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We consider the Al-Omari and Gourley non-local reaction—diffusion population model with distributed
maturity. Existence of monotone wavefronts for some particular probability distribution of maturity that
permits the linear chain trick was previously obtained; here, we consider the most general form of such a
distribution using some comparison arguments for abstract functional differential equations with infinite
delay and a fixed point approach combined with the upper and lower solutions technique.
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1. Introduction

Much has been done for the existence of monotone travelling waves of population models in the form
of delay reaction—diffusion equations with non-local effects that describe the interaction of spatial
diffusion and time delay (see, e.Britton, 1990; Gourley & Britton 1996;Ma, 2001; Schaaf,1987;
Smith & Zhaq 2000;Soet al,, 2001; Thieme,1979; Thieme & Zhao,2003;Weinberger2002;Weng
et al.,2003;Wu & Zou, 2001, and the survey paper Bourley & Wu, 2006).

In particular,Al-Omari & Gourley(2005a) derived the following model for a single-species popula-
tion with stage structure and distributed maturation:

au(t, x) _d a2u(t, x)

o0 o0
= g0+ [ [ e@s oy @ Ut —s dyds (L)
—00

fort > 0,x € R, where

1 x-p?
G(t’ X’ y) = «/4-—e & > (1'2)

wt

u(t, x) is the density of the matured individuals at timmand locationx, d,, > 0 andd; > 0O are the
constant diffusion coefficients for matured individuals and juveniles, respectjvely,0 is the death
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rateof juveniles andf is the probability density function so that
f(s) >0, Vse|0, ), / f(s)ds=1. (1.3)
0

Model (1.1) includes, with a particular probability functioh, the following non-local reaction—
diffusion equation with discrete delay> 0:

au(t, x) . o2u(t, x)
ot M ax2

— BUA(t,X) + a /O0 G(diz, x, y)e~7fu(t — 7, y)dy. (1.4)

—00

Also, whend, — 0,G(diz, X,y) —» G(0,x,Yy) = d(x — y) and (1.4) reduces to the local reaction—
diffusion equation with delay:

au(t, x) _d a2u(t, x)

- . — BUA(t,X) + o€’ Tu(t — 7, X). (1.5)

Using a monotone iterative schemd;Omari & Gourley (2002) concluded that there exists > 0
(dependingon 7) such that 1.5) has a monotone travelling wavefront with speddr everyc > c*.

The persistence of such a wavefront whégn> 0 is small was obtained using a perturbation argument
based on the Fredholm alternative theoryAlrOmari & Gourley (2005b), model (1.1) with general
distributed maturity was studied and an asymptotic expression of wavefronts with large wave speeds was

s

derived using the idea @anosd1973). Whenf (s) = T—sze_ «, the existence of wavefronts df.() with
smallz > 0 was established. In addition, for the special foir(s) = %go(s) with 0 < go(s) < Ae™Bs

T

and fc‘)x’ do(s)ds = 1 (for some constanté and B), an asymptotic expression for the minimum wave
speedtmin of (1.1) with smallz > 0 was derived.

The purpose of this paper is to establish the existence of monotone wavefrontslfowith the
most general probability functiofi. Our main techniques include the general setting and comparison
argument developed iRuan & Wu(1994) for abstract functional differential equations with infinite
delay, the fixed point argument developed\ty (2001) that establishes the existence of wavefronts once
an appropriate pair of weak upper and weak lower solutions are constructed and the usual procedure of
constructing a pair of weak upper and weak lower solutions from the linearization of the system at the
trivial solution.

In what follows, we focus on the wavefromft, x) = U (x+ct) with wave speed > 0 that connects
Oandu* = % f0°° e 7S f (s)dsat+oo, where 0 andi™ arethe non-negative equilibria, and the solutions

of au [5° 775 f(s)ds = Bu?. We note that
o0
au / e 7Sf(s)ds < pu® asu > ut,
0

au/ e 78f(s)ds> pu® asu e (O,ut). (1.6)
0

2. Well posedness and comparisons

In this section, we discuss the existence, uniqueness and positivity of solutions for the initial problem of
(1.1), following the abstract framework Buan & Wu(1994).
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Let X = BUC(R, R) be the space of all bounded and uniformly continuous functions RamR
with the usual supremum norfn [x, X4+ = {p € X: p(X) > 0,x € R}. Then, X, is a closed cone of
X andX is a Banach lattice under the partial orderidg inducedby X .

Supposa: (—oo, 0] — [1, 0o) is a function satisfying the following conditions:

(g1) gis continuous, non-increasing ag) = 1;
(92) 99 5 1 uniformly for s e (—oo, 0] asf — OF;

9(s)
(93) g(s) » oo ass » —oo.

