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‘We establish the threshold dynamics of a delayed reaction diffusion equation subject to the homogeneous
Dirichlet boundary condition when the delayed reaction term is non-monotone. We illustrate the main
results by two examples, including the delayed Nicholson’s blowflies diffusion equation.

Keywords: reaction diffusive equation; global stability; Dirichlet boundary value; non-monotone
dynamical system
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1. Introduction

Our focus here is on the threshold dynamics of reaction diffusion equations with nonlinear and
delayed non-monotone reaction terms under the Dirichlet boundary condition. This type of system,
including Nicholson’s blowflies equation and the logistic-type delay diffusion equation, arises
naturally from modelling population dynamics and spatial ecology.

Much has been done in the case where the space is a one-dimensional unbounded domain
in association with the consideration of traveling wavefronts, see [7,8,9] and references therein.
There are also substantial studies about asymptotic properties of solutions to the logistic-type
delayed diffusion equation under the Dirichlet/Neumann boundary condition, see, for example,
[1,2,4,12,14,20,29]. Unfortunately, results about the global dynamics for Nicholson’s blowflies
equation under the Dirichlet boundary condition seem to be quite scarce [22,28] due to the
difficulty in describing the non-negative non-trivial steady-state solution analytically.

By applying the theory of monotone dynamical systems and the Krein—Rutman theorem, So
and Zhao [24] obtained a threshold result on the global dynamics of scalar reaction diffusion
equations with time delays, and they also applied their general results to the diffusive Nicholson’s
blowflies equation where the nonlinearity satisfies a certain monotonicity property in the domain
under consideration. In [22], So and Yang studied the asymptotic behaviour of the diffusive
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Nicholson’s blowflies equation subject to the Neumann boundary condition and with delayed
non-monotone feedbacks. In [28], Wu and Zhao introduced a new ordering in the phase space
with respect to which some reaction diffusion equations with non-linear and delayed reaction
terms (which are not necessarily monotone) can generate monotone semiflows so that the global
dynamics (in particular, threshold dynamics) of some diffusive population models with delayed
and non-local effects can be described by using the order-preserving property and some general
results of monotone dynamical systems.

None of these results can be applied to examine the global dynamical behaviours of solutions
to the following delayed reaction diffusion equation subject to the Dirichlet boundary condition:

%(r,x) =dAu(t,x) — pu(t,x) +ufu —1,x)) inD = (0,00) x 2,

ulpga =0 onTl = (0,00) x 3L, (D
u@,x) =¢@,x) for@®,x)e[—1,0]x Q.

Here, €2 is a bounded domain with smooth boundary 92, A is the Laplacian operator, d, 1, and
T are positive parameters, f : Ry = [0, oo) — R, is a local Lipschitz function with f(0) = 0,
and the initial function ¢ is assumed to be a continuous and non-negative function with respect to
the two variables. Special cases of Equation (1) have been studied. See [5,6,10,17,18,23,25,30].
Recently, by combining a dynamical system argument with the maximum principle as well as
some subtle inequalities, Yi and Zou [31] established the global attractivity of the positive steady
state of the diffusive Nicholson’s equation with the homogeneous Neumann boundary condition,
and their result can be applied to the case where the reaction is non-monotone.

The purpose of this paper is to modify some of the arguments in Yi and Zou [31] to describe
the threshold dynamics of Equation (1) that will include results in [22] as special cases. As shall
be shown, the modification seems to be significant, and some rather different approaches must be
taken while dealing with the Dirichlet problem. In Section 2, we establish the threshold dynamics
of Equation (1), and in Section 3, we provide illustrative examples.

2. Threshold dynamics

Let R denote the set of all real numbers. Let Cyp = {¢ € C(Q,R) : ¢|yo =0} and X = {¢ €
C(-7,01xQ,R): @li—r.01xae = 0} be equipped with the usual supremum norm | - ||. Note
that we use ¢ for an element in C(2), and ¢ for an element in C([—7, 0] x ).

