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We consider the Al-Omari and Gourley non-local reaction–diffusion population model with distributed
maturity. Existence of monotone wavefronts for some particular probability distribution of maturity that
permits the linear chain trick was previously obtained; here, we consider the most general form of such a
distribution using some comparison arguments for abstract functional differential equations with infinite
delay and a fixed point approach combined with the upper and lower solutions technique.
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1. Introduction

Much has been done for the existence of monotone travelling waves of population models in the form
of delay reaction–diffusion equations with non-local effects that describe the interaction of spatial
diffusion and time delay (see, e.g.Britton, 1990;Gourley & Britton, 1996;Ma, 2001;Schaaf,1987;
Smith & Zhao, 2000;Soet al., 2001;Thieme,1979;Thieme & Zhao,2003;Weinberger, 2002;Weng
et al.,2003;Wu & Zou, 2001, and the survey paper byGourley & Wu, 2006).

In particular,Al-Omari & Gourley(2005a) derived the following model for a single-species popula-
tion with stage structure and distributed maturation:

∂u(t, x)

∂t
= dm

∂2u(t, x)

∂x2
− βu2(t, x) + α

∫ ∞

0

∫ ∞

−∞
G(di s, x, y) f (s)e−γ su(t − s, y)dy ds, (1.1)

for t > 0,x ∈ R, where

G(t, x, y) =
1

√
4πt

e− (x−y)2

4t , (1.2)

u(t, x) is the density of the matured individuals at timet and locationx, dm > 0 anddi > 0 are the
constant diffusion coefficients for matured individuals and juveniles, respectively,γ > 0 is the death
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478 P. WENG AND J. WU

rateof juveniles andf is the probability density function so that

f (s) > 0, ∀ s ∈ [0, ∞),

∫ ∞

0
f (s)ds = 1. (1.3)

Model (1.1) includes, with a particular probability functionf , the following non-local reaction–
diffusion equation with discrete delayτ > 0:

∂u(t, x)

∂t
= dm

∂2u(t, x)

∂x2
− βu2(t, x) + α

∫ ∞

−∞
G(di τ, x, y)e−γ τ u(t − τ, y)dy. (1.4)

Also, whendi → 0, G(di τ, x, y) → G(0,x, y) = δ(x − y) and (1.4) reduces to the local reaction–
diffusion equation with delay:

∂u(t, x)

∂t
= dm

∂2u(t, x)

∂x2
− βu2(t, x) + α e−γ τ u(t − τ, x). (1.5)

Using a monotone iterative scheme,Al-Omari & Gourley (2002) concluded that there existsc∗ > 0
(dependingon τ ) such that (1.5) has a monotone travelling wavefront with speedc for everyc > c∗.
Thepersistence of such a wavefront whendi > 0 is small was obtained using a perturbation argument
based on the Fredholm alternative theory. InAl-Omari & Gourley (2005b), model (1.1) with general
distributed maturity was studied and an asymptotic expression of wavefronts with large wave speeds was
derived using the idea ofCanosa(1973). Whenf (s) = s

τ2 e− s
τ , the existence of wavefronts of (1.1) with

smallτ > 0 was established. In addition, for the special formf (s) = 1
τ g0

( s
τ

)
with 06 g0(s) 6 Ae−Bs

and
∫∞

0 g0(s)ds = 1 (for some constantsA and B), an asymptotic expression for the minimum wave
speedcmin of (1.1) with smallτ > 0 was derived.

The purpose of this paper is to establish the existence of monotone wavefronts for (1.1) with the
most general probability functionf . Our main techniques include the general setting and comparison
argument developed inRuan & Wu(1994) for abstract functional differential equations with infinite
delay, the fixed point argument developed byMa (2001) that establishes the existence of wavefronts once
an appropriate pair of weak upper and weak lower solutions are constructed and the usual procedure of
constructing a pair of weak upper and weak lower solutions from the linearization of the system at the
trivial solution.

In what follows, we focus on the wavefrontu(t, x) = U (x+ct) with wave speedc > 0 that connects
0 andu+ = α

β

∫∞
0 e−γ s f (s)dsat±∞, where 0 andu+ arethe non-negative equilibria, and the solutions

of αu
∫∞

0 e−γ s f (s)ds = βu2. We note that

αu
∫ ∞

0
e−γ s f (s)ds < βu2 asu > u+,

αu
∫ ∞

0
e−γ s f (s)ds > βu2 asu ∈ (0,u+). (1.6)

2. Well posedness and comparisons

In this section, we discuss the existence, uniqueness and positivity of solutions for the initial problem of
(1.1), following the abstract framework ofRuan & Wu(1994).
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NON-LOCAL REACTION–DIFFUSION POPULATION MODEL 479

Let X = BUC(R,R) be the space of all bounded and uniformly continuous functions fromR to R
with the usual supremum norm| ∙ |X , X+ = {ϕ ∈ X: ϕ(x) > 0,x ∈ R}. Then,X+ is a closed cone of
X andX is a Banach lattice under the partial ordering6X inducedby X+.

Supposeg: (−∞, 0] → [1, ∞) is a function satisfying the following conditions:

(g1) g is continuous, non-increasing andg(0) = 1;

(g2) g(s+θ)
g(s) → 1 uniformly for s ∈ (−∞, 0] asθ → 0+;

(g3) g(s) → ∞ ass → −∞.

Define

UCg =
{
φ; φ: (−∞, 0] → X is continuous,

φ

g
is uniformly continuous on(−∞, 0], sup

s60

|φ(s)|X
g(s)

< ∞

}

,

UC+
g = {φ ∈ UCg; φ(θ) >X 0 for θ 6 0}.

Similarly, UC+
g inducesa partial ordering6UCg onUCg. Let UCg beequipped with the norm

|φ|g = |φ|UCg := sup
s60

|φ(s)|X
g(s)

, for φ ∈ UCg.

According to Ruan & Wu (1994, p. 494),(UCg, | ∙ |g) is a Banach space satisfying the required
fading memory space conditions (A1–A5) inRuan & Wu (1994). As usual, we identify an element
φ ∈ UCg asa function fromR × (−∞, 0] → R by φ(x, s) = φ(s)(x). For any continuous function
u:(−∞, b) → X, whereb > 0, we defineut by ut (s) = u(t + s), s ∈ (−∞, 0].

