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We develop a new approach to obtain the existence of travelling wave solutions for
reaction–diffusion equations with delayed non-local response. The approach is based on an
abstract formulation of the wave proﬁle as a solution of an operational equation in a certain
Banach space, coupled with an index formula of the associated Fredholm operator and some
careful estimation of the nonlinear perturbation. The general result relates the existence of
travelling wave solutions to the existence of heteroclinic connecting orbits of a
corresponding functional differential equation, and this result is illustrated by an
application to a model describing the population growth when the species has two age
classes and the diffusion of the individual during the maturation process leads to an
interesting non-local and delayed response for the matured population.
Keywords: delayed reaction–diffusion equation; travelling wave; heteroclinic orbit;
monotone dynamical system; Nicholson’s blowﬂies equation

1. Introduction
The purpose of this paper is to study the existence of travelling wave solutions
for the following delayed reaction–diffusion equation with non-local interaction


ð0 ð
vuðx; tÞ
dhðqÞdmðyÞgðuðx C y; t C qÞÞ ; ð1:1Þ
Z DDuðx; tÞ C F uðx; tÞ;
vt
Kr U
time, uðx; tÞ 2Rn , DZdiag
where x 2Rm is the spatial variable, tR0 is the P
2
2
(d1, ., dn) with positive constants di, iZ1, ., n, DZ m
iZ1 v =vxi is the Laplacian
n!n
operator, r is a positive constant, h : ½Kr;0/ R
is of bounded variation, m is
a bounded measure on U 3Rm with values in Rn!n , F : Rn !Rn / Rn and
g : Rn / Rn are given mappings with additional conditions to be speciﬁed later.
Equation (1.1) serves as a model for many physical, chemical, ecological and
biological problems. In particular, as will be shown in §6, equation (1.1) includes
a model for the population growth where the species has an age-structure and
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a non-monotone birth function, and the spatial diffusion of the individuals during
the maturation period leads to an interesting non-local delayed response. See
Britton (1990) and Gourley & Britton (1993) for some earlier work on non-local
delayed reaction–diffusion equations.
Because of their signiﬁcant role in governing the long time behaviour of
dynamical systems with a diffusion process, travelling wave solutions have
been one of lasting interests, and a variety of methods for studying the
existence of travelling wave solutions have been developed. In this paper, we
develop a new approach to study the existence of travelling wave solutions for
equation (1.1). This approach reﬂects a natural connection between the
existence of a travelling wave solution for equation (1.1) and the existence of
a heteroclinic solution for the corresponding ordinary delay differential
equation on Rn


ð0
_ Z F uðtÞ;
dhðqÞmU gðuðt C qÞÞ ;
ð1:2Þ
uðtÞ
Kr

Ð

where mU Z U dm.
Before giving a precise statement of our main result, we ﬁrst formulate some
assumptions about the nonlinearities F and g. Throughout the remaining part
of this paper, we suppose that F and g are C k-smooth functions, kR2, and we let
Fu(u, v), Fv(u, v) denote the partial derivatives of F with respect to the variables
u 2Rn and v 2Rn , respectively, and let gu(u) be the derivative of g with respect
to the variable u 2Rn . In addition, we suppose that equation (1.2) has two
equilibria Ei, iZ1, 2, and we deﬁne
 ð0
 ð0


Ai Z Fu Ei ;
dhðqÞmU gðEi Þ ; Bi Z Fv Ei ;
dhðqÞmU gðEi Þ :
Kr

Kr

For a complex number l we let


ð0
dhðqÞmU gu ðEi Þelq :
Li ðlÞ Z det lI KAi KBi
Kr

We assume that the following hypotheses hold.
(H1) All eigenvalues corresponding to the equilibrium E2 have negative real
parts, that is, supfRl : L2 ðlÞZ 0g! 0.
(H2) E1 is hyperbolic and the unstable manifold at the equilibrium E1 is M
(MR1) dimensional. In other words, L1(iv)s0 for all v 2R and L1(l)Z0
has exactly M roots with positive real parts, where the multiplicities are
taken into account.
(H3) Equation (1.2) has a heteroclinic solution u : R/ Rn from E1 to E2.
Namely, equation (1.2) has a solution u(t) deﬁned for all t 2R such that
u  ðKNÞ d lim u ðtÞ Z E1 ; u  ðNÞ dlim u ðtÞ Z E2 :
t/KN

t/N


Ð
(H4)  U djmjðyÞykRm kRn!n !N, where jmjZmCKmK with mC and mK the
positive and negative parts of m, respectively.
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Our main result is as follows.
Theorem 1.1. Under assumptions (H1)K(H4), there is a cO0 such that
(i) for each ﬁxed unit vector n 2Rm and cOc, equation (1.1) has a travelling
wave solution u(x, t)ZU(n$xCct) connecting E1 to E2 (that is, U(KN)Z
E1 and U(KN)ZE2);
(ii) if restricted to a small neighbourhood of the heteroclinic solution u :
R/ Rn in the space C ðR; Rn Þ of bounded continuous functions equipped
with the sup-norm, then for each ﬁxed cOc and n 2Rm , the set of all
travelling wave solutions connecting E1 to E2 in this neighbourhood forms a
M-dimensional manifold Mn ðcÞ;
(iii) Mn ðcÞ is a C kK1-smooth manifold which is also C kK1-smooth with respect
to c. More precisely, there is a C kK1-function h : U !ðc ;NÞ/ C ðR; Rn Þ,
where U is an open set in RM , such that Mn ðcÞ has the form
Mn ðcÞ Z fj : j Z hðz; cÞ; z 2U g:
Let n$x C ct Z s 2R and u(x, t) ZU(n$x Cct). Then, upon a straightforward
substitution, a travelling wave U(s) satisﬁes the second order equation


ð0 ð
_
€
cU ðsÞ Z D U ðsÞ CF U ðsÞ;
dhðqÞdmðyÞgðU ðs Cn$y CcqÞÞ ;s2R: ð1:3Þ
Kr U

Writing V(s)ZU(cs) and 3Z1=c2 , then equation (1.3) leads to


ð0 ð
 

pﬃﬃ
_
€
V ðsÞ Z 3D V ðsÞ CF V ðsÞ;
dhðqÞdmðyÞg V s C 3n$y Cq
; s2R: ð1:4Þ
Kr U

In the case where c is sufﬁciently large, 3 is small and hence equation (1.4) is a
singularly perturbed equation. Such an equation has been extensively investigated
via both geometric and analytic methods where the main idea is to study the
corresponding slow motion and fast motion. See, for example, Carpenter (1977),
Fenichel (1971, 1979), Fife (1976), Hoppensteadt (1966), Jones (1995), Lin (1989)
and Szmolyan (1991). The geometrical approach makes the connection of slow and
fast motions by studying the intersection of the relevant invariant manifolds, while
the analytic approach matches the slow and fast motion by using the asymptotic
expansion of inner and outer layers. For both methods, to make a connection
between slow and fast motions is far from being trivial. In addition, both methods
work only on dynamical systems where the stable, unstable, and invariant
manifolds play an essential role. It is very important to point out that the
differential equation (1.4) does not generate a dynamical system, for there is no
way an initial value problem can be formulated. In this paper, we take a different
approach to avoid this difﬁculty. The central idea of our approach is to use a
certain type of transformation to convert the singularly perturbed differential
equation (1.4) into a regularly perturbed operational equation in a Banach space,
that enables us to directly apply the Banach ﬁxed point theorem and some existing
results regarding the index of an associated Fredholm operator to prove the
existence of travelling wave solutions. This approach also allows us to determine
the number of travelling wave solutions as well as smooth dependence of travelling
wave solutions on the wave speed c.
Theorem 1.1, relating the existence of travelling wave fronts for the reaction–
diffusion equation (1.1) with delay and non-local interaction to the existence of a
Proc. R. Soc. A (2006)
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connecting orbit between two hyperbolic equilibria of the associated ordinary
delay differential equation (1.2), enables us to apply some existing results for
invariant curves of semiﬂows generated by ordinary delay differential equations
to derive systematically sharp sufﬁcient conditions for the existence of travelling
wave fronts of delayed reaction–diffusion equations that, in turn, includes most of
the existing results in the literature as special cases. In particular, as will be
illustrated in §6 where a recently derived non-local delayed reaction–diffusion
equation for the population growth of a single species when the delayed birth
function is not monotone in the considered range is considered, theorem 1.1
allows us to apply the powerful monotone dynamical systems theory to obtain
the existence of travelling waves.
This paper is organized as follows. In §2 we transform equation (1.4) into an
operational integral equation involving a linear operator and a nonlinear
perturbation. Section 3 is devoted to the study of the null space and range of the
linear operator introduced in §2. The properties of the nonlinear function in the
operational equation are studied in §4. The proof of our main theorem is given in
§5. In the last section, we present applications of our main result to some
population models, including a non-local delayed RD-system with non-monotone
birth functions.

2. Operational equations for travelling wave solutions
In the sequel, we use more compact notations:
ð0 ð
ð
dzðq; yÞ Z
dhðqÞdmðyÞ;
zðq; yÞ Z hðqÞmðyÞ;
Kr
n

Ur

U

with UrZ[Kr,0]!U. We will also let C Z C ðR; R Þ be the space of continuous
and bounded functions from R to Rn equipped with the standard norm
kjkC Z supfkjðtÞk : t 2Rg.
Our main approach to study the existence of travelling wave solutions is to
convert the differential equation for a travelling wave into an equivalent
operational equation in a suitable Banach space. For this purpose, we further
transform equation (1.4) by introducing the variable w(s)ZV(s)Ku(s) for s 2R.
Then we obtain the equation for w as
_
wðsÞ
Z 3D w€ ðsÞ C 3Du€  ðsÞ


ð


pﬃﬃﬃﬃﬃ


C F wðsÞ C u ðsÞ; dzðq; yÞg ½w C u ðs C 3n$y C qÞ
Ur





KF u ðsÞ;

ð





ð2:1Þ

dzðq; yÞgðu ðs C qÞÞ

Ur

Z 3D w€ ðsÞ C P 0 wðsÞ C Gð3; s; wÞ; s 2R;
where [wCu](t)Zw(t)Cu(t) for t 2R, and the linear operator P 0: C/C is
deﬁned by
ð
P 0 wðsÞ Z AðsÞwðsÞ C BðsÞ
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dzðq; yÞgðu ðs C qÞÞ ; s 2R;
AðsÞ Z Fu u ðsÞ;
Ur


ð


dzðq; yÞgðu ðs C qÞÞ ; s 2R;
BðsÞ Z Fv u ðsÞ;

ð2:3Þ
ð2:4Þ

Ur

and



ð
pﬃﬃ
Gð3; s; wÞ Z F wðsÞ C u ðsÞ;
dzðq; yÞgð½w C u ðs C 3n$y C qÞÞ
Ur


ð


KF u ðsÞ;
dzðq; yÞgðu ðs C qÞÞ KP 0 wðsÞ C 3Du€  ðsÞ:

ð2:5Þ

Ur

Next we transform equation (2.1) into an integral equation as follows. We ﬁrst
write equation (2.1) as
3di w€ i ðsÞKw_ i ðsÞKwi ðsÞ ZKwi ðsÞKPi0 wðsÞKGi ð3; s; wÞ; s 2R;
ð2:6Þ
for iZ1, ., n, where i denotes the i th component for the corresponding functions
or operators. We observe that the equation
3di z 2 Kz K1 Z 0
has two real zeros a3i and b3i , with
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1K 1 C 43di
1 C 1 C 43di
3
3
K1! ai Z
! 0; bi Z
O 0:
23di
23di
Moreover, it is easy to verify that
ð2:7Þ
limC a3i ZK1; limC b3i Z CN:
3/0

3/0

It is well known that w : R/ Rn is a bounded solution of equation (2.6) if and
only if w(s) is a bounded solution of the integral equation
ðs
3
1
wi ðsÞ Z
eai ðsKtÞ ½wi ðtÞ C Pi0 wðtÞdt
3di ðb3i Ka3i Þ KN
ðN
3
1
C
ebi ðsKtÞ ½wi ðtÞ C Pi0 wðtÞdt
3
3
3di ðbi Kai Þ s
ð s

ðN
1
a3i ðsKtÞ
b3i ðsKtÞ
e
Gi ð3; t; wÞdt C e
Gi ð3; t; wÞdt
C
3di ðb3i Ka3i Þ KN
s
ðs
3
1
ð2:8Þ
Z pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
eai ðsKtÞ ½wi ðtÞ C Pi0 wðtÞdt
1 C 43di KN
ðN
3
1
ebi ðsKtÞ ½wi ðtÞ C Pi0 wðtÞdt
C pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 C 43di s
ð s

ðN
1
a3i ðsKtÞ
b3i ðsKtÞ
C pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
e
Gi ð3; t; wÞdt C e
Gi ð3; t; wÞdt ;
1 C 43di KN
s
i Z 1; .; n:
Therefore, w is a bounded solution of equation (2.6) if and only if it solves
ðs
eKðsKtÞ ½wðtÞ C P 0 wðtÞdt Z Hðs; w; 3Þ;
ð2:9Þ
wðsÞK
KN
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where Hðs; w; 3ÞZ ðH1 ðs; w; 3Þ; .; Hn ðs; w; 3ÞÞ is deﬁned as
#
ð s " a3i ðsKtÞ
e
KðsKtÞ
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ Ke
wi ðtÞ C Pi0 wðtÞ dt
Hi ðs; w; 3Þ Z
1 C 43di
KN
ðN
3
1
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
p
ebi ðsKtÞ wi ðtÞ C Pi0 wðtÞdt
C
1 C 43di s
ð s

ðN
1
a3i ðsKtÞ
b3i ðsKtÞ
C pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
e
Gi ð3; t; wÞdt C e
Gi ð3; t; wÞdt ;
1 C 43di KN
s
for i Z 1; .; n:
ð2:10Þ
In summary, we show that equation (1.3) has a solution U : R/ Rn
connecting E1 to E2 if and only if equation (2.9) has a solution w such that
limjsj/NwðsÞZ 0. Finally, we let L be the linear operator deﬁned on the left hand
side of equation (2.9), namely
ðs
½LwðsÞ Z wðsÞK
eKðsKtÞ ½wðtÞ C P 0 wðtÞdt; s 2R:
ð2:11Þ
KN

Then we can write equation (2.9) as the operational equation
½LwðsÞ Z Hðs; w; 3Þ; s 2R:
ð2:12Þ
So our goal is to show the existence of solutions of equation (2.12). We shall
achieve this by using the Banach ﬁxed point theorem. For this purpose, we need
further detailed properties of the nonlinear function H and the linear operator L.
In the next section, we shall show that, with an appropriate choice of the Banach
space, the operator L is surjective, an essential property required in the proof of
our main theorem.
3. The kernel and range of the operator L
Let us ﬁrst introduce some additional notations.
(i) For a vector x 2Rn , kxkZ kxkRn , and for an n!n matrix A, kAkZ
kAkRn!n denotes the norm of A as a linear operator from Rn to Rn .
(ii) For a continuous function w : ½aKr;b/ Rn , as usual we let
wt 2Cð½Kr;0; Rn Þ, t2[a,b], be deﬁned by wt(q)Zw(tCq) for q2[Kr, 0].
Moreover, for f 2Cð½Kr;0; Rn Þ we denote the norm of f by kf kZ
supq2[Kr,0]kf (q)k.
(iii) In a similar fashion, for a function h : ½a;bC r/ Rn we deﬁne the
function ht : ½0;r/ Rn by ht(q)Zh(t Cq) for q2[0,r] and t2[a,b].
(iv) Let C 1 Z C 1 ðR; Rn ÞZ fj 2C : j_ 2Cg be the Banach space equipped
_ C.
with the standard norm kjkC 1 Z kjkC C kjk
(v) Let C0 Z fj 2C : limt/GN jðtÞZ 0g and C01 Z fj 2C0 : j_ 2C0 g equipped
with the same norms as C and C 1, respectively.
Let T: C 1/C be the linear operator obtained from the linearization of
equation (1.2) around the heteroclinic solution u. That is,
_
ðTjÞðtÞ Z jðtÞKPðtÞj
t ; t 2R;
Proc. R. Soc. A (2006)
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where for t 2R the linear operator PðtÞ : C ð½Kr;0; Rn Þ/ Rn is deﬁned by
ð0
dhðqÞmU gu ðu ðt C qÞÞxðqÞ;
ð3:2Þ
PðtÞx Z AðtÞxð0Þ C BðtÞ
Kr

with A(t) and B(t) deﬁned in (2.3) and (2.4). We remark that P 0j(t)ZP(t)jt for
j2C and t 2R. Since u(t)/E1 and E2 as t/KN and CN, respectively, we
have
)
lim BðtÞ Z B2 ;
limAðtÞ Z A2 ;
t/N
t/N
ð3:3Þ
lim AðtÞ Z A1 ; lim BðtÞ Z B1 :
t/KN

t/KN

Hypotheses (H1) and (H2) and (3.3) imply that the linear operator T is
asymptotically hyperbolic as t/GN in the sense of Mallet-Paret (1999), p. 12.
That is, the linear delay differential equations
_
_
jðtÞKPðC
NÞjt Z 0 and jðtÞKPðKNÞj
t Z 0;
where P(CN), P(KN) are the limiting operators deﬁned in the obvious way, are
hyperbolic. We deﬁne the formal adjoint equation of TjZ0 as
_ ZKP  ðtÞft ; t 2R;
fðtÞ

ð3:4Þ

n

where for x 2Cð½0;r; R Þ
P  ðtÞx Z AT ðtÞxð0Þ C

ð0
Kr

T
T
guT ðu  ðtÞÞmT
U dh ðqÞB ðtKqÞxðKqÞ;

and for a matrix H, H T denotes the transpose of H.
Lemma 3.1. If f2C is a solution of equation (3.4) and f is C 1-smooth, then
fZ0.
Proof. Let f be a bounded solution of equation (3.4) and h(t)Zf(Kt) for t 2R.
Then
ð0
T
T
_hðtÞ Z AT ðKtÞhðtÞ C
guT ðu ðKtÞÞmT
U dh ðqÞB ðKtKqÞhðt C qÞ dQðtÞht : ð3:5Þ
Kr

The limiting equation of equation (3.5) as t/KN is
ð0
T
T
_xðtÞ Z AT
guT ðE2 ÞmT
2 xðtÞ C
U dh ðqÞB2 xðt C qÞ dQðKNÞxt :

ð3:6Þ

Kr

Since the linear delay differential equation (3.6) and the linear delay differential
equation
ð0
_ Z A2 zðtÞ C B2
dhðqÞmU gu ðE2 Þzðt C qÞ;
zðtÞ
Kr

share the same eigenvalues, we conclude that all eigenvalues of equation (3.6)
have negative real parts by assumption (H1). Let fJ ðtÞgtR0 be the semigroup
generated by the solutions of equation (3.6), that is, J ðtÞ : C ð½Kr;0; Rn Þ/
Cð½Kr;0; Rn Þ and J(t)x0 is the solution of equation (3.6) with initial condition
Proc. R. Soc. A (2006)
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x(q)Zx0(q) for q2[Kr,0]. Moreover, let ZðtÞ : ½0;NÞ/ Rn!n be the matrix
solution of equation (3.6) with initial condition
(
I;
for q Z 0;
ZðqÞ Z
0;
for q 2½Kr;0Þ;
where I is the n!n identity matrix. Then there are positive constants gO0 and
aO0 such that
kJ ðtÞx0 k% geKat kx0 k; kZðtÞk% geKat ; tR 0; x0 2C ð½Kr;0; Rn Þ:

ð3:7Þ

Let dO0 be such that dgear ! a. Since Q(t)/Q(KN) as t/KN, there is a t
such that
kQðtÞKQðKNÞk% d; t% t  :

ð3:8Þ

Now we write equation (3.5) as
_ Z QðKNÞht C ½QðtÞKQðKNÞht :
hðtÞ

ð3:9Þ

By the variation of constants formula (see eqn (2.2) in Hale & Verduyn Lunel
(1993)), solutions of equation (3.9) can be expressed as
ð tCq
ht ðqÞ Z ½J ðt KsÞhs ðqÞ C
Zðt C qKtÞ½QðtÞKQðKNÞht dt; s% t; ð3:10Þ
s

for q2[Kr,0]. Note that q%0 and Z(t)Z0 for t!0. From (3.7), (3.8) and (3.10)
we obtain
ðt
KaðtKsÞ
ar
kht k% ge
khs k C dge
eKaðtKtÞ jht jdt;
ð3:11Þ
s



for s%t%t . Or equivalently,
at

as

e kht k% ge khs k C dge

ar

ðt
s

eat kht kdt:

ð3:12Þ

The Gronwall inequality applied to (3.12) yields that
ar

eat kht k% geas khs kedge

ðtKsÞ

:

From the last inequality we have
ar

kht k% geKðaKdge

ÞðtKsÞ

khs k; s% t% t  :

ð3:13Þ

Note that hs is bounded. By letting s/KN in (3.13), we immediately have
kht k Z 0; t% t  :
Then the uniqueness of the solution of equation (3.9) implies that htZ0 for all
&
t 2R and hence fZ0.
Lemma 3.2. RðTÞZ C and dim N ðTÞZ M , where RðTÞ and N ðTÞ denote the
range and null space of T, respectively.
Proc. R. Soc. A (2006)
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Proof. It follows from assumptions (H1)–(H2) that the operator T is Fredholm
(see Chow et al. 1989, p. 7). Furthermore,
ind T Z dim N ðTÞKcodim RðTÞ
Z dimension of unstable manifold of E1
Kdimension of unstable manifold of E2
Z M K0 Z M :