Alsolet CL = {¢ € Cp : ¢|g > 0} andXJr ={peX:9|_ r0x@ = >0}.ForaeR,aeCyis
defined as a(x) = a for x € Q. Similarly, a € X is defined as a(9 x) =afor (0, x) € [-7,0] x
Q. For the simplicity of notation, we shall write a = a@ and a = a if no confusion arises.

For an interval I CR, let I +[-7,0]={t+60:te€landb € [—7,0]}. For u:({ +
[-7,0]) x @ — R and ¢ € I, we write u,(-, -) for the element of X defined by u, (6, x) =
u(t+6,x)for—7 <6 <0and x € Q.

Let T (-) be the semigroup on C( generated by the operator d A under the Dirichlet boundary
condition. It is well known that 7'(-) is an analytic, compact, and positive semigroup on Cy
[19,21,27].

Define F : X — Cy by

(F($))(x) = —ud0,x) + uf(@(—7,x)), xeQandep € X,

0, otherwise.
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We consider the following integral equation with a given initial condition,

u(t,-) =T@)p(, ) +/ Tt —s)F(ug)ds, >0,
0 2

Lt()Z(ﬁGX.

By the standard theory [15,27], for each ¢ € X, Equation (2) admits a unique solution u®(t, )
(with values in Cp) on its maximal interval [0, o). As usual, u®(t, x) is called a mild solution of
Equation (1). For details, see [15,16,27].

DEFINITION 2.1  For giventy, t; € Rwitht, > t,, a continuous functionu : [t} — T, ;) X Q>R
is called a classical solution of Equation (1) fort € [t, t,) if all involved derivatives exist and for
i,jef{l,...,m}, ou/ot and 82u/8x,-8xj are continuous for (t, x) € (t1, tz) x Q, and du/dx; is
continuous for (t, x) € (1, ) X Q, and u satisfies Equation (1) for (t, x) € (t1, ) X Q.

Let A; be the first eigenvalue of the operator —A with the homogeneous Dirichlet boundary
condition. To investigate the threshold dynamics of Equation (1) or its abstract form (2), we
introduce the following assumptions:

(H1) There exists M > 0 such that f(x) < M forx € R,.

(H2) There exists u* > 0 such that f(u*) = u*.

H3) If a>0,b>0, and u* >k >0, then a — 1 > |b — 1| implies —af (k) + f(bk) <O0.
Moreover, —af (k) + f(bk) =0ifand only ifa = b = 1.

(H4) If a >0, b>0, and u* >k >0, then 1 —a > |b — 1| implies —af (k) + f(bk) > 0.
Moreover, —af (k) + f(bk) = 0if and only if eithera =b =1ora =b = 0.

(H5) There exists a continuous function g : R, — R, such that f(§) = £g(§) for& e R,.

We refer to Lemma 2.5 below for the motivation of assumptions (H3) and (H4).

By (H1) and Theorem 2.2.3 in [27], we have o4 = oo for ¢ € X. Since limj,_, o+ dist(y(0) +
hF (), Cy) = limy_o+ inf{||¥(0) + hF(¥) — ¥ || : ¥ € C.} = 0 for ¢ € X, it follows from
Proposition 3 and Remark 2.4 in [15] that (u?), € X, fort € R, and ¢ € X, . In the sequel, we
always assume that (H1) holds.

Define the map U : Ry x X, — X, by U(t, ¢) = (u®), for (¢, ¢) € X. The following result
is a direct consequence of the abstract results in [3,26,27].

LEMMA 2.2 The map U is a semiflow defined on X . and satisfies the following properties:

(1) Foragivent > 7, U(t,-) : X4 — X4 is completely continuous. More precisely, if B C X
is bounded, then U (t, -) B is precompact for t > T.
(ii) Fora given ¢ € X4, U(t, 9)(0, -) is a classical solution of Equation (2) fort > t.

The proof of the following lemma can be found in [19,21].

