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Abstract

We consider an age-structured single-species population model in a patch environment co
of infinitely many patches. Previous work shows that if the nonlinear birth rate is sufficiently
and the maturation time is small, then the model exhibits the usual transition from the trivial eq
rium to the positive (spatially homogeneous) equilibrium represented by a traveling wavefron
we show that (i) if the birth rate is so small that a patch alone cannot sustain a positive equil
then the whole population in the patchy environment will become extinct, and (ii) if the birth r
large enough that each patch can sustain a positive equilibrium and if the maturation time is m
then the model exhibits nonlinear oscillations characterized by the occurrence of multiple p
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 2003 Elsevier Inc. All rights reserved.

Keywords:Extinction; Oscillation; Nonlinear stability; Age structure; Energy norms

* Corresponding author.
E-mail addresses:s.gourley@surrey.ac.uk (S.A. Gourley), wujh@mathstat.yorku.ca (J. Wu).

1 Research partially supported by CRC (Canada Research Chairs) Program, NSERC (Natural Scie
Engineering Research Council of Canada).
0022-247X/$ – see front matter 2003 Elsevier Inc. All rights reserved.
doi:10.1016/j.jmaa.2003.08.026



432 S.A. Gourley, J. Wu / J. Math. Anal. Appl. 289 (2004) 431–445

tions
nment

ge at
e).

nd the

and
e

ath
for the

e deriva-
wing

ill be
1. Introduction

Recently, Weng et al. [3] derived the following system of delay differential equa
for a single species population with two age classes distributed over a patchy enviro
consisting of the integer nodesj ∈ Z := {0,±1,±2, . . .} of a one-dimensional lattice:

dwj (t)

dt
= µ

2π

∞∑
k=−∞

βα(j − k)b
(
wk(t − r)

)+Dm

[
wj+1(t) +wj−1(t) − 2wj(t)

]
− dmwj (t), t > 0, j ∈ Z. (1.1)

In this equation,wj(t) denotes the total number of adults (i.e., the total number of a
leastr) in the j th patch, andr > 0 is the length of the juvenile phase (maturation tim
The functionb denotes the birth function and satisfiesb(0)= 0. The constantsDm anddm
are, respectively, the diffusion coefficient and death rate for the mature population, a
r-dependent parametersµ andα are given by

µ = exp

(
−

r∫
0

d(a) da

)
, α =

r∫
0

D(a) da, (1.2)

whereD(a) andd(a) in (1.2) above, and in (1.3) below, are the diffusion coefficient
death rate for the population at agea (thusµ andα above are defined in terms of th
diffusion and death rates for theimmaturepopulation while, fora � r, D(a) = Dm and
d(a)= dm). The derivation of (1.1) (given in [3]) allows the diffusion coefficient and de
rate for the immatures to be age-dependent as the notation in (1.2) suggests, but,
mature population, these parameters must be age-independent. This is because th
tion of (1.1) utilizes the technique of integration along characteristics for the follo
well-known simple model for an age-structured population:

∂uj

∂t
+ ∂uj

∂a
= D(a)

[
uj+1(t, a)+ uj−1(t, a)− 2uj (t, a)

]− d(a)uj (t, a) (1.3)

in whichuj (t, a) is the density of agea at timet in thej th patch. Of course,

wj(t) =
∞∫
r

uj (t, a) da.

The coefficientsβα(l) in (1.1) are given by

βα(l) = 2e−2α

π∫
0

cos(lω)e2α cosω dω, (1.4)

and it was shown in [3] that these coefficients enjoy the following properties which w
important for the present paper:

(i) βα(l) = βα(|l|) for all l ∈ Z, i.e.,βα(l) is isotropic;
(ii)

∑∞
l=−∞ βα(l) = 2π ;

(iii) βα(l) = 0 if α = 0 andl ∈ Z \ {0}, andβα(l) > 0 if α > 0 andl ∈ Z.
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Spatially uniform equilibria (i.e., equilibria independent ofj ) of (1.1) satisfyµb(w) =
dmw. Of course, zero is an equilibrium. Weng et al. [3] were concerned with the situ
when there is one other equilibriumw+ > 0, and with the possibility of traveling wave
front solutions connecting 0 to the other equilibriumw+. In this discrete-space setting su
a solution is a solution of the single variablej + ct , wherec > 0 is the wave speed. The
showed that such a wave-front exists for allc exceeding some minimum valuec∗, and they
also proved thatc∗ is the asymptotic speed of wave propagation ifr is not too large and
the initial data satisfies certain biologically realistic conditions.

