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Abstract

We consider a network of two coupled neurons with delayed feedback. We show that the connection
topology of the network plays a fundamental role in classifying the rich dynamics and bifurcation phenom-
ena. Regarding eigenvalues of the connection matrix as bifurcation parameters, we obtain codimension 1
bifurcations (including a fold bifurcation and a Hopf bifurcation) and codimension 2 bifurcations (including
fold-Hopf bifurcations and Hopf—Hopf bifurcations). We also give concrete formulae for the normal form
coefficients derived via the center manifold reduction that give detailed information about the bifurcation
and stability of various bifurcated solutions. In particular, we obtain stable or unstable equilibria, periodic
solutions, quasi-periodic solutions, and sphere-like surfaces of solutions. We also show how to evaluate crit-
ical normal form coefficients from the original system of delay-differential equations without computing
the corresponding center manifolds.
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1. Introduction

Recent years have witnessed a growing interest in the dynamics of interacting neurons with
delayed feedback, in particular, from bifurcation point of view, see [4,10,18,28-33,37-39,41]
and the references therein. Much of the existing bifurcation analysis has been carried out by
regarding the time delays as bifurcation parameters while the connection topology is fixed. On
the other hand, realistic modeling of networks inevitably requires careful design and variation of
the connection topology, and the fact that a wide range of different behaviors can be established
by varying the coupling strength and structure has important implications for neural networks,
since synaptic coupling can change through learning. The observation provides us the motivation
of this study to regard connection topology as the bifurcation parameter while time lags are fixed.
The work [17,19-21,32] certainly shows the feasibility of this approach.

We follow [24] and regard each individual neuron as a circuit with a linear resistor and a linear
capacitor. With some rescaling and reparametrization, the model for an individual neuron takes
the form

X(t) =—x(t)+ Bf(x(t — 1)), (1.1)

where * = dx/dr and f € C'(R; R), and delayed signal transmission as a self-feedback is due
to the finite switching speed of neurons. Equation (1.1) has been widely studied, and it has been
shown that by varying the parameters appropriately, this fairly simple model can reproduce two
fundamental states of a neuron, quiescence and periodic firing. Therefore, Eq. (1.1) can act as
an oscillator for appropriate choices of t, 8, and f. More interesting dynamics can occur only
when such oscillators are coupled via certain synaptic connections. For this purpose, we shall
consider the following system of two neurons,

X1(0) = —x1(1) + Bf (x1(t = D)) +ann f (x2(t — 1)),

. (1.2)

X2(t) = —x2(0) + Bf (x2(t — 1)) + az1 f (x1 (1 — 1)),
where x1(¢) and x;(¢) denote the activations of the two neurons, 7;, i = 1,2, and T denote the
synaptic transmission delays, aj and ay; are the synaptic coupling weights, f:R — R is the ac-
tivation function. Throughout this paper, we always assume that 71 + 70 =27 >0and f:R—> R
is a C'-smooth function with f(0) = 0. Without loss of generality, we also assume that 7] > 15
and f/(0) = 1. We note that despite the low number of units, two-neuron networks with delay
often display the same dynamical behaviors as large networks and, can thus be used as prototypes
for us to understand the dynamics of large networks with delayed feedback (see, for example,
the monograph of Milton [29]).

In this paper, we will use 8 and n as the bifurcation parameters, where n = /|aj2az1|. In
other words, u = (8, n) will be varied simultaneously to generate a bifurcation curve I". The
equilibrium O is asymptotically stable if all the eigenvalues of the linearized system of (1.2)
at equilibrium 0, which are zeros of an analytic function of A parametrized by u, denoted by
det A(u, A), have strictly negative real parts. If there exists a zero A of det A(u, A) with a posi-
tive real part, then the equilibrium O is unstable. By varying 1, we may encounter codimension 1
bifurcations, i.e., there exists a simple zero eigenvalue or a pair of purely imaginary eigenvalues
for some p. Thus, either a fold bifurcation or Hopf bifurcation may occur in system (1.2). If we
further vary u, then extra eigenvalues can approach the imaginary axis, thus changing the dimen-
sion of the center manifold. Thus, several codimension 2 bifurcations can occur in system (1.2),
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where curves of codimension 1 bifurcations intersect or meet tangentially. We develop a method
that evaluates critical normal form coefficients from the original system directly without com-
puting the corresponding center manifolds. This allows us to decouple the amplitude equations
and hence phase equations, and hence the phase plane analysis can be employed to explore the
bifurcation diagrams.

The rest of this paper is organized as follows: In Section 2, we discuss the associated character-
istic equation and obtain criteria ensuring the linear stability of the trivial solution. The existence,
direction, and stability of Hopf bifurcated periodic solutions are given in Section 3. Sections 4
and 5 are devoted to the Bautin bifurcation analysis and fold bifurcation analysis, respectively.
Sections 6 and 7 are devoted to codimension 2 bifurcations including fold—Hopf bifurcations and
Hopf-Hopf bifurcations. The appendices contain some of the details of the calculation of some
critical coefficients for the normal forms of fold—Hopf bifurcations and Hopf—Hopf bifurcations.

2. The characteristic equation

Let C=C([—1,0], Rz) denote the Banach space of all continuous mappings from [—1y, 0]
into R? equipped with the supremum norm ||¢| = SUp_., <p<o 19 (0)] for ¢ € C. As usual,
ifoeR, A>0and u:[oc — 11,0 + A] — R? is a continuous mapping, then u, € C for
t €o,0 + A] is defined by u;(0) =u(t + 0) for —71 <0 <0.

Linearizing system (1.2) at the trivial solution leads to the following linear system,

{Xl(t)=—X1(t)+ﬁX1(t—T)+a12X2(t—T1), @1

X2(t) = —x2(t) + azix1(t — ©2) + Bxa(t — 1).

Let n = /lai2az1| and u = (B, n), for reasons explained below. The characteristic matrix for
system (2.1) is

A+1—Be —ape
A(u,x)=[ p 12 ,

—ayje A+1— ,Be_“
and hence the characteristic equation is
det A, 1) = [h+ 1 = Be 7] — apazie 7 =0. 2.2)

Then det A(u, A) can be decomposed as

det A(u, M) =[A+1—=B+me T |[A+1—(B—ne "] ifapay >0,
or

detA(u, M) =[A+1—(B+ine ™ |[A+1—(B—ine ™| ifanay <O0.
It is well known that the trivial solution of system (1.2) is locally asymptotically stable if all roots

A of the characteristic equation (2.2) satisfy Re(%) < 0.
Observe that the connection matrix of system (1.2) is

[ﬂ 012}
ar B |’
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whose eigenvalues are 8 £ 1 (if ajpaz; > 0) or B L in (if ajpaz; < 0). It follows that it is natural
to choose B and 7 as the bifurcation parameters. As a result, it is necessary to determine when
the infinitesimal generator A(u) of the C%-semigroup generated by the linear system (2.1) has
eigenvalues lying on the imaginary axis. For this purpose, we first consider

P.A)=A+1—ze 7, (2.3)

where z € C.
Define a curve X with the following parametric equations,

u(t) =costt —tsintt,
_ teR. (2.4)
v(t) =tcostt +sintt,

It is easy to see that the curve X' is symmetric about the u-axis. Let 6(¢) = v(¢)/u(¢). Then
0'(t) = u2(t)[1 + 1 + t£%] > O for all r € R such that u(¢) # 0. This implies that, as ¢ increases,
the corresponding point (u(¢), v(¢)) on the curve ¥ moves anticlockwise around the origin.
Moreover, it follows from u?(f) + v?(r) = 1 + 1> that T = {(u(¢), v(r)): t € R} is simple,
i.e., it cannot intersect with itself. Let {7, }j;’f) be the monotonic increasing sequence of the non-
negative zeros of v(t), and ¢, = u(t,) for all n € Ng := {0, 1,2, ...}. Obviously, we have 1o =0
and t, € (2n — )w/(2t), nx/7) for all n € N. Therefore, the curve X intersects with the u-axis
at (¢, 0), n € Np. It follows from the anticlockwise property of the curve X' that (—1)"c, > 0
for all n € Ny. In addition, we have |c,| = /1 + 2, which implies that ¢, = (—1)"/1 4t for
n € No and {|c,|}nen, 1s an increasing sequence. In particular, co =1 and ¢; = sect#; < —1.
Moreover, we claim that

(=D"'(t,) >0 and (—D"u'(t,) >0 forneNy. (2.5)

Equality in the second formula of (2.5) holds if and only if n = 0. In fact, we can check that
v/ (t,) # 0 when v(z,) = 0. This, combined with the anticlockwise property of the curve X,
gives the first inequality in (2.5). From u?(r) 4+ v2(r) = 1 4+ ¢%, we have u’ (1)u(t) + v’ (1)v(t) =1t
for t € R, Particularly, u’(t,)c, = t, for all n € Ny. This, combined with (—1)"¢c, > 0 for
n € Np, immediately implies the second inequality in (2.5). This proves the claim. Finally,
ur(t) + v3() =1+ 12> 1 also implies that the curve is not inside the unit circle and it has
only one intersection point (1, 0) with the unit circle.

For each n € Ny, let X, = {(u(?), v(t)): t € [—ty41, —tx] U [, th+1]}, which is a closed
curve with (0, 0) inside. The curve X' is schematically illustrated in Fig. 1. In the sequel, we will
identify X with {u(¢) + iv(r): t € R} C C. The following lemma will play an important role in
analyzing the distributions of the roots of (2.2).

Lemma 2.1. Consider P,(\) defined in (2.3) with z € C. Then the following statements are true:

(1) P;(A) has a purely imaginary zero if and only if z € X. Moreover, if z = u(0) 4+ iv(0) then
the purely imaginary zero is i6 except that there is a pair of conjugate purely imaginary
zeros Lit, if z=c, forn e N.

(i1) For each fixed zo = u(6p) + iv(6y) € X, there exists an open §-neighborhood of z in the
complex plane, denoted by B(zg, 8), and an analytical function X : B(zg, 8) — C such that
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Fig. 1. The parametric curve X.

A(zo) = i6y and A(2) is a zero of P,(\) for all z € B(zp,8). Moreover, along the vec-
tor (&) = (V' (6p), —u'(69))M (§), the directional derivative of Re{A(z)} at zg is positive,
where & € (—m /2, /2) and

cosé  siné :|

—siné  cosé

M(§)=[

(i) P,(X) has only zeros with strictly negative real parts if and only if z is inside the curve Xy;
exactly j € N zeros with positive real parts if z is between X;_1 and X;. In particular, if
z € X, P;(}) has either a simple real zero 0 (if z = 1) or a simple purely imaginary zero (if
Im(z) # 0), or a pair of simple purely imaginary zeros (if z = c1), and all other zeros have
strictly negative real parts.

Proof. (i) P,(}) has a purely imaginary zero, say A = i@, if and only if ¢/? (1 + i) = z, which
is equivalent to z € ¥ by separating the real and imaginary parts of ¢/7 (1 + i6).

(ii) Note that P,,(i6p) =0 and i6y is a simple zero of P,,(A). The existence of § and the
mapping A follow from the Implicit Function Theorem. Moreover, A(z) is analytic with respect
to z. Thus,

0 0 0 d
V()= %Re{k(z)} +ios Im{A(2)} = 5 Im{A(2)} — iﬁRe{k(z)},
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where a = Re(z) and b = Im(z). On the other hand, differentiating P,(A) = 0 with respect to z
and using P, (i6p) =0 and |u(6p) +iv(fp)| =,/1+ 05, we have

2 (20) = €1(60) {u(B0)&2(60) + Bov(60) + i [Bou(Bo) — v(60)e2(60) ]}

where £1(0) =[(1 + )2 + (16)217 ' (1 +6%)~! and £,(8) = 1 + t + 162 It follows that

3 3 T
VRe{k(Zo)} = (5 RG{A(ZO)}s b Re{)\(ZO)})

= £1(60) (1(60)€2(60) + Oov(6o), v(Bo)e2(60) — 6’obt(90))T-

Thus, for a given & € (—mr /2, m/2), the directional derivative along the vector ¥ (§) at zg is

LRe{,\( )} = e3(60) (v (00), —u'(60)) M (£)V Re{A(z0)}
dﬁ(é) 20) 1 = €300 0), 0 20

= £1(60)e3(80) (€3 (Bo) + 63) cos & > 0,

where £3(60) = [9(&)| 7' =1/,/(1 + 1)2 + 1265.

(iii) Note that Py(A) has exactly one zero —1, which obviously has a negative real part. Since
zeros of P;(A) depend continuously on z, there exists a region §2¢ containing z = 0 such that for
Z € £2¢, all zeros of P;(A) have negative real parts. Moreover, as z varies and passes through the
boundary 9£2¢, only one (or two if z is real) zero point of P,(A) varies from a complex number
with a negative real part to a purely imaginary number and then to a complex number with a
positive real part. By (i), 0§29 = X. Therefore, P,()) has only zeros with negative real parts if
z is inside the curve X.

If z is a real number between X'; | and X'}, then one can easily show that P; (1) has exactly j
zeros with positive real parts (see, for example, the discussion in Chen and Wu [6]). This, com-
bined with (i) and the continuous dependence of zeros of P;()X) on z, completes the proof. O

For the sake of convenience, we introduce the following notations:

27 ={B.n: BEn=c;, n>0}, jeN,
sr={B.meZjn>0} jeN,
st=J =t

J€Ny

R** ={(B,n) e R*: n > 0}.
We call Q/j.t, J € Ny, critical lines.
Corollary 2.2. Suppose ajpaz > 0. Then the following statements hold.

