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NONLINEAR WAVES IN NETWORKS OF NEURONS WITH
DELAYED FEEDBACK: PATTERN FORMATION AND
CONTINUATION*
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Abstract. An on-center off-surround network of three identical neurons with delayed feedback is
considered, and the effect of synaptic delay of signal transmission on the pattern formation and global
continuation of nonlinear waves is described. The spontaneous bifurcation of multiple branches of
periodic solutions is discussed, and their spatio-temporal patterns and mode interactions are studied
by using the symmetric bifurcation theory of delay differential equations coupled with representation
theory of standard dihedral groups, Liapunov’s direct method, LaSalle’s invariance principle, a priori
estimates, and differential inequalities.
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1. Introduction. We consider the system of delay differential equations

(1.1)
et = —x;(t) + h(z;(t — 1)) — [g(zj—1(t = 1)) + g(xj41(t — 1)) — 29(x;(t — 1))},

where j = 1,2,3(mod 3),e = 77! > 0,4;(t) = La;(t),h,g € C*(R;R) with h(0) =
9(0) = 0, or, equivalently, we consider

(1.2) @) = —z; () + f2;(t = 7)) = [9(zj1(t = 7)) + 9(2j 41 (E = 7))]

with f=h+2gand 7 =¢"! > 0.

Such a system models the evolution of a network of three identical neurons with
delayed feedback. There are several reasons why we are particularly interested in
such a system. First, if h and g are monotonically increasing, then the network
modeled by (1.2) has the property that the self-feedback is excitatory (positive) and
the feedback from other neurons is inhibitory (negative). This property is called
the on-center off-surround characteristic of a network, and such networks have been
found in a variety of neural structures such as neocortex [1], cerebellum [2], and
hippocampus [3]. The network described by system (1.2) is of the minimal size among
all possible networks with such an on-center off-surround characteristic, and examples
of a network of three neurons include the basic rhythm generating circuits of central
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pattern generators [4, 5] and the canonical cortical circuit proposed in [1, 6]. See also
[7] for the motivation of the study of small neural populations. Second, much progress
has been made for the theory of dynamics (and, in particular, for the local bifurcation
and global continuation of periodic solutions) of scalar delay differential equations (see,
for example, [8, 9, 10]), and it is natural to see how the results and methods for scalar
delay differential equations can be extended to systems of delay differential equations.
Some progress has been made in this direction for a network of two neurons without
self-feedback and with delayed interaction (see, for example, [11, 12, 13, 14]). An
important factor to the progress in [11, 12, 13] is the fact that such a system can be
changed to the so-called unidirectional cyclic system of delay differential equations to
which the recently developed powerful theory of Mallet-Paret and Sell [15, 16] and
the geometric method developed in [17] can be applied. System (1.2), however, is
bidirectional in the sense that the growth rate for the ith cell (component) depends
on the feedback from the (¢ —1)th and (¢ + 1)th cells, and both with a delay. We hope
this detailed case study can provide motivation for a more general geometric theory
for the global dynamics of bidirectional cyclic systems of delay differential equations.
Third, we would like to use this detailed case study to demonstrate how systems
with time delay can be used for coupled oscillators. In particular, we note that, in
the classical work (see [18] for references), for a ring of cells coupled by diffusion
along the sides of a polygon, it was observed that if the coupling is instantaneous,
then Hopf bifurcations occur only when the state of each cell is described by at least
two variables, and our case study here provides an example in which a ring of cells
coupled by delayed nonlinear diffusion exhibits multiple symmetric Hopf bifurcations
even when the state of each cell is described by a single variable.

According to the Cohen—Grossberg—Hopfield convergence theorem [19, 20], under
standard assumptions on the sigmoid signal functions h and g and if 7 = 0, then every
solution of system (1.2) is convergent to the set of equilibria. Such a convergence has
important applications to a number of areas such as content addressable memory and
pattern identification. On the other hand, it was observed in [21] and later confirmed
in a number of papers (see [14, 22, 23] and references therein) that large delay may
cause nonlinear oscillations in the network. Most of these nonlinear oscillations appear
in the form of periodic solutions with certain spatio-temporal structures and, if stable
under small perturbation, may represent memory of the network to be stored and
retrieved. Therefore, it is important to discuss the spatio-temporal patterns of these
periodic solutions and to describe the mode interaction along multiple branches of
such periodic solutions.

Needless to say, this is a very difficult task due to the infinite-dimensional nature
of the problem caused by the synaptic delay and the possible spatial structure of the
system (equivariant with respect to a Dsz-action). Some general theorems are avail-
able about the existence and global continuation of periodic solutions in symmetric
delay differential equations; see [23] for local bifurcation and [24] for global contin-
uation. However, applications of these general results to concrete systems such as
(1.1) involve several highly nontrivial tasks: (i) distribution of zeros in characteristic
equations which are usually transcendental and depend on parameters; (i) symmetry
analysis on certain generalized eigenspaces of the generator of a linearized system and
identification of these spaces with a direct sum of two identical absolute irreducible
representations of Ds; (iii) calculation of the so-called crossing numbers which are
related to the usual transversality condition in a standard Hopf bifurcation theory
(see section 2 for details); (iv) a priori estimation of the period and of the norm of a
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periodic solution.

In this paper, we show the following:

(a) The model equation (1.1) is equivariant with respect to a Ds-action.

(b) There exists a sequence of critical values {7} at which the linearization of
(1.1) at the zero solution has a pair of purely imaginary eigenvalues.

(¢) The generalized eigenspace of the above eigenvalues is four-dimensional and
is the direct sum of two identical absolutely irreducible representations of Dj.

(d) Near each 7, there exist eight branches of periodic solutions, two of which
are phase-locked, three are standing waves, and three are mirror-reflecting
waves.

(e) These bifurcations of periodic solutions exist for all 7 > 75, (global continua-
tion); the branches of mirror-reflecting waves and the branches of phase-locked
oscillations do not coincide, but coincidence of some branches of mirror-
reflecting waves and some branches of standing waves may occur through
periodic doubling.

The local bifurcation and the asymptotic forms of the aforementioned waves will

be described in section 2, and their global continuation will be studied in section 3.

2. The local existence and asymptotic forms of waves. We start by stating
a general result due to [23]. Let C' denote the Banach space of continuous mappings
from [—1,0] into R™ equipped with the supremum norm ||¢|| = sup_;<g4<, |¢()] for
¢ € C. In what follows, if 0 € R, A>0,and z: [0 — 1,0 + A] — R" is a continuous
mapping, then z; € C, t € [0,0 + A], is defined by () = z(t + 0) for -1 < 6 < 0.

Suppose that F : C — R" is C?-smooth with F(0) = 0. Consider the delay
differential equation

(t) = 7F (zy),
where 7 > 0. Let Lp = DF(0)¢ with ¢ € C. It is well known that the linear system
l'(t) = TL(Et

generates a strongly continuous semigroup of linear operators with an infinitesimal
generator A(7). Moreover, the spectrum o(A(7)) of A(7T) consists of eigenvalues which
are solutions of the characteristic equation

det A(T,\) =0, XeC,

where C is the set of all complex numbers, and the characteristic matrix A(7, A) is
given by

A(T,\) = A, — TL(eM 1),

where I,, is the identity matrix on C", e* 2 is the mapping from [—1,0] into C" given
by e*2(0) = e*z for € C" and 0 € [1,0], and L(eM1,) = (L(eMe1), ..., L(eNey))
with (e1, ... ,e,) being the standard basis of R™ and L(e*'e;) the image of e’ e; under
the complexification of the linear mapping L for each j =1,... n.