The present paper continues the study in [3] by investigating two further aspects o
The first of these is the situation when there is no nonzero spatially uniform equilibriu
this case, by estimating a certain energy norm, we prove that the population will be
extinct for any initial data that tends to zero as|j | → ∞ sufficiently fast thatw(t) :=
{wj(t)}∞j=−∞ lies in the sequence space�2 for eacht ∈ [−r,0]. The second aspect w
shall investigate is the occurrence of a Hopf bifurcation, whenr is moderate, to periodi
traveling waves from the positive equilibrium, when it exists. In fact, we shall establis
existence of multiple periodic waves by using the result of Rustichini [2].

In Section 2 we shall first prove that solutions of (1.1) enjoy a positivity preser
property, and then we shall consider the issue of extinction. In Section 3 periodic tra
waves will be investigated.

2. Positivity and extinction criterion

Throughout the paper, denote

w(t) = {
wj(t)

}∞
j=−∞. (2.1)

We shall need a classical result from [1] which states that:

Lemma 2.1. LetX be a Banach space overR or C. Assume thatf : [0,∞)× X → X is
continuous and that there exists a constantL � 0 such that∣∣f (t, x)− f (t, y)

∣∣� L|x − y|.
Then for any givenx0 ∈ X there exists a unique continuously differentiable func
x : [0,∞)→X such thatẋ(t) = f (t, x(t)) for t ∈ [0,∞) andx(0)= x0.

Applying this result to

v̇j (t) = D
[
vj+1(t)+ vj−1(t) − 2vj (t)

]− dvj (t)+ hj (t), j ∈ Z,

vj (0) = cj ∈ R, j ∈ Z, (2.2)

with c = (cj )j∈Z ∈ �∞, whereD andd are positive constants, and�∞ is the Banach spac

�∞ =
{
c = (cj )j∈Z; ‖c‖�∞ := sup

j∈Z
|cj | < ∞

}
,

(hj )j∈Z : [0,∞) → �∞ is continuous, we conclude that (2.2) has a unique solu
v : [0,∞)→ �∞.
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Using the definition ofβα(l), it is easy to verify that

vj (t) = 1

2π
e−dt

∞∑
k=−∞

βDt (k − j)ck + 1

2π

∞∑
k=−∞

t∫
0

e−d(t−s)βD(t−s)(k − j)hk(s) ds

(2.3)

gives the explicit solution to the initial value problem (2.2). In particular, property (iii
βα(l) ensures thatvj (t) � 0 for all j ∈ Z and t � 0 as long ascj � 0, hj (t) � 0 for all
t � 0 andj ∈ Z. We can now prove that solutions of (1.1) enjoy a positivity preser
property.

Theorem 2.2. Let b : R → R be aC1-smooth bounded function. Then:

(i) For any continuousφ : [−r,0] → �∞, Eq.(1.1) has a unique solutionwφ : [−r,∞)→
�∞ with wφ(s) = φ(s) on [−r,0];

(ii) If φj (s) � 0 for all j ∈ Z ands ∈ [−r,0], thenwφ
j (t) � 0 for all j ∈ Z andt � 0; if in

additionφ �= 0∈ �∞, thenwφ
j (t) > 0 for all j ∈ Z andt > r .

Proof. (i) follows from Lemma 2.1 by solving Eq. (1.1) on consecutive intervals[nr,
(n+ 1)r], n = 0,1,2, . . . . By a standard comparison technique, we knowwj(t) � w̃j (t)

for all j ∈ Z andt � 0, wherew̃j is the solution of the initial value problem

dw̃j (t)

dt
= Dm

[
w̃j+1(t) + w̃j−1(t) − 2w̃j (t)

]− dmw̃j (t), t > 0, j ∈ Z,

w̃j (0) = wj(0), j ∈ Z. (2.4)

Using the explicit expression (2.3), we then conclude that

wj(t) � w̃j (t) � 0 for j ∈ Z andt � 0.