Define

UCqy = ¢; ¢: (=00, 0] = Xis continuous

¢

o . | (S)x
= is uniformly continuous orf—oo, 0], su <o0ot,
g Y ! sgg g(s)

u(:z]r = {¢ € UCq; $(0) =x Ofor g < 0}.

Similarly, UCér inducesa partial ordering<uc, onUCy. Let UCq beequipped with the norm

Ilg = lplucy = supM

, for¢ e UC,.
s<o0 9(s) ¢ 9

According to Ruan & Wu (1994, p. 494),(UCq, | - |g) is a Banach space satisfying the required
fading memory space conditions (A1-A5) Ruan & Wu (1994). As usual, we identify an element
¢ € UCq asa function fromR x (—o0, 0] = R by ¢(X, s) = ¢(s)(x). For any continuous function
u:(—oo, b) - X, whereb > 0, we definau; by ui(s) = u(t +s), s € (—o0, 0].

For anyL > ut, define some subsets #fand UG, by

[0,L]x:={p € X;0< p(x) < L,x eR},
[0, L]uc, :=1{¢ € UCq: 0 <x ¢(0) <x L for6 <0},
D:=[0,00) x [0, L]x, D():=][0,L]x, fort e][0,c0),
D:=[0,00) x [0, L]ucy, D(t) =10, L]uc,, fort € [0, c0).

Then, conditions (D1) and (D2) iRuan & Wu (1994) are satisfied. AB(t) = [0, L]x is convex,
condition (D3) inRuan & Wu(1994) also holds (seRuan & Wy 1994, p. 510).
Note that the solution of the initial-value problem for the parabolic partial differential equation

ow(t, X) ow(t, X)
= dm " 2LAw(t, x), (t,x) e (0,00) x R,
w(0,)=9¢()e X (2.1)

is given by
—2L At (x—y)2

w(t, ) =[T1e](X) = NG Re_Ww(Y)dy.
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T(t): X — Xisan analytic semigroup (séeinardi,1995) withT (t) X;. c X4 forallt > 0.
Rewrite (L.1) as

au(t, x) d2u(t, x)
T dm p + 2p8Lu(t, X)
= Bu(t, x)(2L — u(t, x)) + a/oo /OO G(dis, x, y) f(s)e 7Su(t —s, y)dyds. (2.2)
0 —00

Definea functionalF: UCy — X asfollows:

F@)(X) = (0, X)L — $(0,%)) +a /0 /_ G(dis, x, y) f (9)e77%p(—s, y)dy ds.

Assume thatp € D(0) = [0, L]uc, is a given continuous initial function witkp (6, x) e [0, L],
v (0, X) € (—o0, 0] x R. Then, the abstract equivalent integral form dfl() is
t
u®) =T(1)¢(,") +/ Tt—-17)F(u,)dz, t>0,
0
ut) =o(t, ), t € (—o0,0]. (2.3)
DEFINITION 2.1 A continuous functiorv: (—oo, b) — X is called a supersolution (subsolution) of
(2.1)on[Q b) if
t
() = (LTM)P(O,-) +/ Tt—-17)F@,)dr, 0<t<h (2.4)
0

If v is both a supersolution and a subsolution oyb)Q then it is said to be a (mild) solution of ().

REMARK 2.1 Assume that there is a bounded and continugu® x (—oo, b) — R, withb > 0 and
such thab is C%in x e R, Ctint € (0,b), and

oot oot % oo
Y0 @ e - et [ s @0 -5 dyds
0 —00

for (t,x) € (0,b) x R. Then, by the fact that (t)X; c X, it follows that 2.4) holds, and hence
v(t, X) is a supersolution (subsolution) df.¢) on [Q b).

THEOREM2.1 Assume thatX.3) holds and. > ut is given. Then, the following conclusions hold.
() Foranyg with ¢ € [0, L]uc,, (1.1) has a unique solutian(t, x) = u(t, X; ¢) defined on [0po)
such thau(t, -) € [0, L]x andu; € [0, L]Ucg fort > 0.
(i) For any pair of supersolutiom™ (t, X) andsubsolutionw ™ (t, x) of (1.1) onR x R with 0 <

wrt, x),w ({t,x) < Lfor(t,x) e RxRand0 < w(s,X) < wr(s,x) < Lfor(s,x) e
(=00, 0] x R, there holds < w™(t, X) < w™(t, X) < L for (t, x) € (0,00) x R.

Proof. LetT(t,7z) = T(t — z) andS(t, z) = T(t — 7). Then, one can verify that conditions (T1-T4),
(S1) and (S2) irRuan & Wu(1994) are satisfied. For ahy> 0, define

Liy:=@pL+p)+a /OOO f(s)g(—s)e ’3ds.
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Then,for any¢1, ¢2 € [0, L]uc,, we have

IF(¢1) — Fé2)Ix = SUHSIF(%)(X) — F(#2)(¥)| < Lajlg1 — ¢2luc,

aslong as|¢1luc, < | and|gzluc, < |. Therefore, condition (F) iRuan & Wu(1994) is satisfied.