ð3:14Þ

ÐN

Moreover, we have RðTÞZ j 2C : KN hðtÞjðtÞdtZ 0 for every bounded
solution h($) of equation (3.4)}. With the use of lemma 3.1, one concludes
that RðTÞZ C and hence codim RðTÞZ 0. Therefore (3.14) implies that
&
dim N ðTÞZ M :
Lemma 3.3. Let y2C0 be given. If f is a bounded solution of the equation TfZy,
then f 2C01 . In particular, TfZ0 implies that f 2C01 and hence, N ðTÞ 3C01 .
Proof. We shall only prove limt/N fðtÞZ 0: The convergence of f(t) to 0 as
t/N can be proved analogously. By the deﬁnition of the operator T, TfZy
implies that
_ Z PðtÞft C yðtÞ; t 2R;
fðtÞ
or
_ Z PðKNÞft C zðtÞ; t 2R;
fðtÞ

ð3:15Þ

with z(t)Z[P(t)KP(KN)]ftCy(t). Consider the homogeneous equation
_ Z PðKNÞft :
fðtÞ
ð3:16Þ
Recall that for x 2C ð½Kr;0; Rn Þ,

ð0

PðKNÞx Z A1 xð0Þ C B1

d~
hðqÞxðqÞ;

Kr

where h~ðqÞZ hðqÞmU gu ðE1 Þ, q2[Kr,0]. By assumption (H2), the generalized
eigenfunction space U of equation (3.16) corresponding to eigenvalues with
positive real part is M-dimensional. Let FZ(F1, ., FM) be a basis of U and JZ
(J1, ., JM)T be a basis of the generalized eigenfunction space of the formal
adjoint equation of equation (3.16) associated with U, satisfying
ðJ; FÞ Z ½ðJi ; Fj ÞM!M Z I ;
where for x 2Cð½Kr;0; Rn Þ and j 2Cð½0;r; Rn Þ, (x, j) is deﬁned by
ð0
T
ðj; xÞ Z j ð0Þxð0ÞK jT ðtKqÞB1 d~
hðqÞxðtÞdt:
n

Kr
n

Let KðtÞ : C ð½Kr;0; R Þ/ C ð½Kr;0; R Þ; tR 0, be the semigroup generated by
solutions of equation (3.16). Deﬁne projections K U ; K S Z ðI KK U Þ : C ð½Kr;0;
Rn Þ/ C ð½Kr;0; Rn Þ with
K U x Z FðJ; xÞ; x 2C ð½Kr;0; Rn Þ:
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Then there are positive constants aO0 and bO0 such that for x 2C ð½Kr;0; Rn Þ
kKðtÞK S xk% beKat kxk; tR 0;
kKðtÞK U xk% beat kxk; t% 0;

ð3:17Þ
ð3:18Þ

where for t%0, KðtÞ : RðK U Þ/ RðK U Þ is the inverse of KðKtÞjRðK U Þ . Now let
f(t) be a bounded solution of equation (3.15). Then ft Z K U ft C K S ft . By the
variation-of-constants formula (see pp. 226–228 of Hale & Verduyn Lunel
(1993)), we have
ðt
K U ft Z KðtKsÞK U fs C KðtKtÞF½Jð0ÞzðtÞdt; tR s;
ð3:19Þ
s
ðt
ð3:20Þ
K S ft Z KðtKsÞK S fs C dt ½Y ðt; tÞS zðtÞ; tR s;
s

S

where Y(t, t) is deﬁned as follows (see eqn (9.10) in Hale & Verduyn Lunel
(1993))
ð tKr
S
Y ðt; tÞ Z
KðqÞ½Xr KFðJ; Xr Þdq; if t% t Kr;
tKrKt
ð tKr
ð3:21Þ
Y ðt; tÞS Z
KðqÞ½Xr KFðJ; Xr Þdq
0
 ð0

ð0
C
XrCq dqKF J;
XrCq dq ; if tO tKr:
tKrKt

tKrKt

Here we suppose tKrRs, and X(t), tRKr, is the matrix solution of the
homogeneous equation (3.16) with initial condition X(0)ZI and X(q)Z0 for
q2[Kr,0). Applying K(sKt), the inverse of K(tKs) on RðK U Þ, to equation (3.19)
we obtain
ðt
KðsKtÞK U ft Z K U fs C KðsKtÞKðtKtÞF½jð0ÞzðtÞdt
s
ðt
Z K U fs C KðsKtÞF½Jð0ÞzðtÞdt; tR s;
s

or

ðt
K Fs Z KðsKtÞK ft K KðsKtÞF½Jð0ÞzðtÞdt; tR s:
U

U

ð3:22Þ

s

Therefore, (3.18) and (3.22) imply that
ðt
U
aðsKtÞ
kK fs k% be
kft k C b eaðsKtÞ kF½Jð0ÞzðtÞkdt
s
ðt
% beaðsKtÞ kft k C b eaðsKtÞ dt sup fkF½Jð0ÞzðtÞkgdt
s

b
Z beaðsKtÞ kft k C ð1KeaðsKtÞ Þ sup fkF½Jð0ÞzðtÞkg:
a
s%t%t
Since kftk is bounded for t 2R, by letting s/KN in (3.23), we obtain
b
lim kK U fs k%
sup fkF½Jð0ÞzðtÞkg:
s/KN
a KN%t%t
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Notice that, by the deﬁnition of z(t), we have limt/N zðtÞZ 0. Thus by letting
t/KN in (3.24) we obtain
lim kK U fs k Z 0:

s/KN

ð3:25Þ

Next, we remark that for ﬁxed t 2R, Y(t, t) is continuous with respect to the
variable t (see eqn (9.4) on p. 226 of Hale & Lunel (1993)). From expression
(3.21), one sees that Y(t, t)S is continuously differentiable with respect to t
except for a ﬁnite jump at tZtKr, and
9
vY ðt; tÞS
>
Z KðtKr KtÞðXr KFðJ; Xr ÞÞ; t! tKr; >
>
>
=
vt
ð3:26Þ
>
vY ðt; tÞS
>
>
>
Z XtKt KFðJ; XtKt Þ; tKr ! t! t:
;
vt
Therefore, (3.17), (3.20) and (3.26) yield that
 ðt



S
S
S

dt ½Y ðt; tÞ zðtÞ
kK ft k% kKðtKsÞK fs k C 

tKr
 ð tKr



S

C
 s dt ½Y ðt; tÞ zðtÞ
% beKaðtKsÞ kfs k C sup fkXtKt KFðJ; XtKt Þk kzðtÞkg
tKr%t%t
 ð tKr

C b
eKaðtKrKtÞ dt sup fkXr KFðJ; Xr Þk kzðtÞkg

s

s%t%tKr

KaðtKsÞ

% be

ð3:27Þ

kfs k C sup fkXtKt KFðJ; XtKt Þk kzðtÞkg
tKr%t%t

b
C
sup fkXr KFðJ; Xr Þk kzðtÞkg; s% t:
a s%t%tKr
By letting s/KN in (3.27), we conclude that
kK S ft k% sup fkXtKt KFðJ; XtKt Þk kzðtÞkg
tKr%t%t

b
sup fkXr KFðJ; Xr Þk kzðtÞkg:
a KN%t%tKr
Since kz(t)k/0 as t/KN, it immediately follows from (3.28) that
lim kK s ft k Z 0:

ð3:28Þ

C

t/KN

ð3:29Þ

Combining (3.25) and (3.29), we have
lim ft Z lim ðK U ft C K S ft Þ Z 0:

t/KN

t/KN

_
0:
From (3.15), we also have that limt/N fðtÞZ

&

Let us return to the linear operator L deﬁned in (2.11). It is obvious that if
w2C0, then Lw2C0. Hence, we can consider L to be a linear operator from C0 to
C0. For this operator, we have the following.
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Theorem 3.4. dim N ðLÞZ M and RðLÞZ C0 .
Proof. By deﬁnition, w2C0 and LwZ0 if and only if
ðs
eKðsKtÞ ½wðtÞ C P 0 wðtÞdt; s 2R:
wðsÞ Z
KN

Hence, w is continuously differentiable. By differentiating the last equation one
sees that LwZ0 if and only if
_
wðsÞ
Z P 0 wðsÞ; s 2R:
Recall that for z2C0 and s 2R
ð0
0
dhðqÞmU gu ðu  ðs C qÞÞzðs C qÞ Z PðsÞzs :
P zðsÞ Z AðsÞzðsÞ C BðsÞ

ð3:30Þ

Kr

Thus, the above equation and lemma 3.3 imply that w 2C01 and TwZ0. That is,
w 2N ðLÞ if and only if w 2N ðTÞ. Therefore, lemmas 3.2 and 3.3 imply that
dim N ðLÞZ dim N ðTÞZ M , with N ðLÞ 3C01 . Next, we shall prove that
RðLÞZ C0 . That is, for each z2C0, we need to show that equation LwZz, or
equivalently,
ðs
eKðsKtÞ ½wðtÞ C P 0 wðtÞdt Z zðsÞ; s 2R;
ð3:31Þ
wðsÞK
KN

has a solution in C0. To this end, we let xðsÞZ wðsÞKzðsÞ; s 2R. Upon a
substitution, we obtain the equation for x as
ðs
ðs
KðsKtÞ
0
xðsÞ Z
e
½xðtÞ C P xðtÞdt C
eKðsKtÞ ½zðtÞ C P 0 zðtÞdt:
KN

KN

Differentiating the above equation yields that
_ Z P 0 xðsÞ C zðsÞ C P 0 zðsÞ; s 2R:
xðsÞ

ð3:32Þ

Thus, (3.30) implies that (3.32) is equivalent to the equation
ðTxÞðsÞ Z zðsÞ C P 0 zðsÞ:

ð3:33Þ

From the expression of P 0z(s) it follows that z2C0 implies that P 0z($)2C0,
and hence zCP 0z2C0. Thus lemmas 3.2 and 3.3 guarantee that equation
(3.33) has a solution x 2C01 . Consequently, wZxCz2C0 is a solution of
&
equation (3.31).

