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Abstract. In this paper, we obtain sharp estimates for the growth of strong solutions
of difference differential equations of neutral type. OQur work is based on existing results
for the initial value problem for a related homogeneous neutral equation, by using the
Riesz basis consisting of exponential solutions of the homogeneous equation.
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1. Introduction. Despite its profound importance in the theory of con-
trol and the theory of dynamical systems and their applications, obtaining
the sharpest estimates for solutions to functional differential equations re-
mains to be a challenging task although some significant progress has been
achieved, see, for example, [1]-[7], [22].

In this paper, we obtain some sharp estimates of the strong solutions
for difference differential equations of neutral type. This is of course a well-
known classical problem, and our result{estimate) is based on some previous
work by one of the authors about the initial value problem for a corresponding
homogeneous equation (see [8]-[14] for more details). As such, our work
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depends heavily on the Riesz basisness of the system of exponential solutions
(see [8]-[14]). |

The remaining part of this paper consists of four sections. Section 2 pro-
vides the statement of the problem and the formulation of the results. The
basic results are proved in Section 3. Section 4 gives examples to demon-
strate that our estimates are sharp, and this section also contains some re-
marks, comments, and the comparison of our results with some earlier rel-
evant works. Section 5, the Appendix, is devoted to the proof of the Riesz
basis.

2. The Problems and Results. Denote by W} ((a,5),C7), (—co <
a < b < +00), weighted Sobolov spaces of vector valued functions with values
in C7, endowed with the norms:

b 4
Vg oy = (| ean(=2r)(3_ IV @))%, 2 0,

J=0

Here and in what follows, Wi, = W{, V() = %V(t),p,j =1,2,--5 {11
is the norm in the space C7.
We consider the following nonhomogeneous equation

(1) Du = S5 (Bt — hy) + Dy2(t — by)) + [} B(s)ult — 5)ds
+ [P D(s)u(t - s)ds = f(2),¢ > O;

subject to the usual Cauchy initial condition
(2) u(t) = g(t), te€[-h,0]

Here B;, D;(3 = 0,1,---,n) are square (7 X 7) matrices with constant com-
plex elements; the real numbers A; aresuch that 0 = ho < by < -+ < b, = B
the elements B;;(s), Di;{s)(4,7 = 1,2, -+, 7) of matrices B(s) and D(s) be-
long to the space Ly(0, h}). Moreover, the non-homogeneous term f belongs
to Ly({0,7),C7) for an arbitrarily given T > 0, and the initial function g
belongs to Wi((—h,0),C7).

DEFINITION 2.1. A wvector-valued function u € WH{(~h,T),CT) for
arbitrary T > 0 is called o strong solution of the problem (1), (2), if u(t)
satisfies equation (1) almost everywhere on the semiazis R = (0,+0c0) and
u satisfies the initial condition (2).

In order to describe our main results we have to introduce certain nota-
tions,
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We denote by L(A) the matrix-valued function

LO) =SB, +AD)mm(Ah)

(3) +f9 (8)ezp(—As)ds + )‘fo (8)exp(—As)ds.

Let I(X) = detL{)) be the characteristic quasipolinomial (see [1] for more
details) of the equation (1). We shall let A, denote a typical zero {referred
as characteristic number) of the function [{A) with multiplicities v,, and we
shall arrange these zeros, counting multiplicities, in increasing order of their
modulus, and we will denote by A the set of all zeroes of the function I{A).

We denote the eigenvectors from the canonical system of eigen and
associated (root) vectors, corresponding to the characteristic number A,
by #440,(7 = 1,2,-++,1,), their adjoint vectors of order s by z,,, (s =
1,2,--,py;). Here, the index j shows what is the number of the vector 2,
in a specially chosen basis of the subspace of the solutions of the equation
L{))z = 0. See [16}, [17] for more details.

Therefore, we have the following set of exponential solutions of the equa-
tion (1) in homogeneous case (f(t) = 0)

8 ts-—l

(4) ym4>mamAﬂﬁx“p+(

oo Tt Tq,,s)-

Now we formulate two technical results which will be used in what fol-
lows.

LeEMMA 2.2. Suppose that detDy # 0,detD, # 0. Then each of the
following values

R, = sup Red,, B_ = inf Redy, N = magy,
AgEA Ag€EA AgEA
are finite.
We denote by D(A,, p) the disk of radius p > 0 with center in the point
Ag, define a domain G(A, p) in the following way

G(A.p) = C\ ([, D))

LeMMA 2.3. Suppose that detDgy # 0,detD,, # 0. Then there erists
B > 0 so that each of the following set of contours Ty = {A € C : Rel =
Ry + 8,7 S ImA < v U{A e O R0~ 8 < Red < N, + B, ImA =
Yaprp U{A € C: Red = R~ B,7 < ImA € Y U{N € € R_ —
3 < Reh < Ny + B,ImA = v,.},3 > 0, belong to the domain G(A, p) for
sufficiently small p > 0, and the following conditions are satisfied: there exist
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positive constants 6,2\ such that the sequence of real numbers {~,} satisfy the
inequalities: 0 < 8 < Ypp1 — Y <A < +00,n € Z, and the number N(I'y,) of
zeroes of the function l()) (counting multiplicities), which lie in the domains
G, bounded by the contours Ty, are uniformly bounded with respect to n, i.e.
there exists a constant M > 0 so that

(5) mnaa:N(I‘n) < M.

