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Abstract

In this paper, we derive a population model for the growth of a single species on a two-dimensional strip with Neumann and
Robin boundary conditions. We show that the dynamics of the mature population is governed by a reaction—diffusion equation with
delayed global interaction. Using the theory of asymptotic speed of spread and monotone traveling waves for monotone semiflows,
we obtain the spreading speed c*, the non-existence of traveling waves with wave speed 0 < ¢ < ¢*, and the existence of monotone
traveling waves connecting the two equilibria for ¢ > c*.
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1. Introduction

Aiello and Freedman [1] proposed the following system for a single species population with age stages:
w' () = ae”w(t —r) — Bw?(1), (1.1)

where «, B8, y and r are positive constants, w denotes the numbers of adult members of the population, and r is the
time taken from birth to maturity. The first term of (1.1) represents the rate of recruitment into the adult population,
and the second term represents the mortality rates of adult individuals. This system provides an alternative, and more
realistic model for a single species than the logistic equation w’ = w(1 — w). As shown in [1], all solutions of (1.1),
other than the trivial solution, converge to the positive equilibrium solution w*.

* Research partially supported by NSF of China and NSF of Guangdong Province (for PW), by NSERC of Canada (for DL and JW), by the
Canada Research Chairs Program and by MITACS (for JW).
* Corresponding address: School of Mathematical Sciences, South China Normal University, Guangzhou 510631, Guangdong, PR China. Tel.:
+86 20 85213533.
E-mail addresses: wengpx @scnu.edu.cn (P. Weng), dliang@mathstat.yorku.ca (D. Liang), wujh@mathstat.yorku.ca (J. Wu).

0362-546X/$ - see front matter (©) 2007 Elsevier Ltd. All rights reserved.
doi:10.1016/j.na.2007.10.027


http://www.elsevier.com/locate/na
mailto:wengpx@scnu.edu.cn
mailto:dliang@mathstat.yorku.ca
mailto:wujh@mathstat.yorku.ca
http://dx.doi.org/10.1016/j.na.2007.10.027

3932 P. Weng et al. / Nonlinear Analysis 69 (2008) 3931-3951

By considering the diffusion in continuous space which is Fickian diffusion, (1.1) was generalized by AL-Omari
and Gourley [2] to the following form

dw(x, 1)

a7 = D, Aw(x,t) + fr / G(x,y,8)f($)e " b(w(y, t —s))dyds — d(w(x, 1)) (1.2)
0 JR

subject to a Neumman boundary value condition on 92, where D,, is a diffusion coefficient, d is the death function,
{2 is a bounded domain, f is a probability function satisfying for f(s)ds =1, G is a kernel yielded from solving the
heat equation, and satisfies f nGlx,y, Hdx = f nGx,y, t)dy = 1. In [2], AL-Omari and Gourley showed also the
global attractivity of the positive steady state w of (1.2).

In the present article, we shall consider a similar system as in [2], which represents the population growth of a
single species with age stages in a two-dimensional strip domain. In Section 2, a reaction—diffusion equation with
delayed global interaction is derived for the mature population:

ow D 8%w n 92w J
—_ = JR— JR— — w
ot "lax2 T 9y "

L (1.3)
+I'L// F(av-xvz)my»zy)b(w(t_rsZ)(sZy))dZX dZy, t>0s (xv)’)e(O,L)XR,
R JO

Bw(,x,y) =0, t>0,x=0,L, yeR,

where b(-) is the birth function, Bw(¢,x,y) = px)w(t, x,y) + %w(r,x, y) is the boundary value condition
including the Neumann (p(0) = p(L) = 0) and Robin (p(0) > 0, p(L) > 0, [p(0)]*> + [p(L)]*> # 0) boundary
value conditions respectively. Although we only consider the case when the death function d(w) = d,,w, we change
{2 into a unbounded strip domain (0, L) x R which makes us able to discuss two very important asymptotic properties
(traveling waves and spread speed) of the population system (1.3) as + = co. The boundary value conditions here are
also more abundant than that in [2].

In population dynamics, two key elements to the developmental process seems to be the appearance of a traveling
wave and the spread speed (or, asymptotic speed of spread). A traveling wave is a special solution which travels
without any change in shape. Traveling wave solutions have been widely studied for reaction—diffusion equations [18,
22,28], integral and integro-differential equations [4-6], lattice systems [25,27]. The concept of spreading speed
was first introduced by Aronson and Weinberger [3] for reaction—diffusion equations, and also applied to integro-
differential equations, integral equations, lattice systems and systems of recursions. See [6,11,13,16,20,21,23,24,26]
and the references therein. The spreading speed is a threshold constant ¢* > 0 which gives an important description
of the long time behaviors of the population systems either for ¢ € (0, ¢*) or ¢ € (¢*, 00). Taking (1.3) as an example,
the spreading speed ¢* is a number in the sense that lim;_, o |y|>cr w(, X, y) = O uniformly on x € [0, L] if ¢ > ¢*
and the initial function is zero for y outside a bounded interval, and that lim;_, oo |y|<cr W(Z, X, y) = wt(x) (w ) is
the positive equilibrium of (1.3)) uniformly on x € [0, L] if ¢ € (0, ¢*) and the initial function is not identical to zero
(see Theorem 3.2 in this article).

Recently, the theory of asymptotic speeds of spread and monotone traveling waves for monotone semiflows
(discrete or continuous time) has been developed by Liang and Zhao [12] in such a way that it can be applied to
various evolution equations admitting the comparison principle. For every population dynamical system admitting the
comparison principle, if the solution of the initial problem exists and is unique, then all solutions form a monotone
semiflow {Q;}72 which has an asymptotic speed of spread ¢* > 0 under some conditions (A1)—(AS). Furthermore an
estimates of ¢* can be given by the linearized approach. On the other hand, the existence of traveling waves above c*
and their non-existence below ¢* can be obtained with an extra condition (A6), and thus c¢* is also the minimal wave
speed of the system.

In this paper, we shall apply the theory mentioned above to the population model (1.3) to obtain the asymptotic
speed and monotone traveling waves by imposing a sublinear condition to the birth function b. The application of
this theory seems very technical and tricky. It is organized as follows. In Section 2, we give a derivation of model
(1.3) and discuss the dynamical structure of the steady states. We show the existence and the global attractivity of the
positive steady state by using the theory of functional differential equations in abstract space. The main results are
presented in Section 3. We first investigate the existence of solutions for (1.3) and show that the system (1.3) satisfies
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the comparison principle, and thus all solutions of it yields a monotone semiflow {Q,}7° . Furthermore, we show that
{QT}?i() satisfies the assumptions (A1)-(A6) in [12] provided (P1)—(P3) hold. Therefore, we can obtain the existence
of spreading speed c¢*, the existence of the traveling waves and the minimal wave speed ¢* by using Theorems 2.17,
and 4.3-4.4 in [12] directly. The estimates of ¢* is also evaluated by using two linearized systems of (1.3) and the
method of asymptotic approximation. The last section is an Appendix for model derivation.

We mention here that the discussions in [2] include the global attractivity for the non-spatial problem of (1.2). As
for the non-spatial problem of (1.3): ‘i]—'f = —d,w(t) + ub(w(t —r)), we refer the readers to Faria et al. [8], where as
an application of their results, the dynamics and the bifurcation are discussed.

We must emphasize that the relevant study for age-structured population, and in particular for the reduced non-
local reaction—diffusion equations with delayed interaction in a one-dimensional domain was reported in [19,21,25].
In comparison, our focus here is the asymptotic patterns of the age-structured population in a two-dimensional strip.
The traveling wave connects the trivial solution to a spatially varying equilibrium, giving rise to more complicated
spatially changing asymptotic patterns.

2. Model derivation and the structure of equilibria

We divide a population into juveniles and adults. We assume that age structure for mature adults is not important
(i.e., vital rates are independent of age). Let u(¢, a, x, y) be the density of individuals with age a at a point (x, y) and
time ¢, r > 0 be the length of juvenile period. Denote by w(t, x, y) the density of mature (or adult) individuals at
point (x, y) and time ¢. Then u is governed by

ou 9 u 32
o i _u+_u —dj(@u, acl0,r],t>0,(x,y)e2:=(0,L) xR,
ot da 8x2 8y2 (2 1)
ut,0,x,y) =b(w,x,y), t=>-r(x,y) €L, ’
Bu(t,a,x,y)=0, x=0,L, acl0,r],t >0,y eR;
while w satisfies
Jw 9w 9%w
T =D, [W + 8—y2i| —dpw+ut,r,x,y), t>0,(x,y)e, 2.2)

Bw(t,x,y)=0, x=0,L,t>0,yeR.