4. Properties of the nonlinearity H
In order to complete the proof of theorem 1.1, we need further information
about the behaviour of the nonlinearity Hð$; j; 3Þ when 3O0 is small and j is near
the origin. To simplify the presentation, we let R3 : C / C for small 3R0 be
deﬁned by
ð
pﬃﬃ
3
ð4:1Þ
R jðsÞ Z dzðq; yÞgðjðs C 3n$y C qÞÞ; s 2R:
Ur
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With the above notation, we can rewrite the nonlinear function G deﬁned in
(2.5) as


ð
pﬃﬃ
*
*
Gð3; s; wÞ Z F wðsÞ C u ðsÞ;
dzðq; yÞgð½w C u ðs C 3n$y C qÞÞ
Ur


ð
*
*
dzðq; yÞgðu ðs C qÞÞ KP 0 wðsÞ C 3D u€ * ðsÞ
KF u ðsÞ;
Ur

Z FðwðsÞ C u * ðsÞ; R3 ½w C u * ðsÞÞKFðu * ðsÞ; R3 u * ðsÞÞ
C Fðu * ðsÞ; R3 u * ðsÞÞKFðu * ðsÞ; R0 u * ðsÞÞ
KP

0

ð4:2Þ

wðsÞK3D u€ * ðsÞ

Z P 3 wðsÞKP 0 wðsÞ C 3D u€ * ðsÞ
C FðwðsÞ C u * ðsÞ; R3 ½w C u * ðsÞÞKFðu * ðsÞ; R3 u * ðsÞÞ
KP 3 wðsÞ C Fðu * ðsÞ; R3 u * ðsÞÞKFðu * ðsÞ; R0 u * ðsÞÞ
Z P 3 wðsÞKP 0 wðsÞ C Gð3; s; wÞ C Qð3; sÞ;
where for 3O0 the linear operator
P 3 : C0 / C is deﬁned by
ð
pﬃﬃ
pﬃﬃ
P 3 jðsÞ Z A3 ðsÞjðsÞ C B 3 ðsÞ dzðq; yÞgu ðu  ðs C 3n$y C qÞÞjðs C 3n$y C qÞ;
Ur

ð4:3Þ
for s 2R, with

A3 ðsÞ Z Fu ðu  ðsÞ; R3 u  ðsÞÞ; s 2R;

)

B 3 ðsÞ Z Fv ðu  ðsÞ; R3 u  ðsÞÞ; s 2R;
and

Gð3; s; jÞ Z FðjðsÞ C u  ðsÞ; R3 ½j C u  ðsÞÞ
KFðu  ðsÞ; R3 u ðsÞÞKP 3 jðsÞ; s 2R;
Qð3; sÞ Z 3D u€  ðsÞ C Fðu ðsÞ; R3 u ðsÞÞKFðu  ðsÞ; R0 u  ðsÞÞ; s 2R:

ð4:4Þ

ð4:5Þ
ð4:6Þ

From the above notations and (2.10), we can express Hi ðs; w; 3Þ as
#
ð s " a3i ðsKtÞ
e
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ KeKðsKtÞ wi ðtÞ C Pi0 wðtÞ dt
Hi ðs; w; 3Þ Z
1 C 43di
KN
ðN
3
1
C pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ebi ðsKtÞ wi ðtÞ C Pi0 wðtÞ dt
1 C 43di s
ðs
3
1
eai ðsKtÞ Pi3 wðtÞKPi0 wðtÞ dt
C pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 C 43di KN
ðN
3
1
ebi ðsKtÞ Pi3 wðtÞKPi0 wðtÞ dt
C pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 C 43di s
ð s

ðN
3
3
1
C pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
eai ðsKtÞ Gi ð3; t; wÞdt C ebi ðsKtÞ Gi ð3; t; wÞdt
1 C 43di KN
s
ð s

ðN
3
1
ai ðsKtÞ
b3i ðsKtÞ
e
Qi ð3; tÞdt C e
Qi ð3; tÞdt :
C pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 C 43di KN
s
ð4:7Þ
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Thus, we can rewrite H(s,w,3) as
Hðs; w; 3Þ Z W ðs; 3Þ C

4
X

H j ðs; w; 3Þ;

jZ1

where for iZ1, 2, ., n, w2C0, and s 2R,
#
ð s " a3i ðsKtÞ
e
1
KðsKtÞ
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ Ke
wi ðtÞ C Pi0 wðtÞ dt
Hi ðs; w; 3Þ Z
1
C
43d
KN
i
ðN
3
1
C pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ebi ðsKtÞ wi ðtÞ C Pi0 wðtÞ dt;
1 C 43di s
ðs
3
1
2
eai ðsKtÞ Pi3 wðtÞKPi0 wðtÞ dt;
Hi ðs; w; 3Þ Z pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 C 43di KN
ð4:8Þ
ðN
1
3
b3i ðsKtÞ
3
0
Hi ðs; w; 3Þ Z pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
e
Pi wðtÞKPi wðtÞ dt;
1 C 43di s
ð s

ðN
1
4
a3i ðsKtÞ
b3i ðsKtÞ
Hi ðs; w; 3Þ Z pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
e
Gi ð3; t; wÞdt C e
Gi ð3; t; wÞdt ;
1 C 43di KN
s
ð s

ðN
1
a3i ðsKtÞ
b3i ðsKtÞ
e
Qi ð3; tÞdt C e
Qi ð3; tÞdt :
Wi ðs; 3Þ Z pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 C 43di KN
s
In what follows, we shall give a detailed analysis of the behaviour of functions
H 1 ð$; w; 3Þ; .; H 4 ð$; w; 3Þ and W ð$; 3Þ for small w2C0 and 3R0.
Lemma 4.1. Let a2C be given so that lims/GN aðsÞZ aðGNÞ exist. Then for
each 3R0
ð
ð
pﬃﬃ
lim
dzðq; yÞaðs C 3n$y C qÞ Z
dzðq; yÞaðGNÞ:
s/GN Ur

Ur

Proof. We shall prove lemma 4.1 only for the case when s/N. The proof for
the case where s/KN is analogous. For a positive integer j, let Bj be the open
ball in Rm with radius j and centre at the origin. Then
ð
ð
djmj Z djmj;
lim
j/N BjhU

and hence the boundedness of

Ð

U djmj

ð

lim

U

implies that

j/N ðRm nBj ÞhU

djmj Z 0:

Therefore, for any sO0, there is a sufﬁciently large J such that
ð





 ðRm nB ÞhU djmj ! s:

ð4:9Þ

J

Now lims/N kaðsÞKaðNÞkZ 0 implies that there is a t O0 such that
kaðtÞKaðNÞk! s; t R t  :

pﬃﬃ
Note that if sO t  C 3J C r, then for all y2BJhU and q2[Kr,0],
pﬃﬃ
pﬃﬃ
pﬃﬃ
s C 3n$y C qO t  C 3J C r K 3kykKjqjR t  :
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pﬃﬃ
Hence, for sO t  C 3J C r, we have



 

pﬃﬃ
a s C 3n$y C q KaðNÞ ! s; y 2BJ ; q 2½Kr;0:


pﬃﬃ
It follows from (4.9)–(4.11) that for all sO t  C 3J C r and q2[Kr,0],

ð


pﬃﬃ
 dmðyÞ aðs C 3n$y C qÞKaðNÞ 

 U
ð



pﬃﬃ

%
dmðyÞ
aðs
C
3
n$y
C
qÞKaðNÞ
 B hU

J
ð



pﬃﬃ

C
dmðyÞ aðs C 3n$y C qÞKaðNÞ 

ðRm nBJ ÞhU
ð


ð









% s
djmj C 2skakC % s  djmj C 2kakC :
BJhU

ð4:11Þ

ð4:12Þ

U

Since sO0 is arbitrary, (4.12) implies that
ð

pﬃﬃ
dmðyÞ aðs C 3n$y C qÞKaðNÞ
lim 

s/N
U



 Z 0;


uniformly for q2[Kr,0]. Consequently, we have
ð

pﬃﬃ
lim 
dzðq; yÞ aðs C 3n$y C qÞKaðNÞ
s/N  U
r

ð4:13Þ
&



 Z 0:


Corollary 4.2. For each 3R0 and each w2C0, Hð$; w; 3Þ 2C0 . In other words,
Hð$; C0 ; 3Þ 4C0 for each 3R0.
Proof. For w2C0 and 3R0, if we let a(t)Zgu(u(t))w(t), t 2R, then a2C and
a(s)/0 as jsj/N. It follows from the deﬁnition of P 3 and lemma 4.1 that
P 3 wðsÞ/ 0 as jsj/N. Therefore, H i ðs; w; 3Þ/ 0 as jsj/N for iZ1, 2, 3. Next,
by the deﬁnition of R3 given in (4.1) and lemma 4.1 we have
lim R3 ½w C u ðsÞ Z lim R3 u  ðsÞ:

jsj/N

jsj/N

The above equality yields that Gð3; s; wÞ/ 0 as jsj/N, and so does for the
&
function H 4 ðs; w; 3Þ. Similarly, we obtain that W ðs; 3Þ/ 0 as jsj/N.
Proposition 4.3. For w2C0 and small 3R0, H 1 ð$; w; 3ÞZ Oð3ÞkwkC0 .
Proof. For s 2R and 3R0 we have
ðs
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
3
jeai ðsKtÞ K 1 C 43di eKðsKtÞ jdt
KN
ðs
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ 3
3
Z
jeai ðsKtÞ ð1K 1 C 43di Þ C 1 C 43di eai ðsKtÞ KeKðsKtÞ jdt
KN
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ ð s a3 ðsKtÞ
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ ð s
3
e i
dt C 1 C 43di
jeai ðsKtÞ KeKðsKtÞ jdt:
% j1K 1 C 43di j
KN

KN

ð4:14Þ
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Since a3i OK1, for t%s we have
3

3

jeai ðsKtÞ KeKðsKtÞ j Z eai ðsKtÞ KeKðsKtÞ ;

ð4:15Þ

and (4.14) and (4.15) yield that
ðs
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
3
jeai ðsKtÞ K 1 C 43di eKðsKtÞ jdt
KN




pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1
1
% j1K 1 C 43di j K 3 C 1 C 43di K 3 K1 :
ai
ai
Noticing that a3i /K1 as 3/ 0C, we obtain from the above inequality that
ðs
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
3
limC
jeai ðsKtÞ K 1 C 43di eKðsKtÞ jdt Z 0:
ð4:16Þ
3/0

KN

0

Next let K Z 1C kP kLðC0 ;C0 Þ . Then
#
 ð s " a3 ðsKtÞ

i


e
K
ðsK
tÞ
0

p
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
wi ðtÞ C Pi wðtÞ dt 
Ke
 KN
1 C 43di

ð s  a3i ðsKtÞ
 e

K
ðsK
tÞ
 pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ Ke
dtkwkC
%K


0
1 C 43di
KN
ðs
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
3
K
Z pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
jeai ðsKtÞ K 1 C 43di eKðsKtÞ jdtkwkC0
1 C 43di KN
Z Oð3ÞkwkC0 :
Next, since b3i /N as 3/0, 1=b3i Z Oð3Þ as 3/0. This yields that


ðN


3
1
b
ðsK
tÞ
0
 pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
i
wi ðtÞ C Pi wðtÞ dt 
 1 C 43d s e
i
ðN
3
K
% pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ebi ðsKtÞ dtkwkC0
1 C 43di s
K
Z 3 pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ kwkC0 Z Oð3ÞkwkC0 ; as 3/ 0:
bi 1 C 43di
The proposition therefore follows from estimates (4.17) and (4.18).
Lemma 4.4. For 3O0 and ðs; y; qÞ 2R !Rm !½Kr;0,
ð

pﬃﬃ
 dzðq; yÞ gðu ðs C 3n$y C qÞÞKgðu ðs C qÞÞ
 U
r






ð



pﬃﬃ

% 3khk djmjðyÞkyk
kgu k ku_  kC ;