Let L and0 stand for the constant functions with valueand 0 orR x R, respectively. In view of
Definition 2.1 and Remark2.1, one can easily verify that = L andu = 0 is a pair of supersolution
and subsolution ofi(1). Leto* = [ ando~ = 0. Then, (C3—C5) irRuan & Wu(1994) are satisfied.

Furthermore, if$1, ¢2 € [0, L]uc, andg1 >uc, ¢2, then

F($1)(X) — F(¢2)(x) = 2BL[$1(X, 0) — ¢a(xX, 0)] — BI$Z(X, 0) — $3(x, 0)]
+a / / G(ds, . y) ()€ [p1(y, =) — ¢a(y, —)]dy ds
0 —00
= B[2L — ($1(X, 0) + ¢2(X, 0))](¢1(X, 0) — $a(X, 0))

ta /0 / G(dis, x, Y) F (€7 [p1(Y, —5) — pa(y, —9)dyds > 0.

Thus,F(¢) is non-decreasing op € [0, L]uc,-
For any¢1, ¢2 € [0, L]uc, With ¢1 >uc, ¢2, we have

[#1(0) — ¢2(0)] + h[F(¢1) — F(¢2)] >x 0, forh >0,
whichleads to

[im dist{[$1(0) — $2(0)] + h{F(41) — F($2)l. X} =0.

For eachb > 0, the existence and uniqueness of a solutiip x; ¢) on [0, b) follows from Theorem
5.2 inRuan & Wu(1994) withS(t,s) = T(t,s) = T(t —s)fort > s > 0ando™ = L,»~ = 0. As
0 < u(t, -; @) < L on [0, b), we conclude that the maximal interval of existence 0.

We now prove the conclusion (ii). Sinee™, w™ € [0, L]uc, andw™ <uc, w™, it follows from
Theorem 5.2 irRuan & Wu(1994) that

O<ut,x;w ) <ut,x;wt)y <L, forxeR, t>0. (2.5)

Again by applying Theorem 5.2 iRuan & Wu(1994) with p_(t, x) = w™(t,x) ando™(t, x) = ]
and[v_(t, x) = Oando™(t, X) = wT(t, X)], respectively, we get

w (X)) <ult,x; w7 )<L, for(t,Xx)el0,00) xR, (2.6)

and

O<ux, t;wh) <w™(t,x), for(t,x)e[0,o00) xR, (2.7)

from which it follows thatw = (t, x) < w*(t, x) for all (t, x) € [0, c0) x R. O
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3. Monotone wavefronts

Consider a solution ofl(1) with the formu(t, x) = U (x + ct), ¢ > 0, connecting the two equilibria

u=0andu=u".Letz=x + ct, then we have froml(1) thatU (z) satisfies
o (e}
cU’(2) = dnU”(2) — BU?(2) + a/ / G(dis, z, &) f ()€ 75U (& — cs)déds (3.1)
0 —00
subject to the boundary condition

U(-00) =0, U(co) =u". (3.2)

Here,we are interested in non-decreasing solutiongdf)and 8.2).
For any givenL > u™, let

Col )R, R) :=={p;9p e CR,R),0< p(2) < Lforze R},
[QU](2) :=2B8LU (2) — BU%(2) + « /Oo /Oo G(dis, z, &) f(s)e773U (¢ — cs)dé ds.
0 —00
Then, (3.1) can be written as

—dmU"(2) + U’ (2) + 28LU (2) = [QU](2). (3.3)

The eigenvalues ofdnU”(2) + cU’(2) + 28LU (z) = 0 are

_ Cc—/c?+8dnpL c+ +/c2 4+ 8dmpL N

A= 20 <0 and Ao = 20 0.
Definean operatoiA: Cpp (R, R) — C%(R, R) by
. 1 z 41(z—S) > 2(z—s) ]
A0l = g | [ @ oQuios+ [~ @ sapiss].

LEMMA 3.1 We have the following:

() [Qp1l(2) < [Qg2l(2) for z € R, if 91, 92 € Cpo,](R, R) with ¢1(2) < p2(2) for ze R;
(i) 0<[Qyl(2) < 2pL*for ¢ e Co, (R, R);
(i) [Qe](2) is non-decreasing ime R, if ¢ € Cp 11(R, R) is non-decreasing ia € R.