For anyL > u+, define some subsets ofX and UCg by

[0, L]X := {ϕ ∈ X; 06 ϕ(x) 6 L , x ∈ R},

[0, L]UCg := {φ ∈ UCg: 06X φ(θ) 6X L for θ 6 0},

D := [0, ∞) × [0, L]X, D(t) := [0, L]X, for t ∈ [0, ∞),

D := [0, ∞) × [0, L]UCg, D(t) := [0, L]UCg, for t ∈ [0, ∞).

Then,conditions (D1) and (D2) inRuan & Wu (1994) are satisfied. AsD(t) = [0, L]X is convex,
condition (D3) inRuan & Wu(1994) also holds (seeRuan & Wu, 1994, p. 510).

Note that the solution of the initial-value problem for the parabolic partial differential equation

∂w(t, x)

∂t
= dm

∂2w(t, x)

∂x2
− 2Lβw(t, x), (t, x) ∈ (0,∞) × R,

w(0, ∙) = ϕ(∙) ∈ X (2.1)

is given by

w(t, x) = [T(t)ϕ](x) :=
e−2Lβt

√
4πdmt

∫

R
e− (x−y)2

4dmt ϕ(y)dy.
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480 P. WENG AND J. WU

T(t): X → X is an analytic semigroup (seeLunardi,1995) withT(t)X+ ⊂ X+ for all t > 0.
Rewrite (1.1) as

∂u(t, x)

∂t
− dm

∂2u(t, x)

∂x2
+ 2βLu(t, x)

= βu(t, x)(2L − u(t, x)) + α

∫ ∞

0

∫ ∞

−∞
G(di s, x, y) f (s)e−γ su(t − s, y)dy ds. (2.2)

Definea functionalF : UCg → X asfollows:

F(φ)(x) = βφ(0,x)(2L − φ(0,x)) + α

∫ ∞

0

∫ ∞

−∞
G(di s, x, y) f (s)e−γ sφ(−s, y)dy ds.

Assume thatφ ∈ D(0) = [0, L]UCg is a given continuous initial function withφ(θ, x) ∈ [0, L],
∀ (θ, x) ∈ (−∞, 0] × R. Then, the abstract equivalent integral form of (1.1) is

u(t) = T(t)φ(0, ∙) +
∫ t

0
T(t − τ)F(uτ )dτ, t > 0,

u(t) = φ(t, ∙), t ∈ (−∞, 0]. (2.3)

DEFINITION 2.1 A continuous functionv: (−∞, b) → X is called a supersolution (subsolution) of
(1.1) on [0, b) if

v(t) > (6)T(t)φ(0, ∙) +
∫ t

0
T(t − τ)F(vτ )dτ, 06 t < b. (2.4)

If v is both a supersolution and a subsolution on [0, b), then it is said to be a (mild) solution of (1.1).

REMARK 2.1 Assume that there is a bounded and continuousv: R × (−∞, b) → R, with b > 0 and
such thatv is C2in x ∈ R, C1 in t ∈ (0,b), and

∂v(t, x)

∂t
> (6)dm

∂2v(t, x)

∂x2
− βv2(t, x) + α

∫ ∞

0

∫ ∞

−∞
G(di s, x, y) f (s)e−γ sv(t − s, y)dy ds,

for (t, x) ∈ (0,b) × R. Then, by the fact thatT(t)X+ ⊂ X+, it follows that (2.4) holds, and hence
v(t, x) is a supersolution (subsolution) of (1.1) on [0, b).

THEOREM 2.1 Assume that (1.3) holds andL > u+ is given. Then, the following conclusions hold.

(i) For anyφ with φ ∈ [0, L]UCg , (1.1) has a unique solutionu(t, x) = u(t, x; φ) defined on [0,∞)
such thatu(t, ∙) ∈ [0, L]X andut ∈ [0, L]UCg for t > 0.

(ii) For any pair of supersolutionw+(t, x) andsubsolutionw−(t, x) of (1.1) onR × R with 0 6
w+(t, x), w−(t, x) 6 L for (t, x) ∈ R × R and0 6 w−(s, x) 6 w+(s, x) 6 L for (s, x) ∈
(−∞, 0] × R, there holds 06 w−(t, x) 6 w+(t, x) 6 L for (t, x) ∈ (0,∞) × R.

Proof. Let T(t, τ ) = T(t − τ) andS(t, τ ) = T(t − τ). Then, one can verify that conditions (T1–T4),
(S1) and (S2) inRuan & Wu(1994) are satisfied. For anyl > 0, define

L1,l := (2βL + βl ) + α

∫ ∞

0
f (s)g(−s)e−γ s ds.
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NON-LOCAL REACTION–DIFFUSION POPULATION MODEL 481

Then,for anyφ1, φ2 ∈ [0, L]UCg , we have

|F(φ1) − F(φ2)|X = sup
x∈R

|F(φ1)(x) − F(φ2)(x)| 6 L1,l |φ1 − φ2|UCg

aslong as|φ1|UCg 6 l and|φ2|UCg 6 l . Therefore, condition (F) inRuan & Wu(1994) is satisfied.

Let L̂ and0̂ stand for the constant functions with valueL and 0 onR × R, respectively. In view of
Definition 2.1 and Remark2.1, one can easily verify thatu = L̂ andu = 0̂ is a pair of supersolution
and subsolution of (1.1). Letv+ = L̂ andv− = 0̂. Then, (C3–C5) inRuan & Wu(1994) are satisfied.

Furthermore, ifφ1, φ2 ∈ [0, L]UCg andφ1 >UCg φ2, then

F(φ1)(x) − F(φ2)(x) = 2βL[φ1(x, 0) − φ2(x, 0)] − β[φ2
1(x, 0) − φ2

2(x, 0)]

+ α

∫ ∞

0

∫ ∞

−∞
G(di s, x, y) f (s)e−γ s[φ1(y, −s) − φ2(y, −s)]dy ds

= β[2L − (φ1(x, 0) + φ2(x, 0))](φ1(x, 0) − φ2(x, 0))

+ α

∫ ∞

0

∫ ∞

−∞
G(di s, x, y) f (s)e−γ s[φ1(y, −s) − φ2(y, −s)]dy ds> 0.

