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Existence, Uniqueness and Asymptotic Stability
of Traveling Wavefronts in A Non-Local Delayed
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In this paper, we study the existence, uniqueness, and global asymptotic sta-
bility of traveling wave fronts in a non-local reaction—diffusion model for a
single species population with two age classes and a fixed maturation period
living in a spatially unbounded environment. Under realistic assumptions on
the birth function, we construct various pairs of super and sub solutions
and utilize the comparison and squeezing technique to prove that the equa-
tion has exactly one non-decreasing traveling wavefront (up to a translation)
which is monotonically increasing and globally asymptotic stable with phase
shift.
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1. INTRODUCTION

We consider the following system

ow 32w R

—:D—Z—dw—i—/ b(w(t—r,y))f(x—y)dy. (1.1)
ot dx 00

This model describes the evolution of the adult population of a single spe-

cies population with two age classes and moving around in a unbounded
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1-dimensional spatial domain. In this context, D >0 and d >0 denote the
diffusion rate and death rate of the adult population, respectively, r >0 is
the maturation time for the species, b is related to the birth function, and
the function f e C*(R,R) satisfies

fx)=0, / f(ydy=1 and / [y f(y)dy < +o0.

The main feature of the above model is the non-local interaction repre-
sented by the convolution (in space) term, and this is biologically realistic
because the matured population at the current time ¢ and spatial location
x was born at time ¢ —r or earlier and might be at different spatial loca-
tion. Therefore, the kernel function f describes the diffusion pattern of the
immature population during the maturation process. We refer to Ref. [§]
for more details and some specific forms of f, obtained from integration
along characteristic equations of a structured population model and fol-
lowing the pioneering work of Smith and Thieme [6] (see also ref. [3] for a
survey of the short history and the current status of the study of reaction
diffusion equations with non-local delayed interactions). For related topics
and some theoretical aspects of delayed reaction-diffusion equations, we
refer the readers to [4,9].

In this paper, we always assume that the birth function b€ C!(R,R)
and there exists a constant K >0 such that

b(0)=dK —b(K)=0.
Therefore (1.1) has at least two spatially homogeneous equilibria
w1 =0, wy =K.

We are interested in the existence and other qualitative properties of
a traveling wavefront w(t, x) =U (x +ct) of (1.1), with U saturating at w;
and wj. Let § =x +cr, we then have the following equation for the profile
U:

cU'(&)=DU" (&) —dU ) +/ b(UE —cr—y) f(y)dy (1.2)
subject to the boundary conditions
U(—00)=wj, U (c0) =wj. (1.3)

The so-called non-local monostable case (where there is no other zero
of du=b(u)) on [wy, wy] was addressed by So et al. [8] and Faria et al. [2].
Here, we consider the so-called non-local bistable case. Namely, let

ut :=sup{u |0, K); du=b(u)}, u” :=inf{u € (0, K]; du =b(u)}.
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We assume the following conditions are satisfied:

H1) »'(n)=0, for nel0,K];
(H2) d>max{b'(0),b'(K)};
(H3) u*:=ut=u" and b'(u*)>d.

A specific function which has been widely used in the mathematical
biology literature given by b(w) = pw?e~*" with p>0 and « >0 does sat-
isfy the above conditions for a wide range of parameters p, «.

Denote by [0, K]c the set {p e C([—r,0] xR, R); 0<¢(s,x)<K, s€
[—r, 0], x € R}. We can now formulate our main result as follows:

Theovem 1.1. Assume that (H1)—(H3) hold. Then (1.1) has exactly one
traveling wavefront U(x + ct) with 0<U <K and |c| <C for some positive
constant C, which is independent of r. The unique traveling wavefront U (x +
ct) is strictly increasing with respect to &€ =x +ct and globally asymptotically
stable with phase shift in the sense that there exists y >0 such that for any
@ €[0, K]c with

liminf min ¢(s, x) > u*, limsup max ¢(s, x) <u®

x—>+00 se[—r,0] x——o0 S€[—r,0]
the solution w(t,x, ) of (1.1), with w(s,x,d)=¢(s,x) for s €[—r,0] and
X € R, satisfies

lw(t, x,9) —Ux+ct+&)|<Me "', t>0, xeR
for some M =M(¢p) >0 and &y=E&y(p) eR.

We should remark that time delay does implicitly play a significant
role in the dynamical behaviors of system (1.1), as the function b involves
the size of this time lag. In terms of modeling the dynamics of adult pop-
ulation, the function b should be the birth rate times e "% when the death
rate of the immature population is assumed to be a constant d; >0, and
this factor must be used to account for the survival probability of a new
born during its maturation phase. Theorem 1.1 seems to remain true when
we replace the linear death rate dw by a strictly increasing function (and
of course some relevant technical conditions), but it is not so clear if the
arguments developed in the main body of this paper can be generalized to
a more general class of scalar delay differential equations with non-local
interaction, mainly due to the technical details of the construction of pairs
of super and sub solutions.

The rest of this paper is organized as follows. In Section 2, we estab-
lish a comparison result and then prove the uniqueness of a traveling
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wavefront. The asymptotic stability of the unique traveling wavefront is
obtained in Section 3 and the existence is given in Section 4. We prove
the asymptotic stability of the traveling wavefront by using the compari-
son and squeezing technique, this trick was used previously in [1,7]. Some
results needed in the existence proof can be obtained by using arguments
very much similar to those in [1], and these results are summarized in the
appendix, with sketched proofs that we believe are needed to fill out some
gaps in the arguments of Chen [1].

2. UNIQUENESS OF TRAVELING WAVEFRONTS

We start with the following initial value problem

8w(t,x)_ 82w(t,x)
o0 - P Tdwit o)
+f b(w(it—r,y)f(x—y)dy, t>0, xeR,
w(s,x) =¢(s,x), se[-r0], xeR. 2.1

Let X = BUC(R,R) be the Banach space of all bounded and uni-
formly continuous functions from R to R with the usual supremum norm
|-|x, and let XT={p e X:¢(x)>0,Vx eR}. It is easy to see that X is
a closed cone of X and X is a Banach lattice under the partial ordering
induced by X+.

The heat equation

dwitx) _ p 92w (t.x)
- 2

= e t>0, xeR, 2.2)
w(0,x) =¢(x), xeR

has the solution

T@)p(x)
_ ! /Oo exp [ d(Ndy, 150, x€R, peX (2.3)
- VarDt ) P 4Dt ne ’ ’ '

and T(t): X — X is an analytic semigroup on X with T(r)X™ C X for all
t>0.

Let C =C([—r,0], X) be the Banach space of continuous functions
from [—r, 0] into X with the supremum norm | -| and let Ct ={¢pcC:
¢(s)eXT,Vse[—r,0]}. Then CT is a closed cone of C. As usual, we iden-
tify an element ¢ € C as a function from [—r, 0] x R into R defined by
¢ (s, x)=¢(s)(x). For any continuous function y:[—r, b) — X, where b >0,
we define y, € C,1€[0,b), by y,(s)=y({+s),s €[—r,0]. Then t+> y, is a
continuous function from [0, b) to C.



Traveling Wavefronts in A Non-Local Delayed Diffusion Equation 395

Under assumptions (H1) and (H2), we can choose a positive constant
80> 0 such that

du <b(u), for ue[—8p,0) 2.4)
and
du>b(u), for ue(K,K+§. (2.5)
We also assume
b'(u)>0, for ue[—8y, K+ 8] (2.6)

By (H1), this can be achieved by modifying (if necessary) the definition of
b outside the closed interval [—8g, K + 8y] to a new Cl-smooth function
and apply our results below to the new function b.

For any ¢ €[—68p, K + Solc = {¢p € C; ¢(s,x) € [0, K + o], s €
[—r, 0], x € R}, define

[e.0]

F(¢)(X)=—d¢(0,X)+/ b(¢p(—r,y)) f(x—y)dy, xeR.

Then F(¢)€ X and F:[—68g, K +38p]c — X is globally Lipschitz continuous.

Definition 2.1. A continuous function v:[—r,b) — X, b >0, is called
a supersolution (subsolution) of (2.1) on [0, b) if

t

v(t) > (T —to)v(to)+/ T(t—s)F(vg)ds 2.7

fp

for all b>1t>1ty)>0. If v is both a supersolution and a subsolution on
[0, b), then it is said to be a mild solution of (2.1).

Remark 2.2. Assume that there is a bounded and continuous v:
[-r,b) x R— R, with »>0 and such that v is C? in xR, C! in 1€ (0, b),
and

du(t, x) d%u(t, x)
p——
5 2 D —— du(t, x)

+/OO bwt—r,y)f(x—y)dy, te(0,b), xeR.

Then, by the fact that T(t)X+ C X, it follows that (2.7) holds, and hence
v(t, x) is a supersolution (subsolution) of (2.1) on [0, b).
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Define

oW, t)=

J+1)?
exp(—dt—(4—;t)>, J>0, t>0.

1
V4n Dt

Clearly, ® € C([0, 00) x (0, 00), R).
We first establish the following existence and comparison result.

Lemma 2.3. For any ¢ €8y, K + &olc, (2.1) has a unique mild
solution w(t,x,p) on [0,400) with —8y < w(t,x) < K + 8y for (¢t,x) €
[—r,+00) x R and w(t,x,p) is a classical solution to (1.1) for (t,x) €
(r, +00) x R. Furthermore, for any pair of supersolution w*(t, x) and subso-
lution w=(t,x) of (1.1) on [0, +00) with —8y <w™ (¢, x),w (¢, x) <K + 8
for te[—r, +00) and x eR, and wt (s, x)>w (s, x) for s€[—r,0] and x eR,
there holds w*(t,x)>w™(t,x) for t>0,x €eR, and

z+1
w+(t,x)—w‘(t,x)z®(|x—zl,t—to)f [w (t, y)—w™ (1o, )ldy (2.8)

for every zeR and t >ty > 0.