We assume the following.

(G1) The characteristic matrix is continuously differentiable in 7 € (0, 00), and
there exist 79 € (0,00) and [y > 0 such that (i) A(7p) has eigenvalues +ify; (ii)
the generalized eigenspace, denoted by U, —ig)(A(70)), of these eigenvalues +if3
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consists of only eigenvectors of A(7g) associated with 4ify; (iii) all other eigenvalues
of A(ry) are not integer multiples of +iy.

To state the next assumption that describes the possible (spatial) symmetry of
the system considered, we need to introduce some group-theoretic preliminaries. We
refer to [18, 25] for more details.

In what follows, by a (compact) Lie group I', we mean a closed subgroup of
GL(R™), the group of all invertible linear transformations of the vector space R™ into
itself. Note that the space of n xn matrices may be identified with R"Z, which contains
GL(R™) as an open subset. We say that T" is a closed subgroup of GL(R") if it is a
closed subset of GL(R"™) as well as a subgroup of GL(R™). A specific example of a
Lie group is the special orthogonal group SO(n) that consists of all n x n matrices A
such that AAT = I,, and det A = 1, where A7 is the transpose of A. In particular,
SO(2) consists precisely of the planar rotations

cosf —sinf

Ro = (sin@ cosf > ’
In this way, SO(2) may be identified with the circle group S!, the identification being
Ry — €. Two other Lie groups will be used in this paper. The first is Z,, the
cyclic group of order n. (The order of a finite group is the number of elements that it
contains.) The second is the dihedral group D,, of order 2n that is generated by Z,
together with an element (called the flip) of order 2 that does not communicate with
Z.-

Let V be a topological vector space over the field of complex numbers C or the
field of real numbers R, and let GL(V) be the group of isomorphisms of V' onto
itself. We say that a compact Lie group I' acts on V if there is a continuous mapping
I'xV 3 (y,v) — v-v € V such that (a) for each v € T', the mapping p, : V — V
given by p,(v) = v - v is linear; (b) if 41,72 € T, then 71 - (72 - v) = (7172) - v. The
mapping that sends v € T' to p, € GL(V) is called a representation of I' on V. In
what follows, we shall write yv for v-v forally e I'and v € V.

If T acts on both V and W and if there is a linear isomorphism A : V' — W such
that A(yv) = vy(Av) for all v € V and v € T, then we say the I actions on V and W
are isomorphic, and such a linear isomorphism is called a I'-isomorphism.

Let I" act on V, and let W be a subspace of V. We say that W is I'-invariant if
yw € W for every v € I' and w € W. We thus obtain a I'-action on W called the
restricted action of I on W.

Finally, if T acts on V, we say a linear mapping F' : V — V is I'-equivariant if
F(yv) = vF(v) for all v € ' and v € V. A representation of I' on V' is absolutely
irreducible if the only linear mappings on V' that are I'-equivariant are scalar multiples
of the identity. A T'-invariant subspace W of V is I'-irreducible if the only invariant
subspaces of W are {0} and W. It is known that up to a I'-isomorphism there are
only a finite number of distinct I'-irreducible subspaces, denoted by Uy, ... ,Us. If we
define Wy, as the sum of all I'-irreducible subspaces of V' that are I-isomorphic to Uy,
then V = W; & --- W, and this is called an isotypical decomposition of V. In the
case in which I' = Zy and V = C™ for two fixed positive integers n and N, every
irreducible subspace must be one-dimensional, and the restricted action of I' to any
such irreducible subspace is I'-isomorphic to the I'-action on C defined by p- 2z = p/2
for some nonnegative integer j and for all z € C, where p is the generator of Zy < S*.

With this short introduction to group-theoretic preliminaries, we can now state
the next set of assumptions.
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(G2) There exists a compact Lie group I" acting on R™ such that F is I'-equivariant;
ie., F(y¢) =~vF(¢) for (v,¢) € I'xC, where v¢ € C is given by (v¢)(0) = v¢(0), 0 €
[-1,0].

Note that the real I'-action on R™ can be naturally extended to a I'-action on C™
by

v(u 4 ) = yu + iy, yeTl,u,veR"

This action is called the complexification of the I'-action on R™. In what follows,
we will simply call the complexification of I' on C™ the I'-action on C". Due to the
I-equivariance of F', we can easily show that KerA(r,i0y) is an invariant subspace of
C™ with respect to the complexification of the I'-action on R™. We need the following
assumption.

(G3) There exists a real m-dimensional absolutely irreducible representation of T’
on V such that the restricted action of I' on KerA(7y, i) is isomorphic to the action
of T'on V @V defined by v(v1,v2) = (yv1,yv2) for v € T,v1,v9 € V.

Let {bj1 + ibj2}7"; be a basis for KerA(r,ifp), and for any § > 0 define
sing, cosg € C([—1,0];R) by

sing(0) = sin(86), cosg(f) = cos(80), 6 € [—1,0].
Then the columns of ®,, = (£1,... ,€2,) form a basis for U;g,,—ig,)(A(70)), where

€5 = slg, bjl + COSg,, bjg,

Em4j = €OSg, bj1 — sing, bz, 1< j < m.

It can be shown (see Lemma 2.1 of [23]) that there exist o > 0 and a continuously
differentiable function A : (19 — 8o, 70 + 69) — C such that A\(79) = ifp, A\(7) is an
cigenvalue of A(7), U, ;) xi7y)(A(T)) consists of eigenvectors of A(7) associated with
these eigenvalues, and dim U\, ) 577, (A(7)) = dim Ui,,—ig,) (A(70))-

We will require the following transversality condition.

(G4) LReA(r) |r—ry £ 0.

Let w = 2. Denote by P,, the Banach space of all continuous w-periodic map-

Bo
pings 2 : R — R™. Then I' x S* acts on P, by

) 0 .
(v, e x(t) = ya (t + %w) , (e xS, ze P,

Denote by SP, the subspace of P, consisting of all w-periodic solutions of #(t) =
ToLx:. Then, for each subgroup ¥ < T' x S!, the fixed point set

Fix(X,SP,) ={x € SP,; (v,0)x =z for all (v,0) € &}

is a subspace.
Under assumption (G1), the columns of U(t) = ®,,(0)eB(0) ¢ € R, form a basis

for SP,,, where
0 —Bolm
B = (g o)

Also, SP, is a T’ x Sl-invariant subspace of P,, (see Lemma 2.3 of [23]). We can now
state the general symmetric local Hopf bifurcation theorem (Theorem 2.1 of [23]).
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LEMMA 2.1. Assume that (G1)—(G4) are satisfied and dim Fix(X, SP, ) =2 for
some ¥ < I' x S'. Then, for a chosen basis {61,682} of Fz:r(E SP ), there exist
constants ag > 0, 7§ > 0, o9 > 0, Cl-smooth functions T* R20 — R w*
R2 — (0,00), and a Cl—smooth mapping z* : R2 — C(R;R™), where R2 ={ae€
R%; |a| < ap} and C(R;R™) is the Banach space of all continuous mappings from R
into R™ equipped with the supremum norm such that, for each a € R2 | x*(a) is an
w*(a)-periodic solution of z(t) = 7F(x;) with 7 = 7*(a), and

Yo" (a)(t) = *(a) (t - “’“‘”e) (o) e,

z*(0) =0, w*(0) =w, 7°(0) = 77,
x*(a) = (61,82)a + o(|a]) as |a| — 0.

aop’

Furthermore, for |1 — 10| < 75, |@ — 2—7T| < 09, every w-periodic solution of #(t) =
TF(2y) with ||z,|| < o0, yz(t) = z(t — £6) for (v,0) € £, and t € R must be of the
above type.