The above two lemmas can be reduced from the results of {15], and we
refer to [9] for their proofs.

The next theorem is the main result of this article.

THEOREM 2.4. Let detDy # 0,detD, # 0. Suppose also that [ €
Ly((0,T),C7) for an arbitrary given T > h, and g € Wi((—h,0),C7). Then
the problem (1), (2) has a unique solution and this solution u(t) satisfies

(6 )“uHWl(t nyy < do(t + )M eap(Ryt)lgllwy -h0)
“*“dl\/_(fg — 5+ 1)2MDegp(2R, (¢ — )} f(s)|[>ds)"/?

for t € [h, T, with constants dy and d; independent of functions g and [ as
well as the constant 1.

We add a few remarks to illustrate the significance of the above result.

REMARK 2.5. If the set A of zeroes A, is separate, i.e. infy . |Ap ~
Ayl > 0, then in the estimate (6) constant M (see (5)) may by replaced by
N = mazny,eavy.

REMARK 2.6. The estimate (6) is sharp in the following sense. It is
impossible to change constant R, by R, — ¢ for every ¢ > 0. Moreover, /1
can’t be omitted. In Section 4, will have some examples to illustrate these.

COROLLARY 2.7. Suppose the conditions of the Theorem 2.4 are satis-
fied. Then we have the following

(7) (] < da(t + 1) ezp(Rit) lgliwy -no0)
V([ (t = s + 1M Vezp(2R. (¢ — 5))| £ (s)1%ds)/?

Jor t € [h, T, with constants dy and d; independent of functions g and f.
The above corollary immediately follows from Theorem 2.4 and trace
theorem(see for example [21]).
We conclude this section with a result about the estimate of solutions of
the problem (1)- (2) in the special case when the support of function f is
compact.
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PROPOSITION 2.8. Let detDy # 0,detD, # 0, g € Wi((=h,0),C7) and
assume that { has a compact support Q. Then we have

(8) el mny < dolt + M- texp(R i tiligllwi-n0)
do( [ (t = 54+ DM -Vezp(2R, (¢ — 5))[| f(3)]|%ds)

for all t > h, with constants dy and dy independent of the functions f and
g.

In the proofs to be provided next section, we shall use the solvability
result of the problem (1), (2} in weighted Sobolev space W} {(—h, 4+00),C")
(see for example [8], [10]). In order to make the article self-contained, we
state this solvability result below.

Let Lo (R, C") be the Hilbert space of vector-valued functions equipped
with the norm

1l = f 7 exp(=2rt) |FOIPAD, 1 € B,

LEMMA 2.9. Suppose detDy # 0, g € Wi((—h,0),C7), [ € Loy (R, C7)
for a certain ry € R. Then there exists constant r,(r. > ro) such that for
every r > 7., problem (1)-(2) has o unique solution v € W3, ((—h,0),C7)
satisfying the following inequality

H'U’HW;‘T(»h,»i»oo) < Cr(ilglfwg(-h,o) + ”f“Lz,r(R+))
with constant ¢, independent of the functions f and g.

3. Proofs of the Main Results. We should emphasize that the main
result Theorem 2.4 is based on the estimates of the solutions for homogeneous
equation (f(¢) = 0) obtained earlier in [9], [10].

Also since equation (1) is linear, we shall consider the problem (1)-(2)
in the case g(t) = 0.

In the first step, we consider the problem (1)-(2) where the non-homo-
geneous term f has the support contained in [0, h] and initial function g = 0.

Denote the solution of this problem by wup(t). Using the results in [9]
and [10], we have

(9) o eap(=2rt) (uf @12 + lua(O1)dt < ellFIE0m

for some constant » and constant ¢, independent of the function f.
It follows immediately that

(10) lunllwipn < allflleapon
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with the constant ¢; independent of the function f.
We then consider the following initial-value problem

(11) (Dv)(t) = 0,t > h;

(12) v(t) = up(t),t € [0, A].

Due to the uniqueness of the Cauchy initial value problem, we have v(t) =
up(t) for all t > h.

An estimate of the solution for the homogeneous equation (1) (f(¢) = 0)
with initial data (2) was established earlier in [9], [10] and it has exactly
the same form (6) with f(t) = 0. Substituting g by us, u by v and segment
[—h, 0] by [0, ], we obtain

(13) lollwig-ng < it + DM lexp(R ) |luallwionp t > B

with constant d; independent of the function wu,,.
From estimates (10)-(13) the following inequality follows

(14) ; !I%!!w;[t_h,t] < do(t+ I)MwleicP(NJ)“f[le[o,h};f > h,

with constant d, independent of the function f.

For the second step of the proof of Theorem 2.4, we need the following
technical lemma whose proof is deferred to the end of this section.