U
where khkZV[Kr,0]h and
kgu k Z supfkgu ðlu ðtÞ C ð1KlÞu  ðtÞÞk : ðl; t; tÞ 2½0;1 !R !Rg:
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Proof. Since g is differentiable, for ðs; y; qÞ 2R !Rm !½Kr;0, we have
pﬃﬃ
gðu  ðs C 3n$y C qÞÞKgðu  ðs C qÞÞ
ð1
pﬃﬃ
Z gu ðlu  ðs C qÞ C ð1KlÞu ðs C 3n$y C qÞÞdl
0
pﬃﬃ
! u ðs C 3n$y C qÞKu  ðs C qÞ ;
The above equality yields that for ðs; y; qÞ 2R !Rm !½Kr;0,
pﬃﬃ
pﬃﬃ
kgðu  ðs C 3n$y C qÞÞKgðu ðs C qÞÞk% 3kyk kgu ku_  kC :
ð4:19Þ
Ð0 Ð
Ð
Recalling that Ur dzðq; yÞZ Kr U dhðqÞ dmðyÞ, as an immediate consequence of
(4.19) we have, for s 2R and 3O0,
ð



pﬃﬃ
 dzðq; yÞ gðu ðs C 3n$y C qÞÞKgu ðu  ðs C qÞÞ 
 U

r
ð



pﬃﬃ
&


% 3khk
 djmjðyÞkykkgu k ku_ kC :
U

Proposition 4.5. There exist 30O0 and M0O0 such that for all 3 2½0;30 , and
j2C0,
pﬃﬃ
kH 2 ð$; j; 3ÞkC0 % 3M0 kjkC0 :
pﬃﬃ
Proof. Let hðs; y; qÞZ gu ðu  ðsC 3n$yC qÞÞ. From the deﬁnitions of P 3 j and
0
P j, we have
½P 3 KP 0 jðsÞ Z ½A3 ðsÞKAðsÞjðsÞ
ð
pﬃﬃ
C ½B 3 ðsÞKBðsÞ dzðq; yÞhðs; y; qÞjðs C 3n$y C qÞ
Ur
ð
pﬃﬃ
C BðsÞ dzðq; yÞ½hðs; y; qÞKhðs; 0; qÞjðs C 3n$y C qÞ
U
ð r
pﬃﬃ
C BðsÞ dzðq; yÞhðs; 0; qÞ jðs C 3n$y C qÞKjðs C qÞ :
Ur

ð4:20Þ
For 3O0, let


3
3
3
ea1 s
ea2 s
ean s
E ðsÞ Z diag pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ ; pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ ;/; pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ ; s 2R:
1 C 43d1
1 C 43d2
1 C 43dn
3

Then


3
3
3
a31 ea1 s
a32 ea2 s
a3n ean s
3
_
E ðsÞ Z diag pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ ; pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ ;/; pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ ; s 2R:
1 C 43d1
1 C 43d2
1 C 43dn
Since a3i /K1 as 3/0 for iZ1, ., n, there are 30O0 and K0O0 such that for
3 2½0;30 ,
ðs
ðs
3
kE 3 ð0Þk% K0 ;
kE 3 ðsKtÞkdt% K0 ;
kE_ ðsKtÞkdt% K0 :
ð4:21Þ
KN
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By the deﬁnition of H 2 and (4.20), we have
H 2 ðs; j; 3Þ
ðs
E 3 ðsKtÞ½P 3 KP 0 jðtÞ dt
Z
KN
ðs
Z
E 3 ðsKtÞ½A3 ðtÞKAðtÞjðtÞ dt
KN
ð
ðs
pﬃﬃ
3
3
E ðsKtÞ½B ðtÞKBðtÞ dzðq; yÞhðt; y; qÞjðt C 3n$y C qÞ dt
C
KN
Ur
ðs
ð
pﬃﬃ
C
E 3 ðsKtÞBðtÞ dzðq; yÞ½hðt; y; qÞKhðt; 0; qÞjðt C 3n$y C qÞ dt
KN
U
ð r
ðs
pﬃﬃ
E 3 ðsKtÞBðtÞ dzðq; yÞhðt; 0; qÞ jðt C 3n$y C qÞKjðt C qÞ dt:
C
Ur

KN

ð4:22Þ
Let
u^3 ðtÞ

3 

Z R u ðtÞ Z

ð0 ð
Kr

W

pﬃﬃ
dhðqÞ dmðyÞgðu  ðt C 3n$y C qÞÞ; t 2R:

ð4:23Þ

Then, from the deﬁnitions of A3(t), A(t) and u^3 ðtÞ, it follows that
A3 ðtÞKAðtÞ Z Fu ðu  ðtÞ; u^3 ðtÞÞKFu ðu ðtÞ; u^0 ðtÞÞ
ð1
Z Fuv ðu ðtÞ; u^0 ðtÞ C t½u^3 ðtÞK^
u0 ðtÞÞdt½u^3 ðtÞK^
u0 ðtÞ:

ð4:24Þ

0

Since F is C 2-smooth, there is a constant K1O0 such that
 ð1




 Fuv ðu  ðtÞ; u^0 ðtÞ C t½u^3 ðtÞK^
 % K1 ; t 2R; 3 2½0;30 :
u
ðtÞ

Þdt
0
 0

Lemma 4.4 and (4.25) therefore yield that
ð



pﬃﬃ
3


kA ðtÞKAðtÞk% 3K1 khk
 U djmjðyÞkykkgu ku_ kC0 ; t 2R; 3 2½0;30 :

ð4:25Þ

ð4:26Þ

For all s 2R and 3 2½0;30 , (4.21) and (4.26) imply that
 ðs



3
3


E
ðsKtÞ½A
ðtÞKAðtÞjðtÞ
dt
 KN

ð

ðs


pﬃﬃ



% 3K1 khk djmjðyÞkykkgu ku_ kC0
kE 3 ðsKtÞk dtkjkC0
U

KN

pﬃﬃ
% 3M1 kjkC0 ;
where

ð





M1 Z K0 K1 khk
 U djmjðyÞkykkgu k ku_ kC0 ;

and K0 is deﬁned in (4.21).
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Arguing in the same way as above, we obtain that there is a constant K2O0
such that
ð



pﬃﬃ
3


kB ðtÞKBðtÞk% 3K2 khk djmjðyÞkyk
kgu k ku_ kC0 ; s 2R:
U

Thus, for all s 2R,

 ðs
ð


pﬃﬃ
3
3


 KN E ðsKtÞ½B ðtÞKBðtÞ U dzðq; yÞhðt; y; qÞjðt C 3n$y C qÞ dt 
r

pﬃﬃ
% 3M2 kjkC0 ;
ð4:28Þ
Ð
with M2 Z K0 K2 khk U djmjðyÞkyk kkgu ku_  jC0 :
It is also clear that for s 2R,
 ðs

ð


pﬃﬃ
3

E ðsKtÞBðtÞ dzðq; yÞ½hðt; y; qÞKhðt; 0; qÞjðt C 3n$y C qÞ dt 


Ur

KN

pﬃﬃ
% 3M3 kjkC0 ;

ð4:29Þ

with
ð




M3 Z 2K0 supfkBðtÞkgkhk djmjðyÞ
kgu k:
U
t2R
Next, if j 2C01 , by exchanging the order of integration and integration by parts
we have
ð

ðs
pﬃﬃ
3
E ðsKtÞBðtÞ
dzðq; yÞhðt; 0; qÞ jðt C 3n$y C qÞKjðt C qÞ dt
KN
Ur
ð

ðs
ð1
pﬃﬃ
pﬃﬃ
3
_
Z
E ðsKtÞBðtÞ
dzðq; yÞhðt; 0; qÞ jðt C t 3n$y C qÞ 3ðn$yÞ dt dt
KN
0
Ur


ð ð
ð
pﬃﬃ 1 s
pﬃﬃ
3
_ C t 3n$y C qÞdt dt
Z 3
E ðsKtÞBðtÞ dzðq; yÞðn$yÞhðt; 0; qÞjðt
0

KN

ð 1 

Ur

tZs 
ð

pﬃﬃ
3
dt
E ðsKtÞBðtÞ dzðq; yÞðn$yÞhðt; 0; qÞjðt C t 3n$y C qÞ 
0
Ur
tZKN
ð ð
pﬃﬃ 1 s
3
_
E_ ðsKtÞBðtÞKE 3 ðsKtÞBðtÞ
C 3
0
KN

ð
pﬃﬃ
! dzðq; yÞðn$yÞhðt; 0; qÞjðt C t 3n$y C qÞ dt dt
Ur
ð ð
pﬃﬃ 1 s
K 3
E 3 ðsKtÞBðtÞ
0
KN

ð
pﬃﬃ
vhðt; 0; qÞ
jðt C t 3n$y C qÞ dt dt:
! dzðq; yÞðn$yÞ
vt
Ur

pﬃﬃ
Z 3
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Therefore,
ð

ðs
pﬃﬃ
3
E ðsKtÞBðtÞ
dzðq; yÞhðt; 0; qÞ jðt C 3n$y C qÞKjðt C qÞ dt
KN
Ur

ð 1 ð
pﬃﬃ 3
pﬃﬃ
Z 3E ð0ÞBðsÞ
dzðq; yÞðn$yÞhðs; 0; qÞjðs C t 3n$y C qÞ dt
0
Ur
ð ð
pﬃﬃ 1 s
3
_
C 3
E_ ðsKtÞBðtÞKE 3 ðsKtÞBðtÞ
0

KN


pﬃﬃ
! dzðq; yÞðn$yÞhðt; 0; qÞjðt C t 3n$y C qÞdt dt
Ur
ð 1 ð s
pﬃﬃ
K 3
E 3 ðsKtÞBðtÞ
0
KN

ð
pﬃﬃ
vhðt; 0; qÞ
jðt C t 3n$y C qÞ dt dt; s 2R:
! dzðq; yÞðn$yÞ
vt
Ur
ð

ð4:30Þ

Recalling that h(t, 0, q)Zgu(u(tCq)), we have
vhðt; 0; qÞ vgu ðu ðt C qÞÞ
Z
Z guu ðu ðt C qÞÞu_  ðt C qÞ:
vt
vt
Therefore, (4.30) implies that for all s 2R,
 ðs
ð
 


pﬃﬃ
3

E ðsKtÞBðtÞ
dzðq; yÞhðt; 0; qÞ½jðt C 3n$y C qÞKjðt C qÞ dt 


Ur

KN

pﬃﬃ
% 3M4 kjkC0 ;

ð4:31Þ

where

ð




C

_
guu k ku_ kC Þhk dmðyÞjyj 
M4 Z 2K0 supfkBðtÞk C kBðtÞkgkðkgu k C k~
U
t2R

Rm

and k~
guu kZ supt2R kguu ðu  ðtÞÞkg: It, therefore, follows from (4.27)–(4.29) and
(4.31) that for 32[0,30] and j 2C0
4
X
pﬃﬃ
kH ð$; j; 3ÞkC0 % 3M0 kjkC0 ; with M0 Z
Mj :
2