(1) All zeros of det A(w, L) have negative real parts ifand only ifciy <B—n<pB+n< 1.
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(ii) If and only if u = (B,n) € 2,7 U 2, for some n € N, det A(u, A) has a pair of simple
conjugate purely imaginary zeros, which are tit,,.

(i) If and only if w = (B,n) € .Qg' U, , det A(u, 1) has a simple zero A = 0. Moreover, if
c1<pB—n<pB+n=1, then all zeros but . =0 of det A(w, L) have strictly negative real
parts.

(iv) For each fixed po = (Bo, n0) € 2,5 (or §2,7), there exist an open §-neighborhood B(i, 8)
of wo and a smooth function A:B(ug,d8) — C such that A(wo) = it, (or —it,) and
M) is a zero of det A(u, A) for all uw € B(uo, 6). Moreover, the directional derivative
#@) Re{A (o)} > 0, where 9 (§) = (—1)"(cos&é — sin&, cos& + sin&) (or (—1)"(cosé +
sin&, —cos& +sin&)) with &€ € (—n/2,7/2).

Proof. By Lemma 2.1, it suffices to prove dﬂdw Re{A(uop)} > 0. If o = (Bo, no) € Q,‘f, then

i Re{A (o)} = aa Re{A (o)} = cue1(tn)e2(tn),
B an
where the functions €1 (-) and &,(-) are those defined in the proof of Lemma 2.1(ii). Hence,

d 2
49 &) Re{2(10)} = %”@WRC{/\(M)} = V2lchler (tn)ea(ty) cos € > 0,
where 9 (§) = (—1)"(cos & —sin§, cos& +sin§) and § € (=5, 5). Now, if o = (Bo, no) € 2,7,
then

9 RefMu0)) = — 2 Re{ (o)} = cue1 (h)ea(tn)
2p eiA (o) = an eA (o) | = cper(tn)ea(tn).

Hence,

5@ Re{A(uo)} = %Eﬁ(g)v Re{x(10)} = v2lculer (tn)ea (1) cos € > 0,

where ¥ (§) = (—1)"(cos& +sin&, —cosé +siné&) and & € (—n/2,7/2). O
Similarly, we can prove
Corollary 2.3. Suppose ajpaz; < 0. Then the following statements are true.

(i) det A(u, A) has a purely imaginary zero if and only if w = (B8, 1) € X . The purely imagi-
nary zero is given by i0, where 0 satisfies u(0) = f and v(0) = 1.

(ii) All zeros of det A(u, 1) have strictly negative real parts if and only if u = (B, 1) € R** is
inside the curve X.

(iii) For each fixed o = (Bo, no) € X, there exist an open §-neighborhood B(jio,8) of o
and a smooth function X : B(ug,8) — C such that A(jo) = i6g and A(u) is a zero of
det A(u, A) for all u € B(wo, 6), where 0y satisfies u(6y) = Bo and v(6y) = ng. Moreover,
the directional derivative #@) Re{A (o)} > 0, where 8(§) = (v (8y), —u' (8p)) M (§) with
Ee(—n/2,7/2).
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v) If = (B, n) € X, then det A(ju, A) has a simple purely imaginary zero and all other zeros
have strictly negative real parts.

Based on Lemmas 2.2 and 2.3, we have the following results about the stability of the trivial
solution of system (1.2).

Corollary 2.4. The trivial solution of system (1.2) is asymptotically stable if and only if one of
the following two conditions holds.

(i) apaz1 >0andcy <B—n<B+n<l
(i) aipaz1 <0 and (B, n) is inside the curve X.

Note that there are stability switches at the trivial solutionas u = (8, n) € R?* crosses the crit-
ical lines 2 or the curves X7, j € Ny. Hence, a bifurcation from a stationary point to periodic
solutions occurs. In the following sections, we consider two kinds of bifurcations: codimension
one and codimension two bifurcations.

3. Hopf bifurcation

Hopf bifurcation occurs possibly at o = (Bo, o) € R** where the infinitesimal generator
A(w) has a pair of purely imaginary eigenvalues, which is true if either no € ;> (.Qj+ U
when appar; > 0, or g € X+ when ajpaz; < 0.

In this section, we focus on the codimension one Hopf bifurcation, i.e., the infinitesimal gener-
ator A(u) has only one pair of purely imaginary eigenvalues at 1.0 = (8o, 7o) € R>T. Therefore,
throughout this section, we always assume that either (i) there exists j € N such that puo =
(Bos m0) € 27 \ {U, 50925} or 27 \ {U,50 257} when ai2a21 > 0, or (ii) 120 = (o, n0) € =+
when ajpaz; < 0. Then A(w) has exactly a pair of simple conjugate purely imaginary eigen-
values iwg at o = (Bo, no), where wo = t; if ajpaz; > 0, while wy satisfies u(wg) = Bo and
v(wo) = no if ajpaz; <O0.

In order to study the Hopf bifurcation, we need the reduced system on the center manifold
associated with the pair of conjugate purely imaginary solutions &iwq of the characteristic equa-
tion (2.2). With the reduced system, we can determine bifurcation direction and the stability of
the bifurcated periodic solutions. For this purpose, we further assume that

(H1) f e C3*@R,R) and xf(x) %0 when x #0.
Let X (1) = (x1(t), x2(1))T and X,(0) = X (t + 0) for 6 € [—11, 0]. Let BC be the set of all

functions from [—7, 0] to R? which are uniformly continuous on [—7, 0) and may have a possible
jump discontinuity at 0. Thus, we can rewrite system (1.2) as

X = A X, + R(w) Xy, 3.1)
where the infinitesimal generator A(u) : C'([—11, 0], R?) — BCis given by

deit 6 €[~1,0),

Alwe(©) = { [“AO o DtanCn g g
—p20)+ppa (=) +an g1 (=) I’ 7
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and the nonlinear operator R(u) : C — BC is

1 1
R(uwe = Ef”(O)B(M)(w, @)+ gf”’(O)C(M)(w, Q@)+,

with B(u):C x C— BC and C(u) : C x C x C — BC being defined as

B(uw) (g, ¥)(0) =0, 6 €[—11,0),

| Bor (=¥ (—=1) +anga(—t)Y2(—11)
B . )0 = [azlgol(—rz)wl(—rz) + Br(—T)n(~1) } ’

Cw (e, ¥, 9)(0) =0, 6e[-11,0),

| Bor(=D) ¥ — 1)1 (1) + apga(—t) V2 (—T11)P2(—71)
Cuw)e. v, #)(0) = |:021¢1(—T2)W1(—72)¢1(—T2) b Bor(— D) ¥ (— D)o (—1) } :

for ¢, ¥, ¢ € C. By the Riesz representation theorem, there exists a matrix & (6, u) whose com-
ponents are functions of bounded variation in 6 € [—ty, 0] such that

0
(Awe) ) = / dE(6. 1) ¢(®) forgeC.

e
It is easy to check that
q0) =1, )T ™, 0 c[~1,0],

where d = (1 +iwp — Be™'®0T) ™™ /g1, is an eigenvector of A(ug) associated with the eigen-
value iwg. The adjoint operator A*(uq) is given by

-4, if§ € (0,71,

A (Ro)¥) () =
( ) Soqw(=DdE W o), ifE=0.

For convenience in computation, we shall allow functions with range in C? instead of in R?.
Thus, the domains of A(u) and A*(ug) are C!([—11,0], C?) and C'([0, 7;], C**), respec-
tively, where C* is the space of 2-dimensional complex row vectors. It follows that —iey is an
eigenvalue of A*(uo) and

A* (o) p(§) = —iwop ()

for some nonzero row-vector function p(£€), & € [0, 71].
In order to construct coordinates to describe the center manifold C,, near the origin, we use
the bilinear form (see Hale and Verduyn Lunel [22] and Diekmann et al. [7])

0

0
W @) = T(O)p(0) — / / TE —0)dE 0, 0 o) dé

O0=—11£=0
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for ¢ € C([0, 7], (Cz*) and ¢ € C([—11,0], (Cz). In particular, let (-,-) = {-,-),. Then, as usual,

(v, Ao)p) = (A*(no) ¥, @) for (¢, ¥) € Dom(A(uo)) x Dom(A*(10)).

We normalize ¢ and p so that

(p.q)=1 and (p,q)=0.
By direct computation, we obtain that
pE =D, e, £ €0,

where D = {2d[1+1(1 +iwp)]}~". For each X € Dom(A(u)) with sufficiently small ||z — o],
we associate it with the pair (z, w), where z = (p, X) and w = X — zqg — zg = X — 2Re{zq}.
For a solution X; of (3.1) at p with sufficiently small || — wol|, we define z(t) = (p, X;) and
w(z,Z, u) = X; —2Re{z(t)q}. In fact, z and z are local coordinates for C, in the directions of p
and p. Note that w is real if X, is, since we shall deal with real solutions only. It is easy to see
that (p, w) =0.

Now, for solutions X; € C, of (3.1), (p, X:) = (p, A(w)X; + R(1)X;). Then, on the center
manifold C,, with sufficiently small || — poll, we have

() =iwoz + g(z, 2, 1), (3.2)

where the smooth functions g(z,7Z,u) = —iwoz + (p, A(w)(w(z,z, ) + 2Ref{zq})) +
(p, R(u)(w(z, Z, u) + 2Refzq})). Let

> 1 sk > 1 sk
gz, z,pn) = E ﬁgsk(u)z Z8 and w(z,z,n) = E @wsk(u)z z.
s+k>1 s+k>1

Similar to the computation in [18], Eq. (3.2) can be transformed by an invertible parameter-
dependent change of complex coordinates into an equation with only cubic term:

Pt (e + %el(,u)zzi + 021, (33)

where A*(1) = iwg + (. — o) VA(o) + O(llw — poll?), A(w) is a smooth function defined
implicitly in Corollaries 2.2(iv) and 2.3(iii) and satisfies A(uo) = iwg, and

] 1
e1(po) = wLO [gzo(uo)gn(uo) - 2\811(Mo)|2 - §|goz(uo)|2} + g21(10).

Let z = re'?. Then we can rewrite the normal form (3.3) as
. 1 3
F=r(u—po)VRe{A(uo)} + 5 Refei(uo)} +hoo.t.,

. 1
6 =wo + (1 — 110)VIm{A(10)} + Er2 Im{e; (10)} +h.o.t. (3.4)
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Theorem 3.1. Assume that U 2 Re{e (110)}V Re{A(10)} # 0. If O is a row vector such that
U #£ 0 then system (3.2) has a branch of bifurcated periodic solutions for . = uo + s9 with s
satisfying s©U < 0. The bifurcated periodic solutions are orbitally stable (respectively, unstable)
if Re{e1 (o)} < O (respectively, > 0). Moreover, the periods of the bifurcated periodic solutions
are > i—’(’) (respectively, < i—’; ) if Ty < 0O (respectively, > 0), where

U VIm{A(10)}

Ty =Im{e1 (o)} — P VRe{A(120)}

Refe1(no)}-

Proof. We consider the following truncated system of (3.4),

1
F=rs0VRe|{A(uo)} + 5r3 Re{er (o)},

: 1,

6 = wo +s9VIm{A(uo)} + 5" Im{e; (o)}, (3.5)

where s = u — wo. System (3.5) exhibits the same local bifurcation in a small neighborhood of
the origin with sufficiently small s. We first consider the amplitude equation,

F=rs?VRe{A(uo)} + %r3Re{el(uo)}, 3.6)

as it is decoupled from 6. Equation (3.6) always has the trivial equilibrium r¢ = 0. Other equi-
libria r of (3.6) satisfy 259V Re{A(uo)} + r2 Re{e; (o)} = 0, which has exactly one positive
solution

o \/_mw Re{A (o)} (3.7

Re{e (1o)}

if and only if s9U < 0. Obviously, r; — 0 as s — 0 or equivalently & — . This implies
that system (3.2) has a branch of periodic solutions bifurcated from the origin and exists for
w=po+ s with s9U < 0.

Note that the eigenvalue of the linearized operator of the right-hand side of (3.6) at r = r
is rl2 Refe1(uo)}. As the stability of the bifurcated periodic solutions is the same as that of rp, it
follows that the bifurcated periodic solutions are stable if Re{e; (119)} < 0 and unstable otherwise.

Finally, we consider the phase equation for the bifurcated periodic solution of (3.5) corre-
sponding to the equilibrium r;. Namely,

. 1
0 =wo + sV Im{A(uo)} + Er% Im{e; (1o)}. (3.8)
It follows from (3.7) that

__ riRefei(uo)
~ 20VRe{A(uo)}
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Substituting the above expression of s into Eq. (3.8) yields

. 1,
9=w0+§r1T§~

Then the remaining conclusion of the theorem follows immediately. O

Now apply Theorem 3.1 to Hopf bifurcation analysis for (1.2) under the following additional
assumption:

(H2) f”(0)=0and f"(0) #£0.
Then we have g20 = g11 = go2 =0 and
e1(p0) = g21(ro) = f"(0){p, Cq, 4, D)) = Nf"(0) [e2(w0) + woi ],

where N = %(|d|2 + D[ +1)% + tzwg]_l and &,(-) is the function defined in the proof of
Lemma 2.1(ii). It follows that

Refe (o)} = Nea(wo) f(0) and  Im{ei (o)} = N f(0).