Here b(w) and dj,w are the birth and mortality rates of mature individuals, respectively, d;(a) denotes the per
capita mortality rate of juveniles at age a, D; and Dy, are the diffusion coefficients. In (2.1), Bu(t,a, x,y) =
pXu(t,a, x,y)+ %u(t, a, x,y). More precisely, letting ho :== —p(0), hy := p(L), we shall consider (2.1) subject
to one of the following Neumann or Robin boundary conditions:

(NBC) : hg = hy =0, %u(r,a, 0,y)=0, aiu(t, a,L,y)=0forall y € R;
(RBCO) : hg =0,hr >0, u(t,a,0,y) =0, au(l, a,L,y)+hpu(t,a,L,y)=0forally e R;
(RBCL) : hg > 0, hy =0, %u(t, a,0,y) — hou(t,a,0,y) =0, wu(t,a,L,y)=0forally e R;
(RBC*): hg > 0,hy > 0, %u(t, a,0,y) — hou(t,a,0,y) =0,

%u(r, a,L,y)+hru(t,a,L,y)=0forally € R.

We sometimes simply use (RBC) to include the three cases: (RBCO0), (RBCL) and (RBC*). We shall use the same
boundary condition for Bw(t, x, y) = 0.

In (2.2), u(t, r, x, y) is the recruitment term, coinciding with those of maturation age r. As usual, we integrate
along characteristics to derive a closed system for (2.2) involving delayed non-local terms. Let v(z,a,x,y) =
u(a + t,a, x,y). It follows that
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0 d d
—uvu(r,a,x,y) = —u(t,a,x,y)Jr —u(t,a,x,y)
da at da t=tta
2

9%u 0°u

=D; ﬁ(a—{-t,a,x,y)—i—a—yz(a—i—r,a,x,y) —dj(@)u(a+rt,a,x,y)
9% 8%v J

=D; W(r,a,x,y)—}—a—yz(r,a,x,y) —dj(a)v(t,a,x,y),

v(7,0,x,y) =b(w(r,x,y)).

Regarding t as a parameter and integrating the last equation, we get

L
v(t,a,x,y) :/]R/O I'(Dja, x, zx, y, 2y) F(a)b(w(T, 2y, 2y))dzy dzy,

where
a 1 _()‘—Zy)z
]:(a)zexp _/ dj(s)ds ’ F(taxvz)m}’»zy):F](I7X7Zx)F2(t,y,Z)')7 [’2(1‘,}’,Zy)= € 4 ’
0
2.3)

and I'| (¢, x, z,) is the Green function of the boundary value problem

oW ’W

——— =0, t>0,xe(0,L),

ot 9x2

BW({t,x)=0, t>0,x=0,L.

Let (u,, @,(x)),n = 1,2, ... be the eigenvalues and eigenfunctions of —%22 on (0, L) subject to the corresponding
boundary condition with @1 < puy < --- (see the Appendix for details). By using the method of separation variables,
we obtain that

o0

1
it x,20) = ) o€ By(z) B (),

n=1 n

where M,, = fOL ®2(x)dx. Furthermore, let m,, := fOL &, (£)dg, we have

f I, y,zy)dzy =1, VE>0,yeR,
R

L X m (2.4)
/ Dt %, 2)dee = 3 e @y (0) <1, 12 0,x € (0, L),
0

n=1 n

Since u(t, a, x,y) = v(t — a, a, x, y), it follows that

L
u(t,a,x,y) = / / I'(Dja, x,zx,y, 2y) F(@)b(w(t — a, zx, zy))dz, dz,. (2.5)
RJO

Substituting (2.5) into (2.2), we obtain the delayed system with non-local term:

ow D 92w n 92w d

—_— = R —_— J— w

ot "lax2 T 9y "

L (2.6)
+M/ / I(o, x, 25, y, 29)b(w(t — 1, 2, 2y))dzy dzy, >0, (x,y) € £,
R JO

Bw(t,x,y)=0, t>0,x=0,L, yeR,

where o = Djr, u = F(r).
Let R4+ = [0, 0o). We now formulate assumptions for the birth function b, motivated by the biological reality:

P1) b € CI(R+, Ry), b(0) = 0, b'(0) > 0 and b is strictly sublinear, i.e., b(yw) > yb(w) for y € (0, 1) and
w € (0, c0).
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(P2) The maximum of b can be achieved at % > 0, b is non-decreasing on [0, ] and there exists a number N € (0, ¥]
such that ub(w) < d,,w forallw > N.
(P3) ub'(0)e™™* > dy + D juy.

Remark 2.1. The birth functions by (w) = pwe™*", by(w) = 1+awq and

q

w
ba(w) = P“’(“ﬁ)fof“’f"
0, w> K,

with constants p > 0,g > 0,a > 0,K > 0 in the well-known Nicholson’s blowfly model satisfy the above
assumptions if the parameters are in appropriate ranges. Taking b>(w) as an example, we have by (yw) = m >
YPW — yby(w), and by (w) is strictly sublinear. Assume that the solution of % — 1 =aw’is N (if “f > 1), then

14awq
. + 1— q
uba(w) < dyw for w > N. Furthermore, since b} (w) = %

(P2)—(P3) are satisfied.

, b5(0) = p, we can easily choose p such that

Our focus here is the asymptotic patterns of (2.6), and for this purpose it is essential to first describe the structure
of equilibria. Note that w = 0 is an equilibrium of (2.6). Other equilibria for (2.6) are independent of y, and thus are
equilibria of the following boundary value problem:

ow D82w dpw + /LF( Yb(w(t Ndze, t>0,x€(0,L)
—_ = w o, X, w(t —r, s >U,x , s
a1 ax B 12 1 Tx Tx Tx (27)
Bw(,x)=0 t>0,x=0,L.
The linearized equation at zero solution for (2.7) is
Jw 2w
EZD T —dpw + ub’ (0)/ I, x,z0)w(t —r,zy)dzy, t>0,xe€(0,L), 2.8)
Bw(,x)=0 t>0,x=0,L.
Substituting w(t, x) = e*Mv(x) into (2.8), we obtain the following eigenvalue problem:
dzv / —Ar L
Av(x) = Dm@ —dyv + ub (0)e A I'i(a, x, zx)v(zyx)dzy, x € (0, L), (2.9)

Bv(x) =0, x=0,L.

In the following, we want to show that the principal eigenvalue Aq exists and to find the precise conditions for 1g
to be positive. Substituting v(x) = &,(x) withn = 1,2, ..., into (2.9), and noting that

L
/ I'i(o, x, 2x) Po(zx)dzy = e 7% &, (x), (2.10)
0
then we obtain that the eigenvalues of (2.9) satisfy

A= —Dpptn —dpm 4+ pub' (0)e e M p=1,2,.... (2.11)

It is well-known (see [10,7]) that since b’(0) > 0, Eq. (2.11) with a fixed n has a real zero A, | and complex conjugate
pair of zeros A, 2, A,, 2, An3, An 3,...such that A, 1 > ReA,2 > Rel, 3 > --.. Furthermore, we can easily show
that Aj 1 > A1 > A3,1 > ---. Therefore, Ao = A1,1 € R is the principal eigenvalue of (2.9) which determines the
stability of zero solution for (2.8). Let f,(A) :== A + Dyt + d — ub’'(0)e ™" e#2%_ Then we have

Jfu(=00) = —00 < f(0) = Dinpty + din — Mb/(o)eiuna < fu(o0) =
fi(A) = 14 rub (0)e e H* > 0,

We conclude that A, 1 > 0 if and only if f,,(0) < 0. Therefore,
Ao > 0 if and only if (P3) holds. 2.12)
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Let X = C([0, L], R) be the Banach space of all bounded and continuous functions with the supremum norm || - ||.
Let XT = {¢ € X : ¢(x) > 0, Vx e [0, L]} denote the positive cone in X, then intX™ is non-empty under the
boundary value condition (either (NBC) or (RBC), see Smith [17]). For any ¢ > 0,let [0,¢]x = {¢p € X : 0 <
¢ (x) < ¢,Vx € [0, L]}. We know that X is a Banach lattice under the partial ordering induced by X

The heat equation

AW (1, x) 2w (z, x)

o = Dy, PP t>0,x€(0,L),
BW(t,x) =0, t>0,x=0, L,
WO, x) = ¢(x), x € (0, L),

has the solution
L
T(Hp(x) = / [\ (Dt %, 20)9(G)dzs, 1> 0,x € [0, L], ¢ € X,
0

and T (¢) : X — Xis a Cp-semigroup with T (£)X+ C XT for all r > 0 [15].