LEMMA 2.3 Let T > 0 and W C Q be an open domain with a smooth boundary 9W. Let u(t, x)
be a continuous function on [0, T] x Q with derivatives du/dx;, 3*u/dx; 0x;, and du /0t existing
and being continuous on (0, T] x Q. Let Lu(t, x) = d Au(t, x) — 0u/dt(t, x). Then the following
statements are true:

(1) If Lu(t,x) >0 for (t,x) € (0,T) x W, then u cannot attain a local maximum in
0, T) x W;

(i) IfLu(t, x) = Ofor(t,x) € (0, T) x W and if u attains its maximum in [0, T] X Watapoint
(t*,x*) € (0, T) x W, then u(t, x) = u(t*, x*) for (t, x) € [0, T] x W;
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(iii) Suppose that the first derivatives of u with respect to the x; exist and are continuous on
(0, T] x W. Let ¢ > 0 and Lu(t, x) — cu(t, x) > 0 for (t, x) € (0, T) x W. If there exist
*,x*) e (0, T) x aW, ¢* € (0, T) and an open ball S* C W such that S* N oW = {x*}
and u(t*, x*) > u(t, x) for (t,x) € [t* — &*,t* + &*] x §*, then du/on| x+) > 0.

LeEMMA 2.4 Suppose ¢ € X \{0}. Then

1) U, ¢)(0,x) > 0for (t,x) € [3t,00) X 2;
(i) U (¢, ¢)(0, x)/on < O for (t, x) € [37,00) X 0L2;
(iii) there exists K = Ky p > 0 such that |U(t, ¢)|| < K fort € [0, 00).

Proof Letu(t,x) = u®(t, x) for (t, x) € [—7, 00) x Q. According to Lemma 2.1(ii), u(z, x) is
a classical solution of Equation (1) for r > 7.

To prove (i), we first claim that U(z, ¢) € X \ {0}. If not, then U(r, ¢) = 0 and hence
u(t,x) =0 for (t,x) € [0, 7] x Q. This, combined with Equation (2), gives fot T —ys)
F(uz)ds = 0 for t € [0, t]. Thus, fol Tt —s)u(s —1,)e™67)1ds =0 for ¢ € [0, t]. Since
T (-) is a strongly positive semigroup, thatis, 7'(¢) (¥) (x) > Ofor (¢, x, ¢) € (0,00) x Q2 x C4 \
{0} [22, Corollary 7.2.3], we can deduce that u(s — t, e "6=1) =0 for s € [0, 7] and thus
¢ =U (0, ¢) = up = 0, a contradiction. Similarly, we can prove U (27, ¢) € X, \ {0}. Hence,
there exists (7, ¥) € (t,27) x Q such that u(7, ¥) > 0. Suppose now that statement (i) is not true.
Then there is (¢*, x*) € [37, 00) x 2 such that u(¢*, x*) = 0. This implies that & attains its mini-
mumin [z, 00) x Qat (¢*, x*) € (1, 00) x 2. On the other hand, it follows from Equation (1) that
dAu(t,x) — (Qu(t, x)/0r) — pu(t, x) < 0 for (¢, x) € (tr,00) x Q. Let v(t, x) = —u(t, x)e™
for (t,x) € [—1,00) x Q. Then Lu(t, x) > 0 for (¢, x) € (1, 00) x Q (where L is defined in
Lemma 2.3) and v attains its maximum in [t, 00) x € at (*, x*) € (1, 00) x Q. Then, by
Lemma 2.3 (ii), we have v(¢, x) = v(t*, x*) = 0 for (¢, x) € [r, t*] x Q and hence u(z,x) =0
for (¢, x) € [r, t*] x 2, which shows U (2, ¢) = 0, a contradiction. This proves (i).

We next prove statement (ii). From Equation (1), we have dAu(t, x) — (du(t, x)/0t) —
pu(t, x) < O0forall (¢, x) € [37, 00) x Q.By (i) proved above and Lemma 2.3 (iii), we obtain that
aU(t, $)(0,x)/dn = du(t, x)/dn < O for (¢, x) € [37, 00) x I, that is, statement (ii) holds.