Proof. Under the abstract setting [5], a mild solution of (2.1) is a
solution to its associated integral equation

w(t) = TOPO) + [y T(t —s)F(wy)ds, >0,

wo = ¢ €[—8p, K +8o]c. (2.9)

By the choice of §p in (2.4) and (2.5), it is easy to see that vT(r)=K +§
and v~ (t) = —§p are an ordered pair of super and subsolutions of (2.1)
on [0, 00). Since b e C!(R, R), it can be easily checked that F:[—8y, K +
d0o]c — X is globally Lipschitz continuous. We further claim that F is
quasi-monotonic on [—3y, K +8p]c in the sense that

Jim dist (6(0) v (O) +ALF@) ~ FOL XT) =0 (.10

for all ¢, ¥ €[—8¢, K +8p]c with ¢ > 1. In fact, it follows from (2.6) that

F(p)(x) = F(¥)(x) = =d[¢(0, x) — (0, x)]
+ [ [b@(=r, y) =¥ (=r, ] f (x = y)dy (2.11)
> —d[¢(0,x) —¥(0,x)]

and hence, for any 4 >0 with hd <1,
$0) =¥ (0)+h[F(p) — F(Y)]= (1 —hd)(¢(0) —¢(0)) >0

from which (2.10) follows. Therefore, the existence and uniqueness of
w(t, x, ¢) follows from Corollary 5 in [S] with S(¢,s)=T(,s)=T( —s)



Traveling Wavefronts in A Non-Local Delayed Diffusion Equation 397

for t >s >0 and B(t, ) = F(¢). Moreover, a semigroup theory argument
given in the proof of Theorem 1 in [5] yields that w(z, x, ¢) is a classical
solution for ¢ >r.

Since wt, w™ €[—8y, K +8¢g]c and wT >w™, it follows from Corollary
5 in [5] that

—So<w(t,x,w ) <w(t, x,w") <K+, t>0, xeR. (2.12)

By applying Corollary 5 in [5] with [v*(t,x) =K + 8y and v~ (t,x) =
w (¢, x)], [vt @, x)=wT (¢, x) and v~ (¢, x) =—8y], respectively, we get

w (t,x)<w@,x,w )<K+36, >0, xeR (2.13)
and
—So<w(t,x,wH<w'(r,x), >0, xeR. (2.14)

Combining (2.12)—(2.14), we have w~(¢,x) < w™(¢,x) for all + >0 and
x eR.

It remains to prove the last inequality in the lemma. Let v(z, x) =
wt(t, x) —w™(t,x), te[—r,00),x €R. Then we have that v(,x)>0, re
[—r,00), x eR and w,", w; €[—8¢, K +8o]c with w;">w; in C for all +>0.
For any given ty >0, by Definition 2.1 (2.11) and the fact that T(#)XT C
X7 for +>0 that, for all r>1g,

() = Tt —10)v(to) + [y Tt —)[F(w) — F(w;)]ds

> Tt —to)v(to) —d [; T(t —s)v(s)ds. @15)
Let
2 =e Tt — 1) )v(ty), t>10.
Then z(¢) satisfies
t
Z(t)=T(t—t0)z(t0)—d/ T(t—s)z(s)ds, t>to. (2.16)
fo

By Proposition 3 in [5] with v~ (1) =z(t), vt (t) =400, S(t, ) =B~ (¢, 9) =
—de¢(0), we get v(t) >z() for all ¢t >1y. Thus it follows that

wh) —w™ ()= e T — 1) (wT (10) —w (%), =1ty (2.17)

Combining (2.3), (2.17) and the definition of ® € C([0, o0) x (0, 00), R), we
have that for all t >7>0 and x €R,

z+1
wh(t, x)—w™ (t,x)=O(x —z|,1 —to)/ [w* (10, y) —w™ (10, y)dy.

The proof is complete. O
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Remark 2.4. By virtue of Lemma 2.3, it follows that if w* (¢, x) and
w™ (¢, x) are the pair of supersolution and subsolution of (1.1) given in
Lemma 2.3 and w™ (0, x) Zw™ (0, x), then for any ¢ >0,

z+1
wr(t, x) —w (£, x) Zma]llé((@(lx—zl,t)/ [w (0, y) —w™ (0, y)]dy > 0.

In particular, if v(z, x,¢) is a solution of (1.1) with the initial data ¢ €
[0, K + 8p]c and ¢ (0, x) (#£const.) is a non-decreasing function on R,
then for any fixed 7> 0, v(z, x) is strictly increasing in x € R.

Lemma 2.5. Assume that (HI1) and (H2) hold. Let U(x + ct) be a
non-decreasing traveling wavefront of (1.1). Then

0<U/(s)5%, for all £€R (2.18)
and
‘gl‘im U'(&)=0. (2.19)

Proof. By Lemma 2.3, we have that for £ =x +c¢t and every & >0,

z+1
UG+ - U () 2 max O —l, z>/ (UG +h) = Uy >0

from which, it follows that
U'(§) > max O (|x —z|,1)
zeR

z+1
/ U'(y)dy = ma%é((a(lx—zl,t)[U(z+1)—U(z)]>0. (2.20)
z zZ€

Let
c—+/c24+4Dd c++vc2+4Dd
)\.IZT<O, X2=T>O.

Then, it follows from (1.2) that

| F M) > e
U(s)—m [ﬁwe 1 I‘](U)(S)ds—i-‘/é e™? H(U)(s)ds:|
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and hence,
U/(S) - ;
~ D(Ga—h1)
H 00
x [M/ e*l(‘?*”H(U)(s)dst/ e*z(‘?”H(U)(s)ds]
—00 &
(2.21)
where
o0
HU)(s) =/ b(U(s—cr—y) f(y)dy. (2.22)
—00
Since Ay —A;>2 %, it follows from (2.21) and (2.22) that
Mb(K) [ . b(K)
U'E)<——= Mg = L
€)= 2+/Dd Jg 2+/Dd

which together with (2.20) yields (2.18). Finally, (2.19) follows from (1.3),
(2.21), (2.22), and the dominant convergence theorem. This completes the
proof. UJ

Lemma 2.6. Assume that (H1) and (H2) hold. Let U (x +ct) be a non-
decreasing traveling wavefront of (1.1). Then there exist three positive num-
bers By (which is independent of U), oo and § such that for any 6§ € (0, 8] and
every £ €R, the function w and w™ defined by

wE(t, x) :=U(x +ct +& £ 0¢8P — e Pory) £ 5o Pot
are a supersolution and a subsolution of (1.1) on [0, 400), respectively.
Proof. By (H2), we can choose a By >0 and an €* >0 such that
d > By + P (max{b'(0), b'(K)} +€*). (2.23)
By (2.6), there exists a §* >0 such that
0<b'(n) <b'(0)+¢*, for all ne[-68*,5%], (2.24)

0<b(n) <b(K)+e*, forall ne[K—8* K +5%]. (2.25)

Let co=|c|r + (eo" —1). Since limg— o0 U(€) =K and limg_, _oo U(§) =0,
there exists a constant My= My(U, By, €*, 6*) >0 such that

UE) <68%, forall §<—My/2+cy, (2.26)
UE) > K—56% forall £>My/2—co, (2.27)
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and

d > Bo + P (max{b'(0), b'(K)} +€*)

o0 _%MO
+ePr b / + / fdy |. (2.28)
%M() —00

By virtue of Lemma 2.5, we have mq:=my(U, By, €*, %) =min{U’(§); |§| <
My} > 0. Define

1

00 = [P bl .. —d)+ o]l >0 (2.29)
Bomo

and

- 1
§ =min {— B*eﬂor} .

00

We only prove w™(z,x) is a supersolution of (1.1). The proof for w™(t, x)
is analogous and is omitted. By a translation, we can assume that & =0.
For any given 8 € (0, 8], let £(t) =x + ct + 0p8(ef" — e=Po'), Then for any
t >0, we have

dwt(t, 2wt (s,
wr( X)_D wr(t,x)

SwhH(t,x): = Py Py +dwT(t,x)
- f b(w* (1 —rx—y) f()dy

= U'(£(1))(c+a8Boe Py — Bpse P!
—DU" () +dU (&) +dse ™
—/ B{U[E(t) —cr —y+008 (P — e PrU=) _ g8 (P —e=Poly]

[e¢]

+8e7PUDY. f(y)dy
= 008B0U’ ((1))e " — Bpde ' +-dse P!
—/ B{U[E(t) —cr—y +008(1 —eP)e P -8 PU=DY. £(y)dy

[oe]

+ / BULE(W) —cr—yl}- £ (y)dy

o]

= [008BoU"(£(1)) — Bod +dy8]e "
_/ b' UL (@0) —cr —y+ous (1 —efr)e ] 4-5e7H0=0

[e¢]
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=U[E@)—cr—yl}- f(y)dy
= [008BoU’ (£(1)) — PoS +d8le P!

_/ b (MU' (E)o08 (1 —ePr)e Pl 4§~ PU=DT. £ (y)dy

[e¢]

= {o0BoU’(E(t)) — Po+d
+ / b (MU' E)ag(ePr —1) —ePr]- f(y)dy}se !,

o]

where
E=&()—cr—y+0o(1—ef)eFr,
i = 0U[E(r) —cr — y 4+ 008 (1 — P )e P!
+08¢ U= L (1 —0)U[E(r) — cr —y].
Clearly, 0 <7 < K 4+ 8¢P" < K 4 8*. Therefore, b'(7}) >0, and hence,

o
Swh)(t,x) > {00BoU’ (€(1)) — fo+d — " / b/(fl)f(y)dy} e
—00
(2.30)
We distinguish among three cases.

Case (i): |£(¢)| < Myp. In this case, by (2.29) and (2.30), we have

S, x) = {ooBoU’ (£(1)) — Bo+d — eP" / b (@) f (y)dy}se P!

> {o0Bomo — Bo+d — P b, Jse P!

> 0.

Case (ii): £(t)> M. For ye[—1&(1), $£(1)], we have

1 1 3
— < =) <E@M)—y<=E&E().
> 0_25()_5() y_2§()
By the choice of 8, for any & € (0, 8], we have 0o <1, and hence,
E(1) —y —cr40p8(1 — PoryePot
1 1
2EMO—cr—l—cro(S(l—eﬂor)ziMo—co,

and
1 1
E(t)—y—chEMo—chEMo—co

Therefore, it follows from (2.25) and (2.27) that
K+68">K+68P" >7>K —68*
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and
b'(7) <b'(K)+€*.
Hence, by (2.28) and (2.30), we have

e ¢]

Swh)(t, x) > {o0BoU’ (£(t)) — Po+d — P / b (@) f (y)dy)se P!

—00
0
2 ~
> (ot d— P f b ) f ()dy
S 110)
1

00 —5&(@)
—efor ﬁg()b/(ﬁ)f(y)dy—eﬁor f TN @) f(y)dy)se P
7 t —00

> {—Bo+d — P (B (K) +€%)
,lM
—eforp [ / / f()dylyse !