Let C = C([—r, 0], X) be the Banach space of continuous functions from [—-r,0]to X, CT = {¢p € C : ¢(s) €
X*,Vs € [-r,0]}. Forany ¢ > 0,1et [0, ¢]c = {¢p € C: ¢(s) € [0, ¢]x, Vs € [—r, 0]}. Then C™ is a closed cone of
C. As usual, we identify an element ¢ € C with a function from [—r, 0] x [0, L] into R defined by ¢ (s, x) = ¢ (s)(x).
For any function w : [—r,a) — X, a > 0, we define w; € C witht € [0, a) by w;(0) = w(t 4+ 0) for 6 € [—r, 0].

Let w(t)(x) = w(t, x). Forany ¢ € C*, define F : C* — X by

L
F(9)(x) = —dn¢ (0, x) + M/ (e, x, 20)b(p(—r, 2x))dzx,  x €[0, L]. (2.13)
0

Then F is Lipschitz continuous in any bounded subset of C*. Further, let A = %, then we have the abstract setting
for the initial value problem of (2.7)

dw
— =D, A F , t>0,
a = DmAwFF@), 1> (2.14)

wy=¢eCt,

or equivalently

t
w(t) =T@)¢(0) +f Tt —s)F(ws)ds, t>0,
0

(2.15)
wo=¢ € ct.
Definition 2.1. A supersolution (subsolution) of (2.7) is a function v : [—r, a) — X with a > 0 satisfying
t
v(t) = ()T (@)v(0) —1—/ Tt —s)F(vg)ds, te€]l0,a). (2.16)
0

If v is both a supersolution and subsolution on [0, @), then v is called a mild solution of (2.7).

Remark 2.2. Assume that there is a bounded and continuous v : [—r, a) x [0, L] — R with a > 0 such that v is in
C?inx € (0,L), Clint € [—r, a) and satisfies

dv(r, x) 3*v(t, x)

> ()D,, —=

a (=)D ax?
te[—ra), x € (0,L),

Bv(t,x) > ()0, te[-r,a), x=0,L.

L
—dyv(t. ) + u/ L1 (e x, bt — r, )y,
0 2.17)

Then, by the fact T (1)XT C X* for all > 0, it follows that (2.16) holds, and hence v is a supersolution (subsolution)
of (2.7) on [0, a).
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Theorem 2.1. Assume that (P1)—(P3) hold. Then we have the following conclusions.

(i) For a given initial condition ¢ € C™, there exists a unique non-negative solution w(t, x) = w(t, x; ¢) of (2.7)
defined on [—r, 00). Furthermore, if ¢ € [0, N]c, then w; € [0, N]c, where w;(0,x) = w(t + 0, x), (6,x) €
[—r, 0] x [0, L].

(ii) (2.7) admits a unique equilibrium w* (x) in [0, Nc, which is globally attractive.

Proof. For any M > ¥ and any ¢ € [0, M]c, we have

L
¢(07 -x) + hF(¢), -x) = ¢(O9x) + h |:—dm¢>(0,x) + /’L/O F](Ol,x, y)b(¢(_r1 )’))d)’i|
> ¢(0,x)(1 — hdw) = 0,

when & > 0 is so small that I — hd,,, > 0. On the other hand, for a given x € [0, L] such that ¢ (0)(x) = ¢ (0, x) > 9,
we have

#(0,x) + hF(9)(x) =¢0)(x) +h |:_dm¢(0) + M/OL I'i(ee, x, y)b(¢(—r, y))dy]
<¢0,x)+ h(—dnd® + ub(®))
=¢0,x) =M,
and for x € [0, L] with ¢ (0, x) < ¢, we have
¢ (0, x) +hF(@)(x) = ¢(0,x)+h [— m® (0, x) +/L/OL I'i(et, x, y)b(@(—r, y))d)’}
<¢0,x) +hub@) <O, x) + M -9 < M,

provided that &7 > 0 is so small that hub(¥%) < M — . Therefore, we always have ¢(0) + hF(¢) € [0, M]x.
Consequently, for M > ¥, we obtain

lim Ldist (0(0) + hF(¢); [0, Mlx) =0, Vo € [0, M]c.
h—0+ h

By Corollary 4 in [14] with K = [0, M]c, S(t,s) = T (D, (t — s5)), B(t, ¢) = F(¢), we conclude that (2.7) admits a
unique mild solution w(z, ¢) with w;(¢) € [0, M]c for ¢t € [0, co). Moreover, we have from Corollary 2.2.5 in [29]
that w(z, ¢) is a classical solution of (2.7) for ¢ > r, and [0, M]c is an invariant subset in C™T for (2.7).

For any M € [N, ¢], F is globally Lipschitz continuous in [0, M]¢ and F is quasi-monotone on [0, M]¢ in the
sense that

1
hgnol+ zdist ([91(0) — ¢2(0)] + h[F(¢1) — F(¢2)]; XT) =0 (2.18)

for all ¢1, ¢ € [0, M]c with ¢1 > ¢,. In fact, it follows from (P2) that

L
F(¢1)(x) — F(92)(x) = —dpu(¢1(0, x) — $2(0, x)) + /L/O (e, x, y)[b(p1(=r, y)) — b(g2(=r, y))1dy

> —dim (¢1(0, x) — ¢2(0, x)),
hence, for any & > 0 with 1 > hd,,,

$1(0, x) — ¢2(0, x) + h[F(p1)(x) = F($2)(x)] = [1 — hdp][1(0, x) — $2(0, x)] = 0,

from which (2.18) follows. We note that N and 0 are supersolution and subsolution of (2.7) in view of Definition 2.1.
Therefore, the existence and uniqueness of w € [0, N]¢ on [0, oo) follows from Corollary 5 in [14] with S(¢, s) =
T(Dy(t —s)) fort >s >0,v7(¢) = M,v=(t) = 0, and B(t, ) = F(¢). This also implies that [0, N]c is an
invariant subset in C* for (2.7). Summarizing the above discussions, we conclude that for any ¢ € C*, (2.7) admits
a unique solution w(¢, ¢) which exists on [—r, 00).

(P3) implies that the principal eigenvalue Ao > 0 for (2.9). The rest of the proof is similar to that in Theorem 3.2
of [30], and we omitit. W
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In what follows, we always assume that (P1)—(P3) are satisfied. Therefore, except for the trivial solution, w™ (x) is
the only non-negative equilibrium of the model (2.6) in [0, N]c.

3. Dynamics on a two-dimensional strip domain

Our main results will be presented in this section. Firstly, we investigate the existence and uniqueness of solutions,
and show a comparison theorem for (1.3) with initial conditions. Therefore, all solutions of (1.3) forms a group of
maps {Q,}7°,. In Section 3.2, we shall verify that { Q;}7°  is a monotone and subhomogeneous semiflow. Furthermore,
we show that the assumptions (A1)—(A6) for the operator Q in [12] are satisfied with O = Qy, thus by using Theorem
2.17 and Theorems 4.3—4.4 in [12], we obtain the asymptotic speed of spread and minimal wave speed c¢* for {Q;}72,.
At the last part of Section 3.3, we give some calculation for an estimate of ¢* by a linearized approach.

3.1. Existence and comparison of solutions

We have from Section 2 that I'(D,,t, x, &, y, ¢) is the Green function of

ow 2w 9w
Ez ”’[W_i_m]’(x’y)GQ:(O’L)XR’t>O’ (31)
Bw(t,x,y) =0, x=0,L, yeR,t>0.
Thus the solution of (3.1) with the initial condition w (0, x, y) = ¥ (x, y) is
L
oty = [ [T rDu ey v ot 52)
R JO .