Therefore, if ajpaz; < 0 and o = (Bo, no) € X T, then it follows from the proof of Lemma 2.1(ii)
that

U = /" (0)e1 (w0) Ne2(wo) (Boe2(@0) + wono, nog2(wo) — wofo) - (3.9)

On the other hand, if a2a2; > 0 and o = (Bo, no) € .Qf \ [U@O £2;]or .Q; \ [US>0 Q] for
some j € N, then wp = ¢; and it follows from the proof of Corollary 2.2(iv) that

U= f"(0)e1(tj)Ne3 (tj)c;(1, £1)T. (3.10)

Corollary 3.2. Assume that aypaz; > 0 and that (H1) and (H2) hold. Then at u = o € .Q;" \
[US>0 2, ] or .Q; \ [Us>0 ;] for some j € N, system (1.2) undergoes a Hopf bifurcation.
Namely, in every neighborhood of (0, o) there exists a branch of periodic solutions, which
approach the trivial solution as p — po. Their period w (1) satisfies w (i) — 27w/t as L — po.
Furthermore, w () € [2t/j,4t/(2j — 1)]. The direction of the Hopf bifurcation and stability of
the bifurcated periodic solutions are determined by sign{ f”'(0)}. More precisely:

(1) If f"(0) < 0 (respectively, > 0), then each branch of the bifurcated periodic solutions exists
for = po+sOE(E) with s > 0 (respectively, < 0)and & € (—m /2, /2), and the bifurcated
periodic solutions have the same stability as the trivial solution had before the bifurcation
(respectively, is unstable), where 9* (&) = (—1)7 (1, £1)M (&) and the matrix function M (£)
is defined in Lemma 2.1(i1).

(i) If[tj — e2(tj) tan&] f(0) < O (respectively, > 0) then the period of the bifurcated periodic
solutions is > zt—’; (respectively, < Zt—f)-
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Proof. It follows from the expression of U in (3.10) that, for & € (- /2, 7/2),

PEU=2f"(0)e; (tj)Neg(tj)|cj |cosé&.
Moreover, we have

Refei(uo)} = Nea(t;) f(0) and Ty = [t; — e2(j) tan& [N £ (0).
Now we can apply Theorem 3.1 directly to complete the proof. 0O

Corollary 3.3. Assume that ajpaz; < 0 and that (H1) and (H2) hold. Then at 1o = (B, no) € X7,
system (1.2) undergoes a Hopf bifurcation. Namely, in every neighborhood of (0, o) there exists
a branch of periodic solutions, which approach the trivial solution as w — o. Their period
w () satisfies w(u) — 2w /wo as pu — o, where wgy € R satisfies u(wo) = PBo and v(wy) = no.
The direction of the Hopf bifurcation and stability of the bifurcating periodic solutions are de-
termined by sign{ f"'(0)}. More precisely:

@) If f(0) < O (respectively, > 0), then each branch of the bifurcating periodic solutions
exists for u = uo + sﬂi(é) with s > 0 (respectively, <0) and & € (—n/2,7/2), and the
bifurcating periodic solution has the same stability as the trivial solution had before the
bifurcation (respectively, is unstable), where ¥ (&) = (V' (0y), —u'(00)) M (§) and the matrix
function M (&) is defined in Lemma 2.1(ii).

(i) If [wo — &2(wp) tan&] £7(0) < O (respectively, > 0) then the period of the bifurcated periodic
solutions are > i—’; (respectively, < 30_7;)'

Proof. It follows from the expression of U in (3.9) that
9= (EU=21"(0)Ne2(wo) cos
for & € (—m /2, w/2). Moreover,
Ty+e) = [wo — e2(wp) tan§ [N " (0).
Again, applying Theorem 3.1 immediately completes the proof. O

Remark 3.4. In Corollaries 3.2 and 3.3, the stability of the bifurcated periodic solutions also
depends on the nonexistence of unstable manifolds containing the trivial solutions. If there ex-
ists an unstable manifold containing the trivial solution, even though the periodic solution on
the center manifold in the neighborhood of the trivial solution is stable, the bifurcated periodic
solution is still unstable. Therefore, under assumptions of Corollary 3.2, only if f/(0) < 0 and
wo = (Bo, no) € 2, and ¢ < fo + 1o < 1, are the bifurcated periodic solutions stable. Under
assumptions of Corollary 3.3, only if f”/(0) < 0 and o = (Bo, 70) € X, are the bifurcated
periodic solutions stable.
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4. Bautin bifurcation

Throughout this section, as in Section 3, we still assume that either there exists j € N such that
wo = (Bo, o) € Qf \ U0 9257} or 27\ {U, >0 2,7} when aipa21 > 0 or po = (Bo, n0) € ZF
when ajpaz; < 0. Similar to the analysis of Hopf bifurcation in Section 3, we can perform an
invertible parameter-dependent change of complex coordinates to obtain (3.3) for all sufficiently
small || — woll. If Re{eq (o)} £ 0 then we have obtained some results about the codimen-
sion one Hopf bifurcation in Corollaries 3.2 and 3.3. However, if Re{e;(up)} = O then the
Bautin bifurcation occurs (see Kuznetsov [27]) and we have to further perform an invertible
parameter-dependent change of complex coordinates smoothly depending on u to annihilate all
the fourth-order terms in (3.2) with the coefficient of the resonant cubic term e (u) untouched
while changing the coefficients of the fifth- and higher-order terms. Finally, we can remove all the
fifth-order terms except the resonant one shown in z|z|* and obtain the following normal form,

. 1 1
E=2"0z+ Se(walz + ezl + 0(12°), (4.1)

where A* (1) and e (1) are the same as those in Section 3 satisfying Re{ej (10)} = 0. According
to the center manifold theory, if there exists an unstable manifold containing the trivial solution
of system (1.2), then all bifurcated periodic solutions are unstable. If there exists no unstable
manifold containing the trivial solution, then the bifurcated periodic solutions of system (1.2)
have the same stability as the corresponding periodic solutions of (4.1).

Let z = re'?. Then we can rewrite the normal form (4.1) as

F=oair+ a2r3 + L+ h.o.t.,

. 1
6 =wo+ (1 — po)VIm{i(uo)} + Erz Im{e; (1o)} +h.o.t., 4.2)

where a1 () = (u — o) VRe A(no), oo () = 1 Re{ei ()} and L = ﬁ Re{ea (i)} It is easy to
see that @ = (a1, p) satisfies a(ip) = 0. Assume that the map p +— « is regular at g, i.e., the
Jacobian matrix 9 (1, ®2)/9(B, ) is nonsingular at wo. In other words, the map u — « is locally
invertible in a sufficiently small neighborhood of pg. Thus, we can use « instead of u to give
a complete bifurcation diagram of (4.2), i.e., existence, multiplicity, and stability of bifurcated
periodic solutions. By a direct computation, we have

1 _ B 1 _
12L =Re{ga} + o0 Im{gzog31 —g11(4g31 +3822) — 5802(840 +213) — g3oglz}

1 _ _ B 1 _
+ 3 Re{gzo |:811(3812 — 830) + 802 <812 — §g30> + gozg()s“
0

1 _ (5_ I _
+— Re{gn [goz<—g3o + 3g12> + 3802803 — 4gug3o] }
w; 3 3

3 1 _ =2 - 2
+ 7 Im{go0g11}Im{g21} + ] Im{g11802[830 — 3820811 — 4811 ]}
0 0

1
+ — Im{g11820}[3Re{g11820} — 2lg021*].
@
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where all the g4;’s are evaluated at p. In deriving this formula, we have taken the equation
Re{e1 (o)} = 0 (or, equivalently, wo Re{gr1} = Im{gz0g11}) into account.

The first equation in (4.2) is uncoupled from the second one. The equation for 6 describes a
rotation around (0, 0) with almost constant angular velocity 6 ~ wy for || — poll small. Thus,
to understand the bifurcations in (4.2), it suffices to study the scalar equation for r, that is,

F=air 4o+ L + 0(r6). 4.3)

Rescaling r = |L|_1/4\/ﬁ and defining the parameters y; = o and y» = oz /+/| L], we obtain the
following truncated equation for p without the 0(p*) terms,

p=2p(y1+y20—p*) ifL<0 4.4)
and
p=2p(y1 +y2p+p%) ifL>0. 4.5)

It follows that the trivial equilibrium p = 0 of (4.4) or (4.5) corresponds to the equilibrium z =0
of (4.1), and the existence and stability of positive equilibria of (4.4) or (4.5) determine the
existence and stability of periodic solutions of (4.1) and hence of the original system (1.2). In the
remaining part of this section, we depict the complete bifurcation diagrams of (4.4) and (4.5) on
the (y1, y2)-parameter plane.

We first consider (4.4). Positive equilibria of (4.4) satisfy y; + y2p — p> = 0, which can have
zero, one, or two positive solutions. These solutions branch from the trivial one along the line /;
on the (y1, y»)-parameter plane and collide and disappear at the half-parabola /5 (see Fig. 2(a)),
where

li:y1=0 and 12:y22~|—4y1 =0 withy, >0.
The detail is summarized below.

(1) In the region D11 = {(y1, y2): yzz +4y1 <0or y1 <0 and y» < 0}, (4.4) has no positive
equilibria. Thus, the equilibrium p = 0 is globally asymptotically stable, which means that
system (4.1) has no periodic solutions in a sufficiently small neighborhood of the stable
equilibrium z = 0.

72 Y2

I3

Fig. 2. Bifurcation sets for (4.4) and (4.5).
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(2) In the region D1y = {(y1, y2): y1 > 0}, (4.4) has only one positive equilibrium, which is
stable. This means that system (4.1) has exactly one stable periodic solution in a sufficiently
small neighborhood of the unstable equilibrium z = 0.

(3) In the region D13 = {(y1,¥2): Y1 <0, y» > 0, and )/22 + 4y1 > 0}, (4.4) has two positive
equilibria, one stable and the other unstable. This means that system (4.1) has one stable
periodic solution and one unstable periodic solution in a sufficiently small neighborhood of
the stable equilibrium z = 0.

Therefore, on the (y;, y2)-parameter plane, the line /; and the half-parabola /, are bifurcation
curves. The bifurcation scenario is explained below.

(1) On the (y1, y»2)-parameter plane, if the point (y, y2) crosses the line /; from region D to
region D7, then (4.1) undergoes a Hopf bifurcation and a stable limit cycle bifurcates from
z=0.

(i) On the (y, y2)-parameter plane, if the point (yy, y2) crosses the line /; from region D, to
region Dy3, then (4.1) undergoes a Hopf bifurcation and an unstable limit cycle bifurcates
from z = 0.

(iii) On the (y1, y»2)-parameter plane, if the point (y, y2) crosses the line /; from region D3 to
region D, then limit cycles of (4.1) undergo a fold bifurcation, i.e., the two limit cycles
collide and then disappear.

Now we come to the complete bifurcation diagram of (4.5). Positive equilibria of (4.5) satisty
vi+vep+ ,02 = 0, which can have zero, one, or two positive solutions. These solutions branch
from the trivial one along the line /1 on the ()1, y»)-parameter plane and collide and disappear at
the half-parabola /3: )/22 —4y1 =0and y, < 0 (see Fig. 2(b)). We have the following conclusions.

(1) In the region Dy = {(y1, y2): y22 —4y; <0 or y; >0 and y, > 0}, (4.5) has no positive
equilibrium. Thus, the equilibrium p = 0 is unstable. This means that system (4.1) has no
periodic solutions in a sufficiently small neighborhood of the unstable equilibrium z = 0.

(2) In the region Dy = {(y1, 2): v1 < 0}, (4.5) has only one positive equilibrium, which is
unstable. This means that system (4.1) has exactly one unstable periodic solution in a suffi-
ciently small neighborhood of the stable equilibrium z = 0.

(3) In the region D73 = {(y1,¥2): 1 >0, y» <0, and y22 — 4y > 0}, (4.4) has two positive
equilibria, one stable and the other unstable. This means that system (4.1) has one stable
periodic solution and one unstable periodic solution in a sufficiently small neighborhood of
the unstable equilibrium z = 0.

Therefore, on the parameter plane (y1, y»), the line /; and the half-parabola /3 are bifurcation
curves. More specifically, we have

(1) on the (y1, y2)-parameter plane, if the point (yq, y») crosses the line /; from region D, to
region Ds», then (4.1) undergoes a Hopf bifurcation and an unstable limit cycle bifurcates
from z =0;

(ii) on the (yy, y2)-parameter plane, if the point (y1, y») crosses the line /; from region D5, to
region D3, then (4.1) undergoes a Hopf bifurcation and a stable limit cycle bifurcates from
z2=0;
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(iii) on the (y1, y2)-parameter plane, if the point (y1, y2) crosses the line /3 from region D3 to
region D51, then limit cycles of (4.1) undergo a fold bifurcation, i.e., the two limit cycles
collide and then disappear.