Using the analytic formula (2.3) for (1.1) with

hj (t) = µ

2π

∞∑
k=−∞

βα(j − k)b
(
wk(t − r)

)
,

we get, fort ∈ [0, r], that

wj(t) = 1

2π
e−dmt

∞∑
k=−∞

βDmt (j − k)wk(0)

+ 1

2π

∞∑
k=−∞

t∫
0

e−dm(t−s)βDm(t−s)(k − j)

× µ

2π

∞∑
βα(k − l) b

(
wl(s − r)

)
ds
l=−∞
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from which it follows that ifw �= 0 then

wj(r) > 0 for all j ∈ Z.

Therefore, fort � r, we get

wj(t) � 1

2π
e−dm(t−r)

∞∑
k=−∞

βDm(t−r)(j − k)wk(r) > 0

for all j ∈ Z.
Next, we shall consider the issue of extinction. Recall that the conditionµb(w) < dmw

for all w > 0 ensures that there is no spatially homogeneous equilibrium other than
is the weakest possible condition that ensures extinction for biologically sensible
functionsb(w). The theorem below confirms that this is also a sufficient condition
extinction. More precisely the theorem essentially states that extinction will occur if
is no positive equilibrium and if the initial data decays to zero sufficiently fast as|j | → ∞.

We shall let�2 denote the Hilbert space of sequences{ξj }∞j=−∞ such that
∑∞

j=−∞ ξ2
j

< ∞, with the norm

‖ξ‖�2 =
( ∞∑

j=−∞
ξ2
j

)1/2

. ✷

Theorem 2.3. Let the initial dataφ : [−r,0] → �2 be continuous andφj (s) � 0 for each
s ∈ [−r,0]. Assume also thatµb(w) < dmw for all w > 0 and thatsupw�0 |b′(w)| < ∞.
Then

sup
j∈Z

w
φ
j (t) → 0 ast → ∞. (2.5)

Proof. Applying Lemma 2.1 to Eq. (1.1) on consecutive intervals[nr, (n + 1)r], n =
0,1,2, . . . , we conclude thatw(t) = wφ(t) ∈ �2 for all t � 0. Multiplying Eq. (1.1) by
wj(t), summing overj ∈ Z and some rearranging gives

1

2

d

dt

∞∑
j=−∞

w2
j (t)

= µ

2π

∞∑
j=−∞

∞∑
k=−∞

βα(j − k)wj (t)b
(
wk(t − r)

)−Dm

∞∑
j=−∞

(
wj(t)−wj−1(t)

)2

+Dm

∞∑
j=−∞

[
wj (t)

(
wj+1(t) −wj(t)

)−wj−1(t)
(
wj(t) −wj−1(t)

)]

− dm

∞∑
j=−∞

w2
j (t).

The penultimate term on the right-hand side is a telescoping series which sums t
sincewj(t) → 0 as|j | → ∞. Thus



436 S.A. Gourley, J. Wu / J. Math. Anal. Appl. 289 (2004) 431–445

prop-
1

2

d

dt

∞∑
j=−∞

w2
j (t) +Dm

∞∑
j=−∞

(
wj (t)−wj−1(t)

)2 + dm

∞∑
j=−∞

w2
j (t)

= µ

2π

∞∑
j=−∞

∞∑
k=−∞

βα(j − k)wj (t)b
(
wk(t − r)

)

� dm

2π

∞∑
j=−∞

∞∑
k=−∞

βα(j − k)wj (t)wk(t − r)

� dm

4π

( ∞∑
j=−∞

w2
j (t)

∞∑
k=−∞

βα(j − k)+
∞∑

j=−∞

∞∑
k=−∞

βα(j − k)w2
k(t − r)

)
.

On interchanging the order of summation in the second double sum, and then using
erties (i) and (ii) ofβα(l), we find

1

2

d

dt

∞∑
j=−∞

w2
j (t) +Dm

∞∑
j=−∞

(
wj (t)−wj−1(t)

)2 + dm

2

∞∑
j=−∞

w2
j (t)

� dm

2

∞∑
j=−∞

w2
j (t − r).