= [TOVY]Ix,y).
Therefore, using the linear semigroup theory of the heat equation, the solution of (2.6) with the initial value condition,
is given by w(@, x,y) = ¢ (0, x,y),0 € [—r, 0] is
w(t, x,y; P)
= exp{—dut}IT (1)$(0, )](x, y)

t L
—I—,u/ {exp{—dms}f(s) . {/ / I'(a, -, 2, 2y)b(w(t — s — 71, 2x, 2y))dzy dzy}} (x, y)ds
0 R JO

e (gt (3.3)
— e // [ (Dt x, £y, O)$ (0. £, )dsde +u/ e // L (Dps, x, €, 3,8)
R JO 0 R JO

L
X {/ / I(o, &, 24,8, 29)b(w(t —s — 1, 2x, 2y))d2x dzy} déd¢ds, t=>0,
R JO
w(tsxy)ﬁ(b):(b(f,x»)’), te[_rvo]-

Assume that (2.6) has a non-negative equilibrium w* (x). Let Y = BC([0, L] x R, R) be the set of all bounded
and continuous functions from [0, L] x Rto R. Let YT = {¢ € Y : ¢(x,y) > 0,V(x,y) € [0, L] x R}, and
O,wfly={p e Y": 0<okx,y) <w(x),VYx,y) €[0,L] x R}. Yt is a closed cone of Y under the partial
ordering induced by Y. We equip Y with a compact open topology. That is, ¢” — ¢ in Y if and only if that the
sequence of functions ¢" (x, y) converges to ¢ (x, y) uniformly for (x, y) in every compact set. Moreover, we define
anorm [|¢[ly by

max X,
co X 1)
plly = 7 .
k=0

It follows that (Y, ||¢|ly) is a normed space. Let d(-, -) be the metric on Y induced by the norm ||¢||y. Then Y is a
Banach lattice, and T (¢) : Y — Y is a linear Co-semigroup with T(1)YT C Y+ for ¢t > 0.
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Let Cy = C([—r, 0],Y) be the set of continuous functions from [—r, 0] to Y and let C57 = {¢ € Cy : ¢(s) €
Y*t,Vs € [-r,0]}, and [0, wT]c, = {9 € C§ c¢(s,) € [0,wT]y,s € [—r,0]}). Then C;{r is a closed cone of
Cy. For any given continuous function w : [—r,a) — Y, where a > 0, we define w; € Cy with t € [0, a) by
w;(0) = w(t +0) forf € [—r, 0].

Let C be the set of all bounded and continuous functions from [—r, 0] x [0, L] x R to R. For ¢, ¢, € C, we write
1 > $2(p1 > ¢2) provided ¢1(0, x, y) > ¢2(0, x, y)($1(0, x, y) > ¢2(0, x,y)),V(O,x,y) € [-r,0] x [0, L] x R,
and ¢; > ¢, provided ¢; > ¢ but ¢ # ¢y. Define C = C([—r, 0] x [0, L], R). Then every element in C can be
regarded as a function in C. Specially, we let C,+ = {u € C : wt(x) > u > 0}. Since we identify an element ¢ € Cy
as a function from [—r, 0] x [0, L] x R into R defined by ¢ (s, x, y) = ¢(s)(x, y), ¢ € C implies ¢ € Cy and vice
versa.

For any ¢ € C{, define F : Cf; — Y by

L
F@)(x, ) = —dud (0. %, y) + 1 fR fo (@ X 20 y2 2)b(@ (=, 2, 23))dzedz, (3.4)

Then F is Lipschitz continuous in every bounded subset of C{g . Furthermore, the initial value problem for (2.6) can
be rewritten as

t

w(r):T(z)¢(O)+/ T(t —s)F(wy)ds, t>0,

0 (3.5)
w(t) =¢(t), tel[-r0]

Nowweuse Y, Cy, A = 88—;2+% and T, F toreplace X, Cx, A = % and T, F from (2.13) to (2.16) respectively,
and we define the notions of supersolution and subsolution of (2.6) similarly to Definition 2.1.

The following lemma shows that C,,+ is positively invariant for solutions of (2.6).

Lemma 3.1. Assume that (P1)—(P2) hold. If ¢ € C,,+, then the solution w(t, x, y; ¢) of (2.6) exists uniquely and
satisfies wi(-; @) € Cy+ forall t > 0, where w;(+; ¢) = w(t + 0, x, y; ).

Proof. For a given ¢ € C,,+, define a set

S={weC(-r o00) x 2, R0 <w(t, x,y) <wh(x)fort e Ry, (x,y) € 2;
w(t, ) = ¢(t,-) fort € [—r, 0]},

and a map G on S as follows:

o, x,y), tel[-r0](x,y) e,
L t L
e*"m’// F(Dmt,x,s,y,z)ab(o,s,c)dsdc+u/ e*dm“// T'(Dps, x,&,9,0)
R JO 0 R JO

L
X {/ / I'(e, &, 25,8, 2y)b(w(t — 5 — 1, 2x, 2y))dzy dzy} dédeds,
R JO _
t>0,(x,y) €.

Glw](, x,y) =

Then G[S] C S. In fact, as wT (x) satisfies

d2w+ L
Dty =g [ Diax 2t ) x € O.L,
0

Bwt(x)=0, x=0,L,
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we have
L
0 < Glwl(t, x, y) < e~ / 1 (Dt x, &) max{ 0, £, y)}dé
0 yeR

t L L
tu / o ns / F1<Dms,x,s>{ / F1<a,s,zx)b<w+<zx>>dzx}dsds
0 0 0

IA

L ' L d®wt (&)
e*dm’/ Fl(Dmt,x,é)er(é)dé—ir/ e’d’”/ I't(Dys, x, &) {— T+d w+($)}d§ds
0 0 0

L
— et / [y (Dt x, €)w™ (£)dE

0

2
/ _de/ { 0 F](l;g:zzs x,8) +dm]"1(Dms,x,$)}w+(§)d§dS

et f L1 (Dt x, E)wt (€)d

0 t pL 2ta—dms
i [ [P, 2O e Dy 1w @1
0 JO

L t L —dpy s

et / (Dot x, E)w* (§)d& + / / {—a{e FI(D’”S”"%)}}wﬂs)déds
0 0 0
L

as
L
= [Tt x Ot @ + [0 OO, 6) = Dt 7 e e = 0 ().
Thus, G[w] € S.

Note that the fixed point of G is the solution of (2.6) with the initial condition w(¢,x,y) = ¢(t,x,y),t €
[—r, 0], (x,y) € 0. Therefore, it suffices to show that G has a unique fixed point in S. For any A > 0, define
the norm [lw(lx = sup,¢;_, o (x.y)ef (W X, y)le=*. Then C([—r, o0) x 2, R) is a Banach space with the norm
lw||. For any given wy, wp € S, let v = w; — wy. Then Glw1](z, -) — G[w2](¢,-) = 0 for ¢t € [—r, r]. Since b

satisfies the Lipschitz condition in [0, N], we may assume that |b(w1) — b(w2)| < yolw; — wz| for wy, wy in [0, N].
If t > r, we have

|Glwi](, x, y) = Glw2](z, x, y)|

t L L
ZM/ e—de/ / F(Dmsﬂxﬂév y7 ;‘) {/ / F(“as’zx’ ;‘a Zy)
0 RJO R JO

X [b(wi(t —s — 71, 2x,2y)) — b(wa(t — s — 1, 2y, Zy))ldzxdzy} dé§dgds

t L
S l"l’yof e_dms / / F(Dms7 X, Sa ya ;)
0 R JO

L
X {/ / F(O{,g, Zx» Cv Zy)'v(t — S8 —r2x, Zy)|dzx dZy}dEd;dS,
R JO

which leads to

|Glwi(t, x, y) — Glwa](t, x, y>|e‘“

<MVO/ ~@nth)s— ”// I'(Dys, x,£,5,¢)

{/ / F(, &, 24, £, 2)0(E — 5 — 7, 2x, 2y) [0S ’)dzxdzy}dédgds

—(dp+r)s—Air

< w0 / lollds
0

H“Yo _
< S I Il =
m
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Choosing A > 0 large enough, we have d”: ’fk < 1, and thus G is a contracting map and has a unique fixed point

in S. The conclusion of the lemma follows. M

We now establish the following comparison theorem.