Finally, we prove statement (iii). By the definition of U, there exists Ko = K(¢) > 0 such
that ||U(¢, ¢)|| < K for t € [0,37]. Let K = K4 y = 3K + 3M, where M is the number in
assumption (H1). We claim ||U(¢, ¢)|| < K for ¢ € [0, 00). Otherwise, there exists (¢*, x*) €
(37, 00) x @ such that u(t*,x*) > K. Let t** = inf{t € [37,00) : u(t,x) = K for some x €
Q}. Then t** > 37, and there exists x** € Q such that u(t**,x**) =K and u(t,x) < K
for (¢, x) € (0, **) x Q. Hence, du(z, X)/0t| ¢t x)y=@* xy = 0 and dAu(t, x)|¢.x)=¢* .+ < 0. But,
it follows from Equation (1) that du(¢, x)/0t < dAu(t, x) — pu(t,x) + uM, in particular,
du(t, x)/0t|¢ )= < n(—=K + M) < 0, a contradiction. This completes the proof of state-
ment (iii). |

For ¢ € X;, we define O(¢)={U({t,¢):t>0} and w(p) =()-, O0WU(t, ¢)). By
Lemma 2.2 (i) and Lemma 2.4 (iii), we know that O (¢) is compact and hence w (¢) is non-empty,
compact, connected and invariant. According to the invariant property of w(¢), for ¥ € w(¢),
there is a global solution # : R x @ — R with ug = ¥ and u, € w(¢) fort € R [12].

LEMMA 2.5 Assume that (H2), (H3) and (HS) hold. Then the following statements hold.:

(i) glak) < gk) fork € (0,u*] anda > 1.
(ii) g(&) is strictly decreasing in & € [0, u*].
(iii) g(0) > g(§) for& > 0.

(iv) g() < 1foré& € [u*, 00).
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Proof Itfollows from (H3) witha = banda > 1thataf (k) > f(ak)fork € (0, u*]. Thus (HS)
implies g(ak) < g(k) for k € (0, u*] and a@ > 1, that is, statement (i) holds.

For&,n € (0, u*] with & > n, by takinga = £/n > 1, we obtain from statement (i) that g(n) >
g(an) = g(&), that is, g(&) is strictly decreasing in & € [0, u™*]. This proves statement (ii).

We now prove statement (iii) by way of contradiction. Suppose statement (iii) is not true.
Then there exists £* > 0 such that g(§*) > g(0). Let £** = sup{& € [0, £*] : g(&§) = max{g(n) :
n € [0, £*1}}. Then £** > 0 and g(£**) = max{g(n) : n € [0, £*]}. It follows from statement (i)
that £** > u*. But, statement (i) implies g(§**) = g(§™/u*u*) < g(u*), a contradiction. Thus,
statement (iii) holds.

Finally, we prove statement (iv). Indeed, we can easily see from statement (i) that g(§) =
g&/u*u*) < g(w*) =1 for & > u* . This completes the proof. |

Applying Theorem and Remark in [13] and Lemma 2.5, we have the following result:

PROPOSITION 2.6 Assume that (H2), (H3) and (HS) hold. If 1g(0) > dX| + u, then Equation (1)
has a unique positive steady-state solution (to be denoted by u (x) in what follows).

To proceed further, we now introduce the following notations:

M°($)(x) = q;(f(;)) 1 forxeQand¢ € X,;
, 9. x)/on ‘
M (p)(x) = —8u+(x)/8n 1 forx € 92 and ¢ € X;
M) — M°(¢)(x), xe and ¢ € X,
| MP(P)(x), x€dQ and ¢ € X,.

Obviously, IT(y) = max{I1 (), [T_(¥)}.

LEMMA 2.7 Let € X4. Then M(-)(-) is a continuous function with respect to (x, ¢) € Q x
O (uz: (¥)).

Proof According to the definition of M (¢)(x), we know that, for a given x € Q, M°(¢)(x)isa
continuous function with respect to ¢ € O (uy, (¥)).