Integrating with respect to time from 0 tot gives

∥∥w(t)
∥∥2
�2 − ∥∥w(0)

∥∥2
�2 + 2Dm

t∫
0

∞∑
j=−∞

(
wj (s)−wj−1(s)

)2
ds + dm

t∫
0

∥∥w(s)
∥∥2
�2 ds

� dm

t∫
0

∥∥w(s − r)
∥∥2
�2 ds = dm

t−r∫
−r

∥∥w(s)
∥∥2
�2 ds

� dm

0∫
−r

∥∥w(s)
∥∥2
�2 ds + dm

t∫
0

∥∥w(s)
∥∥2
�2 ds.

Hence

∥∥w(t)
∥∥2
�2 + 2Dm

t∫
0

∞∑
j=−∞

w̄2
j (s) ds �

∥∥w(0)
∥∥2
�2 + dm

0∫
−r

∥∥w(s)
∥∥2
�2 ds, (2.6)

wherew̄j is defined in (2.8) below.
Let us now rewrite the original equation (1.1) as

dwj

dt
= µ

2π

∞∑
k=−∞

βα(k)b
(
wj−k(t − r)

)+Dm

[
wj+1(t) +wj−1(t) − 2wj(t)

]
− dmwj (t). (2.7)
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Define

w̄j (t) = wj(t) −wj−1(t), w̄(t) = {
w̄j (t)

}∞
j=−∞. (2.8)

Then from (2.7) we obtain

dw̄j

dt
= µ

2π

∞∑
k=−∞

βα(k)
{
b
(
wj−k(t − r)

)− b
(
wj−1−k(t − r)

)}
+Dm

[
w̄j+1(t) + w̄j−1(t)− 2w̄j (t)

]− dmw̄j (t)

= µ

2π

∞∑
k=−∞

βα(k)w̄j−k(t − r)b′(ŵj−k(t − r)
)

+Dm

[
w̄j+1(t) + w̄j−1(t)− 2w̄j (t)

]− dmw̄j (t)

by the mean value theorem, whereŵj (t) is betweenwj(t) andwj−1(t). Multiplying by
dw̄j /dt and summing overj gives, after some rearranging on theDm terms, we get∥∥∥∥dw̄dt

∥∥∥∥
2

�2
= µ

2π

∞∑
j=−∞

∞∑
k=−∞

βα(k)
dw̄j (t)

dt
w̄j−k(t − r)b′(ŵj−k(t − r)

)

− 1

2
Dm

d

dt

∞∑
j=−∞

(
w̄j (t)− w̄j−1(t)

)2

+Dm

∞∑
j=−∞

{
dw̄j (t)

dt

(
w̄j+1(t) − w̄j (t)

)

− dw̄j−1(t)

dt

(
w̄j (t)− w̄j−1(t)

)}

− 1

2
dm

d

dt

∞∑
j=−∞

w̄2
j (t)

which again contains a telescoping series that sums to zero. Integrating from 0 tot gives

t∫
0

∥∥∥∥dw̄(s)

dt

∥∥∥∥
2

�2
ds + 1

2
Dm

[ ∞∑
j=−∞

(
w̄j (s) − w̄j−1(s)

)2]s=t

s=0

+ 1

2
dm

[ ∞∑
j=−∞

w̄2
j (s)

]s=t

s=0

= µ

2π

∞∑
j=−∞

∞∑
k=−∞

βα(k)

t∫
0

dw̄j (s)

dt
w̄j−k(s − r)b′(ŵj−k(s − r)

)
ds

� µB

2π

∞∑
j=−∞

∞∑
k=−∞

βα(k)

t∫ ∣∣∣∣dw̄j (s)

dt
w̄j−k(s − r)

∣∣∣∣ds

0
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� µB

4π

∞∑
j=−∞

∞∑
k=−∞

βα(k)

