Nonlinear
Analysis

Real World Applications

PERGAMON Nonlinear Analysis: Real World Applications 4 (2003) 173188 _
www.elsevier.com/locate/na

Travelling wavefronts of scalar reaction—diffusion
equations with and without delays™

K.Q. Lan!, J.H. Wu*

Department of Mathematics and Statistics, York University, Toronto, Ont., Canada M3J 1P3

Received 14 April 2001; accepted 15 November 2001

Abstract

This paper deals with the existence of travelling wavefronts for scalar nonlinear reaction—
diffusion equations with and without delays in one-dimensional space. New iterative techniques
for a class of integral operators of Hammerstein type are established and applied to tackle the
existence of travelling wavefronts in a unified way. Our results without delays only require the
functions involved to be continuous and satisfy a suitable monotonicity condition. Our results
with multiple delays employ the usual C'-assumption but generalize the well-known results.
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1. Introduction

The scalar nonlinear reaction—diffusion equation of the form
Pu(t,x)  Ou(t,x)
— D =
0Ox2 + ot
has been widely used to model the propagation phenomena which appear in biology,
chemistry and physics. For example, the Fisher equation, where f(u) = ku(l — u),

Sfu(t,x)), t=0, xeR (1.1)
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was proposed by Fisher [11] to model the advance of a mutant gene in an infi-
nite one-dimensional habitat. Eq. (1.1) with f(u) = ku?(1 — u?) is also used in the
density-dependent diffusion—reaction models, see [24, Section 11.4]. Eq. (1.1) also
arises in logistic population growth models [24], autocatalytic chemical reaction [2,10],
branching Brownian motion processes [5], neurophysiology [32] and nuclear reactor
theory [8]. Recently, some generalizations of Eq. (1.1) are also used as mathematical
models for tumor encapsulation [26,30].

The existence of travelling wavefronts for Eq. (1.1) has been widely studied by
using phase-plane techniques, for example, in [2,7,9,34], where f is continuously dif-
ferentiable. Berestycki and Nirenberg [4] obtained results on the existence of travelling
wavefronts even for multidimensional problems, where f is Lipschitz continuous and
satisfies some other conditions. There are also results on a system of reaction—diffusion
equations (see [12,34,36]).

On the other hand, Schaaf [29] studied the existence of travelling wavefronts for the
reaction—diffusion equations with single delay of the form

2
_ ubx) | OubX) et — ), 130, xeR (12)
0x? ot
The main tool is the sub- and supersolution technique due to Atkinson and Reuter
[3]. Zou and Wu [35] studied the existence of travelling wavefronts for a system of
reaction—diffusion equations with single delay, where the well-known monotone itera-
tion techniques for elliptic systems with advanced arguments [21,25] are used.

In this paper, we study the existence of travelling wavefronts for Eq. (1.1) and for

the following reaction—diffusion equations with multiple delays:

Pu(t,x)  Ou(t,x)
0x? ot

For Eq. (1.1), we only require f to be continuous and satisfy a suitable monotonicity
condition. For Eq. (1.3), the usual C'-assumption together with other conditions are
imposed on F, but these conditions are weaker than those used in [29] even when
n=2. Mallet—Paret [22,23] studied the existence of travelling wavefronts for Eq. (1.3)
with D =0 and r; € R. Some lattice differential equations can be changed into such
equations.

The main idea is to change the problems on travelling waves for both Egs. (1.1)
and (1.3) into a fixed point problem for a Hammerstein integral operator of the form

—-D

=F(u(t,x),u(t — ry,x),...,u(t — ry,x)). (1.3)

z(t) = /jo k(t,s)(Fz)(s)+ yz(s))ds = 4Az(t), teR, (1.4)