It suffices to prove that for a given ¢ € O (uy.(¥)), M(¢)(x) is a continuous function with
respect to x € Q. In the following, let {x,};, be a sequence of 2 such that lim,_, . x, = xo
for some xo € 92. Note that for sufficient large n, there exist x,? € 02 and s, > O such that
Xy = x4 sy, and x + ns,n,0 € Q for n € [0, t]. Thus,

i Jo 800, X0 + ns,ny,)/andy |
n0e [ 19 (x + nsunp) /0ndn

Jo Ve9 O, %)+ nsungInggdn
"0 [ Vauy (0 + nsunag)nsgdn
= M’ (¢)(x0).

On the other hand, it follows from the definition of M (¢)(x) that M(¢)(-)|e and M (¢)(-)|yq are
continuous functions. Thus, M (¢)(-) is a continuous function in 2. This completes the proof. W
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PROPOSITION 2.8  Assume that (H1)—(HS) hold. If ug(0) > d\i + u, then the positive steady-
state solution u, (x) of Equation (1) attracts all solutions of Equation (1) with the initial value

¥ e X\ {0}

Proof By way of contradiction, suppose that there exists ¥ € Xy \ {0} such that IT(y) > 0.
Without loss of generality, we may assume that [T_(y) > [T, (). Then, 1 > I1_(¥) =T1(¥) > 0.
We first prove uy(x) <u* for x € Q. Otherwise, there is a u™ > u* such that u™ =
sup{u,(x) : x € Q}. It follows from Equation (1) that f(u**) > u™*. Let a = b = u™/u* and
k = u*. Then, by assumption (H3), f(u**) = f(ak) < af (k) = u™*, a contradiction.
We complete the proof by discussing four possible cases.

Case 1 There exist x* € Q and ¢* € w(y) \ {0} such that —M°(¢*)(x*) = I1_(y). It follows
from Lemma 2.4 (i) that —M°(¢*) (x*) < 1. Let v(t, x) = u® (¢, x) /uy(x) forx € Qandt € R,
where u®"(t, x) denotes a full orbit in w() with (u?")y = ¢*. Obviously, v(z, x) attains the
minimum value v(0, x*) in R x € (since v(¢, x) — v(0, x*) = (1 — v(0, x*)) — (1 — v(t, x)) >
M_(y) — I () = 0). Hence, Av(0, x*) > 0, dv(0, x*)/9t = 0 and dv(0, x*)/0x; =0 for j €

{1,2, ..., n}. On the other hand, for t € R, we can deduce from Equation (1) that
ov(t, x*) _ 1 au® (¢, x*)
at  uy(x¥) at

1 , X .
= [dAu? (t, x*) — pu® (t, x*) + pnf @ (t — 7, x*))]
ug(x*)

= 1 [du,(x*)Av(t, x*) + dv(t, x*)Auy (x™)
ug(x*)

— pu® (t, x*) + uf @ (t — 7, x))]

w
U (x*)

—u? (1, X))+ fW? (t —1,x)]

=dAv(t, x*) +

[w(t, x) 4 (%) = fus(x*))

"
Uy (x*)

=dAv(t, x*) + [—v(t, x*) f Uy (x*) + f@® @ —7,x%)]

" (r — *
= dAv(r.x) + [—v(t,x*)f<u+(x*>>+f@uﬂw)}

Uy (x*) Uy (xX*)
=dAv(t, x*) + ~ [—v(, x™) fur () + fup (o — 7, x7)].
Uy (x*)

By assumption (H4), |v(—7,x*) — 1| <1 —v(0, x*) implies dv(0, x*)/9t — dAv(0, x*) > 0,
a contradiction.

Case 2 There exist x* € 3Q and ¢* € w(¥) \ {0} such that —M?(¢p*)(x*) = I1_(¥r) and
—M°(p)(x) < IT_(y) for (x,¢) € L x w(y). In this case, it follows from Lemma 2.4 (ii)
thata = 1 4+ M?(¢*)(x*) € (0, 1). Letv(t, x) = u? (t, x) — au, (x) forx € Qandt € R, where
u®" (¢, x) denotes a full orbit in w () with ug(¢p*) = ¢*. Obviously, v(0, x*) = 0,9v/9n|,— = 0
and v(f,x) > 0 for t € R and x € Q. On the other hand, for (x,t) € 2 x R, it follows from