Lemma 3.2. Assume that (P1)—(P2) hold. Let w(t, x,y), w(t,x,y) € [0, N], fort € [—r,00), (x,y) € {2, be the
supersolution and subsolution of (2.6), respectively. If w(0,x,y) > w0, x,y) for 0 € [—r, 0], then w(t, x,y) >
w(t, x,y) forallt > 0. Moreover, if w(0,x,y) > w(, x,y) for0 € [—r, 0] withw(0, x, y) £ w(0, x, y), then there
holds

w(t,x,y) > w(,x,y) forall(t,x,y) € (0,00) x Q.
Proof. Assume that w, w are a pair of supersolution and subsolution of (2.6) with w(z, x, y), w(t, x, y) € [0, N] for

t € [—r,00) and (x, y) € {2, respectively. We have from Corollary 5 in [14] and the fact w(0, x, y) > w(0, x, y) for
@, x,y) € [—r, 0] x £, that the solutions of (3.5) satisfy

0<w(t, ;wy) <w(,;w)) <N, t>0.

Again applying Corollary 5 in [14] with [vF@, ) = N,v=(t,) = w(, )] and [vF(,) = w(, ), v () = 0]
respectively, we obtain

E(L')Sw(t,';lo)fN, tzov

Combining the above three inequalities, we have w(t, x, y) < w(t, x, y) forall (¢, x, y) € (0, 00) x 0.
Let v = w — w. Then we have already known that v(¢, x, y) > 0 for all (¢, x, y) € (0, c_>o) x {2. We have from the
definition of supersolution and subsolution, the monotonicity of b on [0, N], and the fact TY*' c YT that

v(1) = T()v(0) + fol T(t — $)[F(y) — F(w,)]ds
> T(1)v(0) + /O T — 9l (5) — i0(s)1ds
=T (t)v(0) — dy, /Z T(t —s)v(s)ds, t>0.

Therefore, we have 0
v(t) > T()v(0) — dy, fot T(t —s)v(s)ds, ¢>0.
Define z(t) = e~ T (t)v(0), t > 0. Then z(¢) satisfies
2(t) = T(t)z(0) — dy, /Ot T(t —s)z(s)ds, t>0.

By Proposition 3 in [14] with v~ (¢) = z(¥), vT(t) = 400, S(t,5) = T(t —5),B(t,¢) = B~ (t,¢) = —dn¢(0), we
get v(t) > z(¢) for t > 0, that is

L
v(t) > e_d”‘tT(t)v(O) = e_d'"’[ / I'(Dyt,x, &, y,0)v(0,&,¢)dédc forr > 0.
R JO
Thus it follows that v(¢) > Ofor¢t > 0if v(0,x,y) %0on 2. N

3.2. Monotone and subhomogeneous semiflows

In the following, we equip C with the compact open topology, that is, " — ¢ in C if and only if the sequence
of functions ¢" (8, x, y) converges to ¢ (8, x, y) uniformly for y in every compact set. Moreover, we define the norm

llll by

0 max l$(©, x, y)l

(0,x)e[-r,01x[0,L],|y|<k
gl = oF ’
k=0
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and let p(¢, ) be the metric on C induced by the norm [|¢||. Note that C,,+ is a complete subset of C under this norm.
We also equip C with the maximum norm || - || such that C is a Banach space.

Recall that a family of operators {/,};°,, is said to be a semiflow on a metric space (X, p) with metric o provided
Ay has the following properties:

i) Ag(v) = v, Vv € X.
(i) Ay [Ay[v]]l = Ay44,[V], YVt 82 > 0, v € X.
(>iii) A(t, v) := A;(v) is continuous in (¢, v) on [0, c0) x X.
It is easy to see that the property (iii) holds if A(-, v) is continuous on [0, +00) for each v € X, and A(z, -) is uniformly
continuous for ¢ in any bounded intervals in the sense that for any vy € X, bounded interval I and € > 0, there exists
8 = 68(vg, I, €) > 0 such that if p(v, vg) < 8, then p(A;[v], A;[vg]) < € forallr € I.
Define a group of maps Q;(¢) : C — C as follows:

[Q:()]©, x, y) = w0, x, y; $), VO € [—r,0], (x, y) € £,

where w(t, x, y; ¢) is the solution of (2.6) with an initial function ¢. Then we have the following.

Theorem 3.1. Assume that (P1)—(P2) hold. Then Q; is a monotone and subhomogeneous semiflow on Cy,+.

Proof. Clearly, Q, satisfies property (i) of semiflow. The semiflow property (ii) follows from (3.5) and the properties
of T(1) (see [9,15]). Given ¢ € C,,+, it then follows from (3.5) and the semigroup theory that Q,(¢) = w( + -, -; @)
is continuous in ¢ € R with respect to the compact open topology.

Let w(z, x, y) and w(¢, x, ¥) be solutions of (2.6) with the initial function ¢ (0, -) and qz_&(@, -) € C,,+ respectively.
Then we have the following

Claim. For any € > 0 and 79 > 0, there exist § > 0 and M > 0 such that |w(z, x,z) — w(t, x,2)| < € for
(t,x) € [0, #p] x [0, L] whenever |¢p(0,x,y) — ¢p(@,x,y)| < §ford € [—r,0], (x,y) € [0, L] X [z — M,z + M]
with some z € R.

By the spatial translation invariance of Eq. (2.6), we only need to verify the claim for the case when z = 0. Indeed,
let v = w — w. Then v(¢, x, y) satisfies

v v 9%
§=D (ax By) de+M// I, x, zx, ¥, 2y)
x [b(w(t —r,zx,2y)) — bW — 1, 2y, 2y))]dzy dzy, VE>0, (x,y) € (2, (3.6)

Bv(t,x,y) =0, Vt=> 0,_x =0,L, yeR,
v@,x,y) =¢0,x,y) —¢0,x,y), VY0 e[-r0](x,y) e

Let b = b(N). First we assume that ¢ > ¢_), and thus v = w — w > 0. First note from (2.4) that

b y>2 2
e dzy = [ e %ds = Vdam.
R R

Choose M > 0 such that

M o2 €
/ e dads —i—/ e duds < —.
00 i 4ub

If r > 0, then for any € > 0 and 7y = r, we can choose § > 0 such that

—2M - })2 00 _0,_2)))2 € o )
/ e dzy + / e % dzy < —= fory e [-M, M] uniformly
—00 2M 4ub

and

b(w(t —r,x,y) —bWw( —r,x,y)| < zi fort € [0, 7], (x,y) € [0, L] x [-2M, 2M],
y7s
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when |¢ (0, x, y) — @0, x, y)| < 8 for6 € [—r, 0] and (x, y) € [0, L] x [~2M, 2M]. Therefore, we have from (2.3),
(2.4) and the above conclusion that

L
M/R/o I(a, x, zx, ¥, 2)[D(w(E =1, 24, 2y)) — b(W(t — 1, 2, 2y))]dzxdzy
—2M L
= M/ / I, x, zx, ¥, 2p) bW — 1, 25, 2y)) — b(W({E — 1, 24, 2y))]dzrdzy
—00 0

00 L
—i—u/ ) / I'(a, x, 26, ¥, 2) bW — 7, 25, 2y)) — D(W(t — 1, 2x, 7)) dzxdzy
2m Jo

2M L
+M/ B / I, x, 20, y, 2p)[b(w(t — 1, 2x, 2y)) — b(W(t — 1, 2y, 2y))]dzydzy
—2M JO

_ —2M (L o L
< 2/*Lb / / F((X, X, 2x, Y, Zy)dedZy +/ ~ / F(‘L X, 2x, Y Zy)dedZy
—00 0 2M JO

€ 2M L
+_/ _/ F(avxv x> Y Zy)dedZy
¢ 2o

=5t5=¢ for (x, y) € [0, L] x [—M, M] uniformly,

which, together with (3.6), leads to
v - 9% n 9%v
ar — "\ ox2  9y?
Bv(t,x,y) =0, t€l[0,r], x=0,L, y€eR,
v(97x7 )’) = ¢(9,X, Y) _(p(Oax’ )’) E 0’ 0 S [_r» 0]7 (-xv Y) S ‘Q
It is easy to verify that the following function