5. Fold bifurcation

When ajpaz; > 0, a fold bifurcation may occur at o = (Bo, o) € {.(20+ \ [U‘go 71y U

{25\ [Us>0 21}, where the infinitesimal generator A(o) may have a simple eigenvalue
zero. In this section, we only consider the first case because the second one can be discussed
analogously. Therefore, throughout this section, we always assume that

(H3) aipazi > 0 and po = (Bo, m0) € 24 \ [U;0 2571

Under assumption (H3), 8o + no = 1 and Bo — no # ¢, for all n € Ny. It follows from Corol-
lary 2.2 that A(u) has a simple real eigenvalue A(u) for all sufficiently small ||u — wol|, where
A is a smooth function of w such that A(ug) = 0. Thus, A(w) has a real eigenvector Q(u) € C,
smoothly dependent on the parameter and corresponding to the eigenvalues A(j):

A(pw) Q(p) = A1) Q(1)-

Moreover, A(u) is also an eigenvalue of the adjoint operator A*(u) with adjoint eigenvector
defined by

A* ()P (1) = () P(w).

We normalize the eigenvectors such that (P(u), Q(u)), = 1 for all sufficiently small || — poll.
For simplicity, in the sequel, let ¢ = Q(uo) and p = P(uo). In fact, we can choose P(u) and
Q(w) such that g(0) = (1,dy)T for 6 € [—11, 0], and p(&) = Do(dop, 1) for & € [0, 71], where
do =no/ai2 and Dy = [2dp(1 + r)]_l. Obviously, (p,q) =1.

We associate each X € Dom(A(w)) with the pair (x, w), where x = (p, X) and w = X — xq.
For a solution X; of (3.1) at u, we define x(t) = (p, X;) and w(x, u) = X; — xq. It is easy to see
that (p, w) = 0. Now, for solutions X; € C,, of (3.1), (p, X:) = (p, A(w)X; + R()X;). Then,
on the center manifold C,,, we have

x(t) =gx, w), 3.1

where the real smooth function g is given as follows,

1 .
g(x. ) = (p. A(w) (wx. w) + xq) + R (wix, ) + xq)) = > HE ()x’.
iz

By a direct computation, we have
g1(1) = (= o) VA(o) + O (Il = poll®)
1
g2(no) = " (0){p, Bg, 9)) = Ef”(o)(l +1)7' (1 +do),

g3(mo) ={p, " 0C(q,q.9) + 31" 0)B(wa, q)).



S. Guo et al. / J. Differential Equations 244 (2008) 444—486 461

We sti.H need to compute wy(8) for 6 € [—11, 0). Indeed, on the center manifold Cy, at u = o,
w=X; —xq = A(no)w + R(uo)(xqo + w) — g(x, o)qo. We rewrite this as

w = A(wo)w + h(x), (5.2)
where h(x)(@) = —g(x, no)g@) for 8 € [—11,0), and h(x)(0) = R(uno)(xg + w)(0) —
g(x, o)q(0). Therefore, hy(0) = —go0q(0) for 6 € [—11, 0).

Let w(x, no) = %wz)c2 + %W3x3 + - and h(x) = 2hox? + %h3x3 + ---. Comparing the
coefficients, we obtain (A(uo)wz)(@) = —hy(0). Thus, for 8 € [—17, 0),

w2(6) = g2(10)q (6).

Solving for w7 (6), we obtain w»(0) = g2(p)0q(0) + Eo, where E is a 2-dimensional vector
and it can be determined by the equation /(x)(0) = R (o) (xqg + w)(0) — g(x, to)g(0). Namely,

h2(0) = —22(110)q (0) + £ (0)(B + arad3, azi + Bd3)" .
This, together with (5.2), implies that
—w3(0) + Bw) (—1) + anpw3 (—11) = g2 (ko) — £ (0)(B + arnd3).
—w3(0) + a1 w3 (— ) + Bw3(—1) = g2(mo)do — [ (0) (a1 + Bdy),

where w; and w% are the components of w;. Substituting w,(0) = g2(10)0q(0) + Eo into the
above equation and noticing that A(uo, 0)go(0) = 0, we have

(I+do)(vo—711) (do—1)(1— 2770)} /
Eo=-eo(1,—dp)T and ey= — '(0).
0=-eo( 0) 0 [ 81+ 1) o Q)
If f”(0) # 0, then the truncated form of (5.1) is
. 1 2
X = (1 — no) VA(o)x + Egz(uo)x , (5.3)
where VA(u) = (g—g, g—z)T. It follows from the proof of Corollary 2.2 that
Vi(uo) = (1+7)~'(1, D,
Therefore, (5.3) is equivalent to the following equation,
. 1
I+o)x=B+n- 1)X+Zf"(0)(1+do)x2. (5.4)

It is easy to see that (5.4) has two equilibria: x; =0 and x, =4(1 — 8 — ) /[(1 + do) f”(0)].
Moreover, if 8 + n > 1 then x; is unstable and x; is stable. If 8 4+ 1 < 1, then x is stable and x»
is unstable. These two equilibria coalesce at .« = po. Thus, we obtain a transcritical bifurcation
of equilibria of system (1.2).



462 S. Guo et al. / J. Differential Equations 244 (2008) 444-486

Theorem 5.1. Under assumptions (H1) and (H3), if f”(0) # 0, then system (1.2) undergoes a
transcritical bifurcation near j1o. Namely, besides the trivial solution, system (1.2) has a nonzero
equilibrium, which continuously depends on u for all sufficiently small || — (1oll. Moreover; this
nonzero equilibrium is stable if B +n > 1 and o = (Bo, no) satisfies c1 < fo—no < Bo+no =1,
and unstable otherwise.

In what follows, we investigate the case where assumption (H2) holds. Then the truncated
form of (5.1) is

1
I+x=B+n— 1)X+8g3(uo)x3, (5.5

where g3 (o) = (po, 7 (0)C(q0, 90, q0)) = %f/”(O)(l —i—dg)/(l + 7). It is easy to see that (5.4)
has only one equilibrium x; = 0 if (8 +71 — 1) f”/(0) > 0, and otherwise, three equilibria x; =0
and xp3 = +=/6(1 — B — 17)/g3(uo). Namely, there exists a pitchfork bifurcation at u = po.
More precisely, if f”/(0) < 0, then, for 8 + n < 1, (5.5) has the stable equilibrium x1; for
B+ n > 1, x1 is still an equilibrium, but two new equilibria x, and x3 appear. In this process, x;
becomes unstable for 8 4+ 1 > 1 while the other two equilibria are stable. Therefore, we have the
following conclusion:

Theorem 5.2. Under assumptions (H1)—-(H3), system (1.2) undergoes a pitchfork bifurcation
near . More precisely, we have the following statements.

1) If f(0) <0, two nontrivial equilibria exist for u with B +n > 1 (which are stable if c; <
Bo — no < 1 and unstable otherwise) and only the trivial equilibrium continues existing for
B + n < 1. Moreover, the two nontrivial equilibria coalesce into zero as | goes to (L.

(ii) If f"(0) > 0, two nontrivial equilibria exist for u with B + n < 1 (which are unstable) and
only the trivial equilibrium continues existing for B + n > 1. Moreover, the two nontrivial
equilibria coalesce into zero as | goes to [Lo.

6. Fold-Hopf bifurcation

Assume that ajpaz; > 0. If uo = (Bo, no) € Q(;r N &2, or o = (Bo, no) € §2, N 82,5 for some
n € N, then zero and +if, are simple eigenvalues of the infinitesimal generator A(1g). Thus,
a fold—Hopf bifurcation, which is a type of codimension two bifurcations, may occur. Again,
we only consider the first case because the second one can be discussed analogously. Therefore,
throughout this section, we always assume that

(H4) ajpaz1 > 0 and po = (Bo, no) € .Qg’ N §2, for some n € N.
It follows from Corollary 2.2 that A(u) has simple eigenvalues Ag(u), A1(n), and Aq(u) for

all sufficiently small || — poll, where the real function Ao(u) and the complex function Aj(u)
respectively satisfy

ro(uo) =0 and  Aj(uo) =ity. (6.1)
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Thus, A(u) has two eigenvectors Qg(u) € C and Q;(u) € C, smoothly dependent on the para-
meter and corresponding to the eigenvalues Ag(u) and A1 (u), respectively:

A(p) Qo (1) = ro() Qo (1), A) Q) = A1 () Qi (1).

Moreover, Ag(p) and Aq(u) are also eigenvalues of the adjoint operator 4*(u) with adjoint
eigenvectors defined by

A*()Po() = ro()Po (i), A* () Pr(p) = A () Pr().

We normalize the eigenvectors such that (P;(u), Qx()), = &x for all sufficiently small
lie — poll, where 8 i is the Kronecker delta. For simplicity, in the sequel, let p; = P; (o) and
qj = Q;(o), j =0, 1. In view of (6.1), we can choose

0® =1,d)", @O =0,d)"e", 0e[-1,0],
and

po(§) = Do(do, D), pi1(€) =Di(d1, e, £ €0,1l,

where dy = no/aix and di = —noe!™ @~V Jayy, Dy = [2do(1 + )]}, and Dy = {2d;[1 +
t(1+it)]} .

We again associate each X € Dom(A(w)) with the triple (x, z, w), where x = (pg, X),
z={(p1, X),and w =X — xqo — 291 — 291 = X — xqo — 2Re{zq}. For a solution X; of (3.1)
at u, we define x(1) = (po, X;), z(t) = (p1, Xs), and w(x, z,Z, u) = X; — xq0 — 2Re{z(1)q1}.
In fact, x, z, and Z are local coordinates for C, in the directions of pg, p; and pj. It is easy
to see that (pg, w) =0 and (p;, w) = 0. Now, for solutions X; € C,, of (3.1), (pj,X,) =
(pj, A X: + R(u)X;), j =0, 1. Then, on the center manifold C,,, we have

x(t) =g(x,z,2, 1,
2@) =ityz(t) + h(x, 2,2, 1), (6.2)

where the smooth functions g and /4 are given as follows,

g(x, 2.2, ) = (po. A(w)(w(x, z. Z, ) + xq0 + 2Re{zq1}))
+(po. R(w) (w(x, z,Z, u) + xq0 + 2Refzq1})).
h(x, 2,2, 1) = (p1, A (w(x, 2, Z, ) + xq0 + 2Re{zq1})) — itnz
+(p1, R(w) (w(x, z,Z, w) + xq0 + 2Refzq1})).
According to the center manifold theory, if there exists an unstable manifold containing the
trivial solution of system (1.2), then all bifurcated equilibria, periodic solutions, and invariant
tori (quasi-periodic solutions) are unstable. If there exists no unstable manifold containing the

trivial solution, then the bifurcated equilibria, periodic solutions, or invariant tori of system (1.2)
have the same stability as the corresponding solution of (6.2) has.
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System (6.2) is a system of ordinary differential equations and has a fold—Hopf singularity
at = po. The unfoldings of this singularity have been studied by several authors [1,5,8,11,12,
14-16,27,34-36]. Here we present a different description of the singularity as well as the normal
form for the unfoldings of this singularity.

We leave the detailed derivations of normal form of (6.2) to Appendix A. Thus, under the
nondegeneracy conditions that g0 (o) go11(to) # 0, system (6.2) can be simplified to

¥ =ew0(0)y +en 0y + el + o (|, v, » [,
D= it,v + e20()v + e21 (W yv +en()y*v + 0 (|, v, ), (6.3)

where e1; (1) (j =0, 1,2) and ez (u) are smooth real-valued functions, while e3; (j =0, 1) are
smooth complex-valued functions.
Let v = res. Then the above equations can be rewritten as

¥ = (1 — 1) VAo(uo)y + €11 (10)y> + enn(no)r® + 0(|(v, ),
P = (1 — po)VRe[ A1 (uo) }r + aryr +aay?r + 0(|(v. D[,
E=1ty+ (u—po)VIm{ai (uo)} + b1y + 0(| (v, D), (6.4)

where a) +iby = ez1 (o) and a = e22 (o). Let a1 (n) = (0 — o) Vao(ro) and o (i) = (u —
no)VRe{A1 (o)}, ie.,

ar=B+n—-1/0+71), ay = (B —n—cp)cper(tn)e2(ty).

It follows from the proof of Corollary 2.2 that

= 2(1 + 1) Leper(ta)ea(ty) #0.

‘ d(ay, a2)
H=po

d(B,m)

This means that the mapping u — (a1, orp) is regular at pg. Thus, system (6.4) can be rewritten
as

¥ =a1y +e11(uo)y? + en(uo)r + o(|(v, rY),
F=oaor +aiyr + axy*r + 0(|(, ’”)|4),
E=1t,+ (it — po)VIm{A(uo)} + b1y + 0 (|, N[). 6.5)

The first two equations of (6.5) are decoupled from the third one. The equation for & describes
a rotation around the y-axis with almost constant angular velocity & ~ t,, for y and || — ol
small. Thus, to understand the bifurcations in (6.5), we only need to study the planar system for
(y,r) withr > 0:

. 4

¥ = a1y +er1(1o)y” +ena(no)r® + 0(|(v, ),

F=oar ~|—a1yr+a2y2r+0(’(y,r)‘4). (6.6)

This system is often called an amplitude system.
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If considered in the whole (y, r)-plane, system (6.6) is Zj-symmetric, since the reflection
r — —r leaves it invariant. Using the following linear scalings of the variables and time,

3
e
y:ell(ﬂo)y*’ . LMONPZ - 2612 - (6.7)
a ler2(o)lay e (o)

and then dropping *, we obtain the following truncated system of (6.6) without the O (|(y, p*)|*)
terms,

y=y1y+y* +ep,
p=20(y2 + y3y +?), (6.8)

where & = sign{er2(10)}, ¥1 = axaie; > (o), v2 = axaze; (o), and y3 = are' (1o). Since
e11(po)er2(po) # 0 due to g200(10)go11 (o) # 0, we have only to assume that ay = e22 (o) # 0
for the rescaling (6.7) to be valid. Notice that * has the same direction as ¢ only if a, > 0. We
should keep this in mind when interpreting stability results. Using the Implicit Function The-
orem, we can show that, for sufficient small ||(y1, y2)l, system (6.8) exhibits the same local
bifurcations in a small neighborhood of the origin in the phase plane as (6.6) does with suffi-
ciently small || — poll. In fact, an equilibrium (y, 0) of (6.8) corresponds to an equilibrium of
(6.3); an equilibrium (¥, p) of (6.8) with p > 0 corresponds to a limit cycle of (6.3); a limit cycle
of (6.8) corresponds to an invariant torus of (6.3); a heteroclinic orbit corresponds to a sphere-
like surface of (6.3). Moreover, they have the same (respectively, contrary) stability if a, > 0
(respectively, ar < 0).