{ t∫
0

ε

(
dw̄j (s)

dt

)2

ds +
t∫

0

1

ε
w̄2
j−k(s − r) ds

}

� εµB

2

t∫
0

∥∥∥∥dw̄(s)

dt

∥∥∥∥
2

�2
ds + µB

4πε

∞∑
j=−∞

∞∑
k=−∞

βα(k)

t∫
0

w̄2
j−k(s − r) ds,

where we have usedxy � (1/2)(εx2 + (1/ε)y2) with ε > 0 to be chosen, and whereB =
supw�0 |b′(w)|. In fact, we shall chooseε = (µB)−1, giving

1

2

t∫
0

∥∥∥∥dw̄(s)

dt

∥∥∥∥
2

�2
ds + 1

2
Dm

[ ∞∑
j=−∞

(
w̄j (s)− w̄j−1(s)

)2]s=t

s=0

+ 1

2
dm

[ ∞∑
j=−∞

w̄2
j (s)

]s=t

s=0

� µ2B2

4π

∞∑
j=−∞

∞∑
k=−∞

βα(k)

t∫
0

w̄2
j−k(s − r) ds

= µ2B2

4π

t∫
0

∞∑
k=−∞

βα(k)

∞∑
j=−∞

w̄2
j−k(s − r) ds = µ2B2

2

t∫
0

∥∥w̄(s − r)
∥∥2
�2 ds

� µ2B2

2

0∫
−r

∥∥w̄(s)
∥∥2
�2 ds + µ2B2

2

t∫
0

∥∥w̄(s)
∥∥2
�2 ds

� µ2B2

2

0∫
−r

∥∥w̄(s)
∥∥2
�2 ds + µ2B2

4Dm

(∥∥w(0)
∥∥2
�2 + dm

0∫
−r

∥∥w(s)
∥∥2
�2 ds

)

using (2.6). Hence
t∫

0

∥∥∥∥dw̄(s)

dt

∥∥∥∥
2

�2
ds +Dm

∞∑
j=−∞

(
w̄j (t) − w̄j−1(t)

)2 + dm
∥∥w̄(t)

∥∥2
�2

� Dm

∞∑
j=−∞

(
w̄j (0)− w̄j−1(0)

)2 + dm
∥∥w̄(0)

∥∥2
�2

+µ2B2

0∫
−r

∥∥w̄(s)
∥∥2
�2 ds + µ2B2

2Dm

(∥∥w(0)
∥∥2
�2 + dm

0∫
−r

∥∥w(s)
∥∥2
�2 ds

)
. (2.9)

Now let

f (t) := ∥∥w̄(t)
∥∥2
�2 =

∞∑
w̄2
j (t).
j=−∞
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Then
∞∫

0

∣∣f (t)∣∣dt =
∞∫

0

∞∑
j=−∞

w̄2
j (t) dt < ∞

by (2.6), witht → ∞. Also,

∣∣f ′(t)
∣∣= 2

∣∣∣∣∣
∞∑

j=−∞
w̄j (t)

dw̄j (t)

dt

∣∣∣∣∣�
∞∑

j=−∞
w̄2
j (t) +

∞∑
j=−∞

(
dw̄j (t)

dt

)2

and therefore

∞∫
0

∣∣f ′(t)
∣∣dt �

∞∫
0

∞∑
j=−∞

w̄2
j (t) dt +

∞∫
0

∞∑
j=−∞

(
dw̄j (t)

dt

)2

dt

=
∞∫

0

∞∑
j=−∞

w̄2
j (t) dt +

∞∫
0

∥∥∥∥dw̄(t)

dt

∥∥∥∥
2

�2
dt < ∞

by (2.6) and (2.9) witht → ∞.
It is known that if a differentiable functionf (t) satisfies

∫∞
0 |f (t)|dt < ∞ and∫∞

0 |f ′(t)|dt < ∞ then limt→∞ f (t) = 0. Therefore,

lim
t→∞

∥∥w̄(t)
∥∥
�2 = 0.