We now consider the system (1.1). It arises from

95(8) = =y; () + h(y; (t = 7)) = [9(yj—1(t = 7)) + 9(y+1(¢ = 7)) = 29(y;(t = 7))]

with € = 77! and by the change of variable x;(t) = y;(7t). We will apply Lemma 2.1
to (1.1) with F: C — R? by

(F(9)); = =¢3(0) + h(e;(=1)) = [9(dj-1(=1)) + 9(¢j41(=1)) = 29(¢;(=1))]

for ¢ € C := C([-7,0];R3) and j(mod 3).

PROPOSITION 2.2. Let I' = Dg be the dihedral group of order 2 x 3. Denote by p
the generator of the cyclic subgroup Zs < D3 and by k the flip. Define the action of
T on R? by

(px); = xj11, j(mod3),
2 { (kx)2 = $3a+(1f<«'$)3 = T9, (kz)1 = 71,7 € R3.

Then F is I'-equivariant.
Proof. For ¢ € C' and j(mod 3), we have

(F(p9));

= —(p9);(0) + n((p9);(=1)) = [9((p#)j-1(=1)) + g((pd)j+1(=1)) = 29((p¢);(—1))]
= —¢i11(0) + h(gj41(=1)) = [9(¢;(=1)) 4+ g(dj42(=1)) = 29(d;j41(=1))]

= ((pF)(9));

and
(F (k)1
—(£9)1(0) + A((k9)1(=1)) — [9((r9)s(—1)) + g((k¢)2(—1)) — 29((k¢)1(—1))]
= —01(0) + h(¢1 (1)) — [9(¢2(=1)) + g(¢s(=1)) = 29(d1(=1))]
= ((F)(®))1-

Moreover,

(F(k0))2

—(5¢)2(0) + h((k¢)2(=1)) = [9((kP)1(=1)) + 9((r)3(=1)) — 29((rP)2(—1))]
= —¢3(0) + h(¢3(=1)) = [9(d1(=1)) + g(d2(—1)) — 29(¢3(—1))]
= ((kF)(0))2-
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Similarly, (F(k¢))s = ((kF)(¢))s. This completes the proof. 0
Let

(2.2) v="h0'0),  B=4gY(0).

Then the linearization of (1.1) at = 0 € R3 is

(2.3) 2X5(t) = —X;() + 7 X (¢ — 1) = BIX, 1t — 1)+ X544 (E — 1) — 2X; (¢ — 1],

T

where j = 1,2,3(mod 3). The characteristic equation takes the form

det A(7,A) =0,
where
(2.4) A(T,\) = (A +7)I3 —TMe ™, NeC,
and

Y+28 B —p
(2.5) M= -8 ~y+28 -0
-6 -6 y+20

PROPOSITION 2.3. det A(T,A) = (A +7 —y7e )N+ 7 — (v + 38)Te A%
Proof. Let x = ¢'% and

(26) Vg = (17Xk7X2k)Ta k= 07 17 2.
Clearly, vo = (1,1,1)7 and vy = ;. Let

Cr ={vkz;2€C}, k=0,1,2.

Then
(CS = CO @ (Cl @ (CZ
and
(A(T, N)vg);
A+ 7= (74 28)7e ) (vp); + BN FE 4 e FE) (uy);
[ T —1(y+28)e™> + 2B7cos (237Tk> 6_’\} (vk);
= {)\ +7 - (7 + 4f3sin® (%k)) TB_A} () ;-
That is,

A(Ta )‘)|<Ck
=A+T7-— (’y + 4sin? (gk)) e

AT e if k=0,
Tl AT (v +38)Te™ ifk=1,2.
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This completes the proof. ]

We now make the following assumption.

(H1) |y < 1,7+ 36 > 1.

The critical values of 7 where the characteristic equation has purely imaginary
zeros are described in the following.

PROPOSITION 2.4. Let A(7) denote the infinitesimal generator of the semigroup
generated by system (2.3). Assume that (H1) is satisfied. Define

1
= 2kmw — arccos ————,
o y+38
T = —fBrcot By, k> 1.
Then the following hold.
(i) For every fived 7 > 0, all zeros of A\ + T — yTe™> have negative real parts.
(ii) At (and only at) T = 71, A(7) has purely imaginary eigenvalues. These
eigenvalues are given by £ifBy with By € (2km — 5, 2k™).
(iii) All other eigenvalues of A(ty) are not integer multiples of +i[y.
iv) The generalized eigenspace U5, _;3,\(A(Tk)) consists of eigenvectors of A(T
1Bk, —1Pr)
associated with £i8y only and

Utig,~i8e) (A(Tk) {Zm e wi€Ri=1,. 4} ,

where, for 8 € [—1,0],

(9) (e ) = cos(Br0)Revy — sin(50)Imwy,
€2(0) = Im(e®*%v,) = sin(B1,0)Rev; + cos(0)Imuy,
e3(0) = Re(e%0y) = cos(Br0)Rev;y + sin((0)Imuy,

(©) (e (6x9)

Q)
N
>
Il
j=s]
@D
9]
"~
@
>
>
<
v
~
|
w0
=
=}
—~
@
B
>
S~—
j=s}
@D
<
=
I
Q
@}
w0
@
??‘

Proof. (i) Let A\ = u+iv be a zero of A+7—~7e~*. Then we get v = —y7e Usinv
and u 4+ 7 = yre” *cosv, from which it follows that

Vi = ? + (u+7)%

Consequently, u < 0, for otherwise the left-hand side of the above equality is strictly
less than 72, while the right-hand side is larger than or equal to 72.

To verify (ii)—(iv), let A = iv with v > 0 be a solution of \+7 — (y+38)re™* = 0.
Then

T = (v + 38)7cosv,
—(v + 30)Tsinw.

So

v
tanv = ——,
-

from which it follows that tanv < 0, and hence v ¢ [0, §] 4+ Zm; here Z is the set of
all integers. Therefore, we must have

v = 2km — arccos =0, k>1,

1
v +38
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and
T = *ﬂkCOtﬂk = Tk.

Therefore, A +7 — (v + 33)7e~* = 0 has purely imaginary roots (given by i) if and
only if 7 = 74 for some k > 1.

It is well known that ¢ € C([—1,0];C?) is an eigenvector of A(7;) associated
with the eigenvalue i3y if and only if ¢(f) = ¢¥f2 —1 < § < 0, for some vector
z € C3 such that A(7y,i8,)z = 0 (see, for example, pp. 198 in [9]). From the proof of
Proposition 2.3, we then have v € (v, v2), the complex space spanned by vy and vs.
Similar arguments apply to —ifx. Therefore, the eigenspace of A(7y) associated with
+i3;, is spanned by €%, e vy e~ P09, and e~ "Pk%,. Therefore, this space has
the real basis {e1, €9, €3,€4}. On the other hand, the eigenspace of A(7y) associated
with 0, is of dimension 2 and the algebraic multiplicity of A\ = 8, as a zero of
det A(1, A) = 0 is also 2. So the well-known folk theorem in functional differential
equations (see [26] or Theorem 4.2 in [9]) implies that U, —ig,)(A(7x)) must coincide
with the eigenspace of A(7y) associated with +ify. This completes the proof. 0

PROPOSITION 2.5. Let I' = D3 act on R? by

()= () ()=

Z2 —ZT2 Z2

Then R? is an absolutely irreducible representation of T', and the restricted action of
I on KerA(ry, i) is isomorphic to the action of T' on R? @ R2.