In the remaining part of this section, we assume that ¢ = 1 because the case where ¢ = —1
can be discussed similarly. Thus, we shall describe the complete bifurcation diagram of

y=ry+y +p,
p=2p(y2+ 3y + %), (6.9)

which has a rich dynamics. Nevertheless, we only consider the case where ||(y1, y2)|| is suffi-
ciently small because of the local equivalence between systems (6.9) and (6.2).

It is easy to see that system (6.9) always has two equilibria: £1 = (0,0) and E; = (—y1,0),
and that there always exists one orbit connecting E1 and E» due to the symmetry that the y-axis
is always invariant. Other equilibria (y, p) of (6.9) with p > 0 satisfy

ny+y*+p=0 and y+y3y+y>=0, (6.10)

which can have zero, one, two solutions in the interior of the quadrants with p > 0. Moreover, if
(y, p) is an equilibrium of (6.9), then its stability is determined by the signs of the two eigenval-
ues of the following matrix

[ yi+2y 1 ]
20(r3+2y) 20n+yy+yH |

Since we only consider the dynamics of (6.9) with y; and y» sufficiently close to 0, we can
require the parameters (y1, 2) be in J = {(y1, »2): |y1] < %|y3| and |y] < %y:f}. Thus, the
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second equation of (6.10) has two solutions y; and y, with y; < y;. Moreover, y; < y» < 0 if
y2>0and y; <0 <y if y» < 0. Next, we determine the signs of p; = —yjz. -yyj, =12,
because we only consider the equilibrium (y, p) of (6.9) with p > 0.

We first consider the case where y3 > 0. We divide the region J into six parts:

Ji={(1.») € J: y1 <0and y» > 0},

V1, y2) e J: Vl<Oand)/2<Oand)/12—)/1)/3+7/2>0},
(y1.y2) € J: y1 <0and y} — y1y3 + 2 <0},

(1,72 €T i >0and v —niys +y2 >0},

(1,72) €J: y1>0and y> > 0and y{ — y1y3 + 12 <0},

{
={
={
={
={
Jie={(1.y2) € T: y1 > 0and y, <0}.

These regions are illustrated in Fig. 3(a), where the bold curve /4 represents the parabola ylz -
yiv3+y2=0.

Lemma 6.1. Suppose y3 > 0. Then in the interior of the quadrants of the (y, p)-plane with
o > 0, system (6.10) has no solution (respectively, one solution (y2, p2) with y2 > 0, one solution
(y2, p2) with yz < 0) for parameters (y1, y2) in J \ (J12 U Jis) (respectively, Ji2, Jis)-

Proof. We distinguish two cases:

Case I: y; < 0. Then y* + y1y is negative if 0 < y < —y; and positive otherwise. If
(v1,72) € Ji1, then y; < y2 <0 and hence p; = —y]2. —yiv1 <0, j=1,2.1f (y1, ) € Tr2,
then y; <0 < y» < —yj and hence p; <0and po > 0.If (y1, y2) € Ji3,then y; <0 < —y; <y
and hence p; = —yjz —yy1<0,j=1,2.

Case 2: y; > 0. Then y*> + y1y is negative if —y; < y < 0 and positive otherwise. If
(71, 2) € J14, then y1 < y2 < —y1 <0 and hence p; <0, j =1,2. If (y1,y2) € Jis, then
y1 < —y1 < y2 <0and hence p; <0 and py > 0. If (y1, y2) € J16, then y; < —y; <0 < y2 and
hence p; < 0 and py < 0. The proof is complete. O

72 72
Ju J14 I I, Ju Tot
I\
¢ Jis - Jos 7 . "
J12 J16 Ja6 722
J13 J23 ’

(a) (b)

Fig. 3. Bifurcation sets for (6.9).
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Moreover, for parameters (y1, y2) € J12 U Ji5, the characteristic polynomial of (6.9) at the
equilibrium E3 = (y2, p2) is

62— (11 +2y2)5 — 2p2(y3 +2y2) = 0.

The two eigenvalues ¢ 2 satisty ¢162 = —2p2(y3 4+ 2y2). For (y1, y2) € J12, it follows from the
proof of Lemma 6.1 that y; > 0, and so ¢ ¢ < 0. For (y1, y2) € Jis, it follows from the proof
of Lemma 6.1 that —%yg < —y1 <y <0, and hence ¢ < 0. Thus, we obtain the following:

Proposition 6.2. Suppose y3 > 0. Then, in the quadrants of the (y, p)-plane with p > 0, we have
the following information on the equilibria of system (6.9).

(i) There are two equilibria E1 and E, for (y1, y2) € J11, where E| is a saddle and E» is a
source.

(i1) There are three equilibria E1, E,, and E3 for (y1,y2) € J12, where Eq is a sink, E> is a
source, E3 = (y2, p2) satisfying y» > 0 and py > 0 is a saddle.

(iii) There are two equilibria E| and E, for (y1, y2) € J13, where E| is a sink and E; is a
saddle.

(iv) There are two equilibria E| and E; for (y1, y2) € J14, where E1 is a source and E; is a
saddle.

(v) There are three equilibria E1, E3, and E3 for (y1, y2) € Ji5, where E1 is a source, E; is a
sink, Ez = (y2, p2) satisfying y» < 0 and pp > 0 is a saddle.

(vi) There are two equilibria E1 and E> for (y1, y2) € Ji6, where E is a saddle and E; is a
sink.

The following theorem follows immediately from the equivalence mentioned before.

Theorem 6.3. Suppose y3 > 0. Then a semi-stable limit cycle of (6.2) appears as (y1, y2) crosses
the negative y1-axis from J11 to J1a, which is always present for (y1, y2) € J12, and then dis-
appears as (y1, y2) crosses the parabola l4 from J1 to J13. Similarly, a semi-stable limit cycle
of (6.2) appears as (y1, v2) crosses the parabola l4 from T4 to Ji5, which is always present for
(v1, v2) € J15, and then disappears as (y1, y2) crosses the positive y1-axis from J15 to Jie.

Now, we consider the case where y3 < 0. Again, we divide the region . into six parts:

={(n, ) €J: y1>0and y» > 0},
.,y €J: y1>0and y2 <0and y{ — y1y3 + 12 > 0},

.y €T y1>0and yf — y1y3 +y2 <0},

.y €T y1 <Oand yf — y1y3 +y2 > 0},

(y1,) e J: y1<0andy2>0andy12—y1y3+y2<O},

T = {
T = {
T3 = {
Joa = |
Jos = {
Jae = {

(v1.v2) € J: y1 <0and y» <0}.

These regions are illustrated in Fig. 3(b), where the bold curve /4 and the dot curve /5 represent
the parabolas ylz —y3+y2=0and )/12 — 2y1y3 + 4y2 = 0, respectively. Similarly, we have
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Lemma 6.4. Suppose y3 < 0. Then, in the interior of the quadrants of the (y, p)-plane with
p > 0, system (6.10) has no solution (respectively, one solution (y1, p1) with y1 <0, one solution
(y1, p1) with yy > 0) for parameters (y1, y2) in J \ (J22 U Jas) (respectively, Jrz, Jos).

Moreover, for parameters (v, y2) € J22 U Jas, the characteristic polynomial of (6.9) at the
equilibrium E4 = (y1, p1) is

¢? = (r1 +2y1)s — 2p1(y3 +2y1) = 0.

The two eigenvalues ¢ 2 satisfy ¢162 = —2p1(y3 4+ 2y1), which can be shown to be positive.
Then, we need to consider the sign of ¢; + ¢> in order to discuss the stability of the equilib-

rium E4. In fact
Si+o=y+2y1=n —V3—\/V32—4V2-

It follows from 2|y;| < |y3| and y3 < O that y; — y3 > 0 and hence

sign(s1 + ¢2) = sign{(11 — 13)* — 5 + 412}
=sign{y{ — 2113 + 412}

Let

I ={n.v): v{ = 211y3 + 49 > 0}

and

I~ ={1.v): v{ —2nys +4r <0}
Then we have the following:

Lemma 6.5. Suppose y3 < 0. For parameters (y1, y2) € J2 U Jas, besides equilibria E1 and E»,
system (6.10) has a third equilibrium E4, which is a sink if (y1, y2) € I~ N (J22 U Jas) and is a
source if (y1,y2) € I N (J22 U Jas).

Proposition 6.6. Suppose y3 < 0. Then, in the quadrants of the (y, p)-plane with p > 0, we have
the following information about equilibria of system (6.9).

(1) There are two equilibria E1 and E> for (y1, y2) € Ja1, where E| is a source and E> is a
saddle.

(i) There are three equilibria E1, E», and E4 for (y1, y2) € J2, where E1 and E, are saddles,
and E4 = (y1, p1) satisfying y1 <0 and p1 > 0 is a sink if ylz — 2113 +4y2 <0 and is
a source otherwise. Namely, in the region [T, as (Y1, y2) crosses the parabola l5 from the
region Joo N J 7T to the region Jop N J~, the equilibrium E4 gains stability and hence
system (6.9) undergoes a Hopf bifurcation and a stable limit cycle appears; as (y1,y?2)
varies further, this limit cycle can approach a heteroclinic cycle formed by the separatrices
of the two saddles E| and E», i.e., its period tends to infinity and the cycle disappears.
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(iii) There are two equilibria E1 and E, for (y1, y2) € J23, where Ey is a saddle and E» is a
sink.

(iv) There are two equilibria E| and E; for (y1,y2) € J24, where E1 is a saddle and E> is a
source.

(v) There are three equilibria E1, E;, and E4 for (y1, y2) € Jas, where E1 and E; are saddles,
and E4 = (y1, p1) satisfying y1 > 0 and p; > 0 is a sink if J/12 —2y1y3 +4y2 <0 and
is a source otherwise. Namely, in the region Jas, as (y1, y2) crosses the parabola l5 from
the region Jos N J 7T to the region Jos N J ™, equilibrium E4 gains stability and hence
system (6.9) undergoes a Hopf bifurcation and a stable limit cycle appears; as (y1, y2)
varies further, this limit cycle can approach a heteroclinic cycle formed by the separatrices
of the two saddles E| and E», i.e., its period tends to infinity and the cycle disappears.

(vi) There are two equilibria E1 and E; for (y1,v2) € Jrs, Where E1 is a sink and E; is a
saddle.

Theorem 6.7. Suppose that y3 < 0. Then the following statements are true.

(1) An unstable limit cycle O1 of (6.3) appears as (y1,y2) crosses the positive y|-axis from
Jh1 to Jn. As (y1,y2) crosses the parabola Is from Joo N JT to Jop N J ™, this limit
cycle O1 becomes stable and generates an unstable torus 1. Under further variation of the
parameter (y1, v2) in Joo N J~, this torus 1| degenerates to a sphere-like surface S| and
then disappears. As (y1, y2) crosses the parabola ly from Jyo N T~ to Ja3, the stable limit
circle Oy disappears.

(ii) An unstable limit cycle Oy of (6.3) appears as (y1, y2) crosses the parabola ly from Jo4 to
Jrs. As (y1, y2) crosses the parabola ls from Jos N T to Jos N T ™, this limit cycle O,
becomes stable and generates an unstable torus T. Under further variation of the para-
meter (Y1, v2) in Jos N J~, this torus T degenerates to a sphere-like surface Sy and then
disappears. As (y1, y2) crosses the negative yy-axis from Jos N T~ to Jae, the stable limit
circle Oy disappears.

7. Hopf-Hopf bifurcation

In this section, we consider another type of codimension two bifurcation: Hopf—Hopf bifurca-
tion, which may occur when the infinitesimal generator .A() has two pairs of purely imaginary
eigenvalues at some p. This is the case if ajpaz; > 0 and wo = (Bo, no) € SZ,T N §2,, for some
n,m € N, m # n, where the two pairs of purely imaginary eigenvalues are +it, and £it,,. There-
fore, throughout this section, we always assume that

(HS) ajpaz1 > 0 and o = (Bo, no) € .Q,‘l" N 2, for n,m € N such that ¢, > c,.

Under assumption (HS5), Bp = %(cn + ¢;;) and ng = %(cn — cp). It is easy to see that there exists
an unstable manifold containing the trivial solution, and hence all bifurcated periodic solutions
and invariant cycles are unstable. Let w| = t, and w> = t,,. The following result indicates that
w1 and wy are not in low order resonance.