where % :[u,v] C BC(R) — L is a suitable map. (The symbols and the precise
definitions of concepts mentioned in the Introduction will be given later in this paper.)
A similar idea was first used by Zou and Wu [36]. In applications, % is defined by
f or F. We establish a new iterative technique for the map 4, which can be used to
treat the existence of travelling waves for Egs. (1.1) and (1.3) in a unified way. The
main difficulty in establishing the theory is that the map 4 may not be continuous and
it is not clear if A(Q) is compact in BC(R) for all bounded sets Q in [u, v]. Hence, the
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classical iterative techniques for compact maps in ordered Banach spaces (see [1,13])
cannot be used. To overcome the difficulty, we introduce and employ the so-called
M-continuity for # and show that the closure of P2A(Q) is compact in C[a,b] for
each bounded subset Q, where P2 maps each element in BC(R) to its restriction to
[a,b]. These, together with Lebsegue’s dominated convergence theorem, enable us to
prove that the iterative sequences involved are convergent in some sense (see (3.5)).
To apply the theory to treat Eqgs. (1.1) and (1.3), we construct two functions u and v
which satisfy # < Au and 4Av < v and prove that the solutions of the map A4 are the
required travelling wavefronts.

In Section 2, we introduce a class of bounded, M-continuous and y-increasing maps
and provide examples of such maps. In Section 3, we establish the iterative techniques
and apply them to obtain the existence of solutions for second order functional dif-
ferential equations. In Section 4, we apply the new iterative techniques to treat the
existence of travelling wavefronts for Eq. (1.1). In the last section, we treat the exis-
tence of travelling wavefronts for Eq. (1.3) again using our new iterative techniques.

2. A class of nonlinear maps

We introduce a class of maps which are bounded, M-continuous and 7y-increasing
and provide several examples of such maps.

We denote by C(R) the space of all continuous real-valued functions defined on
R. Let BC(R)={x € C(R): sup{|x(¢)|: t€ R} < oo} and BC*(R)={x € BC(R): x’,x"
€BC(R)}. Then BC(R) and BC?*(R) are Banach spaces with the norms ||x||
= sup{|x(t)|: tc R} and ||x||pcor)y = max{][x],[[x’||,[|x"|}, respectively. We write
L? = LP(R).

The following lemma gives relations between BC(R) and C[a, b]. Its proof is straight-
forward and is omitted.

Lemma 2.1. (1) ||x|| = sup{||x||cfa,5): — 00 <a <b < oo} for each x € BC(R).

(2) If {x,} U{x} C BC(R) and ||x, —x|| — 0, then ||x, — x||c[e,5y — O for a,b€R
with a < b.

(3) If {x,} U {x} C BC(R) and ||x, — x||cjapy — 0 for a,be R with a <b, then
x,(t) — x(t) for each t € R.

Remark 2.1. (i) The converse of (2) in Lemma 2.1 is false. For example, if x,(¢) =

(1+e*)™" and x(¢) = 0, then ||x, —x||crsy=(1+e?)™" — 0 for a,b € R with a < b.

However, ||x, — x| =1 for each n€ N and {x,} does not converge to x in BC(R).
(i1) The converse of (3) in Lemma 2.1 is false. For example, let

nt for ¢+ € [0, 1/n],
x,(t)=1< 2—nt forte[l/n,2/n],
0 for t € (—o0,0) U (2/n,00)

and x(¢) = 0. Then x,(t) — x(¢) for each t € R. However, ||x, —x||cfo,;ij=1 for n > 3.
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If u,v € L™ and u(t) < v(z) a.e. on R, we write u < v. Let [u,0]={x € BC(R): u < x
< v}. Recall that a map T:[u,v] — L* is said to be increasing if Tx < Ty for
X,y € [u,v] with x < y. Now, we introduce the concept of a y-increasing map.

Definition 2.1. A map 7 :[u,v] — L°° is said to be y-increasing if there exists y > 0
such that
Ty —Tx = —y(y —x) forx, y€[u,v] with x < y.

It is easy to see that T is y-increasing if and only if 7+7/ is increasing. To establish
our iterative techniques, we introduce M -continuity of maps.

Definition 2.2. A map T :[u,v] — L is said to be M-continuous on [u,v] if {x,} U
{x} C [u,v] and ||x, —x||c[a,p) — O for all a,b € R with a < b imply (Ix,)(t) — (Tx)(¢)
a.e on R.

Notation. Let R = {@: a € R}, where d(t) = a for 1€ R.
Now, we provide bounded, M -continuous and y-increasing maps.

