' (0)to+A (e Za
- € n—no

+

n, —1
+ 24, e "(0)(to+k) Z a’llfbfno ekl(c)(n—ck+0)
n= 1nt[nk /2]
int[nk /2]
+ 24, 6 "(0)(to+k) Z aﬁfno ekl(c)(n—ck+0)
n=0

< 2Ac,67()\1 (C/)C/*f/(o))kef/(o)toJr)q (c/)el

+ 24, o' (0)(to+k) Al(c)((n;r—l)—ck+0) Z aﬁ—ng
n= mt[n /2]
i 2AC6A1(C)(int[nk+/2]—ck+9)ef'(o)(to+k)
=1IV] +1V; +1V3.
It is easy to see that IV] < 2A e~ () = Ok f' (0t +X1 (D", ag k — 400,
because A1 (c’)¢’ — f'(0) > 0. By virtue of
ef/(())(to+k)e)\1(c)((n;r—l)—ck+0)

£7(0) (0)
< Acef’(o)(to-i-k)ekl(c){(Ck— xl(c)k_e"‘xll(c) a +>\ (6)90)_1_Ck+9}

— L ot -xe)

Qe
+
and nT’“ —ng > M(fo)k for sufficiently large k, we have
V2 = 9 A el O)(to+k) () ((nf —1)—ck+0) Z ak_,. —0ask — +oo.

n= 1nt[nk /2]
Moreover, we have
V3 = 24, M1 (0)(int[nyf /2] —ck+0) . f(0)(to+k)

f£7(0) 1 (0)
04,1 (3[eh= LB R0+ 57t 0 2+ LB 0] ek +0) 0 (to-+h)

IN

— 24, o (Otot3In g 43 f/(0)00+ 501 ()0, — 5 [Ar(c)e—f' (0]
— 0 as k — +oo.

We can prove that IVy, V, VI, and VII converge to zero as k — +o0o by arguments
similar to those for IVy, 11, H and I, respectively.

Eventually, |®,,(to) — (t0)| — 0 as k — 4o0. Since v} (tg) — Pp,(to) and
(no,to) € Z x R is arbitrary, we obtain that ®,(t) = ®,(t) for any (n,t) € Z x R.
The limit function being unique, the whole sequence ®* converges to ® as k — +o0.

Using the same estimates as above, we can prove that the entire solution of (1.4)
satisfying (1.9) is unique. O
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