—dyv+e, te[0,r], (x,y) €(0,L) x (—M, M),
(3.7)

L
u(t, x, y) =exp{—dmt}/R/0 F(Dpt, .8, 7, )0(0,6, )AL + .

satisfies
Ou Pu  CUN  ute 1el0,r) () € O, L) x (i, A1)
— = — 4+ — ) —dyu+e, ,rl, (x, , LYy x (=M, M),
ar o\ gx2 T gy2 ) Y

Bu(t,x,y) >0, tel[0,r], x=0,L, yeR,

€
u@,x,y) =v0,x,y) + —, (x,y) €.
dm

Therefore, we have from (3.7) and the comparison theorem of linear parabolic partial differential equations that the
solution of (3.6) satisfies

L
o(t, x, y) < expl—dyt} /R /0 [ (Dt x. &, v, D0(0, £, £)dede

n di fort € [0, 7], (x, y) € [0, L] x [—M, M],

m

and thus

L
o(t, %, 0) < expl—dnt} / / P{(Dut, %, ) T2(Dyt, 0, 00000, €, £)EdE + .
R JO m
Note that

/ 3Dt 0, 0)dt =
R

L[y

e mt = ].

4t D, v JR
Similar to the above discussion, we can choose M :== 2M > 0 and 8§ > 0 (take the_larger M and the smaller § if
necessary) such that v(¢, x, 0) < % fort € [0,r] and x € [0, L], when |¢ (0, x,y) — @0, x,y)| < é for O € [—r, 0]
and (x,y) € [0, L] x [-M, M].
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If » > 0, but ¢ # ¢ on [—r, 0], we define
¢ = max(¢, ¢}, ¢ =min($, ),
and assume that w and 1 are solutions of (2.6), respectively, with the initial values ¢3 and ¢, then in view of Lemma 3.2,
we have W < w, w < w. Note that
lw(t, x,y) — w(t, x, y)| < w(,x,y) —w(,x,y) for (¢, x,y) € Ry x [0, L] x R.

Thus, the claim is true for 79 = r.

Forany t € [mr, (m+ 1)r], we have Q; = Q;_;ur Omr. Thus Q;(+) is uniformly continuous for ¢ € [mr, (m + 1)r],
which yields that Q,(-) is uniformly continuous for ¢ on any bounded interval. Therefore it follows that Q;(¢) is
continuous in (¢, ¢) € Ry x Cp+ if r > 0.

It is obvious that b is Lipschitz in [0, N]. Suppose that the Lipschitz constant is yy. If » = 0, then we have from
(3.6) that

ov - 8%y n 9%v
ar — "\ ox2 " 9y?

Consider the linear boundary problem

L
) —dmv + MVO/ / I, x, 2, y, Zy)v(t’ ixs Zy)dzx dZy- (3.8)
R JO

ou _ 92u " 92u
ar " \ax2 | 9y?
Bu(t,x,y)=0,1t>0, x = 0,L, y eR,
u0,x,y) =¢@,x,y) —¢(@,x,y).

Without loss of generality, we can assume that ¢ — é > 0, and then u > 0. Applying the Fourier transformation
V(t,x,w) = [pu(t,x, y)edy to (3.9) and using the formula

L
) — dpyu +Wo/ f I'(Dpt, x, zx, ¥, 2y)ult, 2x, 2y)dzy dzy, £ >0, (x,y) € {2,
R Jo (3.9)

(l)2
f e—qzyze—iwydy _ \/_567472’
R q
we obtain
v ?v. e [F
— =Dp| -z — oV | —dnV +youe I'(a, x,zx) VI, zx, w)dzy. (3.10)
ot ax 0

Let V(t,x,0) = Y ooy Yn(t,w) Dp(x), by = pyoe %, ay(w) = bne~"® where wn and &, (x) are defined in
Section 2, and ¥, (¢, w) are to be determined later. Now we have from (2.10) and (3.10) that

oV,

ot

) L
Dy (x) = —[Dp (s + 0)2) + dp |V (t, ) D (x) + pyoe™” * ¥ (t, w)/ I'i(a, x, zx) Pp(zx)dzyx
0
= —[Dy, (tn + w2) +dn] ¥ (t, ) Dp(x) + ap(w) U, (t, @) $, (x)

forr > 0and w € R.
In what follows, we only consider the (NBC) case, since the argument for other cases are similar. We have

Wy (1, ) = Wy (0, ) exp{—[Dp (ttn + @) + d — an (@)1},
Ve, x,0) =Y Uyt ) By (x) = Y (0, ) By (x) exp{—[Dn (ttn + %) + din — an (@)1},

n=1 n=1

o0
V(0,x,0) =Y %0, ) &, (x).
n=1
The last expression gives the Fourier series of V (0, x, ). Note u; = 0 for (NBC). Thus we have
1 [k 1 [k .
V10, ) = —/ V0, zx, w)dzy = —/ /e““’Zyu(o, Zx, 2y)dzydzy,
L Jy Ljo Jr

2 (L 2 (L :
¥,00, w) = z /O V(0, zx, ) COS(\/ Mnzy)dzy = z /O /Re—lwzyu(o’ Ixs Zy) COS(V ,unzx)dzydzx,
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where n = 2, 3, .. .. Note that
. -2)?
/ elw(y_Z)')_szmtda) — Le_ﬁ .
R Dmt

Therefore, by using the inverse Fourier transformation, we know that the solution of (3.9) satisfies

1 .
u(t,x,y) = E/Relwa(t,x,w)da)

2; f WZ U, (t, @) Dy (x)dw

1

E/ e Z (0, ) B, (x) exp{—[ Dy (ptn + @) + din — ap (@) ]t}dew

T 2Lw / Z{ lwy/ / =192 ,(0, zx,Zy)COS(«/WZx)dzydzx}

X @y (x) exp{—[ Dy (U + @) + diy — an(@)]t}dw

1 A
+ 2L7T {elw} / / e_lwz":u(o, xs Z}')dZdex} eXp{_[DmCL)2 +dp — a1(w)]t}dw

(Y—ZV)Z

< — m { / / ST (0, zx,zy)cos(«/_unmdzxdzy} B, 5) expl—(Dputtn + dys — b1}

fort € [0, t9]. Let m(t) = anl exp{—(Dmpn — by)t}, my = maxo<s<,, m(t). By using the comparison theorem,
we have from (3.8)—(3.9) that

(0—zy)2

U(l, X, O) — B 4D';ﬂ U(Oa Zx, Zy)dzx dZyv v(ts x) € [O» tO] X [Oa L]

L«/ tDmn / /
As argued for the case r > 0, we conclude that the claim holds.

By the claim above, we see that Q;(¢) is continuous in ¢ uniformly for 7 in any bounded interval. It then follows
that Q,(¢) is continuous in (¢, ¢) € R4 x C,+ with respect to the compact open topology, i.e., Q, satisfies property
(iii) of semiflow above. Consequently, Q; is continuous semiflow on C,,+.

Clearly, Lemma 3.2 implies that Q; is monotone on C,,+. It remains to prove that Q; is subhomogeneous in C,,+ in
the sense that Q;[y¢] > v O;[¢] forall y € [0, 1] and ¢ € Cy+. Infact, let w = w(z, x, y; y¢), w = yw(t, x, y; @).
We have w;, w, € Cy+ and

9w b 82w+8211) Lo
—_— —_— —_— p— w
ot "l ax2 T 9y? "

L

+M/ / I(o, x, 25, y, 29)b(W(t — 1, 24, 2y))d2xdzy, 1> 0,(x,y) € 2,

R JO
Bw(t,x,y)=0, t>0,x=0,L, yeR,
w(97xvy):y¢(97xvy)ﬂ IE[—V,OL(XJ’)EQ,

and
dw 2w 9w
o = D, [Wju 52 } din w—i—u/ / I, x, 25, ¥, 29)yb(W(t — 1, 2x, 2y))dzydzy
Pw 9w
< Dy 8)(2 “FW —dpw

+/’L/ / F(O[, X, 2x5 ), Zy)b(w(t —r Zx, Zy))dedZyv r > Os (-xv y) S -Qs
RJO

Bw(t,x,y) =0, t>0,x=0,L, yeR,

E(Q,xv)’)zy(ls(e,)ﬁ)’), te[_r’0]5(x7y)€‘9‘

Therefore, w and w are supersolution and subsolution of (2.6), respectively, with w(0,x,y) = w(®, x,y) for
0 € [—r, 0], (x,y) € 2. Again, Lemma 3.2 yields the subhomogeneous property of Q; inC,+. W
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3.3. Asymptotic speed of spread and traveling waves

Define the reflection operator R by R[¢](0, x, y) = ¢ (0, x, —y). Given z € R, define the translation operator 7,
by T:[¢1(0, x, y) = (0, x, y — 2).