>0

Case (iii): £(r) <—Mj. The proof for this case similar to that for Case (ii)
and thus is omitted.
The proof of Lemma 2.4 is complete. ]

Theorem 2.7. Assume that (H1) and (H2) hold. Also assume that (1.1)
has a non-decreasing traveling wavefront U(x + ct), then for any traveling
wavefront U(x+¢t) with 0<U <K, we have é=c and U(-)=U(-+&p) for
some &y eR.

Proof. Since U (&) and U(€) have the same limits as & — o0, there
exist £ € R and a sufficiently large number /& > 0 such that for every s €
[-r,0] and x eR,

Ux+cs+E)—8<U(x+é&)<U(x+cs+E+h)+35
and hence,

U(x+cs+E—opd(efr —ePosy)y — seFos
<U(x+&)<Ux+cs+E+h+0p5(ePr —e Posy) 4 5eFos,

where By, o9 and & are given in Lemma 2.6. By the comparison, we obtain
that for all >0 and x eR,

U(x+ct +E&—opd(efrr — e Potyy —§e—Pot
<U@x+é) <Ux+ct+E&+h+0opd(ePr — e Potyy 4 s ot
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Keeping & =x + ¢t fixed and letting + — oo, we then obtain from the first
inequality that ¢ <¢ and from the second inequality that ¢>¢, so that ¢=
c. In addition,

UE+E—008eP)<UE)<UE +E+h+0p8eP) for eR. (2.31)

Define

£ :=inf{&; U() <U(C+8)}, £ =sup{&; U() = U(-+§)}.
Then from (2.31), both £* and &, are well defined. Since U(-+&,) <U () <
U(-+£&%), we have & <&*.

To complete the proof, it suffices to show that &, =&*. By way of con-
tradiction, assume that &, <&* and U(-) £ U (-+&%). Since limjg|—. oo U'(§) =
0, there exists a large positive constant M =M (U) >0 such that

200U (€)Y <1, if |E]> M. (2.32)
Note that U(-) < U(-+ &%) and U(-) £ U(- + £*), by Lemma 2.3 and
Remark 2.4, it follows that U(-) <U(-+£*) on R. Consequently, by the

continuity of U and U, there exists a small constant & € (0, ] with A <
ﬁe‘ﬂor, such that

U@E)<UE+E —200eP"h), if Ec[-M—1—E*, M+1—£*]. (2.33)
When |§ +&*> M+ 1, we have

U(E+E* —200eM )~ U (E) > U(E+E*—200M"h) — U (£ +&%)
= —200eP" hU' (E+E*—2000e™" h)>—h, (2.34)

which, together with (2.33), implies that for any s €[—r, 0] and x € R,
U(x +cs+ &% — 200 h + oph (e — e P%)) + he P05 > U (x +cs).
Therefore, the comparison implies that for any >0 and x €R,
U(x +ct +&* —200eP" h+ oph (e — e Py + he P > U (x + c1).(2.35)
In (2.35), keeping & =x +ct fixed and letting  — oo, we obtain U (§ +&* —

00ePrh) > U (€) for all £ eR. This contradicts the definition of £*. Hence,
&, =&* and this completes the proof. O
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3. ASYMPTOTIC STABILITY OF TRAVELING WAVEFRONTS
Let £ e C®(R,R) be a fixed function with the following properties:

(s)=0, if s<-2; c(s)=1, if s>2;

0<¢'(s)<1; 1Z"()I<1, if se(=2,2).
Then we have the following result.

Lemma 3.1. Assume that (H1) and (H2) hold. Then there exists a pos-
itive number 8o < min{%-, K_2”+,60/2} with the following property: for any
8 €(0, 8], there exist two positive numbers € =€(8) and C =C(8) such that

for every E* €R, the functions vt (t,x) and v (t,x) defined by

v (1, x) = (K+8) —[K — (u™ —28)e” ]t (—e(x — £ +C1)),
vT(t,x) = —84+[K—(K—ut—=28)e "c(e(x —E~ —Ct))

are a supersolution and a subsolution of (1.1) on [0, 400), respectively.

Proof. By a translation, we can assume that £*=0. By (H2), we can
find two constants p€[1/2,1) and ¢ > 0 satisfying

od >max{b'(0), b’ (K)}+ 3.1
and then, by (2.6), we can choose a positive constant 8 < min{%, K _2“+ , 570}
such that

(l —Q) SO <K (3.2)
o
0<b'(n) <b' (0)+1 for ne[—28y,250] (3.3)
and
0<b'(n)<b (K)+1 for ne[K —250, K +25]. (3.4)

In what follows, we always assume that § € (0, 50]. We note that the con-
stants o, ¢ and §p are independent of §.
Since

du<eb(u) for ue[—8),00Uw™, K),

we have
My =M () :=min{b(u) —du; ue[-§,—35/2]}>0,

My =M>(8) :=min{b(u) —du; ueclu™+8/2, K —8]}>0.
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Therefore, we can choose two positive constants €* =¢*(§) >0 and M=
My(8) >0, with €* sufficiently small and M, sufficiently large, such that

Ke*<2(1—0)8 (3.5)

and
o0 7M0
—min{M;, M2} + Kb, €* +2Kb .y |:/ +/ f(y)dy] <0. (3.6)
Mo —00

Take « =« (8) € (0, 1) sufficiently small such that

0<¢(s)<e*/2, if s<—-2+«k, (3.7

1>¢()>1—€%2, if s>2—«k. (3.8)
Take @ =@ (§) >0 small enough so that
(l1—-2)2—k/2)>2—«k. (3.9
By (3.1) and (3.6), we can take € =¢(§) >0 small enough such that

(K—u)e" <K, ue’" <K, eMy<w(2—x), (3.10)

€K + De’K — 8[od — (max{b'(0), b'(K)} +1)] <0 (3.11)
and

€K + De*K +rKb., . ee” — min{M,, M>}+ Kb €*

max max

oo 7M0
+2K b}, |:/ +f f(y)dy] <0.
M() —00

(3.12)
Finally, we set
M :=min{¢'(s); —24«/2<s<2—x/2}>0.
Then take C =C(8) >0 large enough so that

—CeutM +€K + De*K +rKb.,,, ee”

max

+max{|du —bw)|;ue[—8, K +8]} +2Kb, . <0 (3.13)

max :
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Clearly, for any ¢t > —r and x € R, we have
S<vt(t,x)<K+3, —S<v (t,x)<K —8.
Set £ =x — Ct. Then for ¢t >0, we have

U GE N 2v— (1, x)

S = —F T3 vt
- foo b= (t—r,x—y)) f(y)dy
= —Cgﬁf—(K —ut —28)e™ ] (&) +e(K —ut —28)e” " ¢ (e€)
—DeX K — (K —ut —28)""|¢" (e&) +dv (¢, x)
—/oo b(u™(t—r,x—y) f(y)dy
_ —c0

—Ceu" ' (€€)+ €K + De*K +dyv (1, x)
- / bt —r.x — ) f()dy. (3.14)

For ¢t > —r, we have

avia(:’—x) = —Ce[K — (K —ut =28)"¢/(e6) +e(K —u™t —28)"¢(e6)

<e(K—ut—=28)e" <eKe"
and hence, for >0,

b(v (t—r,x))—bv (t,x)) = b/(ﬁ)[u_(t —r,x)—v (t,x)]
TP v~ (t*, x)
= —rb (")—at

> —rb'(N)eKe” > —rb, ,eKe,

(3.15)

where t* €[t —r,t] and n=0v~(t,x)+(1—0)v—(t —r,x) €[5, K —3].
On the other hand, for >0, we have

v (t—r,x—y)—v (t—r,x)|
=|K — (K—ut=28)"¢U"|.|¢(e(E—y+Cr))—¢(e(E +Cr))| (3.16)
<K|t(e(E—y+Cr))—¢(eE+Cr)).
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Therefore, it follows that
ST, x) < —Ceu™ ' (€€) + €K + DK +dv™(t,x) —b(v™(t —r, x))

- /oo bt —r,x—y)—v (t —r,x)]f()dy

< —C;;o+§’(e§)+eK+DezK
+dv=(t,x) —b(v (t,x)) = [b(v™(t —r, x)) —b(L™ (1, x))]
+K binax /Oo [E(e(€ —y+Cr)) =t (eE+Cr)lf(y)dy

< —Ceu+§’(:;))+eK+De2K+er;naxee“
+dv~ (t,x) —b(v (t, x))
+Kb§nax/oo [C(e(€ —y+Cr)) =t (e(E+Cr)|f(y)dy,

- (3.17)

where n=0v=(t—r,x)+ (1 —0)v=( —r,x —y) €[4, K —§].

We distinguish among three cases:

Case (i): €€ <—2+4«/2.

In this case, €€ < —2+4«, 0<¢(e€) <€*/2, and hence
—84+[K — (K —ut —28)e™"]e*/2
—8+Ke*)2
—§+(1—0)8

8 < 16
00= 79

—s<v(t,x)

IAIA

A

for all t>0 and xe€R. Set E(t,x)={yeR;v™(t —r,x —y) <0}. It then
follows from (3.14) that

Sw)(t,x) <eK+ De2K +dv(t,x) —/ Vv (t—r,x—y) f(y)dy
E(t,x)

< eK + De’K +du‘(t,x)—/ b=t —r,x—y) f(y)dy
E(t,x)

o0
< K+ DK —dos +5 / B £ (n)dy,
o0

where n=0v~(t —r, x — y) €[5, 0] C [—280, 280].
Hence, by (3.11), we have
SW)(t,x) < €K + De*K —dos+ 81’ (0)+1)
= eK 4+ De’K —8[od — (' (0) +1)]
< 0.
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Case (ii): €£>2—«/2.

In this case, €e£>2—k, 1 —€*/2<¢(e£) <1, and hence
—S+[K — (K —ut=28)e™"](1 —€*/2)
5+t +28)(1—€%/2)

ut+8—(ut 428)e*/2

ut+8—-Ke*/2

ut+8—(1-0)8
=ut+08>ut+45/2

K—-8>v (t,x)

=
=

vV 1V

for all t >0 and x eR. It then follows that
dv=(t,x) —b(v ™ (t,x)) < —min{b(u) —du; uelut+8/2, K —8l}=—M>

By the Choice of ¢ and @, we see that

o Ct)> w(2;x/2) . w(26—/c) > Mo

and for any ye[—w&, w£],

€eE—y+Cr)ze(l—-m)e+eCr>(1—w)2—«/2)>2—xk,
€E+Cr)>2—k/24+€Cr>2—x.