Lemma 7.1. kw; — swy # 0 for all integers k and s such that 0 < |k| + |s| < 4.

Proof. Since ng > 0, we have w; # w,. Without loss of generality, we assume that w; < w».
It suffices to exclude the resonances of orders 2 and 3, i.e., w2 /w; cannot be 2 or 3. In fact, if
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wy = 2w1, then it follows from tantw; = —w; (j =1, 2) that

2tan(twi) _ 2w

2w = wy = —tan(2tw;) = — 5

1 —tan2(tw;) 1 — o]

which is impossible since w; > 0. If w>» = 3wy, then, similarly,

tan3(ra)1) —3tan(tw) _ 3w; — a)f
1 —3tanZ(tw;) - 3w; ’

3w =wy = —tan(3tw)) =

which implies w; = 0, a contradiction. O

Since the eigenvalues +iw| and Fiw, of the infinitesimal generator A(up) are simple, it
follows from Corollary 2.2 that A(u) has simple eigenvalues A (), A1 (@), Aa(w), and Ao ()
for all sufficiently small || — woll, where A1 (w) and Ao () satisfy A j (o) =iwj, j =1, 2. Then,
A(u) has two eigenvectors Q1(u) € C and Q,(u) € C, smoothly dependent on the parameter
and corresponding to the eigenvalues A1 () and A (), respectively:

A Qj(w) =Aj(w)Q;w), j=1,2.

Moreover, A ; (1), j =1, 2, are also eigenvalues of the adjoint operator .A*(u) with adjoint eigen-
vectors defined by

A" (WP () =2 (WP (w), j=1,2.
The eigenvectors will be normalized such that
(P, Q) =8k

for all sufficiently small ||4 — pol|. For simplicity, let p; = P;(uo) and g; = Q; (o), j =1, 2.
In fact, we can choose

q;©0) =1,dpTe®? 6e[-1,0], j=1,2,
and
pi&)=D;(d;, D%, £e[0,7], j=1.2,

where dj = (—1)/ 7 !noe®i M=) Jaj; and D;j = {2d,[1 + T (1 +iwj)]} 7.

We associate each X € Dom(A(u)) with (z1, 21, 22, 22, w), where z; = (p;, X), j = 1,2,
and w =X — 2191 — 2191 — 2292 — 72242 = X — 2Re{z1q1 + 72¢»}. For a solution X, of (3.1)
at u, we define z; () = (p;, X;), j =1,2, and w(z, n) = X; — 2Re{z1(t)g1 + z2(t)g2}, where
z2=1(z1,22) € C2. In fact, z ;j and z; are local coordinates for C;, in the directions of p; anfi P
Jj =1,2. It is easy to see that (p;, w) = 0. Now, for solutions X; € C, of (3.1), (p;, X;) =
(pj, A(w)X: +R(uw)X;), j =1, 2. Then, on the center manifold C,,, we have

2(t) = Az(1) + g(z, ), (7.1)
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where A = diag(iwy, iw;), and g = (g', g%) with the smooth functions g/ given by
g/ (2. =(pj. A (w(z, W) +2Re(z1g1 + 2292})) — iz
+{pj. R(w)(w(z, ) +2Re{z191 + 22¢2}))

for (z, ) € C? x R2. Let

. 1 i
j lzs rzk
gz, W)= Z mglsrk(/’L)ZlZiZEZZ'
I4s+r+k=1 70 7

Elphick et al. [9] showed that there is a normal form
b:AU—'—g(V, H’)v (72)

which commutes with e/?, where the action of ¢? on C? is given by
e (z1,20) = (€121, €%25), O €R, z=(z1,22) € C.

The following lemma shows that the group {¢??: § € R} is either the torus group T? =S' x S!
or the cyclic group S'.

Lemma 7.2. (See [40].)
(1) Suppose wy/wi is irrational, that is, kwy — swr # 0 for any nonzero integers k and s, then

the normal form, computed up to any finite order, is equivariant with respect to T2. Namely,
the normal form for the nonresonant Hopf—Hopf bifurcation is of the form

ti=iwjzj+z;Pi(lal |2 n), =12, (7.3)
where Py and P> are complex polynomials in |z1|%, |22|?, and .
(ii) Suppose w>/wy is rational, that is, kw) — swy = 0 for some nonzero integers k and s, with k

and s relatively prime, then the normal form, computed up to any finite order, is equivariant
with respect to S'. Namely, the normal form takes the following form

. . 2 2 k—1 2

H=ioz + 21 Pi(lz P 2% 2425, w) + 2 S P (121 12212 2K 28 ),

. : 2 2 -k k_s—1 2k

H=imzn+2201(lz11% 2213 2528, 1) + 25257 00 (121 1% 12212 2825, 1), (7.4)
where P1, P>, Q1, and Q> are complex polynomials in their arguments.

In view of Lemmas 7.1 and 7.2, by a near identity transformation

z=v+y 0,0, ¥=0(vf?), v=(@i,n)eC? (7.5)
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system (7.1) can be simplified to (7.2), where ¥ is at least second order in v, V1, V2, and vy,
and some resonant cubic terms of (7.2) can be removed under certain nondegeneracy conditions.
Thus, G in the normal form (7.2) takes the form

v, ) = (elo(u)w +en(ulviPor + e’ + 0(|v|5>>
’ e20(1)v2 + €21 (W) |2l *v2 + e () |vi [Pva + O () )

In Appendix B, we derived the concrete expressions for e i ((o), j, k = 1, 2, under the nondegen-
eracy conditions that A j; = Re{e;r (o)} # 0 for all j, k =1, 2. Moreover, it is easy to see that

e10(1) = (1 = 110) VA1 (110) + O (i — pol|?) and eap (1) = (1 — 120) VA2 (120) + O ([l — paol1?).
Let v; = re'! and vy = re'®2. Then Eq. (7.2) can be rewritten as

F1=oa1r; + A11r13 +A12r1r22 + O(H(rl,rz)”S),
Fo =apry + Azlrg + A22r2r12 + 0(”(”1, rZ)HS)’
£l = w1 + (1 — o)V Im{a1 (o)} + Biird + Biar + O(| 1. ) | *).

£ = w1+ (1t — po)VIm{Aa (o)} + Baird + Boar? + 0(|| (r1, ) ||), (7.6)

where a) = (4 — no)VRe{A1(no)}, a2 = (v — no)VRe{Aa(no)}, and Bjr = Imfe (o)},
J, k=1, 2. From the proof of Corollary 2.2, we know

ay = (B+n—cycper(w)er(wr), ar = (B —1n—cm)cmer(wr)ez(wy).
Obviously,
‘M = —2¢,Cme1 (@1)e2(@1)e1 (@2)82(w2) # 0.
0B =y

This means that the mapping  — (o1, p) is regular at 1o, and hence we can unfold this degen-
erate case by varying o1 and oy in a full neighborhood of (0, 0). Such unfoldings are studied
by several authors (see, for example, [2,15,16,23,26,36]). However, our analysis here is the
first complete investigation of the double Hopf bifurcation as it occurs in a system of delay-
differential equations, and the relationship between unfolded flows on a four-dimensional center
manifold and the original system of delay-differential equations: previous investigations only
considered simpler bifurcations of a scalar delay-differential equation (to name a few, see [2,3,
11]).

Note that, up to O(]|(ry, r)||*), the amplitude and phase variables of (7.6) decouple. As a
result, the bifurcation and asymptotic behavior of solutions of (1.2) under assumption (H5) can
be studied via the two-dimensional amplitude equations alone. That is, we consider the following
truncated system of amplitude equations in (7.6):

F=air + Anri + Aprirs,

7y =oaor) + A21r23 + A22V2r12. (71.7)

The relation between equilibria of (7.7) and bifurcations of (7.6) is as follows.
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(1) If (7.7) has an asymptotically stable (respectively, unstable) equilibrium (71, 0) (respec-
tively, (0, 7)) on either axis, then (7.6) has an asymptotically stable (respectively, unstable)
periodic orbit of frequency w| + O(y/|a1]) (respectively, wy + O (y/]az])) and hence sys-
tem (1.2) has a periodic solution in the neighborhood of the origin, which is unstable
because of the existence of unstable manifolds of (1.2) containing the origin.

(i) If (7.7) has an asymptotically stable (respectively, unstable) equilibrium (71, 7) in the
interior of the positive quadrant, then (7.6) has an asymptotically stable (respectively, un-
stable) two-dimensional invariant torus, i.e., (7.6) has quasi-periodic solutions and hence
system (1.2) has an unstable quasi-periodic solution in the neighborhood of the origin.

@iii) If (7.7) has an asymptotically stable (respectively, unstable) limit cycle in the interior
of the positive quadrant, then (7.6) has an asymptotically stable (respectively, unstable)
three-dimensional invariant torus and hence system (1.2) has an unstable three-dimensional
invariant torus in the neighborhood of the origin.

From the above, we see that sufficiently close to the Hopf—Hopf bifurcation points pg, system
(1.2) will exhibit either periodic or quasi-periodic motions. Thus, if we can find combinations
of parameters o; and A;; (i, j = 1,2) which yield stable equilibria (7, 7,) with 775 # 0, we
can conclude that the stable quasi-periodic motions should occur for the corresponding parame-
ter values of system (1.2). Therefore, from now on, we concentrate on describing the behavior
of the coupled amplitude equation (7.7) in the (o1, ap)-parameter plane. The mode interaction
equations (7.7) have been investigated by many researchers. See, for example, Guckenheimer
and Holmes [16, Section 7.5]. Here, for the sake of completeness, we shall employ some tech-
niques from the classical work of Guckenheimer and Holmes [16] (including rescaling in time
and variables) to investigate the qualitative behavior of the mode interaction equations (7.7) in
the parameter ranges of interest. We discuss these case by case.

Firstly, we consider the case where A1 < 0 and Ap; < 0. Introducing new phase variables
and rescaling time in (7.7) according to

ri =vVIAnlr, ry =+/|A21lr2, t* =21, (7.8)
and then dropping * yield
Fl=ar — r13 — 9r1r22,
o =oary — r23 — Arzrlz, (7.9)

where 6 = Ajp/Az1 and A = Apy/Aq;. Notice that the r1- and rp-axes are invariant lines for
the flow of (7.9). If (¥1, r2) is an equilibrium of (7.9), then its stability is determined by the two
eigenvalues of the following characteristic matrix of (7.9) at (¥1, 72):

...2 ~2 ~ o~
M. ) = [al = 3r{ —0r; —20r 11 ]

—2AFF) o — 37 — AF}
Obviously,
det M(F1,7) =4(1 — 0 A)FfF; and  tr M(Fy, 72) = —2(F} +73).

Simple linear analysis reveals the following results about equilibria of (7.9):
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(1) (r1,r2) = (0,0) is always an equilibrium. It is a stable sink if max{c1, a2} < 0, a saddle if

ajap < 0, and an unstable source if min{a;, ar} > 0.

(ii) (r1,r2) = (/1, 0) is an equilibrium if oy > 0. If, in addition, Ac| > a2, then it is a sink;
otherwise it is a saddle.

(iii) (r1,r2) = (0, /az) is an equilibrium if ap > 0. If, in addition, 6z > @1, then it is a sink;
otherwise it is a saddle.

@iv) (r1,r) = (JIar — 0aal/[1 — 0 A], /Iaa — A1 1/[1 — 6 A]) is an equilibrium if both radi-
cand are positive. It is a saddle if A > 1 and a sink if 0 A < 1.

Therefore, we deduce that bifurcations to the pure modes (,/a1,0) and (0, /o2 ) occur on
the lines oy = 0 and «p = 0, whereas bifurcations to the mixed mode occur on the line o1 = )
and ap = A« if they exist. In addition, we need check that no closed orbits (or limit cycles)
can occur. Since the r1- and rp-axes are invariant, any such closed orbit would have to lie in the
interior of the positive quadrant and must enclosed at least one equilibrium with Poincaré index
equal to 1.

If0A > 1and oy — Oy < 0and oy — Ax < 0, then system (7.9) has an equilibrium (71, 72)
with 717 # 0. Recall that (71, 7) is a saddle with the Poincaré index equal to —1. We imme-
diately see that no closed orbit can occur around (7, 7). If 6A < 1 and o) — fap > 0 and
ar — Aag > 0, then system (7.9) has an equilibrium (7, ) with 77, # 0, which is a sink. In
what follows, we distinguish several cases to conclude that no closed orbits can occur around
the sink (71,7) when 6 A < 1 and (aq, ap) is in the sector £ = {(aq, a2): @1 — Bar > 0 and
oy — Aag > 0}.

Case 1: 6 > 0 and A > 0. We follow a directional arc fl crossing the line o1 = 6y > 0 and
then passing through the sector D and finally crossing the line cx = Aay > 0. When (a1, op) € 1 1
crosses the line o1 = 6z > 0, the sink (0, ,/o2 ) becomes a saddle and a sink (71, 72) bifurcates
from (0, ,/az ) and the unstable separatrix of the saddle (0, \/a) limits in this bifurcated sink
(71, 72). Thus, after bifurcation there is no closed orbit around this sink. The only way where the
closed orbit can appear in the positive quadrant is by Hopf bifurcation from (71, 7). But this is
impossible because (71, i) remains stable for all («y, ap) € .