Proof. The proof of (i) is similar to the proof of the monotonicity df in Theorem 2.1.
If 9 € Cpo,.](R, R), then in view of conclusion (i), we have

0< [Quil(2) < 28L2 —ﬁL2+aL/°° f9)e S ds < 2pL2,
0

whichimplies conclusion (ii).
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Assumethaty € Cpo,. (R, R) is non-decreasing ia € R. Note that

00 S 2-6)2
a/o /RG(dis, z,f)f(s)e_ysqo(;“—cs)dfds=a/o /R\/%dise_(““#%f(s)e_ysw(f—cs)dfds

[e%e] 1 _i
= e 45 f(s)e’Sp(z—t — co)dtds.
“/o /Mm (916773 )

For givenzi, z; € R, 21 < 22, we have

[Qel(z1) — [Qol(z2) = [28L — B(p(21) + ¢(22)]l9 (22) — ¢ (22)]

o0 1 _t2
e s f(s)e"S[p(zy —t — cs
+a/0 /ﬂwm (86l (21 )

—p(zp—t —cs)ldtds < 0.

Therefore, conclusion (iii) follows. O
It is easy to show thatA: Cp j(R,R) — C2(R,R) is a well-defined map, and for any
¢ € Cpo,L](R, R), one has

—dm[Ap]” + c[Ap]" + 28L[ Ap] = Q. (3.4)

Thus, a fixed point ofA is a solution of 8.3). The following lemma is a straightforward consequence of
Lemma3.1.

LEMMA 3.2 We have the following:

() [Ap1](2) < [Ap2l(2) for z € R, if 91, 92 € Cpo,L](R, R) with ¢1(2) < 92(2) for ze R;
(i) 0<[Ap](2) < L forg e Cpo,Lj(R, R);
(i) [Ag](2) is non-decreasing in e R, if ¢ € Cpg 1 ](R, R) is non-decreasing in € R.

Let0 < x4 < min{—11, 42} and

B.(R,R) = [(ﬂ e C(R,R); suple(z)le 7 < oo} :
zeR

with the normlg|, = sup,cg l¢(2)le#I4. Then, it is easy to verify thatB, (R, R), | - |,,) is a Banach
space.

LEMMA 3.3 Assume thal. > u™ begiven. Then,A: B.(R,R) — B,(R,R) is continuous with
respect to the norrp- |, in B, (R, R).
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Proof. We first claim thatQ: Cpo,. (R, R) = B, (R, R) is continuous with respect to the nofm|,, in
B, (R, R). For anygi, 92 € Cp,11(R, R), we have

I[Qp1](2) — [Qp2l(z)|e~ 1

< 126LIp1(2) — 02(2)] — Blp?(2) — 93(2)]|e "2

it [ R et |
+a€ 0 | Taraee - [OEInE ) —galc —coldcds
|

=[28L = B(p1(2) + 92D)]lp1(2) — p2(2)]e

2
L l & % {(8)e 7 Slp1(z— y - 0S) — p2(z— y — c5)|dy ds

T -M 1
A /—OO «/47Td|S

t M 1 _¥2
+ / / €355 £ (5)67S|py(z — y — CS) — pa(z— y — cs)|dyds
0 J-Mm ~4rdis

T [o.¢] 2
+/ / —_e f(s)e77%lp1(z— y — €s) — p2(z— y — cs)|dy ds
0o JMm 4rnd;s

e’} 1 _ y2
+/ / e *s f(s)e"%|pr(z—y —cCs) —pa(z— Yy — CS)Idde].
T R

NZVIE
(3.5)
For anye > 0, letr > 0 andM > 0 be large enough such that
b €
ZaL/ f(s)e’3ds < 7
ZL{/_M L oy +/OO ! “*yqzd] ¢ (3.6)
e s ———e %s -. .
* —0o AArdis y M Ardis Y| < 4

For such chosen andM, if y € [-M, M], s € [0, z], one has—y — ¢cs € [-M — cr, M]. Choose
¢ > 0 such that

€ €
6 <min{-—e #Mten — ¢ 3.7
) m’4ae " 8L 3.7

If |p1 — 2|, < J, we have

lp1(z—y—CS) —pa(z—y—cs)| < de1? etMFer) - 4ieﬂlzl, fory e [-M, M], se[0,z]. (3.8)
104
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Thereforewe have from 8.5-3.8) that

I[Qp1](2) — [Qp2l(z)|e

y2 00 l _)’2
eWdeJr/ emdy]ds

< 2f6L|p1 — 2L f 7S /

A/ 47Td|

T M 1 2 0
+a5e”('v'+°’)/ f(s)e™’s [/ e 24s dy} ds+ ZaL/ f(s)e™’Sds
0 -M ~A4ndis T

< 2pL6
ﬁ+4-i-4+4 €,

if |p1 — @2|, < d. Hence,Q is continuous with respect to the notm|, in B, (R, R).
Now, we want to show thaA is continuous with respect to the nofm|, in B, (R, R). For any
z > 0, we have

- 1 [ e -
A2~ (Al < g | [ 91Qune) - Qoo s

+ / &2279(Qp1)(s) — (Qrpz)(s)lds}

1 oo
_ @ 1@-9)+ulsl gg | / 29 +ulsl ds} _
dm(iz ~ D [/ : |Qp1 — Q2|
e 1Z-9-15 g | / 194118 4o
dm(/lz — A1) [/

o
+/ gl2(@=9)tus dS] |Qp1 — Qga2l,
zZ

1 [ Ao — A1

e e + 7 ei1 ] Qo1 — Qp2l,.