Theorem 2.1. Assume that f:R x [o, f] — R is bounded and satisfies Carathéodory
conditions. Assume that there exists y > 0 such that

fit,y)—ft,x)=—y(y—x) forx,yelo,flwithx <y andall teR.
Then the map F defined by Fx(t)= f(t,x(t)) maps [d, ﬁ] into L*° and is bounded,

M-continuous and vy-increasing.

Proof. Since f satisfies Carathéodory conditions, f(#,x(¢)) is measurable for x € [4, ﬁ]
and % is M-continuous. It is easy to see that Fx €L for x€[d,f)] and F is
y-increasing. [J

As special cases of Theorem 2.1, we obtain the following.

Corollary 2.1. Assume that f € Cla, ] and there exists y > 0 such that

J) = f(x)= =9y —x) forx,yela,fl withx < y. (2.1)
Then the map F defined by Fx(t)= f(x(t)) maps [d, ﬁ] into BC(R) and is bounded,
M -continuous and y-increasing.

Corollary 2.2. Assume that f :[o, ] — R, is continuous and satisfies (2.1) of Corol-
lary 2.1 and g:[o, )] — Ry is increasing and continuous. Then the map F defined
by Fx(t)=g(x(t))f(x(t)) maps [d, ﬁ] into BC(R) and is bounded, M-continuous and
y1-increasing, where y; = yw and o = sup{g(x): x € [o, 1}

Proof. Let i(x) = g(x)f(x) for x € [« f]. Then we have for x, y € [, f] with x < y,

h(y) = h(x) = g(») [ (¥) = 9g(x) f(x) = g)(f(y) — f(x)) = — yo(y — x).
The result follows from Corollary 2.1. [
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Corollary 2.3. If f € C'[a, B], then the map F defined by Fx(t)= f(x(t)) maps [4, ﬁ]
into BC(R) and is bounded, M-continuous and vy-increasing, where y = o if w; >0
and y > 0 if w1 =0 and w; = sup{|f'(&)|: £ €[, B}

Proof. Let x,y€ [&,ﬁ] with x < y. Then f(y)—f(x)=f"(&)(y—x) for some & € [x, y].
This implies f(y)— f(x) = — y(y — x) and the result follows from Corollary 2.1. T[]

By Corollaries 2.2 and 2.3, we obtain
Example 2.1. Let g:[0,1] — R, is continuous and increasing and f(x) = x?(1 —
xq)g(x)Af(Zr x€[0,1], where p = 1, ¢ > 0. Then the map % defined by % x(¢)=f(x(t))
maps [0, 1] into BC(R) and is bounded, M-continuous and 7y-increasing, where w =

sup{g(x): x€(0,1)} and

{a)max{p,q} if p=1,
Y= .
wq if p>1.

Let [0, f]" = {x =(x1,...,x) ER": x; €[0, f], i=1,...,n}
Theorem 2.2. Assume that F :[o, f]" — R satisfies the following conditions:

(1) 0F(.)/0x; is continuous on [a, f]" for i€ {1,...,n}.
(i) OF(u)/0x; = 0 for uclo,ff]" and 2 <i < n.

Then for each {ry,...,r,} C R, the map F defined by
Fx(t) =F(x(2),x(t +r2),....x(t +711))

maps [d, B] into BC(R) and is bounded, M-continuous and y-increasing, where y= w
if o>0and y>0if ©o=0 and o =inf{0F(u)/0x,: u€[a, f1"}.

Proof. We only prove that # is y-increasing. Let x, y €[d, ﬁ] with x < y and let
z1(t) =ty(s) + (1 — t)x(s) for  €[0,1] and x'(s) = (x(s +72),...,x(s +7,)). By (i) and
(ii) we have
(F)(s) = (Fx)s) = F(¥(s),x'(5)) = Fx(s),x'(5)) = w(s)(¥(s) — x(s))
= —y(¥(s) — x(5)),
where w(s) = [ [0F (z1(1),x"(5))/dur]dz. O

As an application of Theorem 2.2, we give

Example 2.2. Let ¢, p; > 1, i=2,...,n, k >0 and F(xy,...,x,)=k(1 —xD)xI*,. ... x"
for x = (x1,...,x,)€[0,1]". Let ,€R and r;#0 for i = 2,...,n. Then the map
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F defined by Zx(t) = k(1 — x4(t))xP(t + r2),...,xP(t + r,) maps [0, 1] into BC(R)
and is bounded, M-continuous and y-increasing, where y = kgq.