Hence, it follows from (3.8) that

wé& wé
/ E(e(E — y+Cr) — £ (e(E +Cr))|f(y)dy§e*/ SOy =e

—wk

Therefore, by (3.17) and (3.12), we have
S()(t, x) < €K + De? K +rKbp,ce — M,

w§
+Kb;nax/ 15(e(E —y+Cr)) —=L(e(E+Cr)lf (y)dy

wé
Yo [ / / f(y)dy}

< €K+ De*K +rKb, e —My+ Kb €*

—M,
F2KB. [ / + / f(y)dy}
M() —00

< 0.
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Case (iii): —2+«/2<e£<2—x/2.
In this case, by (3.13), we also have

ST, x) < —Ceu"M +€eK + De* K +rKbl, ee "

+max{|du — b()|; u €[5, K + 8]} + 2K,

max
< 0.
Combining cases (i)—(iii), we have

v (1, x) 32v= (1, x)
ot 9x?

—/OOb(lf(t—r,x—y))f(y)dyf(), t>0, xeR.

—00

+dv (¢, x)

Thus v~ (¢, x) is a subsolution of (1.1) on [0, +00). In a similar way, we
can prove that vt (¢, x) is a supersolution of (1.1) on [0, +00). This com-
pletes the proof. 0

Remark 3.2. Clearly, the functions vt and v~ have the following
properties:

vh(s,x) = K+, if s€[-r,0], and x>&T —Cs+2¢1,

vt(s,x) >u"—48, forall se[—r,0], and x€R,

v, x) =84+ W —28)e~¢, for all r>—r and x <&+ —Cr—2¢7 1,

v (s,x) = =6, if se[-r0], and X<E +Cs—2e"1,

v (s,x) <ut+8§ for all se[—r,0], and x €R,

v(t,x) = K—8§ — (K—ut—28)e~¢, for all 1>—r and x >& +Cr+2¢ 1.

Let U(x + ct) be a non-decreasing traveling wavefront of (1.1). We
define the following two functions:

wE(x,1,1,8) =U(x +ct +1+008 (P07 — e7Potyy £ s~ Pot |

where o¢ and By are as in Lemma 2.4. By the proof of Lemma 2.4, we
can choose By >0 as small as we wish.

Lemma 3.3.  Assume that (H1) and (H2) hold. Let U (x +ct) be a non-
decreasing traveling wavefront of (1.1), and ¢ €[0, K]c be such that

liminf min ¢(s,x)>u", limsup max (s, x) <u.
X—>00 se[—r,0] x——o0 s€[—r,0]

Then, for any 8§ >0, there exist T =T (¢,8) >0, =&(p,8) €R, and h =
h(p,8) >0 such that

w, (x, cT+E,8)(s)<wr(x, <p)(s)§w3'(x, cT+E+h,6)(s), se[-r0], xeR.
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Proof. By Lemma 2.3, w(z, x, @) exists globally on [0, c0) x R and
0<w(t, x,¢) <K for all #>0 and x € R. For any § >0, we can choose a
positive constant §; =38;(8, ¢) <min{é, 8o} such that

liminf min (s, x)>u™+8;
X—>00 se[—r,0]

and

limsup max ¢(s,x) <u~ —38.
X——00 SE[—I‘,O]

Hence, there exists a constant M3 = M3(51, ¢) >0 such that

o(s,x)<u” =48y, for all se[—r,0], x <M;, (3.18)

(s, x)>ut+8y, for all se[-r, 0], x> Ms. (3.19)

Let € =€(81) and C =C(81) be defined in Lemma 3.1 with § replaced
by 8;. Define & =—M3 —Cr —2¢~! and £~ = M3+ Cr +2¢!, and let
vE(z, x) be defined in Lemma 3.1. By (3.18), (3.19) and Remark 3.2, it fol-
lows that for all s €[—r, 0],

@(s,x)<u” —8 <vt(s,x), forx<-—Mj,

o, x) <K <K+6; <vt(s,x), for )CZ%'++CV+2€71 =—Mj
and

p(s,x)>ut +8 >v " (s,x), for x>M;,

o(s,x)>0>-=8;>v (s,x), forx<& —Cr — ¢! = Mj.
Therefore, we have
v_(s,x)f(p(s,x)§1)+(s,x), se[—r,0], xeR. (3.20)
By Lemma 3.1 and the comparison, it follows that
v_(t,x)fw(t,x,¢)§v+(t,x), t>0, xeR. (3.21)

Since 8; <§, we can choose a sufficiently large constant 7 > r such that,
forall t>T —r,

814+ (™ —28))e ' <8, and K-8 —(K—u"—=28)e “">K—§
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and hence, again by Remark 3.2,
w(t,x,<p)§v+(t,x)<8, for X§§+—Ct—2671 (3.22)
and
w(t,x,@)>v (t,x)>K -6, for x>§&" +Ct+2e 1. (3.23)

Let x =&T—CT —2¢! and x* =£~ +CT +2¢~!. By (3.22) and (3.23),
it follows that, for all t€[T —r, T},

w(t,x,@) <8 for x<x7, w(t,x,9)>K—38, for x>xT.(3.24)
Take a large constant M4 >0 so that
Ux)<é for x<—My, Ux)>K -6, for x>Mj.
Let £ =—M4—x* —|c|(T +r), then for x>x* and s e[—r, 0],
Ux+ces+cT+&E)—-8<K—-5§<wr(x,p)(s)
and for x <x* and s e[—r, 0],
Ux+es+cT+E)—8<UGx+c|(T+r)+&)—38
=U(—Myg) =6 <0<wr(x,9)(s).
Therefore, we have
Ux+cs+cT+E)—8<wr(x,p)(s), for se[-r0],xeR. (3.25

Let h=My—x"+|c|(T +r)—E=2(M3+ Ms) +2(C+|c)(T +r)+8¢1>0.
Then for x <x~ and s €[—r, 0],

Ux+cs+cT+E+h) +5=8>wr(x, 9)(s)
and for x >x~ and s e€[-r, 0],
Ux+ces+cTH+E+h)+5=U" —|c|(T+r)+E+h)+6
=U(My)+86= K =wr(x, ¢)(s).
Therefore, we have
Ux+ces+cTHE+R+H3>wr(x,0)(s), for se[—r 0], xeR.(3.26)
Thus, it follows that

U(x+cs+cT +E&—ogd(efor —e_ﬁs)) —§e—Pos

<wr(x, ¢)(s)

<U(x+cs+cT +E+h+o0p8(ePor —eFPos)) 4 ge—Fos
se[-r 0], xeR.

This completes the proof. O
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Lemma 3.4. Assume that (H1) and (H2) hold. Let U (x +ct) be a non-
decreasing traveling wavefront of (1.1). Then there exists a positive number
&* such that if w(t,x) is a solution of (1.1) on [0, +00) with 0 <w(t,x) <K
for t €[]0, 400) and x €R, and for some £ eR,h>0,8>0 and T >0, there
holds

wy (x, cT +§&,8)(s) Swr(x)(s) < w(")"(x, cT+&+h,6)(s), se[-r0], xeR
then for any t >T +r+1, there exist é(t), 5(t) and fz(t) such that

wo_(x,ct+§(t),8(f))(5)
<w (X)) Swi (x, et +EO+h1),51))(s), se[-r0], xeR

with é(t), 5(t) and h(t) satisfying
E(1) €[ —00(28 +e*min{l, h})eP" & + h — 09 (28 + £* min{1, h})eP"];
8(t)= (8 + &* min{1, h})e Polr=T—r=11.
h(t) = h —200e* min{1, h} +00(38 +&* min{1, h})efo
= h—op[e*min{1, h}(2 — eP0") —35¢P07] > 0.

Proof. By Lemma 2.6, w™(t,x,cT +£,8) and w™(x,t,cT +£&,8) are
a supersolution and a subsolution of (1.1), respectively. Clearly, v(z, x) =
w(T +t,x), t>0, is also a solution of (1.1) with vy(x)(s) =w7r(x)(s), s€
[—r, 0], x e R. Then the comparison implies that

wf(t,x,cT—i—E,(S)5w(T+t,x)§w+(t,x,cT+§+h,8), t>0, xeR.

That is,
Ulx +c(T 4 1) + & — 0p8(ePr — ety — ge=Pot
<w(T +t,x) (3.27)
<U[x+c(T +1) +&+h+0g8(efor —e Pty 5e=Por, '
t>0, xeR.

Let z=—& —cT. Then it follows from Lemma 2.3 that for any J>0,x R
with |[x —z|<J, and all +>0,
w(T+t,x)—w (t,x,cT+E&,95)
>0 1) [T (T, y)—w™ (0, y,cT +§,8)dy
=0, 0 [T (T, y) = Uy +cT +& — 008 (e — 1)) +81dy
>0 1) [T (T, y) — Uy +eT +8) +38]dy.

(3.28)
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Since limy|— 400 U'(n) =0, we can fix a positive number Ms >0 such that
1
Um)<—, forall |n|>Ms. (3.29)
209
Let J=Ms+|c|(14r)+3, h=min{l, k}, and

1
& =§min{U’(n); Inl <2}>0.