Proof. The proof for the absolute irreducibility of the representation of I' on R?
is straightforward and can be found in, for example, [18]. Clearly,

KerA(7g,i0k) = {(z1 + ix2)v1 + (23 +ix4)ve; x; €Ri=1,...,4}.
Define

J((x1 +iz2)vr + (23 + ixg)v) = (21 + X3, T2 — Tg, To + Ty, T3 — xl)T.
Clearly, J : KerA(7g,i0;) = R* is a linear isomorphism. Note that

pl(z1 + tz2)v1 + (23 + ix4) Vo)

j 2
—iZ

= (11 + iatg)ei%ﬂvl + (x5 +ixg)e Vo

1 \/3 . 1 \/3
(‘le - 2”f2> i (‘f? + 2”“)] v
1 V3 1 V3
(‘29”3 + 2“) i (‘2“ - 29”)1 ve

Kl(x1 +ixe)vy + (23 + ix4)va] = (21 + i22)va + (23 + i24)v7.

and
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Therefore,

J(pl(z1 + iz2)v1 + (23 + iw4)v2))

= (-;(961 +x3) — ?(3?2 — 4), —%(302 —x4) + ?(1‘1 + z3),

T
_ %(332 +x4) — ?(1‘3 — 1), —%(ch —x1) + 73(1‘2 + x4)>

= pJ((z1 + iz2)v1 + (3 + ix4)v2)
and
J(k[(z1 + ix2)v + (x3 + i24)v2])
= (3 + 21,24 — T2, T4 + T2, ¥ — x3)"
= rJ[(x1 +ix2)v1 + (T3 + ix4)V2].
This completes the proof. 0
PROPOSITION 2.6. For each fized k > 1, there exist 6, > 0 and a C'-mapping
Ak (T — Ok, Tk +0k) — C such that \g (1) = 0k and Mg (7)+7— ('y+3ﬂ)7’ef>"€(7) =0
for all T € (1, — bk, Tk + Or). Moreover, %Re)\k(ﬂh:m > 0.
Proof. The existence of 6 and the mapping A follow from the implicit function

theorem. We now substitute A = \x(7) into A +7 — (7 + 33)7e~* = 0, differentiating
the equality with respect to 7, to get

%Re)‘k(T”T:ﬂc
—1+ (y+33)e?*
L+ 7(y+38)e=>
o AT
1+ (A+7)
_ B
m[(1+7)% + 67)

A=iBk, T=Tk

=R

A=if, T=Tk

This completes the proof. 0
Fix k> 1. Let w = %—:, and let P,, be the Banach space of continuous w-periodic

mappings = : R — R3. T' x S! acts on P, by
(v, e)ax(t) =zt +0), e’ e S zecP,,vel.

We will write vz for (v,1)z when v € T and « € P,,. Let SP,, denote the subspace of
P,, consisting of all w-periodic solutions of (2.3) with 7 = 7. Then

SP, = {x1€] + xae5 + x3€; + xq€;; x €Ri=1,...,4},

where
€1 (t) = cos(Bxt)w — sin(Byt)wa,
e5(t) = sin(Bxt)wy + cos(Bit)wa,
€5(t) = cos(Bxt)wy + sin(Byt)wa,
€;(t) = sin(Bgt)wy — cos(Bit)wa,
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T
1 1\" V3 V3
w1: ]‘?77777 b w2: 077777
2 2 2 2

PROPOSITION 2.7. With €] given above, we have

(i) kel = €k, kes = €, kes = €5, kel = €5;

(i) pef = —dei—L2es, pes = —Ses+ L6t pes = —Les+ L€l pei = —Les—Les.

Proof. (i) is obvious from the definition of the action of x in Proposition 2.2. To
prove (ii), we note that

and

1 -1 1 0
R IO I IO I BERVER I
P % - 2 - % 2 2 )
0 § 1 0
P V3 = V3 — @ _1 _ 1 V3
2 e 2 2 2 2
3 = 3
-4 0 2 -
So
\ 1 V3 . V31 1, V3,
per = cos(Bet) [ g ] —sin(Bt) | Srw = quz| = —56 - e,
) 13 V3 o1 | v, o1,
pe; = sin(fit) [ g0 g ue| Feos(fit) | Hrwn = gun) = e - g6,
. 13 . V31 1. V3.,
pes = cos(Byt) l2w1 - 7102 + sin(fyt) 7101 - §w2 = *563 + 764,
V3 (V3 1 V3. 1,
pe; = sin(Bit) [—27111 - 77112 — cos(fBt) 7w1 — §w2 = —763 — 564.

This completes the proof.

Note that, if z is a periodic solution of (1.1), then so is (v,

0

ez for every (v, €’

) €
I'x St If the symmetry of z is ¥, for a bubgroup of ' x S', that is, Zx ={(v,e") €
I' x St (v,e?)x = 2}, then the symmetry of (7, )z is given by (’y, Ny (y,e?) 1,
which is conjugate to ¥,. It is known that the subgroups of D3 x S, up to conjugacy,
that describe the symmetry of periodic solutions of (1.1) which exhibit certain spatial-
temporal patterns are given below (see, for example, p. 368 in [18]):

S = (5, £1)),
SE = ((p, %)),

More specifically, for example, ¥, ., is a group generated by (k,—1) € D3 x S*.

(2,3)
PROPOSITION 2.8.
sz(EZFQ 3y SPw) = {ycos(Brt)w; + zsin(Brt)wi; y,z € R},
sz(E P,) = {ycos(Brt)ws + zsin(Brt)we; y,z € R},
Fiz(¥,, ) = {yel + z¢5;  y,z € R},
Fiz(X7, = {ye; + ze;; y,z € R},
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Proof. First, x € Fiz(X SP,) if and only if kx = z. However, for x =

+

(2,3)7
4 *

> i1 Ti€), we have

KT = X1€5 + To€) + T3€] + T4€5.

Therefore, € Fiz(X], (2,3)"
Fiz(SH (2,3 S P ) is spanned by €} + € and €} + €.

Second, = € Fz:c(Z(_23 SP,) if and only if kx(t) = 2(t + %) for t € R. Let

T = Zf 1 zi€;. Then, as cos(Brt+6r %) = —cos(Bit) and sin(By t+ 0k Yy ) = —sin(Bxt),
we get el (t + 2) = —¢;(t), and thus z(t + %) = —24 L zi€;. This implies that
SP,)

SP,) if and only if 1 = x5 and 29 = 4. This shows that

kx(t) = z(t 4+ %) if and only if 1 = —x3 and o = —x4. Therefore, Fiz(X (2,3)°

is spanned by €] — €5 and €5 — €}.
. 4
Third, for x =, €], we have

pT = 2961 2 ~ 3 T2 | €2
1 \/§ 1 ;
+ <—2$3 - 7 ) + ( 5 7 2$4> €y-
On the other hand, we have

cos (Bk (t + %)) = cos <6kt + 2;) = —%cos(ﬂkt) F ?sin(ﬁkt),

sin (/Bk (t + %)) = sin <ﬂkt + 2;) = i?cos(ﬁkt) - %Sin(ﬂkt).