Theorem 2.3. Let c€ R and © > 0. Define a map G:[d, /?] X R— C[—r1,0] by
G(x,t)(s) = x(t + cs).

Assume that f:C[—1,0] — R is bounded and continuous and there exists y > 0 such
that

F(@) = fW) = —9(d(0) = ¥(0))  for s € C[ —7,0] with < ¢. (2.2)

Then the map & defined by (Fx)t) = f(G(x,t)) maps [&,ﬁ] into BC(R) and is
bounded, M -continuous and y-increasing.

Proof. It is easy to verify that 7 :[d, ﬁ] — € BC(R) is bounded and M -continuous.
Let t€R and x, y €[d, f] with x < y. Let ¢(s) = G(»,t)(s) = y(¢t + ¢s) and Y(s) =
G(x,t)(s)=x(t+cs) for s € [—1,0]. Then ¢(s) < Y(s) for s € C[—7,0] and ¢(0)=y(z)
and ¥(0) =x(¢). By (2.2), we have for t € R,

(Fy)0) = (Fx)0) = f(9) = f(¥) = = 9(P(0) = ¥(0)) = —p(¥(2) — x(2)).

Hence, & is y-increasing. [

Example 2.3. Let c€R and t > 0. Define a map G:[0,1] x R — C[ — 7,0] by
G(x,t)(s) = x(t + cs). Assume that f:C[ — 7,0] — R is defined by f(¢)= (1 —
$(0))(—1). Then the map F defined by (Zx)(t)= f(G(x,t)) maps [0, 1] into BC(R)
and is bounded, M-continuous and 1-increasing.

Proof. Let ¢,y €C[ — 7,0] with 0 <y < ¢ < 1. Then we have f(¢) — f(Y) =
—((0)—=y(0))p(—7) = —(¢p(0)—y(0)). The result follows from Theorem 2.3. [J

3. Existence of solutions of second order functional differential equations

In this section, we consider the existence of solutions of a second order functional
differential equation of the form

— DZ'(t) + cZ'(t) = (Fz)(t) ae. on R, (3.1)

where D >0, c€ R and # :[u,v] C BC(R) — L°°.

By a solution to Eq. (3.1) we mean a function z € Y which satisfies Eq. (3.1), where
Y={x € BC(R): x’,x"” € L>} is a Banach space with the norm ||x||y =max{||x||, ||x|| £,
7 < .

Let y > 0. We write

; c—/ct+4D d c++/+4yD
j=————"— and Ah=—>>——"—.

2D 2D
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Then 4y <0< /Jy and —D/? +cl; +7y=0, i=1,2. Let p=D(Jy — 41). We define a
map k:R x R — Rt by
k(t,s)=p~" {

A1(t—s)

e for s < ¢,

<
2= fors >t

We consider the linear Hammerstein integral operator ¥ :L>° — Y defined by

Ifz(t):/ k(t,8)z(s)ds. (3.2)

The following result shows that .# is a homoeomorphic map from L> to Y and from
BC(R) to BC*(R). Its proof follows from convergence theorem (see [27, Theorem 14,
p. 200]) and some calculations. We leave it to the reader.

Theorem 3.1. The map & defined in (3.2) maps L* onto Y and is linear, bounded
and one to one. Its inverse L~':Y — L* is defined by

L7ty = =Dy" (1) + ¢y’ (1) +7y(0). (3.3)

Moreover, ¥ maps BC(R) onto BC*(R) and is linear, bounded and one to one.

It is known that the linear integral operator Lz = fab k(t,s)z(s)ds with a suitable
kernel k& is compact in C[a,b]. We refer to [16—18] for such results. However, we
do not know if the map & defined in (3.2) is compact in BC(R). We introduce the
concept of G-compactness and show that the map ¥ is G-compact. The concept of
G-compactness is sufficient for us to establish our iterative techniques.