Then

z+1
/ [UGy+cT+E+h) —U(y+cT +&)]dy

1
=/0 [U(y+h)—Uydy = 2¢eh

and hence, one of the following must hold:

0 [T ) —UG+eT +6)ldyzeih,
() [TUG+eT +E+h) —w(T, y)ldy=eih.
In what follows, we consider only Case (i). Case (ii) is similar and

thus the proof is omitted.
For any s€[—r,0], |x —z| < J, letting r=1+r+s>1 in (3.28), we have

w(T+14+r+s,x)
>Ulx+c(T +14r45)+£ — o (efor — e~ PolH7+9)y] _ 5o—Po(l4r+s)
+OU, 1 +r+5) [T, y) = Uy +eT +£) +81dy (3.30)
> Ulx —z+c(l+745) —0p8(ePrr — e~ PolF7+9))]
—8e PoU+7H9) 1@ (J)e1h,

where Og(J) =mingg—,0)O(J, 1 +r+s). Let Jy=J +c[(1 +r)+3, and
choose a positive constant ¢* >0 such that

* . { . O9(e 1 }
&*<min{ min ———, — 1},
Inl<J1 200U’ () 309

(3.31)
then

Ulx —z+c(1 +7+5) 42006 h — 008 (ePor — e=Po47+9)y]
—Ulx —z4c(l+r+5) — 098 (ePor — ¢=PolF7+))) (3.32)
=U'(n)200e*h < Oy(J)e1h,

where ny=x —z+c(l+r+5) —008(eP0" — e Po+r+9)) L 9. 2650e*h, and in
the last inequality, we have used (3.31) and the estimate

I <|x —z|+lel(1 +7) + 008eP" + 200e* < Jj.
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Hence, (3.30) and (3.32) imply that

w(T+1+r+s,x) >Ux+c(T+14+r+s)+&
+2(I()8*}_l —0'05(6‘ﬁor _ e—ﬂ0(1+r+s))] _ 5€_ﬁ0(1+r+s).
(3.33)

For s €[—r,0], |[x —z| > J, it follows that

Ulx +c(T+14r+5)+&—opd(ePor __efﬂo<1+r+s))]
—Ulx+c(T+1+r+s)+&+200"h — 008 (ePor — e=Po(l+r+5)y]
=—U'(m)200e*h > —&*h,

where m=x —z+c(1+r+s5)— 098P — e Po+r+9)) L 9. 260e*h, and in
the last inequality, we have used (3.29) and the estimate

Inal > |x — zl — {le|(1 +7) + 008eP" + 200*} > M.
Therefore, for all se[—r,0], |x —z|>J,

Ulx +c(T +14r+5)+& — o008 (efor — e=Poll47+49))]
>Ulx+c(T+1+r+s)+§ i
+200e*h — 608 (ePor — e~ Pol+r )y gxp

which together with (3.27) yields

wW(T+14r+5,x) > Ulx+c(T+14r+5)+&+200e*h
—008(ePor — g Po(l+r+9)y] (3.34)
_ge—Poll4r+s) _ oxj;

for all se[—r,0], |x —z|>J.
Combining (3.33) and (3.34), we find that for all s€[—r,0], x€eR,

w(T+14r+s5,x) > Ulx+c(T+14r+5)+£+200e*h
_0_08(6/307’ _67/30(1+V+S))] _ 867/3()(14’7%1‘) _ 5*]_17

and hence,

Wr 14, (X)(s) = Ulx+es+c(T+1+4r)+§
+200e*h — o8 (ePor — e—ﬂo(1+r+s))
—00(8 +&*h) (ePrr — e=Pos)| — (8 4+ e*h)ePos
> Ulx4cs+c(T+14r)+ £ +200e*h — opdelor
—00(8 4+ *h) (eP" — e Po5)| — (5 + e*h)ePos
=w, (x,n,8 +e*h)(s), se[-r0], xeR,

(3.35)

where n=c(T +1+7r)+& +200e*h — opdel".
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Therefore, by the comparison, we have

W14 () () = w, (x, 1, 8+*h)(s), for all ¥'>0,s€[—r, 0], x €R.
(3.36)

Hence, for t >T +1+r, setting t'=t— (T +1+r) in (3.36), we get

wE) = W gy @0 SR
=w t—(T+14+r)+s,x,n,8+*h)

=Ulx+cs+ct —c(T+14r)+n—00(8+e*h)
(ePor — e=Fos . g=Foli=(T+14n)]y] (3.37)

—(8+e*h)e Polt—(T+1+n] . o—Pos
>Ulx+cs+ct—c(T+14+r)+n
—00(8 + &*h)eP — 5p8 (1) (P — e Po5)] = §(1)ePos,
where
5(t) = (8 + e*h)ye Poli =T +141)], (3.38)
It then follows that for t >T +1+r,
wy (X)(s) > wy (x, et +£(1), 8(1))(s), se[-r 0l xR, (3.39)
where
E(t) = —c(T+14r) +n—00(8 +&*h)ef"

= & +2006*h — 008" — 0 (8 4 £*h) e (3.40)
= £+ 200e*h — 00(28 4+ £*h)ePor .

Clearly, by (3.31), it is easy to see that
E(1) €[E — 0028 +e*h)eP £+ h — 0028 +*h)eP]. (3.41)
On the other hand, for ¢t > 7, by (3.27), we have
w(t, x) <Ux +ct + & +h 4008 (ePr — e U=y 4 ge=Pot=T),
which implies, for all t>7 +1+r, that
wi (x)(s) = w(t+s,x)
<Ulx4c(t+s)+E+h+ Uog(gﬂor — e—ﬂo(H-s—T))] 4+ e~ Polt+s=T)
< Ulx4cs+ct+&+h+0pd(efor — e Poli+s=T))
+008 (1) (P — e=Po5)| 4+ §(1)eFos
<Ulx+cs+ct+E+h+ 005_(3/30’ + aoé(t)(e_ﬁor —e P+ S(;)e_—ﬁos
= Ulx +cs +ct + (€ +200e*h — 00(28 + £*h)ePo") + (h — 200
+00(38 + e*h)ePo") + 608 (1) (P — e Po)]| + §(1)ePos
= Ulx+cs+ct +E(t)+ (h—200e*h + 09 (38 + e*h)elor)
+008(1) (P — e P+ 8()eP0S, se[—r,0], xeR.
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Therefore, for t >T +1+r, we find
w; () (s) Swg (x, et +E@O) +h(1).8())(s), se€[-r.0], xeR, (3.42)

where

h(t) = h—200e*h +0y(38 +&*h)efor
= h—oo[2e*h — e*hePor —38eP0"] (3.43)
= h—og[e*h(2— ePr") —38eP"]> 0

and in (3.43), we have used (3.31) and the estimate
h—200e*h>h—2300e*h>h—h>0.

Now the conclusions of the lemma follow from (3.38), (3.39) and (3.41)-
(3.43).

Theorem 3.5. Assume that (H1) and (H2) hold. Also assume that (1.1)
has a non-decreasing traveling wavefront U(x +ct). Then U (x +ct) is glob-
ally asymptotically stable with phase shift in the sense that there exists y >0
such that for any ¢ €0, K]c with

liminf min ¢(s,x)>u", limsup max ¢(s,x) <u~
X—+00 se[—r,0] x——o0 s€[—r,0]

the solution w(t, x, ¢) of (1.1) satisfies
lw(t,x,9) —Ux+ct+&) <Me V", >0, xeR
for some M =M (p)>0 and & =&)(p) eR.

Proof. Let By, 00,8 be as in Lemma 2.4 with By chosen such that
ePr <2, and let &* be as in Lemma 3.3 with €* chosen such that ope*(2—
ey < 1. We further choose a 0 < §* <min{%", 5, L} such that

0
1> k* :=op[e* (2 — eP0") — 35%P0" > 0
and then fix a t*>r+1 such that
e PO =D (1 L g* 5%y < 1 — k*.
We first prove the following two claims.

Claim 1. There exist T*=T*(p)>0,&*=£*(p) €R such that

wy (x, cT*+E%,8%)(s) < wr+(x, @)(s) Swg (x, cT*+E* 4+ 1,8%)(s), (3.44)
s € [-r,0], xeR.
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Indeed, by Lemma 3.3, there exist T =T (p) > 0,£ =&(p) e R and h =
h(p) >0 such that

wy (x, cT +&,8%)(s) < wr(x, 9)(s) wg (x, cT +&+h, §%)(s), (3.45)
s € [-r,0], xeR.

If A <1, then Claim 1 follows from the monotonicity of U(-). In what
follows, we assume that 2> 1, and let

N =max{m;m is a non — negative integer and mk* <h}.

Since 0 <k* <1 and h>1, we have N >1, Nk* <h <(N +1)k*, and hence,
0<h—Nk*<(N+1)k*—Nk*=k* <1. Clearly, h=min{l, h}=1. By (3.49),
the choice of k* and r*, and Lemma 3.3, we have

wy O, (T + 1) +E(T +1%),8(T +1))(s)
Swrie(x, 9)(s) (3.46)
<wi (x, o(T + 1) +ET +1%)+h(T+1%), 8T +1*)(s),
0
se[—r,0], xeR,

where

E(T +1%) €[E —00(28* + )P &+ h — 0p(28* + )P,
S(T +1%) = (8% +&*)e Pl =1 %1 —k*),

0<h(T+1*)<h—og[e*(2—eP") —38%P" | =h — k*.

Repeating the same process N times, we then have that (3.46), with T 4¢*
replaced by T + Nt*, holds for some éeR,O<<§§6*(1 —k*)N, and 0<h <
h—Nk*<1. Let T*=T + Nt*, £*=£. Again by the monotonicity of U(-),
(3.44) then follows.

Claim 2. Let p=1+00(28* +¢&*)ePo, T, = T* +mt*, 8}, = (1 —k*)"5*
and hy = (1 —k*)" <1,m >0. Then there exists a sequence {&,},"_, with
E=&* such that

|ém+l —§m|§th, m>0 (3.47)
and

wy (¢, T +Em, 8) (5) Swr,, (x, @)(5) S (x, T + & + i, 85 (),
se[-r,0], xeR, m=>0. (3.48)
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In fact, Claim 1 implies that (3.48) holds for m =0. Now suppose that
(3.48) holds for some m =¢>0. By Lemma 3.4, with T=T,,&§ =&, h =
he,§=08; and t =Ty +t*=Tp1 > Ty +r+1, we then have

A

wq (x, cTyy +£,8)(s) < wr,,, (x, @) (s)
< war(x, cTyy1 +E4+h,8)(s), se[-r0], xeR,

where
E el —00(28) +e"he)eP £y +hy — 00(287 + & he)ePr],

8 = (8? +8*hg)e_/30[T/z+|—Te_r_1]
= —k*)l((s* +8*)e_ﬁ0[t*_r—1]

_ l+1 _
= (1—k)1 5% =57,

h = he—op[e*he(2 — eP") — 385efo]
= (1 —k*1 —og[e*(2 — ePor) — 38* P}
==k =he.

We choose §g+1 =§. Then

|E41—Eel < he+00(28F +&*hg)eor
= [1400(28* 4+ *)ePo"|h,
= p/’lz.

It follows that (3.47) holds for m =¢, and (3.48) holds for m=¢+ 1. By
induction, (3.47) and (3.48) holds for all m > 0.