This, together with the expression of each € and x = 24 1 %65, leads to
T (t + %)

= (—;xl + ?a@) €1+ ( 3 )

(e B (B

Thus z € Fiz(Epi, SF,), i.e., px(t + %) = x(t), if and only if

)

1 \/g 1 \/§
Tty T T
\/§ 1 \/g 1
B Rt e R
1 V3 1 V3
- §$3 9 Ty = *5933 + o Ty,

V3 I i\/3 1
o ¥ g = Ry ws T
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That is, pz(t) = z(t + %) if and only if x3 = x4 = 0, and px(t) = (t — %) if and only
if z1 = w3 = 0. Therefore, Fix(X,, SP,) is spanned by ¢} and €5, and Fiz(X],SP,)
is spanned by €3 and €}. This completes the proof. 1]
We can now apply Lemma 2.1 to obtain the following main result of this section.
THEOREM 2.9. Assume that (H1) is satisfied. Then, near 7 = 1, for each k > 1,
system (1.1) has eight distinct branches of periodic solutions bifurcated from the trivial
solution x = 0. More precisely, we have the following.

(i)

(ii)

There ezist €' > 0 and 6" > 0 such that, for each 0 € [0,27],a € (0,€(")
system (1.1) with 7 = 1 + 7™ (v, 8) has a periodic solution ™ = ™ (t; a, 6)
with period w™(a, 8) such that

zy' (8 o, 0) = 3" (; 0, 0),

L 1) 4 oflal) asa—0
-z 0.

5 3 o(lal]) as «

The mapping (x™, 7™, w™) : (0,e™)x[0,27] — C(R; R3)xRxR is C1-smooth,
and

™ (t; a, 0) = acos(Brt + 6) (1, -

w™(0,0) = 21, 7(0,60) = 0.
Bre

Furthermore, if |7 — 1| < 63" and |w — %—:\ < 6", then every w-periodic
solution of (1.1) satisfying x2(t) = x3(t) and sup,cp |z(t)] < 65* must be
given by ™ (t; v, 0) for some a € (0,¢€f") and 0 € [0,2m). Similar results hold
when we replace (2,3) by (1,2) or (1,3).

There exist € > 0 and 6§ > 0 such that, for each 6 € [0,27],« € (0,€5),
system (1.1) with 7 = 7, + 7°(,0) has a periodic solution x° = x*(t; o, 0)
with period w® = w*(«,0) such that

i) =t (1= %5 ) as0) =ai (15 ) a3 = (e ),
T
z°(t; o, 0) = acos(Byt + 0) (Q—é?—ég) + o(|a]) as a — 0.

The mapping (x°,7°5,w°) : (0,€5) x [0,27] — C(R;R?) x R x R is C''-smooth,
and

2
w(0,0) = ==, 75(0,6) = 0.

Bre
Furthermore, if |7 — 71| < 8§ and |w— %—:\ < b5, then every w-periodic solution
of (1.1) satisfying x1(t) = z1(t — %), 22(t) = z3(t — %), and sup,eg |2(t)] < &
must be given by x*(t; o, 0) for some o € (0,¢§) and 0 € [0,27). Similar
results hold when we replace (1,2,3) by (2,1,3) or (3,2,1).
There exist €2 > 0 and 8¢ > 0 such that, for each 0 € [0,27],a € (0,€d),
system (1.1) with 7 = 71, + 7%(,0) has a periodic solution x¢ = x(t; , 0)
with period w? = w(a, ) such that

d d

zd(t) = 4 (t:t u;) ,xd(t) = 24 <t:|: u;)) ,

T
2l (t;0,0) = a <cos(ﬂkt + 6), cos <ﬂkt +0F 2;) ,COS <ﬂkt +0F 4;)) + o(|a])
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as a — 0. The mapping (x4, 7% w?) : (0,€d) x [0,27] — C(R;R3) x R x R is
Ct-smooth, and
27

d _ar d _
u)((),@)fﬁk7 74(0,6) = 0.

Furthermore, if |7 — 7| < 63 and |w— %—:| < 68, then every w-periodic solution
of (1.1) satisfying x1(t) = x2(t£ %), 2(t) = x3(t£ %), and sup,cp |z(t)| < 68
must be given by x¢(t;,0) for some a € (0,€d) and 6 € [0,27). Similar
results hold when we replace (1,2,3) by (2,1,3) or (3,2,1).

We call periodic solutions in (i)—(iii) mirror-reflecting waves, standing waves, and
discrete waves, respectively. Note that Theorem 2.9 does not rule out the case in
which 7!(a,0) < 0 (I = m,s,d). In next section, we will use the global bifurcation
theory to rule out this case. In fact, we will show that all eight branches of waves are
supercritical and global; i.e., all eight branches of waves exist for 7 > 7.

3. Global continuation of waves. We will need a general global symmetric
Hopf bifurcation theorem developed in [24]. Namely, we consider the one-parameter
family of retarded functional differential equations

(3.1) (t) = 7F(xy),

where x € R", 7 € (0,00), and F' : C([—7,0];R™) — R" is continuously differentiable
and completely continuous. Furthermore, we assume the following.

(A1) T := Zy for some integer N acts on R” and F : C' — R" is I'-equivariant.

(A2) For every g € M' := {x € R";yz = z for vy € T, F(%) = 0}, where & € C
is the constant mapping with the constant value x € R™, det Dﬁ(xo) #£ 0, where F
is the C! mapping from R" into R", induced by F according to F(:c) = F(z) for
xz e R”.

(A3) For every 79 > 0 and o € M' such that the generator A(rg, o) of the
linearized system of (3.1) with 7 = 79 at © = xy has a pair of purely imaginary
eigenvalues +ify, there exist positive constants b,¢, and ¢ such that (i) the only
possible eigenvalue u + v of A(7g,z0) with (u,v) € 9Q is ify, where Q := (0,b) x
(Bo — ¢, Bo + ¢); (ii) for (7,8) € [10 — 6,70 + 6] X [Bo — ¢, Bo + ¢], i3 is an eigenvalue of
A(1,z) if and only if 7 = 79, 8 = [So.

(Ad) M* = {(1,z,3) € (0,00) x M' x (0,00); £if3 are eigenvalues of A(r,x)} is
a discrete set.

Note that the action of I' on R™ induces an action on C® = R" +¢R"”, with respect
to which we have the isotypical decomposition

C =CiaCle--0Cla- -,

where C7,j > 0, is the direct sum of all one-dimensional I'-irreducible subspaces V' of
C™ such that the restricted action I' on V is isomorphic to the I'-action on C defined
by p -z = plz for the generator p € Zy < S' and for z € C. Let

(3.2) Ay (T, 0) i= AL, — TD4F (7o) (e I,)

for 7 > 0,290 € M', and )\ € C. By assumption (A1), we have A, (7, AC} C C} for
4 >0 and for A € C. Put

(3.3) Auog (1. N) = Dgy (7, Vley, G2 0.
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Clearly, A, (7, A) is analytic in A € C and continuous in 7 > 0. So, under assumption
(A3), we may assume that det Ay (7o £ 6,u + iv) # 0 for (u,v) € 0§ Therefore,
det Az, (10 £6,u+1iv) # 0 for (u,v) € 0N and for j > 0. Consequently, the following
integers are well defined:

(3.4)  c¢j(xo,70,00) = degp(det Ay, (10 — 6,-), Q) — degg(det Ay, (10 + 6, ), ),
where degp is the Brouwer degree. Let
(3.5) e(zo) = (=1)"signdet DF (o).

We have the following global symmetric Hopf bifurcation theorem due to [24].