LeMMA 3.1. Suppose that detDy # 0, detD, # 0, the support of f is
contained in [jh — h, jh] for some integer j > 1, the initial funciion g =
0. Then, for the solution of the problem (1)-(2) we have the following
assertions:

(D) u(t) =0, fort <jh—h,j=1,2,--;

(i2) For each k > j we have

(18) lullwipn-nen < d((k = 5 + DR exp(Re(k ~ RS atin-nn,

with constant d independent of the function f.
For the proof of the estimate (6) on the whole interval, we need, in
addition to Lemma 3.1, the following representation of the function f:

(16) ) = 3 f5(0), £5() = X (i~ b, jR)F (1),

where X (jh — h, jh) is a characteristic function of the interval (jh — h, jh).
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The essential part of the remaining part of the proof for the estimate
(6) is the fact that the functions f;(t) with § > & do not influence on the
solution u on the segment {0, kh]. Also, as mentioned earlier, the estimates for
solutions of the homogeneous equation are based on the fact that exponential
solutions give a Riesz basis for the spaces involved. More precisely, we have
the following

THEOREM 3.2. Let detDy # 0 and detD, # 0. Then the system of
the subspace Wy, = Spany,eq, {Yq,5.:(t)} forms the Riesz basis (unconditional
basis) in the space Wy ((—h,0),C7). If, in aeddition, we have infy ., |A, —
Agl > 0, then the system of subspaces Vi, = Span, {yq,;s(t)} forms the Riesz
basis (unconditional basis) in the space W3 ((—h,0),C7).

The proofs of this results and estimates of the solutions of the homoge-
neous equation (1) can be found in {8}, [9] (in the case B(s) = 0, D(s) = 0).

In our situation, the proofs are completely the same. Only certain tech-
nical details have to be added. We give the proof of Riesz basisness in the
Appendix.

We should mention that more general results for the equations of arbi-
trary order m with matrix coefficients can be found in {13] and [14]. The
most complete results about Riesz basisness of the system of exponential
solutions in the scalar case (7 = 1) for equations of neutral type and of arbi-
trary order were obtained in [12] and [26]. These articles also proved results
about Riesz basisness of the system of divided differences constructed by the
system of exponential solutions, these are rather useful in the situation when
the set A is not separate. All results in {12] and [26] were obtained in the
scale of Sobolev spaces of arbitrary orders (s > m, s # {+ 1/2,l € N). We
should also mention that Riesz basisness of exponential solutions {y,;(t)}
of homogeneous equation (1) in the space My = C7 @ Ly{(—h,0),C") was
obtained in [27} under an additional condition (the set A is separate). In the
particular case for the equation with one delay (in our notations: detD, #
0,D; #0,j = 1,n—1,Dy = I,B; = 0,7 = 0,n), ne can find results about
Riesz basisness of exponential solutions in [28].

Before getting into the details of the proofs of our main results, let us
briefly indicate how this Riesz basis is used in obtaining the sharp estimates
for the solutions of equation (1), in the simplest case of a scalar equation
when all roots A, are simple. In this case, the system of the exponential
solutions

wolt) = T;p[{:i)
g

forms the Riesz basis in the space Wi {(—h,0),C7).

s Ag € A,
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Denote by V the orthogonaizer, i.e. the bounded operator, acting in the
space W3 ((—h,0),C") and turning the system {2,(t)} into orthonormal basis

of the space W} ({(—h,0),C"). Decompose the initial function g by the basis
{z, (1)} as

g(s) = Z €q2q(5), 8 € [—h, 0].

A€A

The desired estimate now follows from the following chain of the inequalities:

[l + St ?szl{_h"O) = HV‘IZ)\qucqu‘?t(qu)(.)1 %V;}{—h,o)
< IV Pexp(2R4:6)30, caleql?

< VRV IPerp(R D)9l oy

Note that we need the aforementioned Riesz basis in order to ensure that the
bounded operator V has a bounded inverse V™! (see [17] for more details).

Now we are ready to give

Proof of Lemma 3.1 The first assertion of Lemma 3.1 is valid due to
the unique solvability of the problem (1)-(2) in the space W3, ((—h, +00),C")
for some r € R(see [8] for more details).

This means that if u(¢) = 0 for ¢t € [~h,0] and if the right-hand side
f(&) = 0 for t € [0,T], then the solution u(¢) = 0 for ¢t € [0,7]. In other
words, the operator D is a causal operator(an operator of Volterra type).

In order to obtain the assertion (i%), we change the variables by t =
(7h — h) + 7 {note we are abusing 7 here, and hope this will not cause any
confusion) and set

(17) ) =uljh~h+71),f(7) = f(Gh—h+T1).

It is clear that U@(r) is a solution of the following problem

—~

(18) (DU(r)) = f(7),7 > 0;
and
(19) u(r) = 0,7 € [-h,0].