Thus,F(φ) is non-decreasing onφ ∈ [0, L]UCg .
For anyφ1, φ2 ∈ [0, L]UCg with φ1 >UCg φ2, we have

[φ1(0) − φ2(0)] + h[F(φ1) − F(φ2)] >X 0, for h > 0,

which leads to

lim
h→0+

dist{[φ1(0) − φ2(0)] + h[F(φ1) − F(φ2)], X+} = 0.

For eachb > 0, the existence and uniqueness of a solutionu(t, x; φ) on [0, b) follows from Theorem
5.2 in Ruan & Wu(1994) withS(t, s) = T(t, s) = T(t − s) for t > s > 0 andv+ = L̂, v− = 0̂. As
06 u(t, ∙; φ) 6 L on [0, b), we conclude that the maximal interval of existence is [0, ∞).

We now prove the conclusion (ii). Sincew+, w− ∈ [0, L]UCg andw− 6UCg w+, it follows from
Theorem 5.2 inRuan & Wu(1994) that

06 u(t, x; w−) 6 u(t, x; w+) 6 L , for x ∈ R, t > 0. (2.5)

Again by applying Theorem 5.2 inRuan & Wu(1994) with [v−(t, x) = w−(t, x) andv+(t, x) = L̂]
and[v−(t, x) = 0̂ andv+(t, x) = w+(t, x)], respectively, we get

w−(t, x) 6 u(t, x; w−) 6 L , for (t, x) ∈ [0, ∞) × R, (2.6)

and

06 u(x, t; w+) 6 w+(t, x), for (t, x) ∈ [0, ∞) × R, (2.7)

from which it follows thatw−(t, x) 6 w+(t, x) for all (t, x) ∈ [0, ∞) × R. �
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482 P. WENG AND J. WU

3. Monotone wavefronts

Consider a solution of (1.1) with the formu(t, x) = U (x + ct), c > 0, connecting the two equilibria
u ≡ 0 andu ≡ u+. Let z = x + ct, then we have from (1.1) thatU (z) satisfies

cU′(z) = dmU ′′(z) − βU2(z) + α

∫ ∞

0

∫ ∞

−∞
G(di s, z, ξ) f (s)e−γ sU (ξ − cs)dξ ds (3.1)

subject to the boundary condition

U (−∞) = 0, U (∞) = u+. (3.2)

Here,we are interested in non-decreasing solutions of (3.1) and (3.2).
For any givenL > u+, let

C[0,L](R,R) := {ϕ; ϕ ∈ C(R,R), 06 ϕ(z) 6 L for z ∈ R},

[QU](z) := 2βLU (z) − βU2(z) + α

∫ ∞

0

∫ ∞

−∞
G(di s, z, ξ) f (s)e−γ sU (ξ − cs)dξ ds.

Then, (3.1) can be written as

−dmU ′′(z) + cU ′(z) + 2βLU (z) = [QU](z). (3.3)

The eigenvalues of−dmU ′′(z) + cU ′(z) + 2βLU (z) = 0 are

λ1 =
c −

√
c2 + 8dmβL

2dm
< 0 and λ2 =

c +
√

c2 + 8dmβL

2dm
> 0.

Definean operatorA: C[0,L](R,R) → C2(R,R) by

[ Aϕ](z) :=
1

dm(λ2 − λ1)

{∫ z

−∞
eλ1(z−s)[Qϕ](s)ds+

∫ ∞

z
eλ2(z−s)[Qϕ](s)ds

}
.

LEMMA 3.1 We have the following:

(i) [ Qϕ1](z) 6 [Qϕ2](z) for z ∈ R, if ϕ1, ϕ2 ∈ C[0,L](R,R) with ϕ1(z) 6 ϕ2(z) for z ∈ R;

(ii) 06 [Qϕ](z) 6 2βL2 for ϕ ∈ C[0,L](R,R);

(iii) [Qϕ](z) is non-decreasing inz ∈ R, if ϕ ∈ C[0,L](R,R) is non-decreasing inz ∈ R.

Proof. The proof of (i) is similar to the proof of the monotonicity ofF in Theorem 2.1.
If ϕ ∈ C[0,L](R,R), then in view of conclusion (i), we have

06 [Qϕ1](z) 6 2βL2 − βL2 + αL
∫ ∞

0
f (s)e−γ s ds6 2βL2,

which implies conclusion (ii).
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NON-LOCAL REACTION–DIFFUSION POPULATION MODEL 483

Assumethatϕ ∈ C[0,L](R,R) is non-decreasing inz ∈ R. Note that

α

∫ ∞

0

∫

R
G(di s, z, ξ) f (s)e−γ sϕ(ξ − cs)dξ ds= α

∫ ∞

0

∫

R

1
√

4πdi s
e
− (z−ξ)2

4di s f (s)e−γ sϕ(ξ − cs)dξ ds

= α

∫ ∞

0

∫

R

1
√

4πdi s
e
− t2

4di s f (s)e−γ sϕ(z − t − cs)dt ds.

For givenz1, z2 ∈ R, z1 6 z2, we have

[Qϕ](z1) − [Qϕ](z2) = [2βL − β(ϕ(z1) + ϕ(z2))][ϕ (z1) − ϕ(z2)]

+ α

∫ ∞

0

∫

R

1
√

4πdi s
e
− t2

4di s f (s)e−γ s[ϕ(z1 − t − cs)

− ϕ(z2 − t − cs)]dt ds6 0.

Therefore, conclusion (iii) follows. �
It is easy to show thatA: C[0,L](R,R) → C2(R,R) is a well-defined map, and for any

ϕ ∈ C[0,L](R,R), one has

−dm[ Aϕ]′′ + c[ Aϕ]′ + 2βL[ Aϕ] = Qϕ. (3.4)

Thus, a fixed point ofA is a solution of (3.3). The following lemma is a straightforward consequence of
Lemma3.1.

LEMMA 3.2 We have the following:

(i) [ Aϕ1](z) 6 [ Aϕ2](z) for z ∈ R, if ϕ1, ϕ2 ∈ C[0,L](R,R) with ϕ1(z) 6 ϕ2(z) for z ∈ R;

(ii) 06 [ Aϕ](z) 6 L for ϕ ∈ C[0,L](R,R);

(iii) [ Aϕ](z) is non-decreasing inz ∈ R, if ϕ ∈ C[0,L](R,R) is non-decreasing inz ∈ R.