LEMMA 3.1. Assume that (Al)—(A4) are satisfied and c;(xo, 0, Bo) # 0 for some
integer j > 0 and some (7o, o, fo) € (0,00) x M" x (0,00). Let S; denote the closure
in [0,00) x C(R;R™) x [0,00) of the set of all (7, z,3) € [0,00) x C(R;R™) x R\ M*
such that x(t) = z(%t) is a 2?’T—periodic solution of (3.1) with px(t) = x(t — %”%)
fort € R. Then S; # 0, and, for every bounded connected component E; of S;,
(I x SYE; N M* is finite and

(3.6) > e(z)c;(z, 7, B) = 0;

(rx,B)e(T'x ST E;NM*

here a set E C (0,00) x C(R;R™) x (0,00) is bounded if

sup {1 + 7+ 1 + B +suplz(t)]; (r,z,08) € E} < o0.
T B teR

We now begin to apply the above result to discuss the global continuation of wave
solutions of system (1.1). We need the following assumptions.

(H2) sup,ep [7'(y)] < 1.

(H3) ¢'(x) > 0 for all x € R.

PROPOSITION 3.2. Assume that (H1)—(H3) are satisfied. Then system (1.1) has
no nonconstant 1-periodic solution.

Proof. By way of contradiction, let  be a nonconstant periodic solution of system
(1.1) with z;(t) = z;(t — 1) for all t € R and i = 1,2,3. Then we obtain a system of
ordinary differential equations

@1(t) = —21(t) + h(z1(t) + 29(x1(t)) — g(z2(t)) — g(2s(t)),
—xo(t) + h(za(t)) + 29(z2(t)) — g(z1(t) — g(3()),
23(t) = —w3(t) + h(w3(t)) +29(w3(t)) — g(w2(t)) — gl (1))

Note that the above equation is exactly the model equation for the Hopfield net [20]
of three identical neurons with self-feedback, and thus

(3.7)

R
[N~}
—~
~
S~—"
I

V(Q?l,l'g,l'g)
1 5.
S iDL ORI By M ETICIETE
1<i<;<3 =10
= g(w1)g(z2) + g(w2)g(x3) + g(23)g(x1)
— g% (1) — g*(x2) — g*(w3)

+ /03Cl [s — h(s)]g/(s)ds + /0352 [s — h(s)|g/(s)ds + /0963 [s — h(s)]g!(s)ds
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is the so-called energy function. For such an energy function, we have

V(l5) (w1, 22, 23)

= g/(w1)d1[g(z2) + g(23) — 29(21) + 21 — h(71)]
+ g/(x2)i2[g(21) + g(x3) — 29(22) + 22 — h(22)]
+ g/(x3)i3g(x1) + g(w2) — 29(w3) + 3 — h(x3)]

3
= _ng/(mi)(fti)2 <0
i=1

and

‘7(15) (z1,22,23) = 0 if and only if 1 = &9 = &3 = 0.

851

The LaSalle invariance principle [27] then implies that every solution of (3.6) converges
to an equilibrium as ¢ — oo. In particular, every 1-periodic solution of (1.1) must be

constant. This completes the proof. a

PROPOSITION 3.3. Under assumptions (H1)—(H3), system (1.1) has no noncon-

stant 2-periodic solution.

Proof. Assume that z(t) is a 2-periodic solution. Let x4(t) = x1(t — 1), z5(t) =

xo(t — 1), and z¢(t) = 23(t — 1). Then we obtain

ex1 = —x1 + h(zg) — g(x5) — g(36) + 29(74),
ety = —x9 + h(zs) — g(24) — g(w6) + 29(25),
€tz = —x3 + h(ze) — g(24) — g(w5) + 29(26),
€ty = —x4 + h(z1) — g(22) — 9(23) + 29(21),
et = —x5 + h(z2) — g(z1) — g(a3) + 29(22),
€t¢ = —x6¢ + h(z3) — g(w1) — g(x2) + 29(73).
Then
1[ml —z4]t = —[z1 — 24] + [M(z4) — h(21)]

Let DT denote the upper right Dini derivative; then

+ |g(z2) — g(x5)| + |9(z3) — g(we)l,
1

+ lg(z1) — g(xa)| + |9(3) — g(w6)],

+ lg(w1) — g(xa)| + |g(z2) — g(xs5)]-

+ [9(z1) — g(x4) + g(22) — g(25) — 2(9(23) — g(x6))]-
%Dﬂfﬂl —xy| < —|xy — x4| — 2|g(21) — g(xa)| + |h(z1) — h(zs)]
;D+|$2 — 5| < —[wy — x5| — 2[g(x2) — g(w5)| + [h(z2) — h(z5)]

1
;D+|x3 — x6| < —|wz — x| — 2|g(ws) — g(we)| + |h(x3) — h(ze)|
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Therefore,

1
;D+[‘x1 — x| + |22 — x5| + |3 — 6]
< —[ley — za] + 2o — @5] + |23 — 26]]

+ |h(z1) = h(za)| + |P(z2) — h(xs)| + [h(23) — h(ze)]

< — [1 — zug |h/(0)|] [lz1 — 24| + |72 — 25| + |23 — 6] ]
€

This implies that
|z1(t) — z4(t)| + |22(t) — 25(t)| + |23(t) — 26(t)] = 0 ast — oo.

Therefore, for a 2-periodic solution x of (1), we must have z1(t) = z1(t — 1), z2(t) =
2o(t — 1), and x3(t) = x3(t — 1). So Proposition 3.2 can be applied to conclude that
x must be constant. This completes the proof. 0

It remains to obtain a priori bounds for the norm of periodic solutions of (1.1).
We need the following assumption.

(H4) sup,er[[h(y)] + [9(y)]] < oo

PROPOSITION 3.4. Assume (H1)—(H4) are satisfied. Then there exists M =
M(h,g) > 0 such that |z1(t)| + |z2(t)| + |z3(t)] < M for all t € R and for every
periodic solution x of (1.1).

Proof. Let t* € Rand j € {1,2,3} be given so that |z;(t*)| = max;cr maxi<;<3 |z;(t)|.

Then &;(t*) = 0. That is,

zj(t7) = h(z; (" = 1)) = [g(zj 1 (" = 1)) + g(2j1 (&7 = 1)) = 29(z; (" = 1))},

from which it follows that

25(°)] < sup (y)] + 4suplg(y)] = - < oc.
yER yeR
This completes the proof. 1]

We now apply Lemma 3.1 to investigate the global continuation of standing,
mirror-reflecting, and discrete waves.