(n—21)(2 — p) A2 —
Thereforefor z > 0, it follows that

1 A2 — A1 + 2,u
= dm(A2 — A1) | (u =202 — ) —u

[Ap1](2) — [Ap2](2)le™1 < zeul—”ﬂ} 1Qp1 — Qp2l,

1 [ do— 1 2u
< — . (3.9
Omliz — 11) | (= i) G2 — ) 72 - /ﬂ] (Qp1 = Qezly. 39)
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If z < 0,we have

— ; z (z—s)—us °, (z—s)—us
[Ap11(2) ~ [Ap2l(D < g [ | ereomisdsy [esiegs

—00 z

o0
+ / gl2@=9+us dS] 1Qp1 — Qo2
0

1 Ao — A1 _ 2u
= e ﬂZ+ eizz — 2 .
Gm(i2 — 1) [—(H FiGat . Tt |19 el
Thereforefor z < 0, it follows that
_ 1 do— 1 2u
Ap1](2) — [Ap2](2)|e #12 < + eU2+1)z 1— Qu»
I[A1](2) — [Ap2](2)] Gtz — ) |~Ga T AUzt ) T 22— 2 1Qp1 — Q24
1 do— 1 24
< — Qos|,.
Om(iz — 1) |:—(/l Gt | 3- ,ﬂ] Q1 = Qpaly

(3.10)
Puttingtogether (3.9) and (3.10), we conclude tiats continuous with respect to the noijm|, in
B, (R, R). O

DerINITION 3.1 A function ¢ € C(R,R) is called a weak upper solution 08.Q) if it is twice
differentiable oriR except for a set with finitely many pointS,= {z1, z, . .., zm}, and satisfies

dm¢”(2) — c&'(2) — BE%(2) + a /OO /OO G(dis,z, y)f(s)e’5¢(y —co)dyds < 0, forzeR\ S
0 —00

(3.11)
A weak lower solution of3.1) is defined in a similar way with a reversing inequality3m().

DEFINITION 3.2 A function p € C2(R, R) is called an upper solution 08(1) if it satisfies

o o
dmp”(2) — ¢’ (2) — Bp2(2) + a/ / G(dis,z, y)f(s)e"3p(y —c9)dyds < 0, forzeR.
0 —
> (3.12)
A lower solution of @8.1) is defined in a similar way with a reversing inequality3ril@).

LEMMA 3.4 If & € C(R,R) is a weak upper solution (weak lower solution) of (3.1) @&h@&") <
(>)¢'(z7) for z € R, then [A¢](2) < (2)¢(2) for z € R, andp = A is an upper (a lower) solution of
(3.1).

Proof. We only verify the conclusion for the upper solution. Assumethat —oco <23 <2p < --- <
Zm < Zmy1 = 00. By Lemma3.2and the definition oA, we know thatAZ € Cpo, (R, R)NC2(R, R).
Since

—dn¢"(2) +¢"(2) + 28LE(2) > [Q¢N(2), forzeR\S,
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foranyz e (z, zx+1),k =0,1,..., m, we have

[AL](2) < W [/ 1@ —dne” (s) + c&'(s) + 2BLE(2)]ds

+ " eI (s) + () + 2/3L5<z>1ds]

K m
1 _ . _
:é(Z) “+ T Z e/’[l(Z—Zj)[g/(Z?—) _ é;/(zj—)] + Z eﬂz(Z—ZJ)[gl(Z}i—) _ (:/(ZJ_)]
2=/ | it

s<@. (3.13)
On the other hand, we have from Lem®&& and (3.4) that

A" () — C[AZ] (@) — BIASA(2) +a /0 /_ G(ds. 2 y) f ()& S[AZ](y — cs)dy ds

= dm[AC]"(2) — c[AZ]'(2) — 2BLIACT(D) + [Q(AD](2)

< dm[AL]"(2) — c[AL]'(2) — 2BL[ACN(2) +[Q¢1(2) =
Therefore,A is an upper solution of3.1). O

THEOREM3.1 LetL = u™.If(3.1) has an upper solutigh € Cjo,. (R, R) N C2(R, R) anda lower
solutionp € Cpo,1(R, R) N C2(R, R) suchthatp # u+,p # 0 and SUR<, p(s) < p(2) forz e R.
Then, there exists at least one monotone solutiod df) (satisfying (3.2). That is1(1) has a monotone
wavefront connecting andd.

Proof. LetM = j ?f" IR Define a set

(i) ¢ is non-decreasing oR;
I'=1peCpy®RR); (i) p@ <p@ <@ forzeR;
(i) lp(u) —p(@)] < MJu—ro|foru,v € R.