ð4:32Þ

jZ1

Since H 2 ð$; $; 3Þ : C0 / C0 is a bounded linear operator and C01 is dense in C0, the
inequality equation (4.32) holds for all j2C0.
&
Proposition 4.6. For 3O0 and j2C0, H 3 ð$; j; 3ÞZ Oð3ÞkjkC0 as 3/0.
Proof. Since b3i /N as 3/0 for iZ1, ., n, one obtains that for all s 2R
ðN
3
1
ebi ðsKtÞ dt Z 3 / 0 as 3/ 0; i Z 1; .; n:
ð4:33Þ
bi
s
Thus proposition 4.6 follows from (4.33) and the deﬁnition of H 3.
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Proposition 4.7. H 4 ð$; 0; 3ÞZ 0 and for each dO0, there is a sO0 such that
kH 4 ð$; f; 3ÞKH 4 ð$; j; 3ÞkC0 % dkfKjkC0 ;
for all 3 2½0;1 and all f, j2B(s), where B(s) is the ball in C0 with radius s and
centre at the origin.
Proof. It is apparent that, from the deﬁnition of Gð3; $; jÞ (see equation (4.5)),
Gj ð3; $; jÞ and Gjj ð3; $; jÞ are continuous for 3 2½0;1 and for j in a neighbourhood
of the origin in C0. Moreover, we have Gj ð3; $; 0Þ h 0 for 3 2½0;1. It therefore follows
that
kGð3; $; jÞkC0 Z Oðkjjj2C0 Þ as kjkC0 / 0;

ð4:34Þ

uniformly for 3 2½0;1, and the proposition follows from the deﬁnition of H 4 and
&
(4.34).
Proposition 4.8. kW ð$; 3ÞkC0 Z Oð3Þ as 3/0.
Proof. We note that u€  ð$Þ is bounded in C0 and
Fðu ð$Þ; R3 u ð$ÞÞKFðu  ð$Þ; R0 u  ð$ÞÞ Z Oð3Þku_  kC0 as 3/ 0;
by lemma 4.4. Therefore, we obtain proposition 4.8 from the expression of W ð$; 3Þ
given in (4.8).

5. Proof of the main theorem
We shall complete the proof of our main theorem 1.1 in this section. To do so we
need a ﬁnal auxiliary result. By theorem 3.4 we have dimN (L)ZM. Therefore,
there are functions w1, ., wM2C0 which give a basis of N (L). Hence there exist
linear functionals h1 ; .; hM : C0 / R, such that
hi ðwi Þ Z 1; hi ðwj Þ Z 0; i sj; i; j Z 1; .; M :
Lemma 5.1. Let XZ{f2C0:hi(f)Z0, iZ1, ., M }. Then
C0 Z X4N ðLÞ:
Proof. We note ﬁrst that this result is not new. Nevertheless, we give a short
P
proof here for the sake of completion. For each j2C0, let fZ jK M
iZ1 hi ðjÞwi .
PM
Then we have hi(f)Z0, iZ1, ., M, and jZ fC iZ1 hi ðjÞwi . That is, each
j2C0 can be expressed as the sum of an element of X and an element of N (L).
Moreover, let j 2X h N ðLÞ. Thus there are constants ci , iZ1, ., M, such that
jZ

M
X
iZ1

Proc. R. Soc. A (2006)
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The deﬁnition of X and hi imply that
0 Z hi ðjÞ Z ci hi ðwi Þ Z ci ; i Z 1; .; M :
Hence jZ0 and thus X h N ðLÞZ 0. This proves the lemma.

&

It is clear that X3C0 is a Banach space. If we let SZLjX be the restriction of L
on X, then S: X/C0 is one-to-one and onto, since R(L)ZC0 by theorem 3.4.
Therefore, S has an inverse SK1: C0/X which is a bounded linear operator.
Proof of theorem 1.1. For each j2C0, there are unique x 2N ðLÞ and f2X
such that jZfCx. Hence j is a solution of equation (2.12) if and only if
Lf Z Hð$; x C f; 3Þ

ð5:1Þ

or, equivalently, if and only if f is a solution of the equation
f Z S K1 Hð$; f C x; 3Þ:

ð5:2Þ

Let kS K1 kZ kS K1 kLðC0 ;XÞ . It follows from propositions 4.3 and 4.5–4.8 that there
are sO0, 3O0, and 0!r!1 such that for all 3 2ð0;3  and j; 4 2BðsÞ 3C0 ,
kHð$; j; 3ÞkC0 %

1
ðkjkC0 C sÞ;
3kS K1 k

kHð$; j; 3ÞKHð$; 4; 3ÞkC0 %

r
kjK4kC0 :
kS K1 k

ð5:3Þ
ð5:4Þ

For each ﬁxed x 2N ðLÞh BðsÞ, (5.3) implies that
1
kS K1 Hð$; f C x; 3ÞkC0 % ðkf C xkC0 C sÞ% s for 3 2ð0;3 ; f 2X h BðsÞ:
3
ð5:5Þ
Hence, together with (5.4) we see that the mapping
F : ðX h BðsÞÞ !ðN ðLÞh BðsÞÞ !ð0; 3 Þ/ X h BðsÞ;
given by
F ðf; x; 3Þ Z S K1 Hð$; f C x; 3Þ;
is a uniform contraction mapping of f 2X h BðsÞ. Hence, for each ðx; 3Þ 2
ðN ðLÞh BðsÞÞ !ð0; 3 Þ there is a unique ﬁxed point fðx;3Þ 2X h BðsÞ of the
mapping F ð$; x; 3Þ. In other words, fðx;3Þ is the unique solution in X h BðsÞ of
equation (5.2). Thus, for 3 2ð0;3 Þ ﬁxed, jðx;3Þ Z fðx;3Þ C x is a solution of
equation (2.12). Notice that N ðLÞh BðsÞ is M-dimensional. It follows that for
each 3 2ð0;3 Þ and for each unit vector n 2Rm , the set
Gn ð3Þ Z fjðx;3Þ : x 2N ðLÞh BðsÞg
is an M-dimensional manifold. This proves claims (i) and (ii) in the statement of
the theorem.
Proc. R. Soc. A (2006)
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To prove claim (iii), we ﬁrst note that if F, g are C k(kR2), then Hð$; j; 3Þ is
continuous on ðj; 3Þ and C kK1-smooth with respect to j. Hence F ðf; x; 3Þ is
continuous on ðf; x; 3Þ and C kK1-smooth with respect to f and x. The uniform
contraction mapping principle (see pp. 25–26 of Chow & Hale (1982)) implies
that the ﬁxed point fðx;3Þ is a continuous mapping on (x, 3) and C kK1 on x.
Therefore, in addition we conclude that for each 3 2ð0; 3 Þ and for each unit
vector n 2Rm , Gn ð3Þ is a C kK1 manifold. It is locally given as the graph of a C kK1
mapping thatpis
ﬃﬃ also continuous with respect to c.
Let cZ 1= 3 with 3 2ð0; 3 Þ and
Mn ðcÞ Z fU : U ðsÞ Z jx ðs=cÞ C u  ðs=cÞ; s 2R; jx 2Gn ðs=c2 Þg:
Then Mn ðcÞ is an M-dimensional manifold in a neighbourhood of u consisting of
travelling wave solutions of equation (1.1) with wave speed c and direction n.
Moreover, for each cOc and each unit vector n 2Rm , Mn ðcÞ is a C kK1 manifold
that is given by the graph of a C kK1-mapping that is continuous on c.
It remains to prove that the above ﬁxed point fðx;3Þ is also C kK1-smooth on 3.
We will achieve this in several steps.
Assume the functions F, g in equation (1.1) are C k(kR2). For p 2N, deﬁne X p0
as the space of the functions f : R/ Rn such that f2C0 and f is C p-smooth.
Claim 1 From the deﬁnition of P 0 in (2.2), it is clear that P 0: C0/C0 is linear
bounded and that P0 ðX p0 Þ 3X p0 , for 1%p%kK1.
Claim 2 From the deﬁnition of L in (2.11), L: C0/C0 is linear bounded and
LðX p0 Þ 3X p0 , for 1%p%kK1.
1
Claim 3 From the deﬁnition of H in (2.10) and (2.5), we have Hð$; X pK
0 ; 3Þ
p
0
3X 0 for 3O0, pZ1, ., kK1, where X 0 Z C0 .
1
Claim 4 N ðLÞ 3X kK
0 .
_
In fact, from theorem 3.4 we have N ðLÞZ N ðTÞZ ff 2C 1 : fðtÞ
Z P 0 fðtÞ;
1
t 2Rg. From claim 1, by induction we conclude that N ðTÞ 3X kK
0 .

Claim 5 For each ðx; 3Þ 2ðN ðLÞh BðsÞÞ !ð0; 3 Þ, the ﬁxed point f dfðx;3Þ 2X 10 .
To prove this claim, we ﬁx ðx; 3Þ 2ðN ðLÞh BðsÞÞ !ð0; 3 Þ, and deﬁne

j ZfCx. From f Z F ðf ; x; 3Þ; we obtain
Lj Z Hð$; j ; 3Þ;
or equivalently,




j ðsÞ Z Hðs; j ; 3Þ C

ðs

eKðsKtÞ ½j ðtÞ C P 0 j ðtÞdt; s 2R:

KN

Hence j 2X 10 . From claim 4, we conclude that f 2X 10 .
Claim 6 The ﬁxed point f Z fðx;3Þ is C 1-smooth with respect to O3.
Consider F restricted to f 2X h BðsÞ h X 10 ; more precisely, using claims 2 and
3 we consider
F 1 : ðX h BðsÞ h X 10 Þ !ðN ðLÞh BðsÞÞ !ð0; 3 Þ/ X h BðsÞ h X 10 ;
F 1 ðf; x; 3Þ Z F ðf; x; 3Þ:
Proc. R. Soc. A (2006)
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Notice that F 1 is a uniform contraction of f 2X h BðsÞ h X 0 for the norm k$kC0 ; and
that F 1 is a C 1-mapping on (f,x,3). In fact, for j(s)Zf(s)Cx(s) C 1-smooth on s, from
the deﬁnition of H and G in equations (2.10) and (2.5), we conclude that vH
v3 ðs; j; 3Þ
exists and is continuous. In claim 5, we have proven that there exists a ﬁxed point
f Z fðx;3Þ of F 1. By repeating the arguments used to prove the differentiability of the
ﬁxed point in the uniform contraction principle (see e.g. pp. 25–26 of Chow & Hale
(1982)), we conclude that fðx;3Þ is a C 1-smooth mapping on (x, 3).
Claim 7 The ﬁxed point f Z fðx;3Þ is C kK1-smooth with respect to 3.
As in claim 5, by induction we prove that fðx;3Þ ð$Þ 2X p0 ; pZ 2; .; k K1. By
using claims 2 and 3, we consider now
F p : ðX h BðsÞ h X p0 Þ !ðN ðLÞh BðsÞÞ !ð0; 3 Þ/ X h BðsÞ h X p0 ;
F p ðf; x; 3Þ Z F ðf; x; 3Þ; p Z 2; .; k K1:
As in the proof of the uniform contraction principle, by an inductive argument we
conclude that f Z fðx;3Þ is C kK1-smooth with respect to 3.
&
Remark 5.2. In some applications, the diffusion process does not apply to all
state variables and thus the model is of a mixed type such as
8