For every m >0, by (3.48) and the comparison, it follows that for all
t>T,, xeR,

U +ct+E&y— o08% (ePor — g=Pot=Tn)yy _ 5;kne—/50(t—Tm)
<w(t,x, @)
<U@ A+t +Ep+hy 4008 (P07 — e Po=T)yy 4 5% o =Po=Ti) (3 49)

L ;*T *] >0 be the largest integer not greater than

Lt ", and define (1) =8, £(1) =&, — 0085 P, and h(t) =h,, 4 2008% P,

then we have T, =T*+mt* <t <T*+ (m+ )t*=T,.1. By (3.49), it fol-
lows that for all r>T* xR,

For any ¢ >T*, let mz[

Ux+ct+E@)—60)<w(t,x,)
<Ux+ct+E@)+h(@))+8(1). (3.50)
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Set y:=—4In(1—k*) >0 and g =exp{—(1+T*/r*)In(1 —k*)}. Since

_T*
Ofmf’t*T <m+1, we have

*

(11— < (1 —k*)[%*_1 =exp { (t - 1) In(1 —k*)} =qge V.

Therefore, for any ¢ > T*, we have

5(1)=bpy=(1—K*)"5" <8°qe ™", (3:51)

h(t) = hy + 2008} e
= (142008%P") (1 — k)™ < (1 4+ 2008*P0 ) ge ™ (3.52)

and for any ¢’ >t >T*, by (3.47), we have

£ —E(1)| = |65 —0085,M" — (En — 008}, €77
£y —Enl+ 005} — 85 |ePor

ZZ_,L p X hy +003:;leﬁ0r

[Bﬂ* oA k*)£+60€ﬂ0r]5fn
( Tk 5* +60€ﬁ0r)8(f)

(17 ~|—O’03*€ﬂ0r)q€_yt

IANIA I

(3.53)

IATA

_t*T *] Therefore, it follows from (3.53) that &:=
or t >T%*, we have

/_ *
where n=|1 t*T >m=J:’
lim,_, » £(¢) exists, and

80— = (5 +ous™e™) ge7". (3.54)
Set
M =max | 2 [ +3008*e ﬁ0’+1]q+5*q 2K Y
2/ Dd Lk*
Since 0 < U’(€) < % it follows from (3.50)—(3.54) that for all # > T*,

w(t,x, ¢) = U +ct +80)| < S 7Ll1E() —Eol +h (D] +3(0)

{2[7\(/% [ +3008% ™" +1]4 +5*q] e

which together with the fact that |w(, x,¢) —U(x +ct + &) <2K, te€
[0, T*] yields |w(t, x,9) — U(x +ct +&)| <Me™ "' for all t >0. The proof
is complete. O

IA
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4. EXISTENCE OF TRAVELING WAVEFRONTS

First, we consider the following reaction—diffusion equation without delay:

dw(t,x) Dazw(t,x)

ot 2wt
+/ b(w(it,x—y)f(y—cr)dy, t>0, xeR. (4.1)

where ¢ €R is a parameter.

Lemma 4.1.  Assume that (H1)-(H3) hold. Then there exist two small
constants §* >0, €9 >0 and a large constant Cy> 0, which are independent
of ¢ and r, such that

(I) the functions vfr(t,x) and v, (t,x) defined by
v (1, x) =K 4+ 8" — K¢ (—€o(x + Cot))
and
vy (t,x) =—8"4+ K¢ (eo(x — Cot))

are a supersolution of (4.1) for ¢>0, and a subsolution of (4.1) for ¢ <0;
(IT1) the functions v;r (t,x) and v, (t,x) defined by

vy (1, x) =K + 8" — Kt (—€c(x + Cet))
and
vy (t,x)=—8"+ K¢ (ec(x — Cct))

are a supersolution and a subsolution of (4.1) for all c €R, respectively, here
€= lfﬁ and C.=(1+|c|r)Cy.

Proof. By (H2), we can find two constants ¢ €[1/2,1) and ¢ >0
satisfying

od >max{b'(0), b’ (K)} + 4.2)

and then, by (2.6), take a positive constant §* < min{%-, K*T“Jr %3 such

that
1
(——Q) 8* <K, 4.3)
o
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0<b'(n) <b'(0)+t, for ne[—26%,26%]

and

0<b'(n) <b(K)+:t, for ne[K —28%, K+ 25%].

Since

3
My :=min{b(u) —du;ue[K — 58*, K —6%]} >0,

3
My :=min{du —b(w); u €[5", 561} > 0,

421

4.4)

(4.5)

we can choose two positive constants €* >0 and My > 0, with ¢* suffi-

ciently small and M, sufficiently large, such that
Ke* <2(1 —p)8*

and
—min{M;, Mr}+ Kb/ e*+2Kb/

max

Take « € (0, 1) sufficiently small such that

0<¢(s)<e*/2, if s<—-2+«k,

1>¢(s)>1—€%/2, if s>2—«k.
Take @ >0 small enough so that
1—-w)2—x/2)>2—xk.
Then we take €y >0 small enough such that

oMo <w(2—«),
eo<(l—@)2—k/2) -2k,

DejK — 8*[od — (max{b'(0), b'(K)} 4+ 1] <0
and

De3K —min{My, My} + Kbl €*
+2Kb!

o0 —My
- [ / + / f(y)dy] <0,
My —00

(4.6)

o0 —My
max |:/M +/ f(y)dy] <0. 4.7

4.8)

4.9)

(4.10)

@.11)
4.12)

(4.13)

(4.14)
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Finally, we set

M:=min{¢'(s); —2+k/2<5<2—x/2}>0.

Then take
1 2
Cy= —[Dej K +max({|du — b(u)l;
KM
u € [—8%, K48 +2Kb,,,.]>0. (4.15)

We note that §*, ¢y and C( are independent of ¢ and r.
Clearly, for any ¢t >0 and x € R, we have

§*<vt(t, x) <K +6*, —8* <v (t,x) <K -8% i=1,2.

Denote €1 =¢p, €2 =€, = ﬁ <€y, C1=Cp, Cr=C.=(1+|c|r)Cy. Set & =
x —Cjt. Then for i=1,2 and >0, we have

v (1, x) 3%v7 (1, x)

S X = = L v (1)
- / b(o] (1, x = ) f (5 — er)dy

= —Cie; K (€ (§)) — D} K¢ (€ (1))

Hdv; (4, x) = / b(v; (t,x =) f(y —cr)dy

= —CieiK{'(€i(£)) — De; K¢ (€ (&) +dv; (¢, x)
- " b (x—cr— ) F )y
= —Ci;OKfl(fi(fi)) — De? K¢ (€ (&) +du; (t,x)
b - [ Z B @, x —er —y) — v (6 D1f )y

< —Cie; K¢/ (€i(5)) — De; K (i (E) +dvj (1, %)
—b(U,-_(t,X))—KbﬁnaX/ 1€ (€i (§i—cr—y))—C(ei(E)| f (V)dy,
(4.16)
where n=0v; (t,x)+ (1 -0)v; (t,x —cr —y), and in the last inequality, we

have used the estimate |v; (f,x —cr —y) —v; (t,x)| <K|¢(€; (&5 —cr —y)) —

(e ()l
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We distinguish among three cases:
Case (i): €& <—24«/2.
In this case, €& <—2+«k, 0<¢(€&)<e*/2, and hence

1
—8* < (1, x) <=8 "+ Ke*/2<—8"+ (1 —0)§* =—08* < _55*'

Set E;(t,x)={yeR;v; (t,x —cr —y) <0}. It then follows from (4.4), (4.13)
and (4.16) that

S )(t,x) < De}K +dv; (t,x) —/ b' vy (t,x —cr —y) f(y)dy
E;(t,x)

< De}K+du;(t,x)—/E( )b’(fz)vf(t,x—cr—y)f(y)dy
i(t,x

o
< De’K —dos* +65* b'() f (v)dy
l
—0o0

= DeiK —8*[od — (' (0) +0)]
< 0.

where 1 =0v; (t,x —cr —y) e[-8*, 0] C[-258", 26*].

Case (ii): ;& >2—«/2.
In this case, €;&>2—«, 1 —€*/2<¢(€;&) <1, and hence

K—S*Zvi_(t,x)Z—S*-FK(l—6*/2)21(—5*—(1—Q)S*ZK—%5*.
It then follows that
dv; (t,x) —b(v; (t,x)) <—min {b(u) —du; uelK — %8*, K —8*]} =—M,.
By the Choice of ¢y and @, we see that

& >

o(2—«k/2) > o (2—k) = Mo.

€; €0
Let ye[—w&;, w&;]. Then for ¢ <0 and i =1, by (4.10), we find

ei§i—cr—y)zei(l—mé§—eierz(l —o)2—-«/2)>2—«

for ceR and i =2, by (4.12), we find

& —c—y)za(l-o)&s—ar>(1-o)2-«/2)—€>2—«.
Noting that €;& >2—«/2>2—«k, by (4.9), we get
wé;

w;
/ £ (e & —cr — ) — @ EDIf )y <€ / FOo)dy <e*.

—wé§; —wé§;
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Therefore, it follows from (4.14) and (4.16) that
S()(t,x) < De2K — M
K BDjpgs [T 18 (i (& — cr — ) — £ (€ (ED) £ (n)dy
+2K bl [ S, + 1725 F )y ]
< DeZK — My + Kbl € + 2K by [ﬁ}i + [~ Mo f(y)dy]
< 0.

Case (iii): —2+«/2<¢€;&<2—k/2.
In this case, by (4.15) and (4.16), we also have
S)(t,x) < —Cie; KM + De?K
+max{|du —bu)|; u €[—8*, K +8*} + 2K b,
< —CoeoK M + DG(%K
+max{|du — b()|; u €[—8*, K +8*]} +2Kb!

max
=0.

Combining Cases (i)—(iii), we have
du; (1, x) 3% (1, x)
at ax2
o0
[ bl -mroay =0, 120, ver

—00

+dv; (1, x)

Thus for ¢ <0, vy (2, x) is a subsolution of (4.1) on [0, +00) and for all ce
R, v, (t,x) is a subsolution of (4.1) on [0, +00). In a similar way, we can
prove that for ¢ >0, v1+(t, x) is a supersolution of (4.1) on [0, +00) and for
all ceR, v;r (t,x) is a supersolution of (4.1) on [0, +00). This completes
the proof. 0

Lemma 4.2. Assume that (HIl)—(H3) hold. Then for every c € R,
(4.1) admits a unique strictly monotonic traveling wavefront with speed C(c)
which is a continuous function of c.