First, note that near 7 = 73 system (1.1) has two bifurcations of discrete waves
satisfying x;_1(t) = x;(t + %), where w is a period. To look at the global continuation
of such local bifurcations, we regard system (1.1) as a functional differential equation
equivariant with respect to the action of I' = Z3, where the action is the cyclic
permutation. We have

M"Y = {2 € R} vz =z for y € T, F(z) = 0}
={r e R*z; =2y =23 and 7, = h(x;)} = {0}

under assumption (H2). Clearly, (A1) and (A2) are satisfied.
Under assumption (H1), the discussions in the last section show that

M* = {(Tknou/@k); k Z 1}

Therefore, M* is discrete in R3.
Using Proposition 2.4 (ii), for a fixed integer k, we can choose positive constants
b, ¢, and 6 so that the only possible eigenvalue u + iv of A(7g) with (u,v) € 9 is iF,
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where Q = (0,0) x (Bx — ¢, Bk +¢), and if (7, 3) € [1x — 6, 7, + 8] X [Bk — ¢, Bk + ], then
i3 is an eigenvalue of A(7) if and only if 7 = 7, and 8 = Si. Then, using Proposition
2.4 (i), we can conclude that the analytic function p,()\) := A+7 —y7e~> has no zero

in Q for 7 = 7, £ 6. Also, by Propositions 2.4 and 2.6, the above b, ¢, and 6 can be
chosen so that, for the analytic function

G N)=A+7—(v+ 3ﬁ)T€7A7

we have that g,, _s has no zero in Q, while ¢, 44 has exactly one zero in Q, and this
zero is simple and is in the interior of 2. Therefore,

degB(Qka& Q) =0,
and
degB(Q‘rkthSaQ) =1

With respect to the complexification of the above (I' = Z3)-action in R?, we have
the isotypical decomposition

CC=CloCiaCs,

where

We have shown that

Ao,j = Do(T, Az = AT, A)|es

[ AtT—qre™ ifj=0,
Tl AT (y+38)reNif j=1,2.

Therefore, from the above discussions, we get

co(0, 71, Br) = degp(pr,—s,2) — degp(pr,+5,Q2) =0,
and, for j = 1,2,

¢;(0, 7y, Br) = degp(qr,—s,2) — degp(gr,+5,§) = —1.

Let S;,j = 1,2, denote the closure in [0,00) x C(R;R?) x [0, 00) of the set of all
triples (7,2, 08) ¢ M* such that z(t) := z(%t) is a %”—periodic solution of (1.1) with
Tpt1(t) = zx(t— %’r%) for t € R and k = 1,2,3(mod 3). Then Lemma 3.1 implies that
S; must have a nonempty connected component E; passing through (73,0, 8;), and
this component must be unbounded in the sense that

1 1
sup T+ —+ B+ = +suplz(t)| p = o0,
(1,2,8)€E; T B ter

for otherwise, the summation (3.6) must hold, and this is clearly impossible as ¢; (0, 7%, B)
has the same sign for all positive integers k.
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The projection of F; onto the space C(R;R?) is bounded due to Proposition 3.4.
Near 7, (ii) of Proposition 2.4 shows that, for (7, z, 5) € E;, we have

16} 2km’ 2km — & k’k—% k'3 k')
On the other hand, Propositions 3.2 and 3.3 imply that the projection of E; onto the

[-plane can never reach the lines %’T = + (note that (1.1) has no ¢-periodic solution

as it does not have a 1-periodic solution) and %” = 2. Therefore, the projection of E;
onto the (-plane always satisfies 7 < 8 < 2kmr.

On the other hand, the result of [28] shows that there exists a* > 0 such that
any period p of a periodic solution of (1.2) must satisfy p > a*. Consequently, for
(1,2,0) € Ej, we must have T%’r > «*. That is, 7 > 52% > 0‘7* for every 7 € I, the
projection of E; onto the 7-axis which must be an interval. Therefore, I must be
unbounded from above. Clearly, I contains 7. This proves the following.

THEOREM 3.5. For each T > 71, system (1.1) always has two discrete waves
satisfying vj1(t) = x;(t £ §) for t € R and j(mod 3), where w is a period of x(t)
and % <w < 2.

Let us now consider the global continuation of mirror-reflecting waves and stand-
ing waves. For this purpose, we consider (1.1) as a functional differential equation
equivariant with respect to the action of I' = Z, on R? defined by

xr1 x1
plT2] =123 ), xiGRai:17273322:<p>'
T3 )

In this case,
M" = {z €R®  xy =32 = h(w;) — g(wi1) — g(xip1) + 29(2),i(mod 3)}.

The structure of M is explicitly described in the following proposition under the
following assumption.

(H5) yh"(y) < 0 and yg" (y) < 0 for y # 0.

PROPOSITION 3.6. Under (H1)—(H5), the system of equations

(3.8) zi = h(x;) — g(xi-1) — g(@it1) +29(x;), i(mod3),
and
(39) To = I3

for x = (w1, w2, 23)T has exactly three solutions. They are
0,0,00", (",yt 9D, Gy
where yT > 0,y~ < 0,27 > 0,2~ <0 are the unique solutions of

£ _ () = uE
a1 (Lohme

and ut >0 and u~ < 0 are the unique positive and negative solutions of

(3.11) u+ g[G™H(—2u)] — g[G (u)] =0
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with G : R — R being given by the equation
(3.12) GO)=0—-h(0), HecR.
In other words,

M"Y ={(0,0,0)", (=7, 5,y ") 2y Ty )T

Proof. Under assumption (H2), G : R — R defined by (3.12) is an increasing
function. Define

(3.13) u=G(y), v=G(z).

(3.14) u=g[G™ (u)] - g[G(v)]
and
(3.15) v = —2u.

In other words, (u,v) is given by v = —2u and u = g[G~"(u)] — g[G~(—2u)]. Let
H(u) = u+g[G (—2u)] — g[G (u)], uweR.

Then

Note that

H'(u) =1+ ¢'[G7H(=2u)|(G™Y) (—2u)(-2
=1-2¢'[G7"(—2u))(G™!

Therefore,

29'[G N (=2u)]  ¢[G"'(u)]
1-W[G—2u)] 1-WG ()]

H(u)=1-

In particular, with A’(0) = v and ¢’(0) = 8 and under assumption (H1), we have

26 B _1-(1+30)

H'(0)=1- -
0) 11—y 1-—v 1—7

< 0.

Therefore, there must be u* > 0 and u~ < 0 such that H(u*) = 0.
It remains to show that there exists no other nonzero zero of H. By way of
contradiction, if there exists u* > 0 (the case in which u* < 0 can be dealt with



Downloaded 01/21/16 to 130.63.174.89. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journal s/ojsa.php

856 LIHONG HUANG AND JIANHONG WU

similarly) such that H(u*) = 0 and u* # u*, then there must be 6 > 0 so that
H"(0) = 0. However, we have

H"(u) = =2¢"[G7 (-2u)][(GT1)' (-2u)]*(-2)
—2¢'[G7H(-2uw)](G™1)" (~2u)(-2)
—g"[GTH WG W) = ¢'[GT WG (w)
= 4¢"[GTH(=2w)][(GTV)(=2u)* + 4¢'[G™ (—2u)](G™")" (~2u)
—g"[GT (G (W) = ¢[GTH W)](G™) " (w).

Under assumption (H5), for u > 0 we have

g"IG7H(=2w)] >0, ¢"[GTH(uw)] <0.
Therefore, H” (u) > 0 if we can show that
(3.16) (G™1"(=2u) > 0 and (G™)"(u) < 0 for u > 0.
The above holds by using (H5) since

Sty = PG @) (G ()
(G ) ( )* [1 —h’(G_l(u))]Q

has the opposite sign from wu. (Recall that G~!(u) has the same sign as u.)

This completes the proof. 0

To verify (A2) and (A4) in the case in which I' = Z, we need the following
condition.

(H6) h'(a) > 0,1 () + 3¢’ (a) < 1, where a = y*, 2*.