To study the asymptotic speed of spread and traveling waves, we will apply the theorems in [12], which require
some hypotheses on a map. Let 8 € C with 8 > 0 and Q : Cg — Cg. The following hypotheses on Q are needed.

(A1) Q[RI¢]l = RIQI¢]l, T:[Ql¢]] = QIT:[¢]] for z € R;
(A2) Q: Cg — Cg is continuous with respect to the compact open topology;
(A3) One of the following two properties holds:
(a) {Qlol(, y) : ¢ € Cg, y € R} is a precompact subset of C;
(b) There is a non-negative number { < r such that Q[¢](#, x,y) = ¢(@ + ¢, x,y) for —r < 0 < —¢, the

operator
o0, x,y), —-r<6<-¢,
S0, x ) = {Q[qs](e,x, ¥). = =60,
is continuous on Cg, and {S[#](:, y) : ¢ € Cg, y € R} is a precompact subset of C;
(A4) Q : Cg — Cgis monotone (order preserving) in the sense that Q[¢] > Q[v/] whenever ¢ > i in Cg;
(AS) O : C_g — @ﬁ admits exactly two fixed points 0 and S, and for any positive number ¢, there is « € C_ﬁ with
||| < € such that Q[a] > «;
(A6) One of the following two properties holds:
(a) Q[Cg]is precompact in Cg;
(b) There is a non-negative number { < r such that Q[¢](@, x,y) = ¢(@ + ¢, x,y) for —r < 6 < —¢, the
operator S[¢](8, x, y) defined by (3.11) is continuous on Cg, and S[Cg] is precompact in Cg.

@3.11)

Lemma 3.3. Assume that (P1)—(P3) hold. Then for each t > 0, the map Q; satisfies (A1)—(A6) with f = w™.

Proof. By (3.4), we know that Q; satisfies (A1). By Theorem 3.1, we obtain that Q, satisfies (A2) and (A4). We now
verify that Q; satisfies (A6). For t > 0, define

¢t +6,x,5) —¢0,x,y), t+60<0,(x,y) e,

L(t)[¢](81x7y)={0’ t—i—@ZO,—VEQfO’(x’y)ED

Then L(t) = O fort > r. Let S(¢) = Q; — L(¢), t > 0. We have from the smoothness of the semigroup
generated from the heat equation that Q; satisfies (A6) (a) for t > r. If ¢t € (0,r), let { = ¢, then we have

0,610, x,y) = (0 +1,x,y),Y0 € [—r, —t], and -

¢0,x,y), —-r=<6<-—t,
Ql[¢](03x9 y)v —t f 9 S 0

We obtain from the above expression that S(¢)[¢] is continuous on C,,+, and we can show that S(¢)[C,,+] is precompact
in Cy+ by using a method similar to Theorem 6.1 in [10] Therefore, Q; satisfies (A6), and this yields (A3).

Let Q, express the restriction of Q; on C. Then Q, is the semiflow generated from the initial boundary value
problem:

SO[P10, x,y) = {

ow 8%w L
E = D ax a2 —dpw + u I, x, 2)b(w(t —r, zx))dzy, t>0,x€(0,L),
Bw(t,x) =0, t>0, x :O,L, (3.12)
w(e’ x)=¢(05x)7 0 € [_r» 0],X € [Oa L]
As discussed in Section 2, we know that the boundary value problem in (3.12) has two equilibria w = 0 and

w = wt(x). Furthermore, similar to Lemma 3.2, we conclude that Qt is strongly monotone in [0, N]y = {¢ €
Y+ :0 < ¢ < N}. According to (P3), (2.12) and Theorem 2.1, w™ (x) is globally attractive, and w = 0 is unstable.
By the Dancer—Hess connecting orbit lemma (see, e.g., [32, page 39]), the semiflow Qt admits a strongly monotone
entire orbit connecting 0 and w™ (x). Thus assumption (A5) holds for each map Q,;,Vt > 0. H
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By Lemma 3.3 and [12, Theorems 2.11 and 2.15], it follows that the map Q1 has an asymptotic speed of spread
¢* > 0 in the sense that:
Ve > ¢, lim Q' (@) (0, x, y) = 0 uniformly for 6 € [—r,0], x € [0, L],

n—00,|y|>nc

Y0 < ¢ < c¥, lim Q1@ O, x,y) = w™ (x) uniformly for 6 € [—r, 0], x € [0, L],

n—00,|y|<nc

where

lim QY(¢)(O, x,y) = lim sup Q@)@ x,y)= lim inf O7(@)(©O,x,y),

n—00,|y|=nc 0 |y|=ne n—00 |y|>ne

and lim,— o, |y|<nc Q7($)(0, x, y) is defined similarly (see [21]). The following result shows that ¢* is also the
asymptotic speed of spread for the solutions of (2.6).

Theorem 3.2. Assume that (P1)—(P3) hold. Let c* be the asymptotic speed of spread of Q1. Then the following
statements are valid:

() If ¢ € Cpr with0 < ¢ K wr, and ¢ (-, x, y) = 0 for x € [0, L] and y outside a bounded interval, then for each
¢ > c*, every solution of (2.6) satisfies lim;_, 0o |y|>1c W(t, X, y; ¢) = O uniformly for x € [0, L];

) If ¢ € Cyu+ with ¢(0,-) # 0, then for any 0 < ¢ < ¥, every solution of (2.6) satisfies
limy o0, [y|<tc W(E, X, y; @) = w™ uniformly for x € [0, L].

Proof. Conclusion (i) is a direct consequence from the first part of Theorem 2.17 of [12]. To obtain the conclusion
(ii), we use our Lemma 3.2 combined with Theorem 2.17 of [12]. We know from Lemma 3.2 that for any ¢ € C,+
with ¢ (0, -) = 0, we have w(t, x, y; ¢) > Ofort > 0, (x,y) € . Since Q; is subhomogeneous, r, in Theorem
2.17 of [12] can be chosen to be independent of o > 0. Let r, = t. Fixing #p > 0, we see that w(#, x, y; ¢) > 0
for (x,y) € 2. So there exists ao € R, o > 0 such that w(ty, x, y; ¢) > o for (x,y) € [0, L] x [—7, t]. Thus we
can take w(ty, x, y; ¢) as a new initial data, and use the second part of Theorem 2.17 from [12] to obtain our second
conclusion. The proof is complete. W

A traveling wave solution of (2.6) is a solution with the form w(¢, x, y) = ¢(x, y — ct), where ¢ > 0 is the wave
speed. Let s = y — ct, then the profile function of traveling wave is ¢ (x, s). We are concerned with the monotonic
traveling waves which connects the two equilibria w™ and 0. According to our Lemma 3.3 and [12, Theorem 4.3-4.4],
we have the following theorem about the existence of traveling waves for (2.6).

Theorem 3.3. Assume that (P1)—(P3) hold. Let c* be the asymptotic speed of spread of Q). Then the following
statements are valid.

(i). Foreach c > c*, system (2.6) has a traveling wave ¢(x, s) connecting w™ (x) to 0 such that ¢(x, s) is continuous
and non-increasing in s € R;

(ii). For each c € (0, c*), system (2.6) has no traveling wave ¢(x, s) connecting w*(x) to 0.

Remark 3.1. Theorems 3.2 and 3.3 thus describe the fact that asymptotic speed of spread coincides with the minimal
speed of monotone traveling waves.