ð
vu
>
>
Z DDu C F W ; daðq; yÞf ðW ðx C y; t C qÞÞ ;
>
>
< vt
Ur


ð5:6Þ
ð
>
vv
>
>
>
: vt Z G W ; U dbðq; yÞgðW ðx C y; t C qÞÞ ;
r
with u 2Rm , v 2Rm , and WZ(u, v)T. This system can be regarded as a special
case of equation (1.1) if we allow some of the diffusion coefﬁcients di to be zero.
We remark that under the same assumptions (H1)–(H4) on the nonlinearities F,
f, G and g, theorem 1.1 remains true for system (5.6). In fact, if for some index i,
the diffusion coefﬁcient di is zero in equation (1.1), then we have a3i ZK1 and
b3i ZN. Consequently, the nonlinear function Hi (see equation (2.10)) in the
equation for the variable wi will be reduced to
ðs
Hi ðs; w; 3ÞðsÞ Z
eKðsKtÞ Gi ð3; t; wÞ dt:
KN

It is apparent that all results presented so far remain valid without any change.
6. Applications to a non-local delayed RD-system with non-monotone
birth functions
Our main result, theorem 1.1, relates the existence of travelling wave fronts for
the reaction–diffusion equation (1.1) with delay and non-local interaction to the
existence of a connecting orbit between two hyperbolic equilibria of the
associated ordinary delay differential equation (1.2). This enables us to apply
some existing results for invariant curves of order-preserving semiﬂows generated
by ordinary delay differential equations to derive systematically sharp sufﬁcient
Proc. R. Soc. A (2006)

Downloaded from http://rspa.royalsocietypublishing.org/ on November 16, 2015

Travelling waves for delayed reaction–diffusion equations

253

conditions for the existence of travelling wave fronts of delayed reaction–diffusion
equations that, in turn, include most of the existing results in the literature as
special cases. In this section, we illustrate this by a recently derived non-local
delayed reaction–diffusion equation for the population growth of a single species
when the delayed birth function is not monotone in the considered range.
We start with a short review of relevant results for the existence of heteroclinic
orbits in monotone dynamical systems. Let X be an ordered Banach space with a
closed cone K. For u, v2X we write uRv if uKv2K, and uOv if uRv but usv.
Lemma 6.1. Let U be a subset of X and F:[0,N)!U/U be a semiﬂow such that
(i) F is strictly order-preserving, i.e. F(t, u)OF(t, v) for tR0 and for all u,
v2U with uOv;
(ii) for some t 0O0, F(t 0, $): U/U is set-condensing with respect to a measure
of non-compactness.
Suppose u2Ou1 are two equilibria of F and assume [u1, u2]d{u:u2RuRu1}
contains no other equilibria. Then there exists a full orbit connecting u1 and u2.
Namely, there is a continuous function f : R/ U such that F(t, f(s))Zf(tCs)
for all tR0 and all s 2R, and either (a) f(t)/u1 as t/N and f(t)/u2 as
t/KN or (b) f(t)/u1 as t/KN and f(t)/u2 as t/N.
In applications, one can easily distinguish the above cases (a) and (b) by
looking at the stability of the equilibria. For detailed discussions and related
references, see Wu et al. (1995), Matano (1984), Polacik (1990), Dance & Hess
(1991) and Smith (1986, 1995).
Returning to equations (1.1) and (1.2), we use the standard phase space for
equation (1.2). In this section, C will denote the Banach space C Z Cð½Kr;0; Rn Þ
of continuous Rn -valued functions on [Kr,0] with the usual supremum norm.
Under the smoothness condition on F, system (1.2) generates a (local) semiﬂow
on C given by
Fðt; fÞ Z uðfÞðt C $Þ; tR 0; f 2C ;
for all those t for which a unique solution u(f) of equation (1.2) with u(f)(q)Zf(q)
for q2[Kr,0] is deﬁned. Let B be an n!n quasipositive matrix, that is, BClI R0
for all sufﬁciently large l. Here and in what follows, we write ARB for m!n
matrices AZ(aij) and BZ(bij) if and only if aijRbij for 1%i%m, 1%j%n. Deﬁne
KB Z ff 2C : fR 0; fðtÞR eBðtKsÞ fðsÞ;Kr % s% t% 0g:
Then KB is a closed cone in C and this induces a partial order on C, denoted by
RB. Namely, fRBj if and only if fKj2KB.
We will need the following conditions.
^ 1 , here E^ i is the constant mapping on [Kr,0] with the value E i ,
(OB) E^ 2 RB E
iZ1, 2.
(MB) Whenever f, j2C with fRBj, then
ð0
ð0
Fðfð0Þ;
dhðqÞmU gðfðqÞÞÞKFðjð0Þ;
dhðqÞmU gðjðqÞÞÞRB½fð0ÞKjð0Þ;
Kr

Kr

Under the above assumptions, Smith & Thieme (1991) proved the following.
Proc. R. Soc. A (2006)

Downloaded from http://rspa.royalsocietypublishing.org/ on November 16, 2015

254

T. Faria and others

Lemma 6.2. Assume that there exists an n!n quasipositive matrix B such that
(OB) and (MB) are satisﬁed. Then
(i) ½E1 ; E2 B dff 2C : E^ 2 RBfR B E^ 1 g is positively invariant for the semiﬂow
F;
(ii) the semiﬂow F: [0,N)![E1, E2]B/[E1, E2]B is strictly monotone with respect
to RB in the sense that if f, j2[E1, E2]B with fOBj, then F(t, j)OB F(t, j)
for all tR0.
In Smith & Thieme (1991), it was also shown that (MB) holds if for all u,
v 2Rn with u^, v^ 2½E1 ; E2 B the following is satisﬁed:
8
Ð
< Fu u; K0r dhðqÞmU gðvÞÞR B;
h
i
: F u; Ð 0 dhðqÞm gðvÞ KB eBr C F u; Ð 0 dhðqÞm gðvÞ g 0 ðvÞR 0:
u
U
v
U
Kr
Kr
In the case where nZ1, it was shown in Smith & Thieme (1990) that (MB) holds
for some B!0 if
ðSB Þ L2 ! 0; L1 C L2 ! 0; rjL2 j! 1; rL1 KlnðrjL2 jÞO 1;
where
L1 Z

inf

E1%u;v%E2

and
L2 Z

inf

E1%u;v%E2

 ð0

Fu u;
dhðqÞmU gðvÞ
Kr

 ð0

Fv u;
dhðqÞmU gðvÞ g 0 ðvÞ:
Kr

Note also that [E1, E2]B is a bounded set in C and that F(t, $): C/C is compact
for tOr. Therefore, for t0Or, the mapping F(t0, $): [E1, E2]B/[E1, E2]B is
compact, and hence is set-condensing. This observation allows us to derive from
lemmas 6.1 and 6.2 and theorem 1.1 the following general result.
Theorem 6.3. Assume that
(i) (H1), (H2) and (H4) are satisﬁed;
(ii) there exists an n!n quasipositive matrix B such that (OB) and (MB) are
satisﬁed;
(iii) there exist no other equilibria in [E1, E2]B.
Then the conclusions of theorem 1.1 hold.
We now apply theorem 6.3 to a reaction–diffusion equation with time delay
and non-local effect, recently derived by So et al. (2001), for the total mature
population of a single species population with two age classes and a ﬁxed
maturation period living in a spatially unbounded environment. In So et al.
(2001), the existence of a travelling wave front was established for the special
case when the birth function is the one which appears in the well-known
Nicholson’s blowﬂies equation and when the birth function remains monotonically increasing in the interval between the trivial equilibrium and the
positive equilibrium representing the maximal capacity of the environment.
However, as will be shown below, in a wide range of parameter values, this
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monotonicity condition is not satisﬁed and the method developed there cannot be
applied. Theorem 6.3 enables us to address the existence of travelling waves
when this monotonicity is not satisﬁed.
Let u(t, a, x) denote the density of the population of the species under
consideration at time tR0, age aR0 and location x2R. It is natural to assume
juðt; a;GNÞj!N; for tR 0; aR 0:
ð6:1Þ
A standard argument on population dynamics with age structure and diffusion
(cf. Metz & Diekmann 1986) gives
vu vu
v2 u
C Z DðaÞ 2 KdðaÞu;
ð6:2Þ
vt
va
vx
where D(a) and d(a) are the diffusion rate and death rate respectively, at age a.
Let rR0 be the maturation time for the species. Then the total matured
population at time t and location x isðgiven by
N

wðt; xÞ Z

uðt; a; xÞda;
r

and using equation (6.2) and the biologically realistic assumption
uðt;N; xÞ Z 0;
ð6:3Þ
we can get

ðN 
vw
v2 u
Z uðt; r; xÞ C
DðaÞ 2 KdðaÞu da:
vt
vx
r
We assume that the diffusion and death rates for the mature population are age
independent, that is, D(a)ZDm and d(a)Zdm for a2[r,N), where Dm and dm are
constants. Furthermore, since only the mature can reproduce, we have
uðt; 0; xÞ Z bðwðt; xÞÞ;
ð6:4Þ
where b($) is the birth function. Then
vw
v2 w
Z uðt; r; xÞ C Dm 2 Kdm w:
ð6:5Þ
vt
vx
Denote by DI and dI the diffusion and death rates of the immature, respectively
i.e. D(a)ZDI (a) and d(a)ZdI (a) for a2[0,r ]. In So et al. (2001), it was shown
that, provided
ðr
a d DI ðaÞ daO 0;
ð6:6Þ
0