Taking into account that the support of f is contained in [0, h] due to
the inequality (14), we have

(20) [@wgeny < et + 1" eap(Re )| Flliaom, ¢ > by

with constant ¢; independent of the function f.
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Therefore, from (20) we obtain

(21)  llullwiga-snitin-ney < et + 1M lexpRoO)|| fllsagn—n,in)-

Using the change of variables T = jh — h +t once more, we obtain from (21)
the following inequality

(22) ilu”wg(z*—n,:r)
<ea(1+T = (Gh = By teap(Ro (T — (G ~ B F atihen,in)-

Setting T" = kh, we obtain from (22) the assertion (i1} of Lemma 2.2,

Proof of Theorem 2.4: First of all, we consider the case T' = kh,k € N.
It is rather clear that functions f;(¢) (see (16)) for j > k do not have any
influence to the solution w(t) on the interval {0, kh].

Denote by w;(t) the solution of the problem (1)-(2) for the right parts
of f = f; and g = 0. Then, for ¢ < kh, we have the representation

k
(23) u(®) = Y us(t)

Using well-known inequality
(a;4+ay 4+ +ap)* <k(a?+a2+---+ad),q; €R,

we obtain the estimate

IA

(Z?ﬂ ||uj“W21(lch-h,kh))2
k
< k(o ”uj”%;/;{khmh,kh))'

From the inequalities (15) and (24) for ¢t = kh, we deduce the following
estimate

(24) Hu“wi(khmh kR)

“uﬂwi(fch ~h,kh)

25y S 1k D, (61 = -+ DO Vel (h — ) 5(r) P
= Cikfo (kh — 7+ 1)*M=Veap2R, (kh — 7)]|| f(7)[Pdr
= er b it — 7+ 1)HMDegplaR, (¢ — 7)]l1£ ()27

with constant ¢; independent of the function f.
Now, we consider the case of arbitrary real ¢ > A. Let us choose such &
that kh > t. It is evident that

(26) H“”%@(t—h,t) < 2(”u|i$d/21(kh.—2h,kh——h)+“u”%if%(kh—h,kh))'
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'Using the inequality (25), we have the following estimate

Fulli3
< cplk — 1) [ (kR — b — 7 + 1)2M-Degp[aR, (kh — h — 7)]|| £ ()| |2dr
+esk [ bh -7+ D2M-Dggpion, (kh — || f(7)]12dr
< esk f’*h kb — 7+ 1)XM-Degp[ar, (kb — )]l £(r)]|%dT
(27)
with constant ¢y, ¢3 independent of the function f.

The solution u(r) on the segment [0, ¢] does not depend on the function
f(r) for 7 > t, thus we can substitute the Ly-norm of the right-hand side of
(27) on the interval (0, kh) by the Le-norm on the interval (0,1).

Finally, we note that for ¢ &~ kh (for sufficiently large k), we have

ezxp(R (kb — 7)) = exp(Ry.(t — 7)),

(kh— 1+ DM = (¢ -7+ 1M

From the inequality (27), we then obtain the assertion (6) of Theorem 2.4,
completing the proof.

We conclude this section with a
Proof of Proposition 2.8, Due to the compactness of the support of the
function f, there are only a finite number of nonzero terms in the represen-
tation (16). Thus there will be only a finite number functions u,;(t) in the
representation (23) of the solution, and hence the multiplier k£ in the esti-
mate (24) may be substituted by a constant independent of k. As a result,
the term /¢ in the inequality (6) can be dropped.

4. Examples, Remarks and Comments. The following example
shows that our estimates of solutions to the homogeneous equation (f = 0)
is sharp in the sense that it is impossible to replace the constant N, by a
constant N, — ¢ for an arbitrary positive e.

Example 1. We consider the following difference differential equation

du

= au(t)~£l——(t—1)+au(t—1)-0 t>0,

(28) p

It is known (see [20], and also [2], [3] (chapter 9)) that each root A, of
the characteristic quasipolynomial

Lo =X +a—e A -a)
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of the equation (28) is on the imaginary axis (Re), = 0) with multiplicity
thg = 1. Therefore, N, = R_ =0, N = maxy,eapty = 1.

Under our definition of the solution for the initial value problem associ-
ated with the equation (28), the following estimate holds

(29) |IUHW21(twl,t} < dllgllwg(ml,m,t > 1,

with the constant d independent of the function g.

We should emphasize here that our conclusion does NOT contradict the
result of [20], as we consider solutions from Sobolev space W, while in the
article {20] the initial function g does not belong to the space Wy(—1,0).

The following example shows the sharpness of the estimate for the non-
homogeneous equation.
Example 2 Consider the following problem (in the scalar case with m = 1):

(30) uD @) + =1 =1, > 0,
with
(31) u(t) = 0,t € [-1,0].

The solutions can be constructed step by step as follows:

ay={ te[2k— 1,2k
T\ t—k, te 2k 2k+1].