It is easy to see thdl is a convex closed subsetB), (R, R). Further, we can verify thal' is a compact
setinB, (R, R). In fact, assume thdipn(-)} C I is a sequence. For any given- 0, chooseM; > 0
large enough such that

Sup 1on(2) — pm(2)le? < 2L e Mt < <, (3.14)
l21>My 2

Since {pn(-)} is uniformly bounded and equicontinuous on Nk, M1], by Arzera—Ascoli theorem,
{pn(2)} hasa subsequence which is convergent erM1, M1] with respect to the supremum norm.
Without loss of generality, we denote this subsequencéphy-)}. This leads to the conclusion that

{on(-)} isa Cauchy sequence on M1, M1] with respect to the supremum norm. Therefore, there exists
K > 0 such that

_ €
SUp [pn(2) — em(@)1e™1? < sup |pn(2) — pm(2)] < 5> forn,m>K.
lZI<My lZ1<M;
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This, together with 8.14), leads to the conclusion th@iy(z)} is a Cauchy sequence iB, (R, R).
As B, (R, R) is a Banach space, thign(-)} is convergent inB, (R, R).
Similarly to (3.13), we can show that

[A5l(2) < 5@, [Apl(@) > p(2), forzeR.
Let¢(2) = sup, p(s). Then,p(2) is non-decreasing oR and
P2 <92 <p(2, forzeR.
By Lemma3.2 and the above inequalities, we have
p(@) < [Ap)@) < [Ab@] < [AGl(2) < (@), forzeR. (3.15)

For anyu, v € R, assuming that > v, note thai[ Q¢](z)| < 28L2for z € R (seeLemma3.1),41 < 0
andthen

‘ /_ 1 U-9[Qg](s)ds /_ 10=I[Qp](s)ds

< / " 19 Qp)(s)ds

+| [ et - Qs

<28L%U—0) + / " [ _ 109 Qgl(s)ds

v X .
< 2pL%U—v) + 2ﬂL2/ [e10—9) _ gh1t=9)]gg

—00

= 2BL%(u—0) + 28L& — &1“)/ e “1ds

= 2BL%(u—10) + 211 8L2 1< (v — u) - (—%) e 41
1

< 2BL%(U—v) + 2BL%(U — ) = 4BL%(u — ),

where¢ e (v, u) and é1¢ < €'1°, Similarly, we have

< 4BL% (U — o).

1-IQpl(9ds— [ e IQpl(e)ds

v

Therefore,

I[A¢)(W) — [Ag]l(w)| =

— 1U-9) 1(0-9)
dm(ia — h)/ e [Qg¢l(s)ds — / ¢ [Qg](s)ds

+ / " -9 Qg(s) ds— / " 091 Qg](9ds

< Mlu—v], forzeR.
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Now, we have showd¢ € I, and thusl” is not empty. On the other hand, we have frdrlb) and
Lemma3.2that AI" c I'. Therefore, using Schauder fixed point theorem, we concludeAlets a
fixed pointp € I" which is a solution of§.1).

In what follows, we verify thap satisfies 8.2). Sincep is non-decreasing antlp = ¢, we have

0< 9- = _lim ¢(2) = lim [Ap](2) < inf p(2),
Z——00 Z— —00 zeR
félﬂlgg(z) S 9oo i= lim 9(2) = lim [Ap](2) < L.

Let 9_~ and¢@o, bethe constant functions ane R with the valuep_, andp, respectively. We can
show

(5—00 = A((ﬁ—oo) and (/?oo = A((aoo) (3-16)
We need to show
lim [Ap](2) = A(@-x) and lim [Ap](2) = A(Pco)- (3.17)
Z— —00 Z— o0

We only verify the first equality in3.17). By using L'Hbspital’s rule, we obtain

L €T s)ds [0 e 42 s)ds
Zgrpw[Aw](z)zmzﬂmm[f_m e_ESrp]() s e—ff]() }
_ 1 _[Qeld . —[Qel(2)
" dnCz = 42) [zﬂrfoo EF PRI LNy v ]
1 i1—A2
:dm(/IZ—il)' A2 Z—|I>T00[Q¢](Z)
=— lim [Qg](2). (3.18)

dm/llﬂz Z— —00
Onthe other hand, we have

R _ Q(9-0) z 11(z—9) > 2(z-s) ]
A((/’—oo)— dm(iz_ /11) [/—Ooe) dS‘I‘/Z eﬂ ds

_ Qp-) A1—42 _ —Q(9-0)
dm(d2 — A1)  A1d2 OmA1d2

Sinceg is non-decreasing, by Lebesgue’s dominated convergence theorem, we derive

(3.19)

lim a/oo /oo G(dis, z, &) f(S)e775p(¢ — co)déds
0 —0

Z— —00

00 o] 1 _i
= lim a/ / e ‘s f(s)e"%p(z—t — cs)dtds
z—»-00  Jg J_oo A/Armdis

o0
=agz)_oo/ f(s)e’5ds,
0
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which, together with the definition oQ¢, implies that