We define a map P2:BC(R) — C[a,b] by P5(x) = x|as, Where x|, denotes the
restriction of x to [a,b].

Definition 3.1. A map 7 :L>° — BC(R) is said to be G-compact if PT(B) is compact
in Cla,b] for all a,b€ R with a < b and for every bounded B C L*°.

Theorem 3.2. The map & defined in (3.2) maps L*° into BC(R) and is G-compact.

Proof. By Theorem 3.1 % maps L™ into BC(R). Let B be a bounded subset in
L, that is, there exists m > 0 such that ||x||;~ < m for all x€B. Then P2.#(B) is
uniformly bounded in C[a, b] since ||Pfl’$z\|c[a,b] < my~'. By [27, Theorem 14, p. 200],
we obtain lim,_., ffooo |k(t,5) — k(t,s)|ds — 0O for each 7€ [a,b]. Using finite cover
theorem, we can show that for ¢ > 0 there exists § > 0 such that whenever ¢,7 € [q, b]
with |t — 1] < 9,

/ |k(t,s) — k(z,s)|ds < g/m.
This implies |P?Lz(1) — Pb.Lz(t)| <m [ |k(1,s) — k(1,5)|ds < &. Hence, P?%(B)

is equicontinuous and P2.%(B) is compact in C[a,b]. The result follows from
Definition 3.1. [
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Remark 3.1. Since P2:BC(R) — Cla,b] and £ :L> — BC(R) are continuous, it
follows from Theorem 3.2 that P2.#:L>° — C[a,b] is compact.

Eq. (3.1) can be changed into a Hammerstein integral equation of the form

2(1) = / h k(t,5)((Fz)(s) + yz(s))ds = Az(t), tER. (3.4)

The following result gives relations between Egs. (3.1) and (3.4). Its proof follows
from Theorem 3.1 and omitted.
Lemma 3.1. (1) Let y€Y and z € [u,v]. Then y = Az if and only if
-Dy" + ¢y +yy=Fz+yz
(2) z is a solution of Eq. (3.1) if and only if z€Y and z = Az.
Now, we are in a position to give our main result in this section.
Theorem 3.3. Assume that F :[u,v] — L is bounded, M -continuous and y-increasing
and A satisfies
H)u<Au and Av <.

Then Eq. (3.1) has a maximal solution v* in [u,v] and a minimal solution u, in [u,v].
Moreover, for a,b€e R with a < b.

lun — il clapy — 0 and  |lv, — v*[|cra,ey — O, (3.5)
where u, = Au,_1, v, = Av,_1 and

U=up S < SUpy < KU S-S0 SV =0 (3.6)

Proof. Let 7 =% +yI. Then J :[u,v] — L is bounded, M -continuous and increasing.
By Theorem 3.2 and condition (H), 4 maps [u,v] into [u, v] and is increasing. By (3.6),
there exist u,,v* € L> such that u,(t) — u.(¢) and v,(t) — v*(¢) for each € R. By
Theorem 3.2, P2.¥ T {u,} = PbA{u,} is compact in C[a,b] for a,b€ R with a < b. It
follows that there exists y € C[a,b] such that |[4u, — y||cjas — 0. Hence, we have
u(t)=y(t) for t € [a, b] and thus, u, € BC(R). Since J is M-continuous and bounded,
it follows that for each 1 € R,

k(t,8)T u,(s) — k(t,5)T u.(s) forseR

and |k(,5))T uy(s)| < mk(t,s) for s € R and some m > 0. It follows from Lebsegue’s
dominated theorem ([27, Theorem 5, p. 160]) that Au,(¢) — Au.(¢) for each t € R and
uy = Au,. A similar argument shows that v* = 4v*. Let x € [u,v] be such that x = A4x.
Since A is increasing on [u,v], it follows from u, < x < v*, that is, u, is a minimal
solution and v* is a maximal solution. [

Remark 3.2. We remark that the map 4 need not be continuous. Moreover, we do not
know if the set A(Q) is compact for each bounded subset Q. Although the closure of
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P4(Q) is compact, the map P24 may not be continuous, so P24 may not be compact.
Hence, the classical iterative techniques for compact maps in ordered Banach spaces
(see, for example, [1,13]) cannot be applied to treat Theorem 3.3.