Therefore, we have

I!'I“"UW’z1 In—1,n] =z 1,

I fllzsi0m) 2 Vo € N,

For the characteristic quasipolynomial
Li{\) = M1 +e™),

the following assertions R.. = N, =0, M = N = max,_ ealy hold true.
For t = n, the right-hand side of the inequality (6) for our example likes

Vi( /ﬂ (£ =7+ 1)* M Vezp(2R,.(t — 7)) f(7)]*)/* = n

Thus it is impossible to substituie N, by Ny — ¢ with some ¢ > 0 and to omit

Vi,
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We now make a few comments about existing results and the significance
of our findings. First of all, the estimates similar to {6) for which the quantity
R, is replaced by R + e with some € > 0 are well-known (see {1}-[7] for more
details). In the so called critical and supercritical cases (the situations where
the roots A, of the quasipolynomial {(A\) approach or lie on the imaginary
axis, more refined estimates are needed and can be can be found in {2}, (3],
[20]). A natural and important question is whether one can refine these
estimates by setting € = 0. Theorem 2.4 gives, in a certain sense, a positive
answer to this question,

We should emphasize the spectral character of our approach and we
show how effective this approach is. Due to the fact that equation (1)
has a convolution type, it is rather natural to use the method based on
a Laplace transform. But then it is impossible to obtain the estimate (6},
since any method based on the Laplace transform must involve the inverse
of the Laplace transform that involves integration along lines parallel to the
imaginary axis with a positive distance ¢ > 0 to the spectra (the set of all
zeroes A of the quasipolynomial I{}A)).

It is also relevant to remark that our main purpose here is to obtain the
sharpest estimates for solutions of functional differential equations of neutral
type. For the retarded type equations, the structure of the set of roots A is
different and in particular, there is a dominating (with the most real part)
zero A, of the characteristic quasipolynomial. In this case, Laplace transform
method should be rather effective.

5. Appendix: Proof of Riesz Basisness of Exponential Solu-
tions. The proof below of the Theorem 5.4 about Riesz basisness of expo-
nential solutions is rather technical, so we start with a short discussion of
the main steps involved in the proof. ‘

To prove Theorem 5.4, we need to verify the conditions (Lemma 5.8 °
obtained in [16]) about Riesz basisness of root subspaces in terms of resolvent
of an operator in an abstract Hilbert space. In order to do so, we must obtain
the representation of the resolvent of the differential operator A subject to
the nonlocal boundary conditions (32). It is thus important to note that
this operator A is the generator of a CYsemigroup of the shift operator
along the trajectories of strong solutions of the homogeneous equation (1)
(f(t) = 0) (this construction is similar to the well-known one presented in [2]
and[3] for the space of continuous functions.) Another important step in our
long technical proof is to verify that the resolvent of the operator A satisfies
the inequalities formulated in Lemma 5.8, and to obtain these estimates we
will need the lower estimates of quasipolynomials (see [1] and [15] for more
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details).

We start by recalling some results characterizing the system of exponen-
tial solutions of equation (1}.

PROPOSITION 5.1. Let detDy # 0. Then exponential solutions (4) form
a minimal system in the space W{(—h,0),C7).

LEMMA 5.2. Let detDg # 0, detD,, # 0. Then there exist constants
o and B such that the set A lies in the vertical sirip {) : o < Re) <
B} and the system of exponential solutions y, () is complete in the space
DV%((——h,O),(?T).

In the next Lemma we give the estimates of matrix-valued function
L),

LEMMA 5.3. Let detDy # 0 and detD, # 0. Then there exists the
system of contours Ty = {A € C: Red =a, ¥, < ImA < a1t U{A e C:
a< ReA< 3, ImA= v} U{AeC:ReA=0, 7 <ImA <y fU{A €
C: o< Reh <8, ImA =,}, in the set G(A, p) for sufficiently small p > 0,
that satisfies the following conditions:

(1) 0 < 6 < Ypy1 — Yu < A < +o0 with some positive constants 6 and A;

(ii) there exists a constant K such that:

sup [MILT (M<K, ne Z.
AElR

Recall that we denote by W, subspaces of the space Wj((—h,0),C")
which are the span of all exponential solutions y, ; () corresponding to the
numbers A, lying in the domains bounded by contours I'y; by V), subspaces
of the space W}{(—h,0),C7) which are the span of all exponential solutions
Yg.5.5(E), corresponding to the number A,.

We recall the formulation of Theorem 3.2 about Riesz basisness. For the
convenience of reference, we reformulate this as follows.

THEOREM b5.4. Let detDy # 0 and detD,, # 0. Then the system of
subspaces {W,, }nez forms a Riesz basis of subspaces in the space
W3 ((~h,0),C7).

The following theorem makes the previous one more precise in the case
of a separate set A.

THEOREM 5.5. Let detDy # 0 and detD, # 0. Assume also the set A is
separate, that is, Air;ﬁq |Ap— Agl > 0. Then the system of subspaces {Vi, }x,en

forms a Riesz basis of subspaces in the space Wi ((—h,0),C™).

Let us consider operator Ay = y(1), acting in the space Wi([—h,0],C")
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with the following domain:

DomA = {y: y € Wi(lh,0},07), 3= (Buy(~h) + Dey®(~1)
(32) -
+ [(B)y(9) + DI (~8))ds = 0}.
]

We denote by {P,}ncz a system of Riesz spectral projectors of the operator
A, corresponding to contours I',;:

(33) (Paf) = 5= [ Ra(N)fd,
I'n

where R4(A) is the resolvent of the operator A.