Case 2: 6 > 0 > A. Similar arguments as those in Case 1 show that there is no closed orbit
in the positive quadrant when (o1, ) is in the sector 0 < ap < o1 /6. In order to rule out the
existence of closed orbits in the positive quadrant when (o1, «p) is in the sector Ao < ar <0,
we follow another directional arc I crossing the line oy = A¢ and then passing through the
sector Aa; < oy < 0. When (a1, an) € 72 crosses the line oy = Aaj, the sink (,/o, 0) becomes
a saddle and a sink (71, 72) bifurcates from (,/a1,0) and the unstable separatrix of the saddle
(/a1,0) limits in this bifurcated sink (7, 72). Thus, after bifurcation there is no closed orbit
around this sink. Similarly, no Hopf bifurcation can occur from (71, ) as it remains stable for
all (a1, 0p) €&.

Case 3: 0 <0 < A. Similar arguments as those in Case 1 tell us that there is no closed orbit
in the positive quadrant when (o1, «r2) is in the sector fay < o < 0; while arguments as those in
Case 2 produce that there is no closed orbit in the positive quadrant when (o1, ) is in the sector
0<a; <an/A.

Case 4: 6 < 0 and A < 0. The discussion is similar to that in Case 1 and hence is omitted.

In summary, we have proved the following

Theorem 7.3. No closed orbit of system (7.9) can occur around the mixed mode (71, 2).
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Secondly, for the case where Aj; > 0 and As; > 0, we introduce new phase variables and
rescaling time in (7.7) according to

rT=‘/|A11|r1, r;=\/|A21|r2, t* =21 (7.10)

After dropping *, we obtain

1= —air] —rl3 —0r1r22,

}:‘2:—0[2}"2—}"23 —Ar2r12, (711)

where 6 and A are the same as before. System (7.11) is quite similar to (7.9) and hence similar
arguments can be employed. We omit the detail here.

Thirdly, for the case where Aj; > 0 and Ap; < 0, we introduce new phase variables and
rescaling time in (7.7) as (7.8). After dropping *, we obtain

Fl=ayr] +r13 — 9r1r22,

7o =aory) — }’23 + Arzrlz, (7.12)

where 6 and A are the same as before. Again, notice that the r1- and r»-axes are invariant lines
for the flow of (7.12). If (7, 7») is an equilibrium of (7.12), then its stability is determined by the
two eigenvalues of the following characteristic matrix of (7.12) at (rq, r2):
Ny Fy) = o] + 31712 — 9722 —207 17
b 247 a — 373 + AR

Obviously,
detN (71, 7) =4(0A — Dty and N (Fy, 7)) =2(F7 — 7).
Simple linear analysis produces the following results:

(1) (r1,72) = (0,0) is always an equilibrium. It is a stable sink if max{c, a2} < 0, a saddle if

aj0p < 0, and an unstable source if min{a, az} > 0.

(i) (r1,r) = (/—a1,0) is an equilibrium if a; < 0. If, in addition, Aa; < @, then it is a
source; otherwise it is a saddle.

(iii) (r1,72) = (0, /a2) is an equilibrium if o > 0. If, in addition, fax > ay, then it is a sink;
otherwise it is a saddle.

@iv) (r1,m) = (Vo —0az]/[0A — 11, /TAay — a2]/[0 A — 1]) is an equilibrium if both radi-
cands are positive. If 9 A < 1 then it is a saddle; if A > 1 and 7| > r; then it is a source; if
0 A > 1and 7| < 7, then it is a sink.

It follows from the above results that bifurcations to the pure modes (v/—a1, 0) and (0, Jaz)
occur on the lines @; = 0 and ap = 0, whereas bifurcations to the mixed modes occur on the lines
a1 =0y and ar = Aqg if they exist. Since the ri- and rp-axes are invariant, any such closed
orbit would have to lie in the interior of the positive quadrant and must enclosed at least one
equilibrium with Poincaré index equal to 1. If 6A < 1 and o) — 6y < 0 and o — Ay > O,
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then system (7.12) has an equilibrium (7, 72) with 717, # 0, which is a saddle with the Poincaré
index equal to —1. We immediately conclude that

Theorem 7.4. Assume that 6A < 1 and a1 — 8oy < 0 and ap — Aay > 0. Then no closed orbit
of system (7.12) can occur around (71, 17).

If0A > 1 and (a1, ap) is in the sector Z = {(a1, @2): @1 — Oy > 0 and oy — Ay < 0}, then
system (7.12) has an equilibrium (71, ) with 717, # 0. It follows from the expressions for 7| and
o that sign(r; — 7o) = sign(1 — 0) sign{ay — x a1}, where x = (1 — A)/(6 — 1). Furthermore,
if 6 > 1then x <1/0 and x < A;if 0 < 1, then x > 1/6 and x > A. Therefore, we have the
following observations:

Lemma 7.5. If A > 1/0 > 0 and (a1, a2) € Z, then system (7.12) has a mixed mode (71,72).
Moreover, it is a sink (respectively, source) if (a1, &) is in the sector 11 (respectively, 1), where

{(1,@2): xo1 <op <1/} ifo > 1,

- { {(1,@2): ap < xop and oy <1 /0}  if6 <1,
{(1,@2): g < xop and oy < Aay} if0 > 1,
2:{{(011,012): x| <oy < Aoy} ifo < 1.

Lemma 7.6. If A < 1/0 <0 and (a1, a2) € Z, then system (7.12) has a mixed mode (7, 72).
Moreover, it is a sink (respectively, source) if (a1, o) is in the sector I3 (respectively, 1y), where

Iz = {(a1, @): a1/6 <z < xa1},

Iy = {(a1, @2): xai <az < Aay}.
The following result describes the phase portrait of (7.12).

Theorem 7.7. Assume 6 A > 1. Then, for some points (a1, z) € Z, system (7.12) has closed
orbits surrounding the mixed mode (¥, 7).

Proof. Here, we only consider the case where 6 > 1 > A > 1/6 > 0, because other cases can
be handled similarly. If #A > 1 and 6 > 1, then (a1, a2) € Z, system (7.12) has a mixed mode
(71, 72). We follow a directional arc in the («1, oep)-parameter plane, which starts from a point in
the sector o1 /0 < ap < Awj, then crosses the line o1 = 6y > 0 into the sector 7, and finally
successively crosses the line o = x a1 > 0 and the positive «1-axis. When the point («1, @2) is in
the sector @1/ < ap < Aay, system (7.12) has a source (0, 0) and a sink (0, \/a2). As (a1, a2)
crosses the line o) = farp > 0, a mixed mode (71, 72) (which is a sink) bifurcates from (0, \/a2)
and the unstable separatrix of the saddle (0, /o2 ) limits in the newly bifurcated mixed mode.
Thus, immediately after bifurcation no closed orbit can surround the mixed mode. However, as
(a1, ap) crosses the line oy = xa; > 0, the mixed mode (71, 72) losses its stability and hence
system (7.12) undergoes a Hopf bifurcation, i.e., a stable closed orbit appears in the positive
quadrant. Moreover, as (a1, a2) crosses the positive a-axis, the pure mode (0, /a2 ) collides
with (0, 0) and disappears. O
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Theorem 7.7 implies that crossing the line oo = y o in the sector Z results in the branching
of a three-dimensional torus from the two-dimensional torus of system (7.7). Under certain con-
ditions on the higher-order terms of (7.7) (see [16,27]), this three-dimensional torus may have
up to three frequencies and hence chaotic motions are even possible near such a Hopf—-Hopf
bifurcation point.

Finally, for the case where A1 < 0 and A>; > 0, we can obtain the reparametrized equation
of the form (7.12) by reversing time and hence the detail is omitted.

To conclude this section, we relate the above results to the dynamical behavior of (1.2) under
assumptions (H1), (H2), and (HS). By a direct computation,

1 _
e11(no) = 2 £ ) (11 +1)[(1 + 1) + 0] [e2(01) +1],

1 _
e (o) = 5f”’<0>(|dz|2 + D[+ + 20 ]  [e2(01) +i].

1 _
e21 (o) = me(o)(ldzlz + D[+ 02+ 23] [e2(2) + ],

1 _
e (o) = 2 f" (O 2+ D[+ 02+ 203] [e2(@2) +i].

Therefore,

1 —
A =2 O(d P+ D)[(1+ 17 + 0] e,

1 _

A= 3" Ol + 1)[(1+ 7% + 20t] a1,
1 _

Az = 21" O (1o + )[4+ + 23] ea(@2),

1 _
An =2 f"O (I P + D[+ 17 + %3] er(wn).

Observe that all A;;’s and B;;’s have the same sign as that of f"’(0). Here, we only consider the
case where f”’(0) < 0 because in the case where f/(0) > 0 we can obtain the same amplitude
equation (7.7) by reversing the time and replacing o; by —«; for j =1, 2. Under the assumption
that f"'(0) <0, A;j <0 and B;; <O for all i, j. By changing variables in (7.8), we can obtain
(7.7) with 0 = 2(|da > + 1) /(1d1 > + 1) and A =2(|d1 > + 1)/(|d2|* + 1). Note that 6 A =4 > 1.
Then the mixed mode exists for (1, a2) in the region III of Fig. 4.

It follows from the existence of an unstable manifold containing the trivial solution that all
bifurcated periodic solutions and invariant tori are unstable. For sufficiently small ||(«1, o2)]l,
we obtain the following results about the local dynamical behaviors of system (1.2) near the
Hopf-Hopf bifurcation point 1t¢.

Theorem 7.8. In addition to the assumptions (H1), (H2), and (H5), assume that " (0) < 0.
Then on the (a1, az)-parameter plane depicted in Fig. 4, anticlockwise, there is a cycle with
sufficiently small radius.
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Fig. 4. Bifurcation sets for the amplitude equation (7.7).

(i) Crossing the negative a1 -axis from below, an unstable periodic solution O appears by Hopf
bifurcation from the trivial solution. This periodic solution O\ is persistent for (a1, ) in
regions I, 11, II1, and 1V.

(ii) Crossing the positive ap-axis from left, another unstable periodic solution O, appears by
Hopf bifurcation from the trivial solution. This new bifurcated periodic solution Oy is per-
sistent for (a1, op) in regions 11, 111, IV, and V.

(iii) Crossing the line ay = Aay > 0 from above, an unstable invariant torus T appears by
Neimark—Sacker bifurcation from the periodic solution Oy. This invariant torus T is per-
sistent for (o1, op) in region 111

(iv) Crossing the line o) = 6 > 0 from above, the unstable invariant torus T collides with the
periodic solution O, and then disappears.

(v) Crossing the positive a1-axis from above, the periodic solution O collides with the trivial
solution and then disappears.

(vi) Crossing the negative ay-axis from right, the periodic solution Oy collides with the trivial
solution and then disappears.

Acknowledgments

This work was carried out when Guo was a post-doctoral fellow at Wilfrid Laurier Univer-
sity. Guo would like to thank the hospitality of the Department of Mathematics, Wilfrid Laurier
University. The work of Guo was supported in part by the National Natural Science Founda-
tion of PR China (Grant No. 10601016), by the Hunan Provincial Natural Science Foundation
(Grant No. 06JJ3001), and by the Program for New Century Excellent Talents in University of
the Education Ministry of China. That of Chen was supported in part by the Natural Science and
Engineering Research Council of Canada (NSERC) and by the Early Researcher Award (ERA)
Program of Ontario, while that of Wu was partially supported by Mathematics for Information
Technology and Complex Systems, by the Canada Research Chairs Program, and by NSERC.
The authors greatly appreciate the anonymous referee’s comments, which improve the exposi-
tion of the paper very much.



S. Guo et al. / J. Differential Equations 244 (2008) 444—486 479

Appendix A. Derivation of normal form (6.3)

The purpose of this appendix is to derive the concrete expressions for e, j, k =1, 2. Let

_ 1 o
gz, %0 = Z —gjsk(ﬂ)szszk,

jls!k!
Jj+s+k>1 J

_ 1 .
h(x.2,2 1) = Z Whjxk(ﬂ)x/zxzk.
jrstkz1

Since g must be real, we have g (W) = gjks(10). Therefore, g is real for s = k.
When u = o, system (6.2) takes the form of

x(t) = g(x, z, ko),
z2(t) =it,z(t) + h(x, z, o). (A1)

In addition, we have, at & = g,

W = X; — kqo(1o) — £q1(t0) — 2q1 (o)
= A(uo)w — g(x, 2, Z, t0)qo(1e0) — 2Re{h(x, 2, Z, o)1 (o) }
+ R(10) (w + xq0 (o) + 2q1 (140) + 2q1 (10) ).