Proof. The proof for the existence of non-decreasing traveling wave-
fronts is similar to that of Theorem 5.1 in [1], and will be given in the
appendix. It follows from Lemma 2.5 that the obtained traveling wavefront
is strictly monotonic. The uniqueness follows directly from Theorem 2.7.

For any c€R, we denote by U.(x + C(c)t) the corresponding traveling
wavefront with the wave speed C(c). Without loss of generality, we assume
that U.(0) =0 for each c€R. Then we have

oo

C(OULE) = DU () — dU(&) + / b(UE =) f oy —crdy. (@4.17)

—00
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where & =x + C(c)t. Hence

1 3
U, = AI(C(c))(s—s)HC U. d
© D(12(C(c)) — A1 (C(c))) [/ooe (Ue)(s)ds
+/ EM(C(C))@_S)HC(UC)(s)ds], wis)
&
where
_Jc? 5
M(C(c))zc(c) Ww, Kz(C(c)):C(C)+\/W>O
and

Ho(Uo)(s) = / b(Uels — ) f (v — er)dy. (4.19)

Since 0<U.(§) <K, and

2
VX +4Dd /i,
D =YD

22(C(0)) =21(C(0) =

it is easy to show that

b(K)

U/
I C(E”Szm

(4.20)

for every ceR and & eR.

Suppose ¢, — ¢, but C(c;) does not converge to C(c), then there
exists a subsequence c¢,, — ¢ so that C(cy,) = b # C(c). By the Arzela—-
Ascoli theorem, we can choose a subsequence of {c,,}, also denoting it by
{cn,}, such that Ue,, (-) converges to a continuous function U(-) in R. Let
H* =sup{|c,|}. Since Ue,, () is non-decreasing, U, (0)=0, and by (A.3)
and (A.4) in Appendix, Ucnk(~) also satisfies

Ue,, x)<u*—=8, if x<—-M*"—L*H*r<—M*—L%|cp,|Ir,

Ue, () =u*+8x, if x>M"+L"H*r>M"+ L*|cy]r,
it follows that U(-) is non-decreasing, 0 < U()<K and,

limsup U (x) <u* — 8, 4.21)

X—>—00

and

liminf U (x) > u* + 8. (4.22)
X—> 00
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In Eq. (4.18) with ¢ being replaced by c,,, we let k — oo and apply
the dominant convergence theorem to get

! ¢ A (b)Y (E—s) %
Y H-(U)(s)d
DA (b)) —A1(b)) [/_ooe W) (s)ds

+/ e)‘Z(b)(s_“)HC(f])(s)ds} (4.23)
¢

UE) =

and hence U(x +bt) is a solution of (4.1). By virtue of Theorem 3.5, we
conclude that there exists a constant y >0 such that

|U(x 4+ bt) — Up(x + C(c)t + &) | < Mye "', >0 (4.24)

for some &y €R and M, > 0.

If b> C(c), keeping x + bt fixed and letting t — oo in (4.24)(and not-
ing that U.(—o0) =0), we get U(-) =0, which contradicts to (4.22). If
b<C(c), a similar argument yields U(-) =K, which contradicts to (4.21).
Therefore, we have b= C(c), which is also a contradiction. This completes
the proof. OJ

Theorem 4.3. Assume that (H1)-(H3) hold. Then (1.1) admits a strictly
monotonic traveling wavefront U (x + c*t) with |c*| < Cy, where Cq is given in
Lemma 4.1.

Proof. It is easy to see that if there exists a ¢* €R such that C(c*)=
c¢*, and U(x +c*t) is a monotonic traveling wavefront of (4.1), then U (x +
c*t) is also a traveling wavefront of (1.1). Therefore, it suffices to show
that the curves y=c and y=C(c) have at least one common point in the
(c, y) plane.

For ¢ <0, let v, (t,x) be the subsolution of (4.1) given in Lemma
4.1. Then there exists a large constant X > 1 such that U(-) > v, (0, -—X).
Therefore, by the comparison, it follows that U (x+C(o)t) =z vy (1, x —X)
for all t >0 and x € R. Thus there exists a large X, which is independent
of ¢, such that x +C(c)t>x — Cot — X for all r>0. Letting r — 0o, we then
obtain that C(c) > —Cy for ¢ <0. Similarly, we can show that C(c) <Cy for
¢ >0. Finally, we note that the common point ¢* of two curves satisfies
|c*| < Cy. This completes the proof. 0

APPENDIX

In this section, we sketch of the proof for the existence of traveling
wavefront of (4.1).
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Let w(z, x) be the solution to the following initial value problem

duw(t,x) _ 9wt x)

a1 PR UL
+/ b(w(t,x—y)f(y—cr)dy, t>0, xeR,
w(0,x) = K¢(x), xeR, (A.1)

where ¢ € R is a parameter and ¢(-) refers to the function ¢ given in
Section 3.
By Lemma 2.1, it can be shown that

wy(t,x)>0, for all (z,x)e(0,00) xR

and since the constant 6* in Lemma 4.1 can be chosen as small as we
wish, by Lemma 4.1 and the comparison, it is not hard to show that

lim w(,x)=K, and lim w(,x)=0, forall >0.
X—> 00 X—>—0Q

Therefore, there exists a unique function z.(«, t) defined on (0, K) x [0, co)
such that

w(t,z.(a,t))=a, a€(0,K), te]0,00).

Following the idea in [l], we can show that, for some sequence
{tj}cj?"zl, the sequence {w(t;, - +zc(u*, tj))};?‘;l has a limit U.(-), which is the
profile of a traveling wave front.

The proof for the existence of traveling wavefront of (4.1) is based on
Propositions A.1 and A.6. In what follows, we only give proofs of Prop-
ositions A.1 and A.6, the rest of the proof is similar to that of Theorem
4.1 in [1] (see also Theorem 5.1), and thus is omitted.

The following Proposition A.1 is a directly consequence of Lemma A.5.

Proposition A.1. Assume that (HI)-(H3) hold. Then there exist a
small positive constant 8, two large positive constants M* and L*>1 ,
which are independent of ¢ and r, such that

ZeU* + 84, 1) — 2o(U™ — 84, ) <M* + L¥|c|r, for all t>0. (A.2)

Remark. Clearly, it follows from (A.2) that, as a limit w(;,- +
Ze(u*,tj)) as j— oo, the function U.(-) satisfies U(0) =u* and

Uc(x)<u*—38,, if x<—M*"—L*¥c|r (A.3)
and

Uc(x)>u*+68,, if x>M*+L*|c|r. (A4)
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Using the assertion of Proposition A.1, we can also derive the follow-
ing.
(a) For every 8 € (0, 8,/2], there exists m(8) >0 such that
ze(K —8,t) —z.(8,t) <m(8), for all r>0. (A.S)
(b) For every M >0, there exists a constant 7(M) >0 such that

wy(t, x +z.*, 1)) >n(M), for all t>1 and x €[-M, M].
(A.6)

Lemma A.2. Let wy) and wiy be the solutions to the following linear
evolution problems

2
DY) = PRI — gy (1, x) 4+ () [5, win (¢, x = y) f(y —cr)dy,
wi1(0,x) = H(x)
(A7)

and

2
Dwiltt) — pPURILD — quyy(1, x) + b/ (u*) [og winlt, x — y) £ (y —cr)dy,
wi2(0,x) = —14+2H(x)

(A.8)

then there exist constants 1) >0, €y >0, which are independent of ¢ and r,
and x. eR with |x.| <41+ |c|r)€071 such that

w11 (70, xc +0) >3, wia(rg, x, —0) <=3

here and in the sequel, H(x) is the Heaviside function equal to 1 when x >0,
1/2 when x =0 and 0 when x <0, and w;;(to, xc £0) =1limy_, » + w;; (70, y).

Proof. By (H3), we can show that the flows of the equation

dw(t,x) _ ) #*w(t, x)

3t 922 —dw(t,x)—i—b’(u*)/ w(t,x—y) f(y—cr)dy

also satisfies the comparison principle.
Let A* =—d +b/'(u*). Then, by (H3), A* >0 and ¢*'* is a solution of
(A.5). Since 0 <wq1(0,x)=H(x) <1, by comparison, we have

0<wi(t, x)<e’, for all +>0.

In addition, since for each 2 >0, w11 (0, -+h) >w11(0, -), we have w1 (¢, -+
h)>wy(¢, ) for all +>0. That is, wy; is non-decreasing in x € R. Thus, for
any x € R, wyi(t, x +0) =1imyﬁxi w1 (¢, y) exist.
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Take a small positive constant €y >0 such that

1
p(eo>——[D 2420l (u") / Y1F Oy +2b W] < -

Let éczﬁic‘r and w(t, x) = p(&)e** " +r(é.x)e*". Then

82w / *
ox 2—i—dw b(u)/ w(t,x—y)f(y—cr)dy

= QA 4 d)pEo)e?  + (W +d)t (écx)er ! — DEX" (é.x)et!
—b'(u*) / 0@ + L@l — ) f(y —endy

> 20 +d — Zf(u*)]p(éo)em +[0F +d)g(écx)
—De2 —b'(u®) / @ — ) fOy — eyl

> 1*p(ép)e™! h

H=DE b ) / [£(Eex) — £ (EcCx — M1 (v — crydyle’™

S(w)(t,x) = o

o0
= 1 p(€0)e ! +[—DE2 + &b (u”) f yf(y —crydyle™!
- *
> W*p(E)e T — [DEX + &b/ (u") / IO —erdyle™
—00
o0
> (o) —[DE2 +éb (u) f I LF Oy + &b ) elrle
—00

o0
> (@)~ (D& + &b ) [ Iy )y +eab e
—00
= 0.
Hence, w(t, x) = p(€g)e** " + c(é.x)e*’ " is a supersolution of (A.7). Since

w110, x)=H(x) <l(éx+2) 5w(0,x+2€c_1),x € R, the comparison yields
wip (t, x) <w(t,x +2&-1) in [0, 00) x R. That is,

w1 (1, x) < p(&0)e™ "+ ¢ (Ec(x +267 1))t

Consequently,
0<wii(t,x) <p@e™ ', if x<—4¢!