Let 0 < μ < min{−λ1, λ2} and

Bμ(R,R) =

{

ϕ ∈ C(R,R); sup
z∈R

|ϕ(z)|e−μ|z| < ∞

}

,

with the norm|ϕ|μ = supz∈R |ϕ(z)|e−μ|z|. Then, it is easy to verify that(Bμ(R,R), | ∙ |μ) is a Banach
space.

LEMMA 3.3 Assume thatL > u+ be given. Then,A: Bμ(R,R) → Bμ(R,R) is continuous with
respect to the norm| ∙ |μ in Bμ(R,R).
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484 P. WENG AND J. WU

Proof. We first claim thatQ: C[0,L](R,R) → Bμ(R,R) is continuous with respect to the norm| ∙ |μ in
Bμ(R,R). For anyϕ1, ϕ2 ∈ C[0,L](R,R), we have

|[Qϕ1](z) − [Qϕ2](z)|e−μ|z|

6 |2βL[ϕ1(z) − ϕ2(z)] − β[ϕ2
1(z) − ϕ2

2(z)]|e−μ|z|

+ α e−μ|z|
∫ ∞

0

∫

R

1
√

4πdi s
e
− (z−ξ)2

4di s f (s)e−γ s|ϕ1(ξ − cs) − ϕ2(ξ − cs)|dξ ds

= [2βL − β(ϕ1(z) + ϕ2(z))][ϕ1(z) − ϕ2(z)]e
−μ|z|

+ α e−μ|z|
{∫ τ

0

∫ −M

−∞

1
√

4πdi s
e
− y2

4di s f (s)e−γ s|ϕ1(z − y − cs) − ϕ2(z − y − cs)|dy ds

+
∫ τ

0

∫ M

−M

1
√

4πdi s
e
− y2

4di s f (s)e−γ s|ϕ1(z − y − cs) − ϕ2(z − y − cs)|dy ds

+
∫ τ

0

∫ ∞

M

1
√

4πdi s
e
− y2

4di s f (s)e−γ s|ϕ1(z − y − cs) − ϕ2(z − y − cs)|dy ds

+
∫ ∞

τ

∫

R

1
√

4πdi s
e
− y2

4di s f (s)e−γ s|ϕ1(z − y − cs) − ϕ2(z − y − cs)|dy ds

}
.

(3.5)

For anyε > 0, letτ > 0 andM > 0 be large enough such that

2αL
∫ ∞

τ
f (s)e−γ s ds <

ε

4
,

2αL

{∫ −M

−∞

1
√

4πdi s
e
− y2

4di s dy +
∫ ∞

M

1
√

4πdi s
e
− y2

4di s dy

}
<

ε

4
. (3.6)

For such chosenτ and M , if y ∈ [−M, M ], s ∈ [0, τ ], one has−y − cs ∈ [−M − cτ, M ]. Choose
δ > 0 such that

δ < min

{
ε

4α
e−μ(M+cτ),

ε

8βL

}
. (3.7)

If |ϕ1 − ϕ2|μ < δ, we have

|ϕ1(z−y−cs)−ϕ2(z−y−cs)| 6 δ eμ|z| eμ(M+cτ) <
ε

4α
eμ|z|, for y ∈ [−M, M ], s ∈ [0, τ ]. (3.8)
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NON-LOCAL REACTION–DIFFUSION POPULATION MODEL 485

Therefore,we have from (3.5–3.8) that

|[Qϕ1](z) − [Qϕ2](z)|e−μ|z|

6 2βL|ϕ1 − ϕ2|μ + 2Lα

∫ τ

0
f (s)e−γ s

{∫ −M

−∞

1
√

4πdi s
e
− y2

4di s dy +
∫ ∞

M

1
√

4πdi s
e
− y2

4di s dy

}
ds

+ αδ eμ(M+cτ)

∫ τ

0
f (s)e−γ s

[∫ M

−M

1
√

4πdi s
e
− y2

4di s dy

]
ds+ 2αL

∫ ∞

τ
f (s)e−γ s ds

6 2βLδ +
ε

4
+

ε

4
+

ε

4
< ε,

if |ϕ1 − ϕ2|μ < δ. Hence,Q is continuous with respect to the norm| ∙ |μ in Bμ(R,R).
Now, we want to show thatA is continuous with respect to the norm| ∙ |μ in Bμ(R,R). For any

z> 0, we have

|[ Aϕ1](z) − [ Aϕ2](z)| 6
1

dm(λ2 − λ1)

{∫ z

−∞
eλ1(z−s)|(Qϕ1)(s) − (Qϕ2)(s)|ds

+
∫ ∞

z
eλ2(z−s)|(Qϕ1)(s) − (Qϕ2)(s)|ds

}

6
1

dm(λ2 − λ1)

{∫ z

−∞
eλ1(z−s)+μ|s| ds+

∫ ∞

z
eλ2(z−s)+μ|s| ds

}
|Qϕ1 − Qϕ2|μ

=
1

dm(λ2 − λ1)

{∫ 0

−∞
eλ1(z−s)−μs ds+

∫ z

0
eλ1(z−s)+μs ds

+
∫ ∞

z
eλ2(z−s)+μs ds

}
|Qϕ1 − Qϕ2|μ

=
1

dm(λ2 − λ1)

[
λ2 − λ1

(μ − λ1)(λ2 − μ)
eμz +

2μ

λ2
1 − μ2

eλ1z

]

|Qϕ1 − Qϕ2|μ.

Therefore,for z> 0, it follows that

|[ Aϕ1](z) − [ Aϕ2](z)|e−μ|z| 6
1

dm(λ2 − λ1)

[
λ2 − λ1

(μ − λ1)(λ2 − μ)
+

2μ

λ2
1 − μ2

e(λ1−μ)z

]

|Qϕ1 − Qϕ2|μ

6
1

dm(λ2 − λ1)

[
λ2 − λ1

(μ − λ1)(λ2 − μ)
+

2μ

λ2
1 − μ2

]

|Qϕ1 − Qϕ2|μ. (3.9)
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If z < 0, we have

|[ Aϕ1](z) − [ Aϕ2](z)|6
1

dm(λ2 − λ1)

{∫ z

−∞
eλ1(z−s)−μs ds+

∫ 0

z
eλ2(z−s)−μs ds

+
∫ ∞

0
eλ2(z−s)+μs ds

}
|Qϕ1 − Qϕ2|μ

=
1

dm(λ2 − λ1)

[
λ2 − λ1

−(μ + λ1)(λ2 + μ)
e−μz +

2μ

λ2
2 − μ2

eλ2z

]

|Qϕ1 − Qϕ2|μ.