It can be easily shown that the system of exponential solutions (4) of
equation (1) coincides with the system of eigen and associated vectors of the
operator A defined in (32). Therefore, Theorem 3.2 (5.4) is a corollary of
the following

THEOREM 5.6. Let detDy # 0, detD, # 0.

Then the system of subspaces W,, = P,W}([~h,0],C"), corresponding to the
system of projectors (33) with contours Uy, satisfying conditions of Lemma
5.8, form Riesz basis of subspaces in the space Wi([—h,0],C7).

We shall prove Theorem 5.6 based on the following

PROPOSITION 5.7. Suppose that detDy $# 0, detD, # 0. Then the
matriz-valued function L)) satisfies the following estimates

(34) LT < el + 17 A€ GA, p) U {Red > 0},

(35) |IL7Y (N < co(iA + 1) texp(ReAh), A€ G(A,p) U {ReX < 0},

where ¢, ¢y are constants.

This proposition can be reduced from the results of chapter 12 of mono-
graph [1] and the resulis of article [15]. The proof is based on the lower
estimates of quasipolynomials. We give the proof of Proposition 5.7 at the
end of the Appendix, for the sake of completeness.

We will also need the following result, and we refer to [16] for a proof.

LEMMA 5.8. If for every elements f,g € WH{(-h,0),C") = H

(36) S /'(RA(A)f,g)HdM < const]|fllull gl

nGZ rn
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then the system of the subspaces W, forms unconditional (Riesz) basis in the
closure of it’s span; and if additionally the system W, is complete in H then it
forms unconditional (Riesz) basis in the whole space H = Wi ({—h,0),C").

Let us now calculate the resolvent of the operator A : Ra(A)z = y or
vy = Ay + z. We have

y(t) = (O + / e 5(s)ds),

where constant vector C' may be found from the conditions (32). Namely,
using the equality

2 = ’\y + z,
we have from condition (32) the following

n

T Bee M [C + f e 2(s)ds]

+Dp(Aem M0 + f e 2(8)ds] + z(—hy))
+ fh(B e~ [C + f e z(7)dr]
+D(s)(Ae{C + f e z(r)dr] + z(~s))ds = 0.

As z € W)([-h,0],C7), we obtain

i ~¥

[ *2(s)ds = = (2(0) — z(—t))eM) + %fe"’\sz{i}(s)ds.

0 0

yi*—*

Hence condition (32} takes the form

S (Bpe=M[C + f "2 5(s)ds]

k=)
+Dp e M [C 4 2O L f e~z (s)ds])
+fB( Je ¢ ({ C‘Jrfe A z(7)dT)

0 0

+D{s) e~ 2(C + E%?l o+ 3 G} e~ 20 (r)dr)ds = 0,
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or
~LA)C = Y Dre M z{0) + 3 (Bre ™ [ e~ 2(s)ds
k=0 k=0 4}

~h h
+Dye~Me [ e“”z(l)(s)ds)~|~fD(s)e"‘sz(O)ds
0

+f(B(s)e‘“\s ;fse"“" z{7)dT + D(s) “"‘Sfe““z(l)( Ydr)ds.

Let us denote by F'()) the following vector-valued function:

FO) = L3S B + ] B(s)edo]20

n —~h ~h
w LY N[ (Bre™M [ e 2(s)ds + Dy [ e~220)(s)ds)
k=0 0 0

+ f(B(s)e"’\s Te“)"'”z(f)df + D(s)e*s fe"""zm (7)d7)ds].
b b b

Then the resolvent of the operator A may be rewritten as

(37) Ra(A) f = —eMF()) - e"tf_(j@ + f M=) f(5)ds

0

We now rewrite the vector-valued function F()\) as
(38) F(X) = Q) + L (WP,
where

Q) = LI Bres+ [ Bloemas) 22,

PO) = 2 MG + Gsa(),

Gr(A) = [ e (Bypf(s) + Dpf(s))ds

h -5
Guar(N) = [(Bls)e™ [ e f(r)dr + D(s "““f e fO)(r)dr)ds.
¢] 0

Now let us give the estimate of the vector-valued function F()). Note that
the vector-valued functions Gi()) are entire functions of exponential type
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(not more than h;) and belong to Hardy space in every strip {A : A <
ReX < B}. Moreover, the following inequalities hold:

(39) sup / Grlz + iy)||Pdy < Cl|!f|]w1( h,0)

A<eg

with a constant ¢; independent of the function f{¢). Hence, we obtain

+o0

(40) sup [ 1P+ )y < ol Iy gy
A<e<B J
with a constant ¢, independent of the function f(¢).

By Proposition 5.7 and the trace theorem we derive the following esti-
mates of the function Q(A) in the domain I1,(¢on, 51} = G(A, p) N {A: oy <
Rel < ﬁ]}

(41) HRMIT < es(AL+ 1) %11 flwg -0y ca = const > 0.