It can be shown (see Appendix A) that, for sequences{ξj }∞j=−∞ ∈ �2,

sup
j∈Z

|ξj | �
√

2

( ∞∑
j=−∞

ξ2
j

)1/4( ∞∑
j=−∞

(ξj − ξj−1)
2

)1/4

. (2.10)

With ξj = wj(t), and knowing thatwj(t) is positive, tells us that

sup
j∈Z

wj(t) �
√

2
∥∥w(t)

∥∥1/2
�2

∥∥w̄(t)
∥∥1/2
�2 ,

which tends to zero ast → ∞ (note that (2.6) assures us that‖w(t)‖�2 is bounded inde
pendently oft). The proof of the theorem is complete.✷

3. Periodic traveling waves

In this section we consider the case when (1.1) has a positive uniform equilibrium
Our aim is to prove the existence of a family of periodic traveling waves, arising
Hopf bifurcation from this uniform equilibrium state. Our approach will be via the
lowing Hopf bifurcation theory for functional differential equations of mixed type, du
Rustichini [2].
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Let τ be a given positive real number, and denote byC = C([−τ, τ ],Rn) the Banach
space of continuous functions from the interval[−τ, τ ] toRn, endowed with the supremu
norm. Consider the following functional differential equation of mixed type:

ẋ = F(xt , α),

whereα ∈ (−α0, α0) is a real parameter andα0 is a given constant,F :C × (−α0, α0) →
Rn is of classC2 andF(K̂,α) = 0 for all α ∈ (−α0, α0), whereK is a given constant, an
K̂ is the mapping from[−τ, τ ] into Rn identically taking the valueK on [−τ, τ ]. For a
continuous mappingx :R →R, xt ∈ C is defined byxt (s) = x(t + s) for s ∈ [−τ, τ ].

Denote byF ′(φ,α) the Frechét derivative of the functionalF(·, α), evaluated atφ, and
write its representation as

F ′(φ,α)(ψ) =
τ∫

−τ

dη(φ,α)(s)ψ(s)

for ψ ∈C, whereη(·, α) is a function of bounded variation.
We denote the characteristic matrix atα = 0 of the equilibriumK as

∆(s,α) = sI −
τ∫

−τ

dη(θ,α)esθ .

We then have

Theorem 3.1. Assume that there existsz > 0 such that

(i) det∆(iz,0)= 0 andiz is a simple zero ofdet∆(λ,0) = 0;
(ii) There exists noω �= ±z with det∆(iω,0)= 0;
(iii) Reλ′(0) �= 0, whereλ(α) is theC1-curve such thatdet∆(λ(α),α) = 0 for small

α > 0.

Then there exists a one-parameter family of periodic solutions of periods close to2π/z
bifurcating from the steady-state solutionK.

Keeping in mind the various properties ofβα(l) described in Section 1, Eq. (1.1) can
recast in the following form which is slightly more convenient for the present section



ẇj (t) = uj (t, r)+Dm[wj+1(t)+wj−1(t) − 2wj(t)] − dmwj (t),

uj (t, r)= µ
2π

∑∞
k=−∞ β(j, k)b(wk(t − r)),

β(j, k)= βα(k − j),

βα(l) = ∫ π

−π
exp[−ilω − 4α sin2(ω/2)]dω.

(3.1)

To apply Theorem 3.1, we also assumeb ∈ C2. We are interested in seeking traveli
waves of the type

wj(t) = φ(t + cj), φ :R → R.

Letting s = t + cj , we get
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ds
r

tion.
φ̇(s) = Dm

[
φ(s + c)+ φ(s − c)− 2φ(s)

]− dmφ(s)

+ µ

2π

∞∑
k=−∞

βα(k − j)b
(
φ(s − r + (k − j)c)

)
.

Therefore, we obtain the profile equation

φ̇(s) = Dm

[
φ(s + c)+ φ(s − c)− 2φ(s)

]− dmφ(s)

+ µ

2π

∞∑
l=−∞

βα(l)b
(
(φ(s − r + lc)

)
. (3.2)

We are interested in a periodic wave of period 2π/ω (with ω > 0) and so

φ(s + 2π/ω) = φ(s), s ∈ R.