Therefore,for z < 0, it follows that

|[ Aϕ1](z) − [ Aϕ2](z)|e−μ|z| 6
1

dm(λ2 − λ1)

[
λ2 − λ1

−(μ + λ1)(λ2 + μ)
+

2μ

λ2
2 − μ2

e(λ2+μ)z

]

|Qϕ1 − Qϕ2|μ

6
1

dm(λ2 − λ1)

[
λ2 − λ1

−(μ + λ1)(λ2 + μ)
+

2μ

λ2
2 − μ2

]

|Qϕ1 − Qϕ2|μ.

(3.10)

Puttingtogether (3.9) and (3.10), we conclude thatA is continuous with respect to the norm| ∙ |μ in
Bμ(R,R). �

DEFINITION 3.1 A function ξ ∈ C(R,R) is called a weak upper solution of (3.1) if it is twice
differentiable onR except for a set with finitely many points,S = {z1, z2, . . . , zm}, and satisfies

dmξ ′′(z) − cξ ′(z) − βξ2(z) + α

∫ ∞

0

∫ ∞

−∞
G(di s, z, y) f (s)e−γ sξ(y − cs)dy ds6 0, for z ∈ R \ S.

(3.11)
A weak lower solution of (3.1) is defined in a similar way with a reversing inequality in (3.11).

DEFINITION 3.2 A functionρ ∈ C2(R,R) is called an upper solution of (3.1) if it satisfies

dmρ ′′(z) − cρ′(z) − βρ2(z) + α

∫ ∞

0

∫ ∞

−∞
G(di s, z, y) f (s)e−γ sρ(y − cs)dy ds6 0, for z ∈ R.

(3.12)
A lower solution of (3.1) is defined in a similar way with a reversing inequality in (3.12).

LEMMA 3.4 If ξ ∈ C(R,R) is a weak upper solution (weak lower solution) of (3.1) andξ ′(z+) 6
(>)ξ ′(z−) for z ∈ R, then [Aξ ](z) 6 (>)ξ(z) for z ∈ R, andρ = Aξ is an upper (a lower) solution of
(3.1).

Proof. We only verify the conclusion for the upper solution. Assume thatz0 = −∞ < z1 < z2 < ∙ ∙ ∙ <
zm < zm+1 = ∞. By Lemma3.2and the definition ofAξ , we know thatAξ ∈ C[0,L](R,R)∩C2(R,R).
Since

−dmξ ′′(z) + cξ ′(z) + 2βLξ(z) > [Qξ ](z), for z ∈ R \ S,
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for anyz ∈ (zk, zk+1), k = 0,1, . . . , m, we have

[ Aξ ](z)6
1

dm(λ2 − λ1)

{∫ z

−∞
eλ1(z−s)[−dmξ ′′(s) + cξ ′(s) + 2βLξ(z)]ds

+
∫ ∞

z
eλ2(z−s)[−dmξ ′′(s) + cξ ′(s) + 2βLξ(z)]ds

}

= ξ(z) +
1

λ2 − λ1






k∑

j =1

eλ1(z−zj )[ξ ′(z+
j ) − ξ ′(z−

j )] +
m∑

j =k+1

eλ2(z−zj )[ξ ′(z+
j ) − ξ ′(z−

j )]






6 ξ(z). (3.13)

On the other hand, we have from Lemma3.2and (3.4) that

dm[ Aξ ]′′(z) − c[ Aξ ]′(z) − β[ Aξ ]2(z) + α

∫ ∞

0

∫ ∞

−∞
G(di s, z, y) f (s)e−γ s[ Aξ ](y − cs)dy ds

= dm[ Aξ ]′′(z) − c[ Aξ ]′(z) − 2βL[ Aξ ](z) + [Q(Aξ)](z)

6 dm[ Aξ ]′′(z) − c[ Aξ ]′(z) − 2βL[ Aξ ](z) + [Qξ ](z) = 0.

Therefore,Aξ is an upper solution of (3.1). �

THEOREM 3.1 Let L = u+. If (3.1) has an upper solution̄ρ ∈ C[0,L](R,R) ∩ C2(R,R) anda lower
solutionρ ∈ C[0,L](R,R) ∩ C2(R,R) suchthat ρ̄ 6= û+, ρ 6= 0̂ and sups6z ρ(s) 6 ρ̄(z) for z ∈ R.
Then, there exists at least one monotone solution of (3.1) satisfying (3.2). That is, (1.1) has a monotone
wavefront connectinĝ0 andû+.

Proof. Let M = 8βL2

dm(λ2−λ1)
. Define a set

Γ =






(i ) ϕ is non-decreasing onR;

ϕ ∈ C[0,L](R,R); (i i ) ρ(z) 6 ϕ(z) 6 ρ̄(z) for z ∈ R;

(i i i ) |ϕ(u) − ϕ(v)| 6 M |u − v| for u, v ∈ R.






It is easy to see thatΓ is a convex closed subset inBμ(R,R). Further, we can verify thatΓ is a compact
set inBμ(R,R). In fact, assume that{ϕn(∙)} ⊂ Γ is a sequence. For any givenε > 0, chooseM1 > 0
large enough such that

sup
|z|>M1

|ϕn(z) − ϕm(z)|e−μ|z| 6 2L e−μM1 <
ε

2
. (3.14)

Since {ϕn(∙)} is uniformly bounded and equicontinuous on [−M1, M1], by Arzera–Ascoli theorem,
{ϕn(z)} hasa subsequence which is convergent on [−M1, M1] with respect to the supremum norm.
Without loss of generality, we denote this subsequence by{ϕn(∙)}. This leads to the conclusion that
{ϕn(∙)} is a Cauchy sequence on [−M1, M1] with respect to the supremum norm. Therefore, there exists
K > 0 such that

sup
|z|6M1

|ϕn(z) − ϕm(z)|e−μ|z| 6 sup
|z|6M1

|ϕn(z) − ϕm(z)| <
ε

2
, for n, m > K .
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This, together with (3.14), leads to the conclusion that{ϕn(z)} is a Cauchy sequence inBμ(R,R).
As Bμ(R,R) is a Banach space, thus{ϕn(∙)} is convergent inBμ(R,R).