M [Q012) = 26Ly-s = o+ ap—c | 1977d5= Q). (320

Now, we have from §.18-3.20) that3.17) and thus3.16) hold. That isy_~ andg., arefixed points
of A. Since A has only two constant fixed pomt)s.anduJr we knowg_o, = =0 and@s = 0. This
completes the proof. O

THEOREM 3.2 LetL = u™.If (3.1) has a weak upper solutidgne Cp,j(R, R) anda weak lower
solution¢ e Cpp, (R, R) suchthat

(i) &#0%,¢&#0andsupe,&(s) <E(2)forzeR,
(i) &(z%) < &) ande'(z") > &'z ) forz e R,

thenthere exists at least one monotone solutiondt) satisfying 8.2). That is, {.1) has a monotone
wavefront connectin@ andd™.

Proof. Let 5(2) = [A&](2) and p(2 = [AL](2). Then, by (i) and Lemme.4, we know that
p(@) € Cp1(R,R) andp(z) € Cpp,1(R,R) arean upper solution and a lower solution &.1),
respectively. Furthermore, they satisfy

(@ <p@, p@<i(@, forzeR.

Defineé(z) = sup., £(s). Then &(2) is non-decreasing oR and¢ (2) < £(2) < E(2) forze R. It
follows from Lemma3.2and (i) that [AZ](2) is non-decreasing dR and

supp(s) < SgFiAE](S) =[Adl(2) <[Afl(2) = p(2), forzeR.
s<z

s<z

In view of Theoren8.1, the proof is complete. O
The linearized equation 08(1) atU = 0 is

o0 o0
cU'(2) =dnU”(2) + a/ / G(dis, z, &) f(s)e75U (¢ — cs)déds. (3.21)
0 —0
The corresponding characteristic equation is
o0 2
Cl—dmi’ =« / f (s)e~S0 +¢4=di 49 gg (3.22)
0

Let p(Z,€) i= dnA% —ci +a [5° f(s)e™s0 +¢2=6i2?) gs, Then, we have

0 o0 '
a_s =20mi —C+a / f(s)[—S(c — 20 )]e™S0 6= gg,
0
op? * 2 2 _—s(y+Ci—ai 12) * —S(y +Ci— 42)
a/lz_zdnJrao f(s)s°(c —2d 1) e >V i ds+2da/0 sf(s)e™ >V i+ ds > 0,

o0
p(0, c) =oc/ f(s)e’3ds> 0,
0
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o0
p(2, 0)=dmi? + a / f(s)e™S7 =44 ds > 0,
0

p(4, 0) = —o0, foranygiveni > 0, p(co,C) =00, forany givenc > 0,

0 o '
a_s =—)—al / sf(s)e S0+e=44) gs < 0, for 1 > 0. (3.23)
0

Thus, we conclude the following lemma.

LEMMA 3.5 There exists a pair af.*, c*) suchthat
() pG*,c) =0,80G" ¢ =0;
(i) p(A4,c)>0for0<c <c*andi > 0;

(iii) p(4,c) =0hastwo zero & 15 < Ap < oo for c > c*. Furthermore, there existg > 0 such
foranye € (0, ¢g) with 0 < A3 < A3 + € < Ap, we have

p(la+e€,0) <O. (3.24)

Assume that > c*. Define functions:(z) and¢ (z) by
E(2) =minfut,ut &%) and ¢(2) = max{0, o &4 — g e%a %) vz eR, (3.25)

wherel, ande aregiven as in Lemma.5and 0 < o1 < o2 arechosen so that syp,¢(s) < E(2),
ze R.

LEMMA 3.6 Assume that > c*. Then,&(z) and¢ (z) given by 8.25) are a pair of weak upper solution
and weak lower solution of3(1).

Proof. If z > 0, we have

i@~ '@~ i@ +a | [ Glds 2y 1oy~ codyds
= — Blut)? + aut /Oo /Oo G(dis,z, y) f(s)e"73dyds
0 cs
+aut /Oo /Cs G(dis, z, y) f(s)e77Seray=%) dy ds
0 —00

o0 o0
< —pBlut)?+ au*/ / G(dis,z, y)f(s)e"Sdyds= 0.
0 —00
If z < 0,sinceé(z) <ut etaZ for anyz € R, we have

(D) — (@) - PIE@T +a /0 / G(dis. 2, y) f(9)e 7% (y — c9dy ds
< dm(la)?ut ea? — claut e — glut &2?)? + q /OO/OOG(di s,z y) f(s)e77Sut &2V~ dy ds
0J—o0

(o]
< utela? [dng —Cla+ a/ f (5)e~S0 +eta—diid) ds] =0.
0
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Therefore&(z) is a weak upper solution 08(1).
Now, we want to verify that () is a weak lower solution of(1). Let

1
de ' =ldate, 02 =162 —gre? zg="In (ﬂ) <0.
€ o2

Then,we have

0(z0) =0, g(z)>0 asz<z, 9(z)<0 asz> z.