Our approach is to seek a Hopf bifurcation of (3.2) from the steady stateK, whereK > 0
satisfies

dmK = µb(K), K > 0. (3.3)

Of course, we assume here that the parametersdm, µ and the birth functionb(w) are such
that a positive rootK exists to (3.3) (ecologically realistic choices forb(w) include the
case thatb(w) increases linearly withw whenw is small, reaches a maximum and ten
to zero asw → ∞; in this case it is clear that a rootK > 0 can be found for (3.3) fo
suitable values of the parametersdm, µ and those associated withb(w)). If no rootK > 0
can be found for (3.3) this will be (for ecologically realisticb(w)) becauseµb(w) < dmw

onw ∈ (0,∞), and in this case extinction of the population is predicted in the last sec
Linearizing (3.2) at the constant solutionK and letting

b′(K) = B, (3.4)

we obtain

φ̇(s) = Dm

[
φ(s + c)+ φ(s − c)− 2φ(s)

]− dmφ(s)

+ µ

2π
B

∞∑
l=−∞

βα(l)φ(s − r + lc). (3.5)

Let φ(s) = eλs . This gives the characteristic equation

λ = Dm[eλc + e−λc − 2] − dm + µ

2π
B

∞∑
l=−∞

βα(l)e
−λr+lλc. (3.6)

Lettingλ = iz in (3.6), withz � 0, gives

iz = 2Dm

[
cos(cz)− 1

]− dm + µ

2π
Be−izr

∞∑
l=−∞

βα(l)
[
cos(lzc)+ i sin(lzc)

]
. (3.7)

Noting thatβα(l) = βα(−l), we obtain

iz = 2Dm

[
cos(cz)− 1

]− dm + µ

2π
Be−izr

[
βα(0)+ 2

∞∑
βα(l)cos(lzc)

]
. (3.8)
l=1
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We now need to develop an explicit formula forβα(0)+ 2
∑∞

l=1βα(l)cos(lzc).

Lemma 3.2. For anyx � 0, we have

βα(0)+ 2
∞∑
l=1

βα(l)cos(lx) = 2πe−4α sin2(x/2). (3.9)

Proof. Let cj = eijx andhj (t) = 0 in (2.2). It is easily verified that in this case the solut
of (2.2) is

vj (t) = eλteijx,

whereλ = −4D sin2(x/2) − d . But also, the solutionvj (t) can be found from expres
sion (2.3). Comparing the two expressions, we get

1

2π
e−dt

∞∑
k=−∞

βDt(k − j)eikx = e−(4D sin2(x/2)+d)teijx .

Accordingly,

1

2π

∞∑
k=−∞

βDt (k − j)eikx = e−4D sin2(x/2)teijx

which, withα = Dt , yields

1

2π

∞∑
l=−∞

βα(l)e
ilx = e−4α sin2(x/2).

Sinceβα(l) = βα(−l), we conclude that

βα(0)+ 2
∞∑
l=1

βα(l)cos(lx) = 2πe−4α sin2(x/2).

This completes the proof.✷
With the results of Lemma 3.2 in mind, (3.8) becomes

iz = −4Dm sin2(cz/2)− dm +µBe−izre−4α sin2(cz/2).

Separating the real and imaginary parts gives{
0 = −4Dm sin2(cz/2)− dm + e−4α sin2(cz/2)µB cos(zr),

−z = e−4α sin2(cz/2)µB sin(zr).
(3.10)

Thus, we have

4Dm sin2(cz/2)+ dm = e−4α sin2(cz/2)µB cos(zr) (3.11)

and

−z = e−4α sin2(cz/2)µB sin(zr). (3.12)
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Lemma 3.3. Assume thatµ|B| > dm. Let

x∗ = min
{
x ∈ [0,1]; µ|B|e−4αx > 4Dmx + dm

}
,

z0 =
√
(µB)2 − d2

m,

z1 =
√
(µBe−4αx∗

)2 − (4Dmx∗ + dm)2,

r0 = 1

z0

[
π − arctan

z0

dm

]
,

r1 = 1

z1

[
π − arctan

z1

4Dmx∗ + dm

]
.

Then for every fixedr ∈ (r0, r1) there exists a unique pair(c, z) with c = c(r) andω =
ω(r) > 0 such that(3.11) and(3.12) are satisfied andzr ∈ (π/2,π), ω(r) = 2π/z(r).