Similarly to (3.13), we can show that

[ Aρ̄](z) 6 ρ̄(z), [ Aρ](z) > ρ(z), for z ∈ R.

Let φ(z) = sups6z ρ(s). Then,φ(z) is non-decreasing onR and

ρ(z) 6 φ(z) 6 ρ̄(z), for z ∈ R.

By Lemma3.2and the above inequalities, we have

ρ(z) 6 [ Aρ](z) 6 [ Aφ(z)] 6 [ Aρ̄](z) 6 ρ̄(z), for z ∈ R. (3.15)

For anyu, v ∈ R, assuming thatu > v, note that|[Qφ](z)| 6 2βL2 for z ∈ R (seeLemma3.1),λ1 < 0
andthen

∣
∣
∣
∣

∫ u

−∞
eλ1(u−s)[Qφ](s)ds−

∫ v

−∞
eλ1(v−s)[Qφ](s)ds

∣
∣
∣
∣

6

∣
∣
∣
∣

∫ u

v
eλ1(u−s)[Qφ](s)ds

∣
∣
∣
∣+

∣
∣
∣
∣

∫ v

−∞
[eλ1(u−s) − eλ1(v−s)][ Qφ](s)ds

∣
∣
∣
∣

6 2βL2(u − v) +
∫ v

−∞
[eλ1(v−s) − eλ1(u−s)][ Qφ](s)ds

6 2βL2(u − v) + 2βL2
∫ v

−∞
[eλ1(v−s) − eλ1(u−s)]ds

= 2βL2(u − v) + 2βL2(eλ1v − eλ1u)

∫ v

−∞
e−λ1s ds

= 2βL2(u − v) + 2λ1βL2 eλ1ζ (v − u) ∙
(

−
1

λ1

)
e−λ1v

6 2βL2(u − v) + 2βL2(u − v) = 4βL2(u − v),

whereζ ∈ (v, u) and eλ1ζ 6 eλ1v. Similarly, we have
∣
∣
∣
∣

∫ ∞

u
eλ1(u−s)[Qφ](s)ds−

∫ ∞

v
eλ1(v−s)[Qφ](s)ds

∣
∣
∣
∣ 6 4βL2(u − v).

Therefore,

|[ Aφ](u) − [ Aφ](v)| =
1

dm(λ2 − λ1)

∣
∣
∣
∣

∫ u

−∞
eλ1(u−s)[Qφ](s) ds−

∫ v

−∞
eλ1(v−s)[Qφ](s)ds

+
∫ ∞

u
eλ1(u−s)[Qφ](s) ds−

∫ ∞

v
eλ1(v−s)[Qφ](s)ds

∣
∣
∣
∣

6 M |u − v|, for z ∈ R.
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Now, we have shownAφ ∈ Γ , and thusΓ is not empty. On the other hand, we have from (3.15) and
Lemma3.2 that AΓ ⊂ Γ . Therefore, using Schauder fixed point theorem, we conclude thatA has a
fixed pointϕ ∈ Γ which is a solution of (3.1).

In what follows, we verify thatϕ satisfies (3.2). Sinceϕ is non-decreasing andAϕ = ϕ, we have

06 ϕ−∞ := lim
z→−∞

ϕ(z) = lim
z→−∞

[ Aϕ](z) 6 inf
z∈R

ρ̄(z),

sup
z∈R

ρ(z) 6 ϕ∞ := lim
z→∞

ϕ(z) = lim
z→∞

[ Aϕ](z) 6 L .

Let ϕ̂−∞ andϕ̂∞ bethe constant functions onz ∈ R with the valueϕ−∞ andϕ∞, respectively. We can
show

ϕ̂−∞ = A(ϕ̂−∞) and ϕ̂∞ = A(ϕ̂∞). (3.16)

We need to show

lim
z→−∞

[ Aϕ](z) = A(ϕ̂−∞) and lim
z→∞

[ Aϕ](z) = A(ϕ̂∞). (3.17)

We only verify the first equality in (3.17). By using L’Ĥospital’s rule, we obtain

lim
z→−∞

[ Aϕ](z) =
1

dm(λ2 − λ1)
lim

z→−∞

{∫ z
−∞ e−λ1s[Qϕ](s)ds

e−λ1z
+

∫∞
z e−λ2s[Qϕ](s)ds

e−λ2z

}

=
1

dm(λ2 − λ1)

{
lim

z→−∞

[Qϕ](z)

−λ1
+ lim

z→−∞

−[Qϕ](z)

−λ2

}

=
1

dm(λ2 − λ1)
∙
λ1 − λ2

λ1λ2
lim

z→−∞
[Qϕ](z)

=
−1

dmλ1λ2
lim

z→−∞
[Qϕ](z). (3.18)

On the other hand, we have

A(ϕ̂−∞) =
Q(ϕ̂−∞)

dm(λ2 − λ1)

{∫ z

−∞
eλ1(z−s) ds+

∫ ∞

z
eλ2(z−s) ds

}

=
Q(ϕ̂−∞)

dm(λ2 − λ1)
∙
λ1 − λ2

λ1λ2
=

−Q(ϕ̂−∞)

dmλ1λ2
. (3.19)

Sinceϕ is non-decreasing, by Lebesgue’s dominated convergence theorem, we derive

lim
z→−∞

α

∫ ∞

0

∫ ∞

−∞
G(di s, z, ξ) f (s)e−γ sϕ(ξ − cs)dξ ds

= lim
z→−∞

α

∫ ∞

0

∫ ∞

−∞

1
√

4πdi s
e
− t2

4di s f (s)e−γ sϕ(z − t − cs)dt ds

= αϕ−∞

∫ ∞

0
f (s)e−γ s ds,
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which, together with the definition ofQϕ, implies that

lim
z→−∞

[Qϕ](z) = 2βLϕ−∞ − βϕ2
−∞ + αϕ−∞

∫ ∞

0
f (s)e−γ s ds = Q(ϕ̂−∞). (3.20)