In what follows, we need the condition b(w) < b’(0)w for w € [0, N]. We also remark that assumption P1 yields
b(w) < b'(O)w forw € R.
In order to compute c*, we consider the linearized boundary value problem

Bu)_ 32w+82w
ar M ax2 T 9y?

t>0,(x,y) €1,
Bw(t,x,y)=0, t>0,x=0,L, yeR.

L
} - dmw + Mb/(o)/ / F(a, .X, ZX1 y7 Zy)w(t - rv ZXv Zy)dzxdzya
R Jo (3.13)
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Assume that {M,}7° is the linear solution map defined by (3.13). Let w(z, x, y) = n(¢, x)e~"”. Note

L
Mb/(O)‘AI‘Q/ F(av-xv Z}n yv Z}‘)w(t_rs sz Zy)dedZy
0

L
= ,Uvb/(O)/ / I(ot, x, 2y, ¥, 2y)e” "t — r, zy)dzydz,
RJO

ub’ (0) —vy/ /L _(y*Zy)z_i_v( 2
=—"¢ I'(a, x, zy)e” % Y70 (t —r, z)dzedz (3.14)

m & Jo X ) n x)dZ2xd2Zy

b' (0 2 2av)?
= %e_”*‘”z {Ae_( e dz}/o I'ia, x, z)n(t = r, zx)dzx
o

= Mb/(o)e—uy+ow2 A I'i(a, x, 2)n(t — 1, 2y )dzx.

We have from (3.13) and (3.14) that n(z, x) satisfies

on(t, x 92 t, X L
D = 0, D 4 D0e,3) e ) + b O [T zont = 20z
0
t>0,xe(0,L), (3.15)
Bnt,x)=0, t>0,x=0,L.
Substituting 5 (¢, x) = e* H(x), A > 0, H(x) > 0 into (3.15), we obtain
dzH(x) 2 —Ar L

AH(x) = Dyy——— + (Dpv° — dm)H(x) + g(‘))e I (o, x, 2x)H (zx)dzx, x € (0, L),

02 A (3.16)

BH(x) =0, x =0, L,

where g(v) i= ub(0)e?"’.

By a similar argument to (2.9), we can show that (3.16) has a real principal eigenvalue A(v) with strictly positive
eigenfunction. Furthermore, we claim that A(v) > 0. In fact, define G(A,v) = A + D, u; — D + d, —
g(v)e e "% We have from (P3) that

dG(A, V)

G(0,v) = Dy — Dyv? + dyy — g(0)e™M1% < 0, m

=1+rgve e M > |,

which yields the conclusion that G (X, v) = 0 has exact one positive root x(v) € (0, 00) Witl_l positive eigenfunction
H(x) = ®&1(x) > 0. In view of the definition of principal eigenvalue, we know that A(v) > A(v) > 0. Thus 9“")’ is
the principal eigenvalue of B!, where B! is the solution map associated with (3.15). Note that for any ¢ € C,+, we
have

B! [¢1(0, x) = M;[¢e™"71(0, x,0) = *V'$(0,x), > 0.

Let# = 1. Then y (v) := exp{A(v)} is the principal eigenvalue of BV1 =: B,. Note A(v) > 0 for v > 0. This yields
y(0) = @7 > 1 and (C7) in [12] is satisfied.
Define a function

1 A
d(v) = ;lny(v) = %

By [12, Lemma 3.8], we then have the following results.

Lemma 3.4. The following statements are valid:

i) ¢(v) > occasv | 0;
(1) @(v) is decreasing near 0;
(iii) @' (v) changes sign at most once on (0, 00);
(iv) limy 0 (V) exists, where the limits may be infinite.
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Theorem 3.4. Assume that (P1)—(P3) hold. Let c¢* be the asymptotic speed of spread of Q1. Then ¢* = inf,~q &(v) =

inf,~o 22,

Proof. In order to use [12, Theorem 3.10], we need to prove that ¢(4+00) = +00. Note that G((v),v) =0, and

di G (A, v)/dv 2D,V + 20vg(v)e e M1

dv T AGO, v)/or PR T T L (pye e he

— o0 as vy — o0.

Thus we obtain

. . A) . A) . dA
lim &é(v) = lim > lim — = lim — = 4o0.
V—00 V=00 P Vv—>00 Y v—oo dy

Note that M and B, satisfies (C1)-(C7) in [12] and the infimum of &(v) is attained at some finite value v*. Since
01(¢) < M (¢) for ¢ € Cy», [12, Theorem 3.10] implies that ¢* < inf,,~¢ P(v).
For any € € (0, 1), there is a § > 0 such that for any ¢ € Cs, we have

bw(t —r,x,) > 1 —eb Ow(—rx,y) for(x,y)e2,tel0,1]
Thus w(t, x, y) = w(t, x, y; ¢) satisfies
ow - D Pw 3w
ar — " ax2  9y?
fort € [0, 1], (x,y) € {2.
Consider the linear system

L
i| —dyw+ (1 —e)/Lb/(O)/ / I, x, 25, y, 2y)W(E — 1, 2y, 2y)dzydzy
R JO

Jw _ 2w 9w

ar " ax2 T 9y?
t>0,(x,y) €1,

Bw(t,x,y)=0, t>0,x=0,L, yeR.

L
:| —dpw+ (1 — G)Mb/(O)f f I, x, zx, y, 2y)w(t = r, 2y, zy)dzyxdzy,
R JO (3.17)

Let M7, t > 0, be the solution map associated with the above linear system. Then the comparison principle implies
that M; (¢) < Q:(¢), V¢ € Cs, t € [0, 1]. In particular, Mf (®) < Q1(¢), Yo € Cs. We can carry out the analysis
for My similarly to that for M; above, and it then follows from [12, Theorem 3.10] that inf},»o @< (v) < c*. Thus, we
have

inf &.(v) <c* < inf &(v), Ve € (0, 1).
v>0 v>0
Letting ¢ — 0, we obtain ¢* = inf,- o ¢(v). W
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Appendix

Consider the following initial boundary value problem

W, = Wiy, t>0,0<x<L,
WO, x) = ¢(x), 0<x<L

Wi, 0) —hoW(,00=0, >0, hp >0,
W@, L)+ hyW(i,L)=0,1t>0, hy >0.

(A.1)

We shall use the separation of variables to solve the above problem explicitly.
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Let W(¢, x) = T (¢) #(x) in the equation of (A.1), and we obtain
() P'(x)

t>0,,0<x<L.

T(t)  Px)’
Since the left-hand side of the above is a function of ¢, and the right-hand side is a function of x, there must be a
constant p such that y == —% =— g,&x)) We obtain

T'@t) +uT@®) =0, t>0; (A.2)

(A3)

')+ pu®(x)=0, O<x<lL,
&' (0) — hod(0) =0, &' (L) + hy (L) = 0.

We have from [31] the following conclusions.

(i) All eigenvalues of (A.3) are non-negative real numbers.
(i1) For any given eigenvalue u of (A.3), the corresponding eigenfunction is unique except for a constant factor.
(ii1) There are countable eigenvalues of (A.3), say u,, n = 1,2, ..., satisfying

U1 < M2 < oo < Uy <o

Furthermore, the eigenfunction &, (x) corresponding to u, has exact n — 1 zero points in (0, L).

Assume that @, (x) is the eigenfunction of (A.3) according to 1,,. Then we have fOL @, (x) Dy (x)dx = O forn # m.
‘We have from (A.2) that

T,(t) = Ape ', A, isany constant,n = 1,2, ....
Thus the Eq. (A.1) has a series of solutions
Wo(t, x) = Aye "' @, (x), A,isanyconstant,n =1,2,....

Let M, = fOL ®2(x)dx. We can show that

00 00 00 1 L
Wit x) =3 Walt.x) =3 Ape™ " By(x) = Y~ fo e 1l (&) By (8) By (x)dE (A4
n=1 n=1 n=1 n

is a classical solution of (A.1).
Now we have from the above discussion that the Green function of the BVP

Wi = Wiy, t>0, 0<x<L,
We(t,0) — hoW(t,0) =0, t >0, hg >0, (A.5)
Wy, L) +h W, L) =0, >0, hy >0,

is Ty (1,%, 2¢) = Yoney g€ " By (2x) Bu(x). Let my, = [} @, ()d&, we have

o0

L
/ P z)dze = 3 et 4,00 < 1.
0

n=1 n
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