Proof. Note that ifµ|B| > dm andx∗ is defined as above, then

Ω(x) :=
√
µ2B2e−8αx − (4Dmx + dm)2

is a monotonically decreasing function ofx ∈ [0, x∗] with Ω(0) = z0 andΩ(x∗) = z1.
Therefore,

R(x) := 1

Ω(x)

[
π − arctan

(
Ω(x)

4Dmx + dm

)]
is an increasing function ofx ∈ [0, x∗] with R(0) = r0 andR(x∗) = r1. Therefore, ifr ∈
(r0, r1] then there exists a uniquex = x(r) ∈ (0, x∗] ⊂ (0,1] so thatR(x(r)) = r. Let
ω := ω(r) = Ω(x(r)). Then

z2 + (4Dmx + dm)
2 = µ2B2e−8αx

and

tan(zr) = − ω

4Dmx + dm
.

By lettingx = sin2(cω), we complete the proof.✷
Let λ = λ(c) be theC1-smooth curve of solutions of (3.6) such thatλ(c) = iz. Differ-

entiating (3.6) with respect toc, we obtain

λ′ = Dm(e
λc − e−λc)(λ′c + λ) + µB

2π
e−λr(−λ′r)

∞∑
l=−∞

βα(l)e
lλc

+ µB

2π
e−λr

∞∑
l=−∞

βα(l)l[λ′c + λ].

Using the fact thatβα(l) = βα(−l), we obtain
∞∑

βα(l)l = 0.

l=−∞
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at
Therefore,

λ′ = Dm(e
λc − e−λc)λ

1−Dm(eλc − e−λc)c + µB
2π re−λr

∑∞
l=−∞ βα(l)eλlc

.

Therefore, whenλ(c) = iz, we get

λ′ = Dm(e
izc − e−izc)(iz)

1−Dm(eizc − e−izc)c + r[λ+ dm −Dm(eizc + e−izc − 2)]
= −2Dmzsin(zc)

1− 2iDm sin(zc)+ r[iz+ dm + 4Dm sin2(zc/2)] .
Consequently, we have

Reλ′ = −2Dmzsin(zc)
1+ rdm + 4Dmr sin2(zc/2)

[1+ dmr + 4Dmr sin2(zc/2)]2 + [rz− 2Dm sin(zc)]2 < 0.

Therefore, applying Theorem 3.1, we obtain

Theorem 3.4. Let r0 andr1 be defined as in Lemma3.3. Then, for everyr ∈ (r0, r1), (1.1)
has a family of periodic traveling waveswj(t) = φ(t + cj), j ∈ Z, of period2π/ω(r), for
c nearc(r), whereω is close toω(r) andc(r) andω(r) are the unique solutions of(3.11)
and(3.12) with 2πr/ω(r) ∈ (π/2,π).

Appendix A

In this appendix we derive inequality (2.10). First, we shall show that, forf ∈W
1,2
0 (R),

‖f ‖L∞ �
√

2
∥∥f ∥∥1/2

L2

∥∥fx∥∥1/2
L2 . (A.1)

To see this, note that

(
f (x)

)2 = (
f (x)

)2 − (
f (−∞)

)2 =
x∫

−∞

d

ds

(
f (s)

)2
ds

= 2

x∫
−∞

f (s)f ′(s) ds � 2‖f ‖L2‖fx‖L2

which establishes (A.1). Now letf ∈ W
1,2
0 (R) be the piecewise linear function such th

f (j) = ξj , j ∈ Z. Then

∥∥f ∥∥2
L2 = 1

3

∞∑
j=−∞

(
ξj ξj+1 + ξ2

j+1 + ξ2
j

)
�

∞∑
j=−∞

ξ2
j

while

∥∥fx∥∥2
L2 =

∞∑
(ξi+1 − ξi)

2.
j=−∞
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atics,

tial

rential
Thus (A.1) becomes

sup
j∈Z

|ξj | �
√

2

( ∞∑
j=−∞

ξ2
j

)1/4( ∞∑
j=−∞

(ξi+1 − ξi)
2

)1/4

so that (2.10) holds.
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