By using a similar argument, we can shows that w(t,x) = (1 —
C(—éex))ert — p(ép)e**™ is a subsolution of (A.7). Since wi;(0,x) =
Hx)>1—-¢(—€éx+2)>w(0,x —2€C_1). By the comparison, we have

w1, %) > w(t, x =267 = (1 = (—é.x +2))e* " — p(&)e™
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which implies that

* * A * . A
M= wyi(t,x) =M — pé)e®!, if x>4el

Now set 79 = Ai*ln9> 0, so that ¢*"™ =9. Therefore, by the choice of &,

we have

0<wii(r,x) <8lp@) <1, if x<—4(1+]clné’,

8<9-81p(ép) <wii(r0,x) <9, if x=4(1+|cné; "

By the monotonicity of wi;(tg,-), there exists x. € R with |x.| <4(1 +
lclr)é; ! such that

w11 (70, X +0) >3, wi1(Tg, xc —0) < 3.

Using the identity wis(r, x) = —e*' 4+ 2wy (¢, x) on [0,00) x R, we also

have

w12(T0, Xe — 0) = —e* ™ 42wy (10, X — 0) < —3.

This completes the proof. O

Lemma A.3. There exists a small positive constant 8, > 0, which is
independent of ¢ and r, such that the solutions wyy and wyy to

and

satisfy

dwy (6, %) _ 07w (¢, x)

o1 a2 vty
4 / b(wat (1 x — ) f (v —er)dy, (A.9)
w1 (0, x) = u™ + 8, H(x),
dwn (t, x) 92w (t, x)
a7 =D o2 —dwy(t, x)
+ / b(waa(t, x — ) f (y — er)dy, (A.10)

w2 (0, x) = u* +8,[—14+2H (x)]

w21 (10, Xc +0) > u* 426, w (19, X —0) <u* —28,.
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Proof. Let A >A* be fixed and w(z, x) =u* 48, w12 (¢, x) +82¢™ . Since
O<wy(t,x)< 6)‘*[, we have

% * *
—eM <wipt,x)=—e" " 2wyt x) <!
and hence,
Ut — 8! +82eM <w(t, x) <u*+ Syt +82eM

for all >0 and x €R. Therefore, for ¢ €[0, o], |w(¢, x) —u*| < B, for some
constant B, and hence there exists a small constant 8, >0, which is inde-
pendent of ¢ and r, such that

st <1

and

ow 8%w ©
S(w)(t, x) = o —D—+dw—f b(w(t,x—y) f(y—cr)dy

dx2 _
w12 3211)12 2 "
=8, o P2 +dwip]+8;(A+d)e
o0
b = [ bt x =) = endy
—0Q

oo
= 3*b/(u*)/ wia(t, x = ) f(y = cr)dy + 8 (A + d)e™
—0o0

b ) f [w(t, x —y) —u*]f (3 — er)dy +0(62)
= —82b' )M +82(h+d)eM +0(52)
= 82[A+d — b (u*)]e* +0(52) >0
> 82[h—1*]+0(82) > 0.

Therefore, w(t,x):u*+8*w12(t,x)+8£e“ is a supersolution of (A.10) on
[0, T9]. Moreover, we have

w2 (0, x) = u* +8,[—14+2H (x)]
=u*+8,w12(0, x) <w(0, x).

Therefore, the comparison implies that w» (¢, x) < w(t, x), vVt €[0, t9] and
x €R. In particular, we have

IA

w(TO»xc _0)
= u* + 8,12 (70, X — 0) + 82T
< u*—38,+8,=u"—26,.

w2 (1o, Xe —0)
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In a similar way, we can show that w(t, x) =u™ + 8,w11 (¢, x) — 856“
is subsolution of (A.9) on [0, 7p]. Since w;1(0,x) =u* + §:H(x) =u™ +
8,w11(0, x) > w(0, x), by the comparison, we have
w21 (70, X +0) > w(zp, X +0)
= u*+8,wi1 (10, X +0) — Siekm
> u* 438, — 8 =u"+26,.

The proof is complete.

Lemma A.4. There exist a large positive constant hy, which is indepen-
dent of ¢ and r, such that for h.=(14|c|r)hg, the solutions w3; and w3 to

dws (6, %) _ o 0%wsi (¢, x)

o1 o sy
bt e—d A
w31(0, x) = u* —;giH(x) —u*H(—x —h)
and
P0) _ p IR )
+ [ bwnx =6 -y (A12)
w3 (0, x) = u* J:g:[—l +2H(X)]+[K —u™ —8)H (x — h¢)
satisfy

w31 (10, X +0) > u* 46, w32 (70, xc —0) <u™ —§,.

Proof. Let A=—d 4D

max-*

Then A >0. Let

w(t, x)=w (t, x)+ ¥, x),

W1, x) =—8) 2™ e (— o (x —x0) = 2),
A .. A & P
where &y is a small positive constant and &.= e satisfying
gé/2€2)»1’0 58*

and

»=[De)* +28)? 3172

<x+d>/ L)y + 220+ .
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Denote & =—£&.(x —x;) —2. Then for ¢ €[0, 7p], we have

3 32 o
St.x) = 5 = DS kdw— [ bwix =) S - endy
_ dwr 3211) oy 21//
= P TR T
- / b(w(t, x — ) f(y —cr)dy
oy 0ty
= —-D— 02 +dy

+f [b(wai (2, x —y)) —b(w(t, x — y)]f (y —cr)dy

< —Qr+d)8) PP —[(h+d)(E) — DR (E)Ju* e
B / Vit x =) f & —erdy
< —Qh+d = blpa )8y P — [+ d)g (6 — DE2u*e

Hhpantt" e / C(Ec+Ecy) f(y—cr)dy
< —agy 2P —[(h+d); (E) — DE?
binax f L tEey) f(y—cr)dylu*e
—38)2 P —[0.+ )¢ (&) — DE?

—(+d) / C(Ec+2c)) [y —crydylute < —rd)/ 2

H[DE— (ot d) f [£60) — £+ 2] f (5 — cr)dylu*e®

IA

kéé/zez)" + [Dég —(A+d) / M=yl f (v —cr)dylu*et

IA

o
—28)? M +[D82 + 8. (L +d) f IV f (v — er)dylu*e™
—0Q

| /\

oo
{)LAI/Z M_[p §§+§c()»+d)/ Iy f )y + 8. +d)|c|rlu*}e™
—0oQ

| /\

—{ngy* - [ég+éo(/\+d)/ Y1 ()dy + 80O+ d)Ju e

< 0.
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Therefore, w(z, x) is a subsolution of (A.11) on [0, 79] x R. Clearly, if we
take hg=4(¢, ' +&;1), then he=(1+|c|r)ho>48;" +|xc| and hence,

w(0, x) = w210, x) + ¥ (0, x)
= w31 (0, x) — &Y% —u* ¢ (=8, (x —x0) —2)
w21 (0, x) —u* ¢ (—Ec(x — x¢) —2)

=
< w31(0, x)
so that by the comparison, we have

w31 (70, X 4+ 0) = w (70, X +0) = wy (79, X +0) — &1/2e2470
>y 428, — 8 =u*+6,.

Let

w(r, x) =wn(r, x) +¥(r, x),

Y1, x) =82 +[K —u* —8.]eM £ (Ee(x —x0) = 2).

Then by using a similar argument, we can show that w(z, x) is a superso-
lution of (A.12) on [0, tp] x R, and

w(0, x) = w (0, x)+ (0, x)

= wn(0,x) + 82 H[K —u* —8,]c(Be(x —x0) —2)
> wyp(0, x) +[K — u*8,]¢ (o (x —xc) —2)
> w32(0, x),

so that by the comparison, we have

w32(70, Xe —0) < w(Tp, X —0) = w2 (70, xc — 0) +§(1)/262“°
<u*—28,4+8=u*—35,.

The proof is complete. OJ

Lemma A.5. Let w(t,x) be the solution of (A.1), then for every t >0,
there exist £_(t) and &, (t) such that

w(t,E- (1) =u* — 8, w(t, &4 (1) =u" +84
and
E4(1) — (1) <max{4+2(1 +c|r) (4e; ' + Coto), 2hc),

where he =1+ |c|r)hg, €9 and Cy are given in Lemma 4.1.
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Proof. Let vzi(t, x) be as in Lemma 4.1. We note that
Uy (0,x =22, <w(0,x) = K¢ (x) <vy (0, x +2+2¢. 1)
and hence, by the comparison, we have
uz_(t,x—2—26;1)fw(t,x)fu;r(t,x+2+26;1), for all ¢>0.
Therefore, for every >0, £,.(¢) and &_(¢) exist and satisfy
EL(D) =& (D =4+ 2(1+lelr@e ! +Con).
In particular, for all ¢ €[0, tp], we have
51 (D) —E-(1) <4+2(1+ el (4ey ' + Coro).-

To finish the proof, we need only prove the following: for every #; >
0,8+ (11 +70) —§—(t1 +70) <max{&, (1) —&—(21), 2h,}.

By translation, we can assume that w(¢;,0) =u*, so that £&_(t) <0<
&, (1). By symmetry, we need only consider the case &, (¢) > |£_(¢)|.

Set hy =max{&;(t)), he}. Then, w(ty, - +hy)>w31(0,-) in R, so that,
by the comparison,

w(t1 + 70, Xc +hy) = w31 (70, Xc +0) >u* 48y,

which implies that &, (11 + t0) <x.+h4.
Set h_ =max{&, (1) —&_(t1), hc}. Then w(ty, - +&1(t) —h-) <w31(0,-),
and hence, by the comparison,

w(ty + 70, Xe +E4(t1) —h_) Sw3 (10, Xe — 0) <u™ — 8.

Therefore, &_(t] +19) > xc +&4(t1) —h—.
Combining the two estimates for &, (¢; + t9) and &_(¢; + t9), we have

E+(t1+10) —&— (11 +70) <hg —&4.() +h- <max{&; (1)) — (1), 2h}.
This completes the proof. OJ

Proposition A.6. Let w(t,x) be the solution of (A.1), then there exist
three positive constants B, oy and 81 >0 such that for every § €(0,8;], every
T >0 and every £ €R, the functions w(t,x) and w(t, x) defined by

wit, x)=wx+E+08(P —e ), 1+ T) £ 8¢
are, respectively, a supersolution and a subsolution of (A.1) in (0, +00) x R.

Proof. Proposition A.6 can be proved in a similar way as used in the
proof of Lemma 2.6 and the details will be omitted. O
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