If z> zg, we have

U’ (2) — ¢ (2) — PE@T + /0 /_ G(ds. 2, y) f (9% (y — codyds

00 ,CS+2Zp )
= a/ / G(dis, z, y) f(5)e77S{o1 €20V _ 5, &Y=} dy ds > 0.
0 —00
Since
@) = o1 — gl [E@)° <ofe?, VzeR, (3.26)

if z < z9, we have
tn"(2) — ¢ (2) — BLE@I2 + /0 / G(dis. 2. y) f ()& SE(y — c9)dy ds
> dmA201 €% — A (4 )02 €<% — Clao €427

+Cleop€? — Bolel? 4 g / / G(dis, 2, y) f (5)e75[o1 €20~ — 5, &< V=9]dy ds
0 —00
. o0 o0
= — dm(Ae)%02€"% + Chcop €% — polet? — g / / G(dis, z, y) f(5)€77Sap &<V~ dy ds
0 —00

o0
= 02" ? | —dm(Ae)? + Che — @ / f (s)eSly +oke=ti (2e)?] ds] — ol et
0

= —02€"*p(c, C) — fol e,

We have from Lemma.5that p(l¢, c) < 0, and therefore, we can choose<0s1 < o2 suchthat
—a2p(Ae, ©) — fo? > 0.Thus £ (2) is a weak lower solution of3(1). O
Now, we can state the main result of this paper.

THEOREM3.3 For everyc > ¢*, (1.1) has a monotone wavefront connecting 0 ahd

Proof. If ¢ > c*, the existence of monotone wavefront connecting 0 @hdor (1.1) follows from
Lemmas3.4and3.5and Theoren3.2. In the case af = ¢*, we use a limit argument similar to Zhao &
Wang (2004). Letfck} < (c*, c* + 1] with limy_, - ck = c*. Sinceck > c¢*, (3.1) withc = ¢ admits
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anon-decreasing solutiddy (z) suchthatUy(—oo) = 0 andUk(co) = u™. Without loss of generality,
we may assume thaty (0) = % Note thatUy satisfies

__ 1 " gk ETTEEE) ]
Uk(2) = 0k =75 [ /_ ooeﬂ [QUKI(s)ds + /Z e279[QU(s)ds} (3.27)

where

Ck — /G + 8cnL Ck + /G + 8anAL

20 20m

Since{Ug} is uniformly bounded and equicontinuousBr{seel” in Theoren.1), using Arzela—Ascoli
theorem and the standard diagonalization procedure, we can obtain a subsequence of f{mqi})ns
which converges tdJ*, asm — oo, uniformly for z in any bounded subset &. Clearly,U*(2) is
non-decreasingndU *(0) = % By the dominated convergence theorem ah@7), it follows that

e <0 and 5= > 0.

z o
U@ =—t [ | eiequiiss [ el *](s)ds] . @329)
dm(iz - /11) —00 z
where
. C"—./(c*)2+8dnpL ., C +./(c)2+8dnpL
Sincelim,_, +o, U*(2) exist, L'Hbspital rule implies) * (—oo) = 0andU *(co) = u™. Thus,U *(x+-ct)
is a monotone wavefront of (1.1) connecting Quto. O

4. Conclusions and remarks

We considered the existence of wavefrom¢s, x) = U (x + ct) for the population model (1.1) with a
general probability density functioh satisfying (1.3). We derived the existencecdf> 0 such that for
everyc > c*, (1.1) has monotone wavefronts connecting two equilibria Owhavith the main result
stated in Theorer8.3and the minimal wave speed given in LemB&.

RecentlyWanget al. (2006) considered similar issues for more systems of reaction—diffusion equa-
tions with non-local delayed non-linearities, their restrictions on the lower—upper solution pair being
slightly different from ours here.

We have, from Lemm&.5, a system of algebraic equatiopél*,c*) = O, %(i*, c*) = 0 that
determine the minimal wave speet As

o0
P4, €) = dmi* — cA +a / f (s)e=S0+ei—6/2) gg
0

we see that* dependn key model parametets,, di, a, y and probability density functiorf in a
complicated way.

As a final remark, we found that a recent artidialiget al.,2007) approached similar issues from
an interesting angle: regarding systehl{ with distributed maturity as a limiting situation of the finite-
delay system and then using available results for the non-local reaction—diffusion equations with finite
delay. This study also addressed the connection of the minimal wave speed to the propagation rate.
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