Corollary 3.1. Let u,v€Y. Assume that F :[u,v] — L*° is bounded, M-continuous
and vy-increasing and satisfies

H) —Du" +c' < Fu and Fv< —-Dv +cv.
Then the results of Theorem 3.3 hold.

Proof. By (H') we have ¥~ 'u < Zu+ yu and Fv +yv < ¥ 'v. Note that Ly >0
for y > 0. By Theorem 3.1, we obtain
u

=L)< L(Fu+yu)=Au and Av=L(Fv+p)< L(L v)=0.
The results follow from Theorem 3.3. O

4. Travelling wavefronts of reaction—diffusion equations

In this section we consider the existence of travelling wavefronts for a reaction—
diffusion equation of the form
2
Cultx) | LX) _ o)) 130, xeR, (4.1)
0Ox2 ot
where D > 0 is a fixed constant.
We list the following conditions:

—-D

(Cy) f:10,1] — R is continuous:
(Cy) There exists y > 0 such that

fO) = f(x) = —y(y —x) forx,ye[0,1] with x < y.

(C3) f(u) >0 for ue(0,1).
(Cy) f(O)=f(1)=0.

Eq. (4.1) has been widely studied when f < C'[0,1] (see [2,7,9,34]) and f is
Lipschitz continuous (see [4]). Here, we employ conditions (C;) and (C;). In addition
to the references mentioned above, condition (C3;) was also employed, for example,
in [15,19,20,31,33]. Condition (C4) is a necessary condition for Eq. (4.1) to have
travelling wavefronts (see Lemma 4.1). Under conditions (C;)—(C4), we shall use our
theory developed in the above section to prove the existence of travelling wavefronts
and provide iterations to compute the travelling wavefronts.

Since we consider the existence of travelling wavefronts u(#,x) = z(x + ct) for
Eq. (4.1), we can write Eq. (4.1) in the form

—D"(t)+cZ' ()= f(z(1)), teR (4.2)
subject to the following boundary condition:
z(—00)=0 and z(oc0)=1. 4.3)
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By a travelling wavefront (with a wave speed ¢) to Eq. (4.1) we mean an increasing
function z € BC*(R) and a number ¢ € R which satisfy (4.2)—(4.3):
Eq. (4.2) can be changed into the following Hammerstein integral equation:

2(t) = / h k(t,5)(f(2(s)) + pz(s)) ds = Az(¢), (ER, (4.4)

where k is same as in Section 3.
Notation. Let u~ =lim,_, _ z(¢) and p* = lim,_ » z(¢).

Lemma 4.1. Under (C,) and (C,), if z€[0,1] is increasing and z = Az, then
fw)=rfu"=0.
Proof. Assume that f(u") > 0. Since z is increasing, it follows from (C;) and (C,)

that there exists # € R such that f(z(¢))+yz(¢) = f(z(¢t1))+7yz(t;) > 0 for ¢t > ¢,. This
implies

[ e ) + 1260 ds = (et + 0 [ e ds - o
Noting that ["__e="°(f(z(s)) + yz(s))ds < oo, we have
litty 0 / e (2(5)) + 72(s)) ds = oo,

Applying L’Hospital’s rule and (C;) we obtain

e + ) ds
t1—1>I}>lo e—ht ==/ (f(,lﬁ) + y,u*).
Note that lim,_. [ e™*5(f(z(s)) + 7z(s)) ds = 0. Again using L’Hospital’s rule and
(Cy), we have
i Je e GEE)) +p2(9))ds

t—00 et

S + ).
Since z = Az, we obtain
ph=lim A0) = p~ g = 2D+ =07 W) +
This implies f(u*)=0, which contradicts the hypothesis f(u") > 0. Hence, we must
have f(u")=0. Similarly, we can prove that f(z~)=0. O
Let I'={ze[0,1]: z is increasing and satisfies u~ < 1 and u* > 0}.

Theorem 4.1. Assume that f satisfies (C1)—(Cy) and there exist u € [0, 1] with u#0,
vel with u<v and c€R such that u < Au and Av <v. Then Eq. (4.1) has a
travelling wavefront v* in [u,v]. Moreover, for a,b € R with a < b.