Now, we have from (3.18–3.20) that (3.17) and thus (3.16) hold. That is,̂ϕ−∞ andϕ̂∞ arefixed points
of A. SinceA has only two constant fixed points0̂ andû+, we know ϕ̂−∞ = 0̂ and ϕ̂∞ = û+. This
completes the proof. �

THEOREM 3.2 Let L = u+. If (3.1) has a weak upper solutionξ̄ ∈ C[0,L](R,R) anda weak lower
solutionξ ∈ C[0,L](R,R) suchthat

(i) ξ̄ 6= û+, ξ 6= 0̂ and sups6z ξ(s) 6 ξ̄ (z) for z ∈ R,

(ii) ξ̄ ′(z+) 6 ξ̄ ′(z−) andξ ′(z+) > ξ ′(z−) for z ∈ R,

thenthere exists at least one monotone solution of (3.1) satisfying (3.2). That is, (1.1) has a monotone
wavefront connectinĝ0 andû+.

Proof. Let ρ̄(z) = [ Aξ̄ ](z) and ρ(z) = [ Aξ ](z). Then, by (ii) and Lemma3.4, we know that
ρ̄(z) ∈ C[0,L](R,R) and ρ(z) ∈ C[0,L](R,R) are an upper solution and a lower solution of (3.1),
respectively. Furthermore, they satisfy

ξ(z) 6 ρ(z), ρ̄(z) 6 ξ̄ (z), for z ∈ R.

Defineξ̃ (z) = sups6z ξ(s). Then,ξ̃ (z) is non-decreasing onR andξ(z) 6 ξ̃ (z) 6 ξ̄ (z) for z ∈ R. It

follows from Lemma3.2and (i) that [Aξ̃ ](z) is non-decreasing onR and

sup
s6z

ρ(s) 6 sup
s6z

[ Aξ̃ ](s) = [ Aξ̃ ](z) 6 [ Aξ̄ ](z) = ρ̄(z), for z ∈ R.

In view of Theorem3.1, the proof is complete. �
The linearized equation of (3.1) atU = 0̂ is

cU′(z) = dmU ′′(z) + α

∫ ∞

0

∫ ∞

−∞
G(di s, z, ξ) f (s)e−γ sU (ξ − cs)dξ ds. (3.21)

The corresponding characteristic equation is

cλ − dmλ2 = α

∫ ∞

0
f (s)e−s(γ+cλ−di λ

2) ds. (3.22)

Let p(λ, c) := dmλ2 − cλ + α
∫∞

0 f (s)e−s(γ+cλ−di λ
2) ds. Then, we have

∂p

∂λ
= 2dmλ − c + α

∫ ∞

0
f (s)[−s(c − 2di λ)]e−s(γ+cλ−di λ

2) ds,

∂p2

∂λ2
= 2dm + α

∫ ∞

0
f (s)s2(c − 2di λ)2 e−s(γ+cλ−di λ

2) ds+ 2di α

∫ ∞

0
sf (s)e−s(γ+cλ−di λ

2) ds > 0,

p(0,c) = α

∫ ∞

0
f (s)e−γ s ds > 0,
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p(λ, 0)= dmλ2 + α

∫ ∞

0
f (s)e−s(γ−di λ

2) ds > 0,

p(λ, ∞) = −∞, for any givenλ > 0, p(∞, c) = ∞, for any givenc > 0,

∂p

∂c
= −λ − αλ

∫ ∞

0
sf (s)e−s(γ+cλ−di λ

2) ds < 0, for λ > 0. (3.23)

Thus, we conclude the following lemma.

LEMMA 3.5 There exists a pair of(λ∗, c∗) suchthat

(i) p(λ∗, c∗) = 0, ∂p
∂λ (λ∗, c∗) = 0;

(ii) p(λ, c) > 0 for 0 < c < c∗ andλ > 0;

(iii) p(λ, c) = 0 has two zero 0< λa < λb < ∞ for c > c∗. Furthermore, there existsε0 > 0 such
for anyε ∈ (0, ε0) with 0 < λa < λa + ε < λb, we have

p(λa + ε, c) < 0. (3.24)

Assume thatc > c∗. Define functions̄ξ(z) andξ(z) by

ξ̄ (z) = min{u+, u+ eλaz} and ξ(z) = max{0, σ1 eλaz − σ2 e(λa+ε)z}, ∀ z ∈ R, (3.25)

whereλa andε aregiven as in Lemma3.5 and 0< σ1 6 σ2 arechosen so that sups6z ξ(s) 6 ξ̄ (z),
z ∈ R.

LEMMA 3.6 Assume thatc > c∗. Then,ξ̄ (z) andξ(z) given by (3.25) are a pair of weak upper solution
and weak lower solution of (3.1).

Proof. If z > 0, we have

dmξ̄ ′′(z) − cξ̄ ′(z) − β[ξ̄ (z)]2 + α

∫ ∞

0

∫ ∞

−∞
G(di s, z, y) f (s)e−γ sξ̄ (y − cs)dy ds

= − β[u+]2 + αu+
∫ ∞

0

∫ ∞

cs
G(di s, z, y) f (s)e−γ s dy ds

+ αu+
∫ ∞

0

∫ cs

−∞
G(di s, z, y) f (s)e−γ s eλa(y−cs) dy ds

6 −β[u+]2 + αu+
∫ ∞

0

∫ ∞

−∞
G(di s, z, y) f (s)e−γ s dy ds = 0.

If z < 0, sinceξ̄ (z) 6 u+ eλaz for anyz ∈ R, we have

dmξ̄ ′′(z) − cξ̄ ′(z) − β[ξ̄ (z)]2 + α

∫ ∞

0

∫ ∞

−∞
G(di s, z, y) f (s)e−γ sξ̄ (y − cs)dy ds

6 dm(λa)
2u+ eλaz − cλau+ eλaz − β[u+ eλaz]2 + α

∫ ∞

0

∫ ∞

−∞
G(di s, z, y) f (s)e−γ su+ eλa(y−cs)dy ds

6 u+ eλaz
{

dmλ2
a − cλa + α

∫ ∞

0
f (s)e−s(γ+cλa−di λ

2
a) ds

}
= 0.
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Therefore,̄ξ(z) is a weak upper solution of (3.1).
Now, we want to verify thatξ(z) is a weak lower solution of (3.1). Let

λε := λa + ε, g(z) := σ1 eλaz − σ2 eλεz, z0 =
1

ε
ln

(
σ1

σ2

)
6 0.