The linearization of (1.1) at (z*,y*,y*) with 2* = 2T, y* = y* takes the form

LX0(1) = — Xa(0) + B ()Xt~ 1)
— [0 (") Xa(t — 1) + ¢'(y*) X3(t — 1) — 29/ (2") X1 (t — 1)),

LXo(t) =~ Xlt) + W4 (") Xalt — 1)
[0 W)Xt~ 1) + ¢ ()Xt~ 1) — 29/ (7)ot — 1),

Z X (1) = = Xa(t) + B (y") Xolt — 1)

— [/ (z")X1(t = 1)+ ¢'(y") Xa(t — 1) — 29/ (y") X3(t — 1)],

and the characteristic matrix becomes

A(z* Ut ) (1, \)
A g (y*)e ™ T (y*)e
= 7¢'(z*)e™? B g (y e ™ |,
)

where



Downloaded 01/21/16 to 130.63.174.89. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journal s/ojsa.php

NONLINEAR WAVES IN NETWORKS OF NEURONS 857

The isotypical decomposition of C? with respect to the above I = Z; action is

C’ =G Cy,
where
Cy ={(z,y,y9)"; 2,y € C},
C3 = {(0,2,—2)T;2 € C}.
Therefore,
Secaran(eiles = (7 VT G )
and

Ay (T Moy = A+ 7 = 7[H (") + 39" (y"))e ™7

It is already shown in the proof of Proposition 2.4 (i) that, under assumption (H6),
every zero of A« y« +)(7, A) |C? has negative real part. Note that A« y« (T, ) |Cg is
the characteristic matrix for the following linear system of delay differential equations:

(3.17) {

Let V(uy,u2) = max{|ui|,|uz|}. For a given solution of (3.17), if at some t > 0 we
have V(up(t — 1),uz(t — 1)) < V(uy(t), ua(t)) = |ui(t)|, then

<
—_
—
~
~

Il

—ur(t) + [M (") + 29 (2")]ua (t = 1) — ¢'(z")ua(t — 1),
—uz(t) + [ (y") + ¢'(y")]ua(t = 1) = 29" (y"Jua (t = 1).

Q==
<
[v)
—~
~
I

lur ()] + [B(27) + 29" (2")]Jua (t = 1)] + ¢ (") Jua(t = 1)]
—lur ()] + [2'(z7) + 39" (z7)][ua (1)
= —[1=1'(z") =3¢’V (ua(t), uz(t))-

Similarly, for a given solution of (3.17), if at some ¢ > 0 we have V (uq (t—1), ua(t—1)) <
V(ur(t), ua(t)) = lus (1), then

%Dﬂ/(m(t%w(t)) < —[1=0'(y") = 3¢"(y)V (ua(t), uz(t))-

Therefore, using assumption (H6) and the Razumikhin-type LaSalle invariance princi-
ple in [27, 29], we can conclude that all solutions of (3.17) converge to zero as t — oo.
This shows that all zeros of detA(« - ) (7, )\)|(Cg have negative real parts. In partic-
ular, detA(. - y+)(7,0)[cz # 0, and this determinant is exactly the determinant of
the derivative of the corresponding F' at (z*,y*,y*). This shows that (A2) is satisfied
and that (A3) is trivial.

Therefore, even in the case in which I' = Z5, we have

M* = {(Tkaoaﬂk); k Z 1}

Thus M* is discrete and (A4) holds. Using similar arguments as for Theorem 3.5, we
can get the following theorems.
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THEOREM 3.7. For each 7 > 7,k > 1, system (1.1) has one standing wave
satisfying x1(t) = x1(t — %) and x2(t) = x3(t — §) for t € R, where w is a period of
x and % <w < 2.

THEOREM 3.8. For each T > T,k > 1, system (1.1) has one mirror-reflecting
wave satisfying x2(t) = x3(t) and x;(t) = z;(t + w) for t € R;i = 1,2,3, where
% <w < 2.

Remark 1. Due to the D3-symmetry, Theorems 3.5-3.8 in fact imply the existence
of three standing waves, three mirror-reflecting waves, and two discrete waves for each
7 > 71.. Note also that

T <To < T3 <-:--.

The above results establish the existence of 3k standing waves, 3k mirror-reflecting
waves, and 2k discrete waves. It should be mentioned that, in the above theorems,
w is not necessarily the minimal period, and several branches of waves may coincide
at some values of 7. In terms of the following five remarks, we can claim that for
T > 71, system (1.1) has three orbits of waves—one orbit of discrete waves, one
orbit of standing waves, and one orbit of mirror-reflecting waves—and only the last
two orbits may coincide through the mechanism of periodic doubling. Discounting
the above possible coincidence, system (1.1) has at least five wave solutions for each
T>T1.

Remark 2. A branch of nontrivial discrete waves and a branch of mirror-reflecting
waves cannot coincide at any value of 7, for otherwise there exists a nontrivial w-
periodic solution z of (1.1) such that x;(t) = x; 1 (t£%) for i(mod 3) and z;(t) = xx(t)
for some j # k. For simplicity, let x2(t) = 23(t). Then z3(t) = x3(t = %) implies
that ¢ is also a period of zp = 3, and thus x1(t) = x2(t £ ) = x2(t)(= 23(t)). So
x must be spatially homogeneous. As sup,cp |h/(x)] < 1 implies that y = 0 is the
global attractor of the scalar equation y'(t) = —y(t) + h(y(t — 7)) for any 7 > 0 (see,
for example, [16]), we have z = 0, which is a contradiction.

Remark 3. A branch of nontrivial discrete waves and a branch of standing waves
cannot coincide at any value of 7, for otherwise there exists a nontrivial w-periodic
solution z of (1.1) such that z;(t) = ;1 (t £ %) for i(mod 3) and, say, x1(t) = z1(t +
2),w2(t) = x3(t + %). Then zo(t) = x3(t + %) = w3(t + %). (The other case in which
r2(t) = x3(t— %) can be dealt similarly.) Therefore, ¥ is also a period of 23 (and thus
x3). Consequently, z5(t) = 23(t + %) = 23(t) and 21(t) = z2(t + &) = z2(t) = x3(1).
Again, x must be spatially homogeneous, and thus x = 0, which is a contradiction.

Remark 4. A branch of nontrivial discrete waves of the form z;(t) = ;1 (t — %)
and a branch of discrete waves of the form x;(t) = z;_1(t+ %) for i(mod 3) and t € R
cannot coincide at any value of 7. Again, this can be verified by way of contradiction.
Namely, if there is a discrete wave satisfying simultaneously z;(t) = z;_1(t + &) =
z;—1(t — %) for i(mod 3), then 22 and w are periods of z, and so is %. This, together
with 2;(t) = x;_1(t — %), implies that x is spatially homogeneous, and thus x = 0,
which is a contradiction.

Remark 5. As no nontrivial spatially homogeneous periodic solution exists, it is
clear that a branch of nontrivial mirror-reflecting waves satisfying z;(t) = x;(t) for
some ¢ # j and a branch of mirror-reflecting waves satisfying x;(t) = x,,(¢) for some
I # m cannot coincide at any value of 7 if (4,5) # (I,m). Similarly, a branch of
nontrivial standing waves with z;(t) = z;(t + %), z;(t) = 2x(t + %) for i # j # k and
a branch of nontrivial standing waves with s (t) = z;«(t + %), 2+ (t) = 23 (t + %)
for i* # j* # k* cannot coincide at any value of 7 if (i, j, k) # (¢*, j*, k*).
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Remark 6. Unfortunately, the above arguments cannot be extended to rule out

the possibility of the coincidence of a branch of nontrivial w-periodic mirror-reflecting
waves with x;(t) = x;(t) for some ¢ # j and a branch of w-periodic standing waves
with z;(t) = x;(t + &) for some i # j. In fact, such a coincidence may occur at some
value of 7 where periodic doubling happens: x;(t) = z;(t + %),i(mod 3),¢ € R.
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