Here o, 8 are constants with oy < o, 3 < f55.
Using representation (38), Proposition 5.7 and estimates (40) and (41)
(for ReX = «a, Rel = [3), we conclude that

400

(42) /(1 + 1€+ i FE + i) Pdu < C4f|f||f4/21(_h,o): £ =,

-0

with a constant ¢4 independent of the function f(t).

By Lemma 5.2, the system {W, },ez is complete in the space
W.L((—h,0),C7). So we need only to verify inequality (36).

Due to Lemma 5.8 and (37), we need only to prove that

(43) 21 [0, 96wy < consl b gl

ned r,

This is due to Cauchy theorem - an integral of holomorphic functions
along closed contours I', is equal to zero. The second and third items in
(37) are holomorphic functions (exept one simple pole). The third item
is holomorphic everywhere in arbitrary bounded domain; the second item
is holomorphic everywhere except simple pole A = 0. So if we substitute
resolvent (37) in the expression (36) the integrals of the second and third
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items will be equal to zero. Therefore, the inequality (36) will have form
(43).
We have

(e F (), 9O wi(-noycry = AF(A), g1(N))or + (F(A), g6(N) e,

where

mmm/wwmm,%mszmm.

Thus (43), holds if

3 / (WF(), g (WA < constl] s llgllws, 7= 0,1.

nes I,

We note that the vector-valued function g; and g¢ are entire functions
of exponential type, belong to the Hardy space Ha(A, B) in every strip

{A: A< Re\ < B},

since Hardy theorem ensures that the Laplace transform of a function be-
longing to the space Ly (0, +o0) is an element of Hardy space Ho(C,) in the
right half plane {A: ReX > 0},

In the integral representation of function go(A) and g;(A} we change the
variables from ¢ to (—t):

e~ Mg (—t)dt;

o,
Jk
p——
Do
Mo
i
O\p

Functions ¢(V(—t) and g(—t) have compact support belonging to seg-
ment [0,h]. These functions are elements of the space Ly({0, ), C"). More-
over, functions exp(at)g(V (—t), exp(at)g(—t) are also elements of space
Ly((0, ), C") for arbitrary a. Due to this fact the Laplace transforms g;(})
and g(A) belong to Hardy space Ha(Re) > —a) for arbitrary @ € R. So these
functions belong to Hardy space Ha(\: A < Re) < B).
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It is well-known that for Hardy space H»(C,) the following equality is
valid

P esey = (sup [ (e + i)y

here f(z + iy) is the Laplace transform of the function f(f). From this
equality we easily deduce the following estimate:

+o0
@) s [ lgle+ w)iPdy < Bllg?IE,Cag 5=01,
mm-—
-0

with constants ky and & independent of the function g.
So, for A = «, B = (3 we obtain

Etivne
HZE%‘ Hf (MF(X), g;(X)}dA|
(45) < f (€ +ip) F(E+ip), g;(€ — ip))|du
< CS(_-}OO(I + 1€+ i F(E + i) Pdu) 2] g9 Lo-n0)

with constant cs independent of the function g(t), ( = 0,1, £ = a, ).
Therefore, from inequalities (42), (45) we have

Etivnti

(46) Z| f (VE), g;(N))dA] < el llwpeeno g Lag-n
nez
‘E“}“'L”fn

with constant ¢g independent of the functions f and g (7 - 0,1, = a, 8).

Thus, we obtain a part of the estimate (43) on the vertical sides of
contours I',. In order to prove the part of estimate (43) on the horizontal
sides of contours I';,, we need the following proposition which is a significant
modification of theorem 3.3.1 from [24].

Denote by M,z (R) the set of all entire functions of exponential type v,
which belong to the space Lo(R) as functions of real argument ¢t € R.

LeMMA 5.9, Let v(z) € Myo(R), and let sequence of real numbers
{tatnez satisfy the condition: 0 < 6 < tpy1 — t, < A < 400, with certain
positive constants § and . Then the following inequality takes place:

O lo(ta) )Y < 6721 4 wA)( /w 52,

n&sd
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We shall give the proof of Lemma 5.9 at the end of the Appendix.
According to representation (38), we have

(MF(A), g;(A) = (VQ(A), g;(N) + (WL N P(A), g5 (V).

Due to Lemma 5.3 and estimate (41), we have

HAQV [rmamye < €ssup(JA] + 1) rmamaa | f iz -n.0)-
From the latter inequality we obtain the estimate

Bivn
(47) [ IDQOVIP ax < aslinl + 1215 By

&‘f‘i’)’n

with a constant ¢y independent of the function f(t).