Downloaded by [York University Libraries] at 11:13 11 November 2015

Journal of Biological Dynamics 337
Equation (1) that

au(t, x) _ au? (¢, x)
ar ot
=dAu? (t,x) — pu? (t,x) + pf @ (t — 7, x))

=dAv(t,x) +adAuy(x) — wu® (¢, x) + /Lf(u‘p*(t —1,X))
= dAv(t, x) + alpug (x) — wf e ()] — pu? (@, x) + wf @ (1 — 7, x))
=dAv(t,x) — po(t, x) + pl—af () + f@? ¢ —7,x))]

* (4
= dAv(t, x) — po(t, x) + [—afm(x)) +f (m(ﬂwﬂ .

ui(x)
Since 1—a =TI(y¥) > |[u® (¢t — t, x)/u4(x) — 1], assumption (H4) implies dv(¢, x)/0t —

dAv(t,x) + pv(t,x) >0 for (x,7) € @ x R. Applying Lemma 2.3 (iii), we can deduce
av/an|(,x) < 0, a contradiction.

Case3 () \ {0} # @ and —M(¢)(x) < TI_(¥) forx € Q and ¢ € w(y) \ {0}. In this case,
we have 0 € w(¥) and T1(yy) = |M (0, x)| = 1. If T1 (v) = 1, then similar arguments as those
in Case 1 or Case 2 will produce a contradiction. Now we assume M, = I1. () < 1. Then
—1 <M, <1.Letv(t,x) =u?(t, x) for (¢, x) € [-7, 00) X Q. To complete the proof, we need
the following claims.

Claim 1 There is an s* > 5t such that 1 > M7 = sup{M(v;)(x) : (¢, x) € [s*, +00) x Q).
Indeed, by the definition of @ () and Lemma 2.7, there exists s* > 5t such that inf{|| M (v;) () —
M) :dpew@)} <A —M;)/3 for t € [s*, +00). It follows from the compactness of
w(¥) that for every t € [s*, +00) there exists ¢’ € w () such that | M (v,)(-) — M(p") ()| =
inf{||M(v,)(-) — M(d)()| : ¢ € w(y)}. Therefore, according to the choice of ¢’, we obtain
M} = sup{M(v,)(x) : (¢, x) € [s*, +00) X Q)
< sup{M (v))(x) — M(¢")(x) : (t, x) € [s*, +00) x Q}
+ sup{M (¢")(x) : (1, x) € [s*, +00) x Q}
< sup{|M(v)() = M@ : t € [s, +00)}
+ sup{M (") (x) : (t, x) € [s*, +00) x Q}
1My
- 3

< 1.

+ M,

This completes the proof of Claim 1.

Since w (¥) \ {0} # Pandw () \ {0} C Int(X,), thereexistey € (0, 1/8 min{l, 1 — M, 1 —
M?}) and ¢* € w () such that * — gou™ € X .. In view of {0, ¢*} € w () and the definition of
w (), there exist 51 > s*+ 17, 5o > s*+tand sy > s*+ v suchthats; <s, — 7 <53 <53 —
T <53, [M,)ON > 1—1/8¢, sup{llM(vs,10)() — M(ug(¢p*)) ()l : 6 € [—7,01} < 1/8&
and [[M(vg)() — M(@*)()Il < 1/8eo. Let My = sup{|M(v;)(x)|: (,x) € [s1 — T, s3] X Q}.
Then it follows from M_’; < 1, the definition of M; and Lemma 2.4 (i, ii) and Lemma 2.7 that
M, < 1. By the choice of s; and the definition of M, we have M| > || M (v,,)(-)|| > 1 — 1/8gp.In
view of the choice of &9, we have M| > M, and My > M ,and hence 1 > M > max{M, M}}.
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Claim 2 M; > |M(v)(x)| for (¢,x) € ([s1 — 7, s1]1 U{s3}) x Q. Indeed, it follows from the
choices of s; and ¢* that, for 6 € [—t, 0],