Lemma A.1. Assume that goo(uo) # 0. Then there is a locally defined smooth, invertible vari-
able transformation, smoothly depending on |, which for all sufficiently small ||pn — ol reduces
(6.2) into the following form:

. 1 1
y=Groo(n)y + EGzoo(,u)y2 + Gon () v|* + 6G300y3
14
+ Gyl + o(| . v. »|7).
. 1 1
v = Hoyro(w)v + Hyjo(w)yv + EHZIO(M)yzv + 51'1021(M)V|v|2

+o(|G.v. D], (A2)

where y e R, v € C, ||(y,v,D)|? = |y|* + [v|% G ju are real-valued smooth functions, while
Hjy are complex-valued smooth functions. Moreover, Gioo(uno) = 0, Hoio(o) = ity, and

G200(1o) = g200(10), Go11(mo) = go11 (o), Hiro(mo) = h110(1o), and

6
G300(10) = g300(0) — . Im{g110(10)h200(it0) }.
1
Grio(uo) = g111(0) — t—[2lm{g110(uo)h011 (10)} + Im{go20(0)h101 (0) }],

Ha10(p0) = h210(po) + tLhzoo(,U«o)[hozo(Mo) —2g110(10) ]

n

[[7101 (M0)|2 + hot1ha00 (o) |,

i
In
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Hon1 (120) = hoo1 (10) — i o0z (10)|*

+ §[2h011 (10)h020(110) — g020(10) 101 (140) — 4|ho11 (Mo)\z]-

Proof. Consider the action of S! on R x C given by
0 (x,2)=(x,ze7™%), 0eS' (x,2)eRxC.
According to normal form theorem in [25], by a near identity transformation

x=y+V(y,v,v,u), z=v+W(,v, b, n), (A3)

with

_ 1 .
VO, v, v, u) = Z ijsk(ﬂ)yl vs ok,
j+x+k>1]' e

_ 1 .
W sw= Y S Wiy v,
j+x+k>1J' o

system (6.2) can be simplified to
y=G(y,v, n),
1')=lth+H(y1 l), ,U,), (A4)

where V and W are at least second order in y, v, and v, (G, H) is Sl-equivariant, i.e., for all
teR,

G(y, pe it Gellnt w) =Gy, v, v, 1),
H(y, ve_it’lt, Ee”"t, y,) = e_””tH(y, v, U, 1)
Therefore, there exist real smooth functions Q1, 0>, O3 :R x R x R2 — R such that
GO v W =03(y, WP ), Hv, 5,0 =v01(y, VP ) +ivQa(y, VP, ).
Namely, system (A.4) takes the form of (A.2). Let us first prove the lemma for u = po. We can

reduce (A.1) into the form (A.2) with u = p by performing a nonlinear invertible transformation
(A.3) with © = g and

8020 8002 8110
Vo2o((o) = —=—, Voo2 (o) = =——, Vio(ro) = ———,
2it, 2it, ity
g101 h200 ho2o
Vio1 (o) = ——, Waoo (o) = —, Wozo(uo) = ———,
ltn tn ltn
hio1 hoo2 hoi
Wio1 (o) = =——, Wooz (o) = =—, Wot1 (o) = —,
2ity 3it, ity
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where all the gz and £ jz; have to be evaluated at pg. These coefficients are selected exactly in
order to annihilate all the quadratic terms in the resulting system except those present in (A.2).
Then, one can eliminate all nonresonant order-three terms without changing the coefficients
in front of the resonant ones displayed in (A.2). To prove the lemma for p # o with small
It — poll, we have to perform a parameter-dependent transformation (A.3) coinciding with
Wk (o) given above. To prove that it is possible to select the parameter-dependent coefficients
of (A.3) to eliminate all linear and quadratic terms except those shown in (A.2), for all small
llie — woll, one has to apply the Implicit Function Theorem as well as the assumption (H4) and
condition of Lemma A.1. O

Making a nonlinear time reparametrization in (A.4) and performing an extra variable trans-
formation allows one to simplify the system further. According to the paper by Gavrilov [13],
we have the following lemma, which shows that all but one resonant cubic term can be removed
under certain nondegeneracy conditions.

Lemma A.2. Assume that Gyo(uo)Gor1(po) # 0. Then, system (A.4) is locally smoothly or-
bitally equivalent near the origin to system (6.3) with e1;(u) (j =0, 1,2) and ez () being
smooth real-valued functions, while ey; (j = 1,2) being smooth complex-valued functions.
Moreover, ejo(o) = e20(o) =0, and

1
e11(no) = EGzoo(Mo), e12(ro) = Gor1 (o),

.. G300(mo)
e21 (o) = Hio(o) — itn =5———,
21 (1o 110(ko "3 G0 (10)
1 Ho1(100) G200 (1e0)
e (M)Z—RC[H (o) + }
20— 21080 2Go11(10)

+§R6[H110(/L0)( e Hop1 (140) 300 (i0) 111(#0))}

Goi1(o)  Gaoo(io) — Gori (o)

Proof. As stated before, we start with u = po. Make the following time reparametrization in
(A.4):

t=(1+a1y+oalv]’)s (A.5)

with the constant 01,02 € R to be determined later. Simultaneously introduce new variables,
u and z, via the invertible transformation

1
u=y-+ 503y2, 2=V +0o4yv, (A.6)

where 03 € R and o4 € C to be determined later too. In the new variables and time, system (A.4)
takes the form of

i = eqy (o)u® + e (uo)lz? + O ([ (w, 2, |,

z=ityz+ e (uo)uz + exn(uo)u’z + O (| . 2. D[ ). (A7)
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Set

G300(10) Gii1(ro) 2it 07 + Hop1 (1o)
—————, o03=2Re(0y) —0] — ———-, O4=—
3G200(0) Go11 (o) 2Go11 (o)

o1 =

and then use the free parameter o, to annihilate the imaginary part of the coefficient of the
u?z-term so that the coefficient ez (o) is a real number given in the lemma statement. A similar
construction can be carried out for small ||« — o] with the help of the Implicit Function Theorem
if one considers o and o7 in (A.5) as functions of © and replaces (A.6) by

1
u=y+os(u)y+ Eds(uo)yz, 2=+ 04(io)yv,
for smooth function o; (j =3, 4, 5) satisfying o (o) =0 (j =3,4) and o5(up) =0. O
Appendix B. Derivation of normal form (7.2)

In this appendix, we derive the concrete expressions for e i (o), j, k = 1,2. Recall that, at
W= o, foreach j =1, 2,

2i()=(pj.is) =(pj, A(o)X:) + (pj, R(ro) X
=iw;jz;(t) +(pj(10), R(no)X1).
Thus, g/ (z, o) = (pj, R(uo)X;). In addition, we have, at u = o,
=X, — 2191 — 2141 — 2202 — 222

= A(no)w — 2Re{g"' (z, o)q1 + g%z, 110)q2}
+ R(pno)(w + z191 + z1q1 + 2292 + 22G2)-

The normal form of (7.2) becomes
V= Av+ G, no). (B.1)
Substituting (7.5) into (7.1) and using (B.1), we obtain
iw1[Yry, v1 — Y V1] +iwa[Y,v2 — Y 2] — A(no) ¥

=g+, 110) — G(v, o) — ¥, G' (v, o)
— Y5 G 0, 10) = ¥1,G° (v, 10) — Yz G2 (v, o), (B.2)
where subscripts denote partial differentiations. We now express ¥ as a Taylor series with

Yikst = Oy I T H 90T 95k g3 915t

J—k sl
~ v o1k Vs,
_ . 1 2 4
Y, v) = E wﬂ“lij!k!s!l! +0(v*).
2 ks H <3
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Next, using the facts that the normal form G (z, o) = e11|vi|>v1 + er2|v2|?v1 + O(|v]’) and
Ga(z, o) = ea1 |v2|2vz + exn|vy |2v2 + 0(|v|5), and substituting the above equations into (B.2),

we obtain

[2iw1L — A(ro) [W2000v7 — [2i1 L + A1) [W020071
+ [2iwo]y — A(Mo)]l/foozov% —[2iw2l + A(Mo)]l/fooozl)_22
+2[i (w1 + @2) — A(wo) |¥r1010v1v2 + 2[i (@1 — 2) — A(uo) [¥r1001vi 2
—2[i(w1 — w2) + Alro) [Yor10v1v2 — 2[i (@1 + @2) + A(wo) [¥o101 102
—2A(k0o)Yoo11v2V2 — 2A(10)Y1100V1 V1

=2 Y

Jtk+s+1=2

Gt ™ v 5750353+ O (v P?).

Equating coefficients yields the leading terms in the transform:

[2iw112 — A(10) |¥2000 = 82000,
—A(po)¥oo11 = gooli,

[2iw21y — A(ro) ]¥0020 = 0020,

[i (@1 4+ w2) — A(ro) Y1010 = g1010.
—[i (@1 — @2) + A(10) o110 = got10,
[2iw11z — A(1o) [¥2000 = g2000.
—A(po)¥oo11 = gool1,

[2iw2]2 — A(120) | 0020 = 0020,

[i (@1 + @2) — A(ro) |¥1010 = g1010-
—[i (@1 — @2) + A(10) [¥o110 = go110,

—[2iw11z + A(wo) ] 0200 = 80200,
—2A(10)¥1100 = 811005

—[2iwala 4+ A(1o) %0002 = ooz

[i (w1 — w2) — A(ro)]¥1001 = g1001
—[i (@1 + w2) + A(1o) | o101 = go101
—[2iw112 + A(10) ] %0200 = g0200,
—2A(10)¥1100 = 811005

—[2iwala + A(10) 0002 = goo02,

[i (w1 — w2) — A(ro)|¥1001 = 1001
—[i (@1 + w2) + A(uo) [ o101 = goio1-

We now carry out the expansion to higher order and equate the coefficients of the normal form
terms (Jv1|2v1, [v2|?v2)T and (Jva|?v1, [v1]2v2)T . Tt is easy to see that for these two terms, some
coefficients on the right-hand of (B.2) vanish identically. For the terms |v; |2v] , we have

1 — — 1 1
o1 s 1 T |
0= 22000%1100 + 580200%0200 + &1100 |:W1 100 T EWZOOO] + 582100

2

) 1 2 1
+ &io10¥1100 + 81001 Y1100 +

and

2

1
1 2 1 2
80110%2000 + 580101 Y0200 — €11

2

ll((!) _ )1//2 _ 2 wl _}_1 2 wl + 2 ,(//.l +11/f _}_1 2
FHet @2)¥32100 = 820001100 80200%0200 T 81100| Y1100 5 V2000 82100

2

2

— 1 1
2 2 2 2 2 2 2 2
+ &io10¥i100 + &1001 Y1100 T 580110%2000 T 580101 V200-

2 2
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For the terms |v; |2v1 , we have

1 1 1 2 1 2 1 1 1 2 1
0= 22000%0011 + 80020¥ 1001 + 80002¥0101 + &1100%0011 T 81010[‘/’0011 + 1ﬂlom]

1 2 | 1 | 1 1 2 2
+ &1001 Y011 1+ o110¥0110 + &o101 Vo101 T &oot1 [¥a110 + Yioto] — €12

and

. 2 2 2 2 ) 2
(w1 — 2)¥io1 = 8000%0011 + 80020¥ 1001 + 80002¥ 0101 + 81100 %0011
2 2 1 ) 2
+ gio10[ Vo011 + Yioor) + &ioo1 Voo + &o110¥o0110

2 2 3 2
+ 80101 Y101 + o011 [ Vo110 T Yivio)-

For the terms |v2|%v2, we have

1 1 1 2 1 2 1 1 1 2 1
0= g2000%0011 + &0020¥ 1001 + &0002¥0101 + &1100%0011 + 81010[1/’0011 + 1/flool]

1 2 1T 1 1 3 2
+ &1001 Y0011 + o110%0110 T 0101 ¥or01 T &oo11 (V5110 + Yiowo] — €12

and

2 1 L, — 2 I 1 1,
0= g5020%0011 + 580002%002 + 8oo11| Yoor1 + Elﬂoozo + 3 80021

— 1
2 2 2 2 ) 2 2
+ &io10%o011 + 8o110%0011 + Eglooll/foozo + 580101‘/’0002 —e21.

For the terms |v; |2v2, we have

- > 1 1,2 1 2 | 1
(@2 — oD)Vi110=80020¥1100 T 82000%0110 + 80200¥ 0101 + 80011V 1100
1 2 1 1 2 1 1
+ gio10[ V1100 + Yor10) + go110¥ 100 + &1001 Y1001

1 I 1 2 2
+ 80101 Y0101 + &1100[ Voo + Yioio]

and

2 1 2 2 2 2 2 1 2 2 1
0= 280020%1100 T 82000%0110 T 80200¥0101 + 80011V 1100 T glOlO[I//HOO + I/fono]

> 3 2 2> 2 3 2
+ 80110¥ 100 + &1001 Y1001 T+ &8101 Y101 T &1100[¥ioor T Yioto] — €22-
Therefore, we have

e‘ll—lgl i gl gl i (gl 32 gl 82 ) l gl g2
2 2100 2 1 110052000 ) 101081100 100151100 4_0)1 26()2 010150200
i i 2 i 2
1 2 1 1
801108 -8 ——1& )
4 | ) ) 011052000 1 | 1100| 6¢ | | OZOO\
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1 2
812—81011 +— P (8101080011 8100180011)

i g0020g 0 i |g11 (}|

2

|g0101

)

2w1 + w2

1 —_—
n + T .2 y_ b g 9
280021 2w 8001180020 (8001181010 goougono) 4w2_2w18002081001
_;1 2 _’_ 2 2 Lo
4wn + 201 8000280101 602}80011| 6w2|30002| )

T2
622—8'1110"‘ (g110081010 guoogono)
I

i PR [ [
2 2 ) 1 2 T .2 1 2
+— - - - -
P (8002081100 8001181100 ~ 8101081100 8100181100) 201 + o 8010180200

1 2 i 2 |2
+— +— —
2w; — c028011082000 o] — 209 |81001‘ ) +2w }80101’
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