Then,we have

g(z0) = 0, g(z) > 0 asz < z0, g(z) < 0 asz > z0.

If z > z0, we have

dmξ ′′(z) − cξ ′(z) − β[ξ(z)]2 + α

∫ ∞

0

∫ ∞

−∞
G(di s, z, y) f (s)e−γ sξ(y − cs)dy ds

= α

∫ ∞

0

∫ cs+z0

−∞
G(di s, z, y) f (s)e−γ s{σ1 eλa(y−cs) − σ2 eλε(y−cs)} dy ds> 0.

Since

ξ(z) > σ1 eλaz − σ2 eλεz, [ξ(z)]2 6 σ 2
1 eλεz, ∀ z ∈ R, (3.26)

if z < z0, we have

dmξ ′′(z) − cξ ′(z) − β[ξ(z)]2 + α

∫ ∞

0

∫ ∞

−∞
G(di s, z, y) f (s)e−γ sξ(y − cs)dy ds

> dmλ2
aσ1 eλaz − dm(λε)

2σ2 eλεz − cλaσ1 eλaz

+ cλεσ2 eλεz − βσ 2
1 eλεz + α

∫ ∞

0

∫ ∞

−∞
G(di s, z, y) f (s)e−γ s[σ1 eλa(y−cs) − σ2 eλε(y−cs)]dy ds

= − dm(λε)
2σ2 eλεz + cλεσ2 eλεz − βσ 2

1 eλεz − α

∫ ∞

0

∫ ∞

−∞
G(di s, z, y) f (s)e−γ sσ2 eλε(y−cs) dy ds

= σ2 eλεz
{
−dm(λε)

2 + cλε − α

∫ ∞

0
f (s)e−s[γ +cλε−di (λε)

2] ds

}
− βσ 2

1 eλεz

= − σ2 eλεzp(λε, c) − βσ 2
1 eλεz.

We have from Lemma3.5 that p(λε, c) < 0, and therefore, we can choose 0< σ1 < σ2 suchthat
−σ2 p(λε, c) − βσ 2

1 > 0. Thus,ξ(z) is a weak lower solution of (3.1). �
Now, we can state the main result of this paper.

THEOREM 3.3 For everyc > c∗, (1.1) has a monotone wavefront connecting 0 andu+.

Proof. If c > c∗, the existence of monotone wavefront connecting 0 andu+ for (1.1) follows from
Lemmas3.4and3.5and Theorem3.2. In the case ofc = c∗, we use a limit argument similar to Zhao &
Wang (2004). Let{ck} ⊂ (c∗, c∗ + 1] with limk→∞ ck = c∗. Sinceck > c∗, (3.1) with c = ck admits
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a non-decreasing solutionUk(z) suchthatUk(−∞) = 0 andUk(∞) = u+. Without loss of generality,
we may assume thatUk(0) = u+

2 . Note thatUk satisfies

Uk(z) =
1

dm(λk
2 − λk

1)

{∫ z

−∞
eλk

1(z−s)[QUk](s)ds+
∫ ∞

z
eλk

2(z−s)[QUk](s)ds

}
, (3.27)

where

λk
1 =

ck −
√

c2
k + 8dmβL

2dm
< 0 and λk

2 =
ck +

√
c2

k + 8dmβL

2dm
> 0.

Since{Uk} is uniformly bounded and equicontinuous onR (seeΓ in Theorem3.1), using Arzela–Ascoli
theorem and the standard diagonalization procedure, we can obtain a subsequence of functions

{
Ukm

}

which converges toU∗, asm → ∞, uniformly for z in any bounded subset ofR. Clearly,U∗(z) is
non-decreasingandU∗(0) = u+

2 . By the dominated convergence theorem and (3.27), it follows that

U∗(z) =
1

dm(λ∗
2 − λ∗

1)

{∫ z

−∞
eλ∗

1(z−s)[QU∗](s)ds+
∫ ∞

z
eλ∗

2(z−s)[QU∗](s)ds

}
, (3.28)

where

λ∗
1 =

c∗ −
√

(c∗)2 + 8dmβL

2dm
< 0 and λ∗

2 =
c∗ +

√
(c∗)2 + 8dmβL

2dm
> 0.

Sincelimz→±∞ U∗(z) exist, L’Hôspital rule impliesU∗(−∞) = 0 andU∗(∞) = u+. Thus,U∗(x+ct)
is a monotone wavefront of (1.1) connecting 0 tou+. �

4. Conclusions and remarks

We considered the existence of wavefrontsu(t, x) = U (x + ct) for the population model (1.1) with a
general probability density functionf satisfying (1.3). We derived the existence ofc∗ > 0 such that for
everyc > c∗, (1.1) has monotone wavefronts connecting two equilibria 0 andu+ with the main result
stated in Theorem3.3and the minimal wave speed given in Lemma3.5.

Recently,Wanget al.(2006) considered similar issues for more systems of reaction–diffusion equa-
tions with non-local delayed non-linearities, their restrictions on the lower–upper solution pair being
slightly different from ours here.

We have, from Lemma3.5, a system of algebraic equationsp(λ∗, c∗) = 0, ∂p
∂λ (λ∗, c∗) = 0 that

determine the minimal wave speedc∗. As

p(λ, c) = dmλ2 − cλ + α

∫ ∞

0
f (s)e−s(γ+cλ−di λ

2) ds,

we see thatc∗ dependson key model parametersdm, di , α, γ and probability density functionf in a
complicated way.

As a final remark, we found that a recent article (Fanget al.,2007) approached similar issues from
an interesting angle: regarding system (1.1) with distributed maturity as a limiting situation of the finite-
delay system and then using available results for the non-local reaction–diffusion equations with finite
delay. This study also addressed the connection of the minimal wave speed to the propagation rate.
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