1M (s, 10) O < IM@?)p) | + 1M (v5,40) () — M@ )g) (]
= max{sup{M((u?)y)(x) : x € Q}, sup{—M((? )p)(x) : x € Q}}
+ 1M (v5,10) () — M(@?)p) )|
< max{M,, 1 — go} + [|M (v5,10) () — M(?)p) ()|

1
<max{M,, 1 —eg}+ gé?o

1 7
= M+ -¢e, 1 —=eoy¢.
maX{ ++880 880}

According to the choice of g, we have M, + 1/8¢yp < 1 — 1/8¢¢, and hence
1
sup{|M (v, 40) )|l : 0 € [-7,01} = 1 — 3o < M.
A similar argument shows that || M (v,)(:)|| < M;. This proves Claim 2.

Claim3 |M(v,)(x)| < M, for (¢, x) € [s1 — T, s3] x Q. Otherwise, it follows from Claim 2 and
My > M7 that there exists (72, x2) € (sq, $3) x € such that M} = —M (v,,)(x2) € (0, 1). Using a
similar discussion as that in Case 1, we can deduce a contradiction. Consequently, Claim 3 holds.

It follows from Claims 2 and 3 and M| > M7 that there exists (£**, x**) € (s, 53) x 92 such
that M| = —M (v ) (x™*) > 0. By a similar discussion as that in Case 2, we also can deduce a
contradiction.

Case 4 w(yr) = {0}. It follows from ug(0) > di; + n and assumption (HS) that there is a
K* > 0 such that f(x) > (dA; + n)/ux for x € [0, K*]. From the definition of w (), there
exists 7 > 57 such that 0 < u¥ (¢, x) < min{u*/3, K*/3)} forx e Q and t > T. Let H(¢) =
—ud(0) + (dr; + n)p(—7) for ¢ € X . Then H is quasimonotone in the sense of [15,27]. It
follows from Equation (2) that, for t > 5,

W () = T, ) + / T( — s)H((u"),)ds.
0

Note that there exists ¢* € C such that —A¢* = A1¢* and ¢*(x) > 0 for x € Q. Let ¢y > 0
such that u(T 40, -) — €g¢p™ € C4. for 6 € [—1, 0]. Denote v(t, x) = €y¢p™(x) for all (¢, x) €
[—7, 00) x Q. Thenv(t) = T®)o(Q, )+ fot T (t — s)H (vs)ds. Thus by Corollary 8.1.11 in [27],
we have u(r + T, x) > v(t, x) = €y¢*(x) for (f, x) € [—7, 00) x €, which implies w(¢) # {0},
a contradiction.

Summarizing Cases 1-4, we see that IT1(y) > 0 is impossible and hence IT(y) = 0. This
completes the proof. ]

PROPOSITION 2.9 Assume that (H1)—(HS) hold. If ug(0) < dA; + w, then the trivial steady-state
solution 0 of Equation (1) attracts all solutions of Equation (1) with the initial value ¥ € X .

Proof By way of contradiction, we assume that there exists uy € X, such that w(ug) #
{0}. Then, by the compactness of w(ug), there exist M* > 0 and ¢* € w(ug) such that
M* = sup{||¢(0, )12 : ¢ € w(ug)} and M* = [|¢*(0, -)||.2. By the invariance of w(uo), there
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exists a global classical solution w(z, x) : R x © — [0, 00) of Equation (1) such that wy = ¢*.
We multiply Equation (1) by w(#, x) and integrate it over 2. Using integration by parts, the
Poincaré inequality, the Holder inequality and Lemma 2.5(iii), we can obtain

dlju(, )l

i < —(drr + wllut, > + pgO)llut — 7, )| 2.

It follows from the choice of w that d|lu(z, -)|lz2/dt],=0 = 0 and [Ju(0, )2 > llu(—7, )2,
a contradiction. ]

According to Proposition 2.6, Proposition 2.8 and Proposition 2.9, we have the following main
results:

THEOREM 2.10  Assume that assumptions (H1)—(HS5) hold.