the term u(t, r, x) can be explicitly written, using a combination of integration
along characteristics, method of separation of variables and Fourier transformation, as
Ðr
K 0 dI ðaÞda ðN
KðxKyÞ2
e
uðt; r; xÞ Z pﬃﬃﬃﬃﬃﬃﬃﬃﬃ
bðwðtKr; yÞÞe 4a dy:
ð6:7Þ
KN
4pa
Hence w(t, x) satisﬁes
Ðr
ð
KðxKyÞ2
vw
v2 w
eK 0 dI ðqÞ dq N
bðwðtKr; yÞÞe 4a dy; for tO r: ð6:8Þ
Z Dm 2 Kdm w C pﬃﬃﬃﬃﬃﬃﬃﬃﬃ
vt
vx
KN
4pa
Let
Ðr
Kx 2
1
3 Z eK 0 dI ðaÞda and fa ðxÞ Z pﬃﬃﬃﬃﬃﬃﬃﬃﬃ e 4a :
4pa
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Then, 0!3%1 and equation (6.8) becomes
ðN
vw
v2 w
bðwðtKr; yÞÞfa ðx KyÞdy:
ð6:9Þ
Z Dm 2 Kdm w C 3
vt
vx
KN
Equation (6.9) is a reaction–diffusion equation with time delays and non-local
effects, with 3 reﬂecting the impact of the death rate for immature and a
representing the effect of the dispersal rate of the immature on the matured
population.
When a/0, that is, as the immature become immobile, equation (6.9) reduces to
vw
v2 w
ð6:10Þ
Z Dm 2 Kdm w C 3bðwðtKr; xÞÞ;
vt
vx
and the non-local effect disappears. If we further let 3/1, that is, all immatures
live to maturity, then equation (6.10) becomes
vw
v2 w
ð6:11Þ
Z Dm 2 Kdm w C bðwðtKr; xÞÞ;
vt
vx
which has been widely studied for different choices of the birth function b($). In
particular, So et al. (2001) considered a particular birth function for equation
(6.9) given by b(w)Zpw eKaw. This function has been used in the well-studied
Nicholson’s blowﬂies equation (see Gurney et al. 1980). In the discrete case, it is
commonly known as the Ricker’s model (cf. Ricker 1954). With this birth
function, equation (6.9) becomes
ðN
vw
v2 w
Z Dm 2 Kdm w C 3p
wðtKr; yÞeKawðtKr;yÞ fa ðx KyÞ dy:
ð6:12Þ
vt
vx
KN
For the case when DI (q)h0 and dI (q)h0, i.e. aZ0, 3Z1, equation (6.12) reduces to
vw
v2 w
Z Dm 2 Kdm w C pwðtKr; yÞeKawðtKr;xÞ ;
ð6:13Þ
vt
vx
which was studied in So & Zou (2001), where the monotone iteration scheme
and the method of upper–lower solutions in Wu & Zou (1997, 2001) were used
to show that a travelling wave front exists when 1! 3p=dm % e. This result
was extended to equation (6.12). More precisely, So et al. (2001) proved the
following.
Theorem 6.4. If 1! 3p=dm % e, then there exists a cO0 such that for every cOc,
equation (6.12) has a travelling wave front solution, which connects the trivial
equilibrium w1Z0 to the positive equilibrium w2 Z a1 ln d3pm .
Unfortunately, in the case when 3p=dm O e, the method developed in So et al.
(2001) cannot be used as the involved iteration scheme is no longer monotone. It
is suspected that the method developed in Wu & Zou (2001) for travelling waves
of reaction–diffusion equations without local effects and based on a non-standard
exponential ordering could be utilized to this case but the construction of a pair
of upper-lower solutions seems to be a highly nontrivial task. We are now in the
position to conﬁrm this existence by using theorem 6.3.
We ﬁrst notice that the associated ordinary differential equation of (6.12) is
dw
ZKdm wðtÞ C 3bðwðtKrÞÞ;
dt
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with b(w)Zpw eKaw. If 3p=dm O 1, then equation (6.14) has exactly two
nonnegative equilibria:
1 3p
E1 Z 0; E2 Z ln
:
a dm
The corresponding characteristic equations are
L1 ðlÞ dl C dm K3p eKlr Z 0
and
L2 ðlÞ dl C dm K3b 0 ðE2 ÞeKlr Z 0;
where
d
b ðE2 Þ Z m
3
0




3p
:
1Kln
dm

As 3pO dm , we can easily show that the unstable manifold for E1 is at least onedimensional. Furthermore, E1 is hyperbolic for rsrn, n 2N0 , where
 
d
2pKarccos m
3p
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
C 2np:
rn Z
2
2
2
3 p Kdm
We now claim that if e! 3p=bdm % e2 , then E2 is asymptotically stable. In fact, in
this case,


3p
0
j3b ðE2 Þj Z jdm 1Kln
j% dm ;
dm
and hence all zeros of L2(l) have negative real parts.
In the case where 3p=dm O e2 , the asymptotical stability of E2 holds only when
the delay r is sufﬁciently small. Namely, in L2(l)Z0, we let lZiu to get


3p
iu ZKdm C dm 1Kln
½cosðurÞKisinðurÞ;
ð6:15Þ
dm
from which we can ﬁnd the minimal r^O 0 so that (6.15) has a solution uO0. This
is given by
1
pKarccos 3p
ln dm K1
r^ Z rﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
:
ð6:16Þ
dm

ln d3pm K1

2

K1

It then follows that if 3p=dm O e2 and 0% r ! r^ then E2 is asymptotically stable.
We now choose B!0 so that (SB) holds. Recall that
b 0 ðwÞ Z p eKaw ð1KawÞ and b 00 ðwÞ Z pa eKaw ðawK2Þ:
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Therefore, b 0 (w) is decreasing on 0;a2 and increasing on a2 ;N . Consequently, on
[E1,E2], we have
8
!
>
d
3p
2
>
m
0
>
1Kln
; E2 ! ;
> b ðE2 Þ Z
>
<
dm
a
3
!
b 0 ðwÞR b 0 min Z
ð6:17Þ
>
>
2
p
2
>
>
b0
ZK 2 ; E2 R :
>
:
a
a
e
For equation (1.2), we have
Fðu; vÞ ZKdm u C 3v; gðwÞ Z bðwÞ Z pweKaw ;

ð0
Kr

dhðqÞ Z 1;

mU Z 1:

Therefore, for L1, L2 as in (SB)
L1 Z

inf

0%u;v%E2

Fu ðu; bðvÞÞ ZKdm ! 0

and
L2 Z

inf

0%u;v%E2

Fv ðu; bðvÞÞb 0 ðvÞ Z 3b 0 min ! 0:

Therefore, (SB) (and hence (MB)) holds if
r3jb 0 min j! 1

ð6:18Þ

eKrdm
O e:
r3jb 0 min j

ð6:19Þ

rerdm e3jb 0 min j! 1:

ð6:20Þ

and

The latter is equivalent to

Clearly, if equation (6.20) holds so does equation (6.18). Therefore, we conclude
that (MB) holds if 0!r!r̂, where r̂ is the unique solution of
rerdm e3jb 0 min j Z 1

ð6:21Þ

As B!0, we also have that (OB) holds. Therefore, from theorem 6.3, we have
Theorem 6.5. If 3p=dm O e, then there exist rO0 and cO0 such that if r2[0,r)
then for every cOc, equation (6.12) has a travelling wave, which connects the
trivial equilibrium w1Z0 to the positive equilibrium w2 Z a1 lnð3p=dm Þ, where
8
3p
>
minf^
r ; r~; r0 g; O e2 ;
>
>
<
dm
r Z
3p
>
>
r ; r0 g; % e2 :
>
: minf~
dm
As a ﬁnal remark, we note that in order to apply theorem 6.3 for speciﬁc
systems (1.1), all we need to do is to choose the quasipositive matrix B and to
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verify the hyperbolicity of the two equilibria. It turns out that much of the
known results can be obtained as a special case of theorem 6.3. For example,
consider the following Fisher–KPP equation with delay
vuðx; tÞ v2 uðx; tÞ
Z
C uðx; tÞ½1Kuðx; tKrÞ:
vt
vx 2
Using theorem 6.3, we can get

ð6:22Þ

Corollary 6.6. There exists cO0 such that if 0%r%eK1 then for any cOc,
equation (6.22) has a travelling wave front with wave speed c.
To prove the corollary, we note that the corresponding ordinary delay
differential equation is
d
uðtÞ Z uðtÞ½1KuðtKrÞ dFðu; uðtKrÞ;
dt

ð6:23Þ

for which E1Z0 and E2Z1. When u, v2[0,1] we have Fu(u, v)Z1KvR0 and
Fv(u, v)ZKu. Therefore,
½Fu ðu; vÞKBeBr C Fv ðu; vÞ Z ½1Kv KBeB Ku
Z ð1KvÞeBr KBeBr KuRKBer K1R 0:
as long as f (B)dKBeBrR1. This is possible if r%eK1. In this case, we can
choose BZKrK1 so that f (B)ZrK1eK1Z1. This veriﬁes (MB). (OB) follows from
1KeB(tKs)R0 ifKr%s%t%0. Note that L1(l)ZlK1 and L2(l)ZlCeKlr. Thus,
E1 is hyperbolic and its unstable manifold is one-dimensional, and all eigenvalues
corresponding to E2 have negative real parts if r % eK1 ! p=2: This proves
corollary 6.6.
In Wu & Zou (2001), it was shown that for any cO2, there exists r(c)O0 such
that if 0%r%r(c), then equation (6.22) has a travelling wave front with wave
speed c. Their argument was based on an iterative scheme, coupled with the
construction of a pair of upper and lower solutions. Note that our claim above
gives an explicit form for r.
There is another way to incorporate the time delay to a logistic equation, such as
vuðx; tÞ v2 uðx; tÞ
C uðx; tKrÞ½1Kuðx; tÞ;
Z
vt
vx 2

ð6:24Þ

which was also derived by Kobayshi (1977) from a branching process. The
existence of travelling wave of equation (6.24) can be obtained by using the
general theory of Schaaf (1987) or the general monotone iteration technique
developed in Wu & Zou (1997, 2001). It is interesting to note that this existence
result becomes a trivial application of our Theorem 6.3 by choosing BZK1, since
the corresponding F(u, v)Zv(1Ku) satisﬁes Fu(u, v)ZKvRK1 and Fv(u, v)Z
1KuR0 for all u, v2[0,1]. It is also clear that E2Z1 is asymptotically stable, and
that E1Z0 is hyperbolic for rsrn, where rnZ(2nK1/2)p, n 2N, and its unstable
manifold is at least one-dimensional.
Remark 6.7. We consider the nonlinear reaction term F to be of the form
given in equation (1.1) in order to cover sufﬁciently large classes of equations
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and, at the same time, to keep the notations relatively in a minimum of
complexity. A straightforward extension of the reaction term that has its
application can be of the form
ð0 ð
Fðuðx; tÞ;
dhðqÞdmðyÞKðq; yÞgðuðx C y; t C qÞÞÞ;
Kr

U

where K is a continuous and bounded function from [Kr,0]!U to Rn!n . In this
case, the corresponding reaction equation (1.2) becomes
ð0
_ Z FðuðtÞ;
uðtÞ
dhðqÞmU ðqÞgðuðt C qÞÞÞ;
Ð

Kr

with mU ðqÞZ U dmðyÞKðq; yÞ. One can see that all arguments developed in the
paper are still valid and theorem 1.1 remains true for this more general form.
Remark 6.8. Our focus in this paper is on the existence of travelling waves for
the delayed reaction–diffusion equation (1.1) in the neighbourhood of a
heteroclinic orbit of the corresponding ordinary delay differential equation
(1.2). Whether some qualitative properties of the heteroclinic orbits such as
monotonicity can be inherited by the travelling waves remains to be an
interesting problem. We note, however, that if equation (1.2) is a monotone
system that has a monotone heteroclinic solution u connecting E1 and E2, then
we are able to use a travelling wave solution V(t) of equation (1.4) near u to
construct a monotone increasing lower and a monotone increasing upper solution
for an integral equation equivalent to equation (1.4). Thus a further monotone
iteration argument (see Wu & Zou 2001, 1997) can be applied to obtain a
monotone travelling wave.
This work was partially supported by FCT (Portugal) under CMAF and project POCTI/32931/
MAT/2000. Research was supported in part by NSF grant DMS-0204676. Work partially
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