In turn, applying Lemma 5.9 to the vector-valued function g;(A) and to
tn = Yn,t = Y, we have

=400

> giz +im),e)l

Nem—0C

+o0 +o0
<ew [ gz +iy),en)|?dy < e [ lgi(z + iy)||*dy,

—00

for z € [, 8], j=0,1, where {¢;}]_, is an orthonormal basis of the space
C7. Then, due to (44), we have

n=—+00 B

S S llgi(z + iv)||Pds
(48) nETwa

+00
e sup [ gz + )Py < cusllgNLagen0), 3 = 0,1,
a0
with constants cig,¢11, 12, ¢13 independent of the function g(t).
Taking into account that function (P(A),¢),l = 1,2,...,7, A = iz, also
satisfy the conditions of Lemma 5.9, by analogy with estimate g;(}), we
obtain the inequality

=-+00

+00
@) Y I+ il < e [ IP@+ilibdy o€ o]

n=—0c0
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Then, according to estimates (49) and (40), we have

[k e
b f Pz + i) |Pde < exsl| 1z no)

?’I,"""'—-OO

with a constant ¢jsindependent of the function f(t).
From the latter inequality and estimate (Lemma 5.3)

sup ML) € Ky = const, n € Z,
A€ln

we obtain inequality

n“+oc>
(50) / AL L) POYIPIAA < il s oy

?’b—-—"'-OO

where I, = {A € C': ImA = ,, a < ReX < g}
Taking into account representation (38) and estimates (47) and {50), we
have

=400

(51) > [IAPOIFIA < cullffigecns

00 ln
with a constant e;7 independent of the function f(¢).
Hence from estimates (48), {51) and inequality
=400

> 1JVE(), g;(0)dA]

=00 [n
(S FIREOIEaN) (S ngJ IPIBAN2, 5= 0,1,

nE=—00 ], NI 00 |

the following estimate follows:

N 00
(52) 3 |/AJF (NN < exsllFllwrno 10 llwicnopd = 0.1,

n=-—oo
bn

with constant c;g independent of the functions f(¢) and g{¢).
So, according to Lemma 5.8, the sequence of subspaces {W,, } ez forms
an unconditional basis {Riesz basis) of the space W} ((—h,0),C7).
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The estimate (6) of homogeneous equation (1) (f(t) = 0) is a corollary
of our results in this Appendix about Riesz basisness of the system {W,}
and Theorem 1 in [23]. For another independent proof on the estimate of the
homogeneous equation (in the scalar case m = 1), see [12], [26].

The proof of Theorem 5.5 is similar and thus is omitted.

Proof of Lemma 5.7. Let v(z) € M, be an entire function of v-type,
such that v{t) € Ly(—o0, +0c). Then the following holds:

Pl

/ o(t)Pdt =3 / o(®)Pdt = 3 Ju(En) A,
k:E

keZ &

where & € [tg,tk+1). Due to generalized Bernstain inequality (see [24])and
Holder inequality, and using |la|l — ||6]} < |la — bfl, we have

(Fkez [0(EPAL) Y = (Fhen |U(tk)|213tk)l/2|
< (Fpez W(€e) — v(te) PAL)Y2 = (3 p va(1 (t)dt|2At,)1/?

Er
< (Zkez(tf [ (8) [Pdt) (& — te) Aty) /2

Tt

< (XY hen f [t (¢ |2dt)1/28up(Atk)

< A( f (o) () [2dt) 2
< AVilv(lf)il.r,z-

From this, we obtain

(3 iez lv(te) PAL)?
= (D ez 0P O8) 2 — (3 ez [0(E) PAL) Y2 + (3 ez (&) 2 AL)H?
< (1+ Av)ijvllc,.

(53)

Hence, we have

S (b)) < (O jults) PAt) 2. (54)

keZ KEZL

So from (53) and (54) we get the desired inequality.

We now turn to the proof of Proposition 5.7, that is a consequence of
several results in [1] and {15]. To be more specific, we add a few com-
“ments here. The estimate of the matrix function £7!()) outside the band
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A< Red < B,A <0,B >0, can be established by a straightforward verifi-
cation (see also [1], Chap.12). The estimates of the matrix function L=1())
on the set G(A, p)[{A: A < Re) < B} can be derived using the lower esti-
mate of the quasipolynomial [{)). Indeed, by virtue of the fact that det Dy #
and detD, # 0 the coefficients at A" and A"exp(—Arh) are determined by
the quantities det(A\Dg + By) and det((AD, + By)exp(—Ah)) (see [1],p.429,
formula 12.2.12) that differ from zero if |A] is large. Then in correspondence
with inequality (3.12) in [25], we obtain the estimate

(54) ] = eao([A + 1), A € GA, p) [ [{): A < Red < B}

Since the entries of the matrix function L~!(\) are composed of cofactors of
L()) and quasipolynomial I{}A), from estimate (55) we get inequalities (34)
and(35) in the band {}: A< ReA < B}, A< 0,B > 0.

Therefore, the proof of the existence of the sequence {7, }nez, mentioned
in Lemma 5.3, follows from Lemma 4 and 5 in [15] as follows: Consider 7
different zeros Ag,(j = 1,2,---, 7} of the quasipolynomial I()) and introduce
the function

1) = exp(CSRON (= A) -+ (A= Ay,

Using the fact that detDg # 0 and detD, # 0, and repeating literally the

corresponding arguments in {11], we get that the function 7 {z) = (- 2)

satisfies the conditions of Lemma 5 in [15]. Also for sufficiently small p > 0,

on every interval of unit length we can determine a number -, such that the

straight line ImA = ~, does not intersect the exceptional set {J D(X,, p).
MEA

Hence we have the assertion of Lemma 5.3 ’
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