@A) If ug(0) < dAi; 4 u, then the trivial steady-state solution 0 of Equation (1) attracts all
solutions of Equation (1) with the initial value in X .

@ii) If ug(0) > dAy + W, then the non-trivial steady-state solution u of Equation (1) attracts all
solutions of Equation (1) with the initial value in X, \ {0}.

Remark 2.11 Theorem 2.10 still holds if we replace (H1) with

(H1*). There exists a sequence {u,},>1 such that lim,_, . u, = oo and f ([0, u,]) < [0, u,].

Remark 2.12  Similar results as those in Theorem 2.10 can be established if we replace d A with
a uniformly elliptic operator.

3. Applications
In this section, we illustrate Theorem 2.10 with two examples.

Example 3.1 Consider Nicholson’s blowflies equation with diffusion,

d
8—L:(t, x) =dAu(t,x) —8u(t,x) + pu(t — 7, x)e 079 150, xeQ, 3)
u(0, )se =0,

where d, p, T, B, 6 € (0, 00).
In Example 3.1, we have u = 6, u* = (1/p)In p/8§ and f(x) = p/dxe™"* for x € [0, 00).
LEMMA 3.2 If1 < p/8 < €%, then f(x) = p/Sxe P* satisfies assumptions (H1)—(H5).

Proof We can easily see that assumptions (H1), (H2) and (H5) hold. It suffices to prove assump-
tion (H3) since assumption (H4) can be proved similarly. In the following, we assume that
a>0,b>0,0<k<({/p)ln(p/s)anda — 1 > |b — 1|.If pk < 1, then a simple computation
proves assumption (H3). Now suppose pk > 1.Let 8* = e”*,a* = apk and b* = bpk.Then p* €
(1, e%], a* —In p* > |b* — In B*| and —af (k) + f(bk) = p/pSe "*(—a* + B*b*e™""). Hence,
by Lemma 2.4 in [32], we have —a* + ,B*b*e’b* < 0. Moreover, —a™ + ﬂ*b*e’b* = Oif and only
if a* = b* = In B. This completes the proof. |
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Theorem 2.10, combined with Lemma 3.2, gives the following theorem.

THEOREM 3.3 Assume p/§ € (1, €2].

() If p < dAy + 4, then the trivial steady-state solution O of Equation (3) attracts all solutions
of Equation (3) with the initial value in X ..

(i) If p > dAy + 8, then there exists a unique nontrivial steady-state solution of Equation (3)
which attracts all solutions of Equation (3) with the initial value in X, \{0}.

Example 3.4 Consider the following scalar equation

pu(t — 1,Xx)

ou
E(r,x):dAu(t,x)—Bu(t,x)—}-m, @

u(0, )lae =0,

where d, t,5, p > 0and p/§ > 1.
In Example 3.4, u =6, u* = p/§ — 1 and f(x) = (p/d)(x/1 + x) for x € [0, 00).
Lemma 3.5 If1 < p/é, then f(x) = (p/8)(x/1 + x) satisfies assumptions (H1)—(HS).

Proof Itis easy to see that assumptions (H1), (H2) and (HS) hold. It suffices to prove assumption
(H4) since assumption (H3) can be proved similarly. Assume thata > 0,b > 0,0 <k < p/§ — 1
and1 —a > |b—1|.Then b > a and a < 1. By a simple computation, we obtain that —af (k) +
f(bk) = (pk/5(1 +k)(1 + bk))(b + bk — a — abk), and thus —af (k) + f(bk) > 0. Moreover,
—af (k) + f(bk) = 0ifand onlyifeithera = b = 1 ora = b = 0. This completes the proof. W

Theorem 3.6 follows immediately from Theorem 2.10 and Lemma 3.5.

THEOREM 3.6  Suppose p/§ > 1.

(1) If p < dAy + 4, then the trivial steady-state solution 0 of Equation (4) attracts all solutions
of Equation (4) with the initial value in X ..

(i) If p > dAy 4 6, then there exists a unique non-trivial steady-state solution of Equation (4)
which attracts all solutions of Equation (4) with the initial value in X, \{0}.
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