[on = v*[|crasy — 0, (4.5)
where —Dv!! + cv, + yv, = f(vy—1) + you—1 (n€N) and

u<vr <<y <<y <y =v. (4.6)
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Proof. We define a map % :[u,v] — BC(R) by Zz(t) = f(z(¢)). It follows from
Corollary 2.1 that % : [u,v] — BC(R) is bounded, M-continuous and y-increasing. By
Theorem 3.3 there exists v* € [u, v] such that (4.5) and (4.6) hold. Since #v* € BC(R),
it follows from Theorem 3.1 that v*=Av* € BC*(R). We prove that v;=Av is increasing.
Let » > 0. By a change of variable, we have for 1 € R,

oi(t+r)— o) =p! [ / eI (v(s + 7)) + yu(s + 7)) ds
* /°° eI f(v(s + 7)) + pu(s + 7)) ds | — vi(F)

= / k(t,8)(f (v(s +7)) = f(u(s)) + (u(s +7) —v(s))) ds

= 0.

This implies that v; is increasing. Using similar arguments, we can show that v, is
increasing for each n € N. It follows that v*(¢+r) = v*(¢) for € R and » > 0. Hence,
v* is increasing. By Lemma 4.1, f(u~ )= f(u") =0, where lim,_, ., v*(¢)=p~ and
lim,_, oo v*(£)=u*. 1t follows from (C;) and (Cy4) that =, u™ € {0,1}. Since u+#0 and
u < v*, we have ™ > 0 and pu* = 1. Since lim,_,_ ., v(¢) < 1 and v* < v, it follows
that lim,_, o v*(¢) < 1 and llimm v*(t)=0. O

By an argument similar to that of Corollary 3.1, we obtain the following useful
result.

Corollary 4.1. Assume that f satisfies (C1)—~(Cs) and there exist ue[0,11N0Y with
u#0, vel' NY with u <v and c € R such that the following conditions hold:

(hy) —Du" (&) + cu'(t) < f(u(t)) ae. on R and
(hy) f(v(r)) < —Dv'(t) + cv'(¢t) ae on R,

then the results of Theorem 4.1 hold.
Now, we construct # and v and impose an additional condition on f such that (h;)

and (hy) in Corollary 4.1 hold for suitable c.
Let V(1) =(1+¢ ")~ for € R and

e“P for t < 1o,
Uc(t) = S

where £y € (—o0,0) satisfies e/P(1 + e~ 0/2P) < 1.

Notation. Let M = sup{ f(x)/x(1 —x): x€ (0, 1)}.
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Theorem 4.2. Assume that f satisfies (C;)~(Cs) and M < co. Then for each ¢ >
2v/DM, Eq. (4.1) has a travelling wavefront v* in [u,v], where u= U, and v="V..
Moreover, (4.5) and (4.6) hold.

Proof. Since M < oo, it follows that f(0) = f(1) =0 and (C4) holds. It is easy to
verify that u€[0,1]NY with u%#0 and v € I'NY with u < v. By calculation, we have
—Du"(t) + cu' (1) =0 < f(u(t)) for t € R with ¢ £ and

2
—DV"(t) + et/ (1) = % (% + %U(t)) o(1)(1 = 0(1)) > 5 (1 = v(1))

= Mu(t)(1 —ov(t)) = f(v(t)) forteR.

C

The result follows from Corollary 4.1. [J

Corollary 4.2. Assume that f € C'[0,1] and satisfies (C3) and (Cs). Then for each
¢ =2vV/DM, Eq. (4.1) has a travelling wavefront v* in [u,v], where u=U, and v="V..
Moreover, (4.5) and (4.6) hold.

Proof. By the proof of Corollary 2.3, f satisfies (C,). By (C4), f/(0)=lim,_¢+ f(x)/x
and f'(1) = —lim,_,;- f(x)/(1 — x). This implies M < co. The result follows from
Theorem 4.2. [

Remark 4.1. When D=1, the first part of Corollary 4.2 improves (b) of Theorem 4.15
in [9] (also see [2, Theorem 4.2]; [28, Theorem 1, p. 215] ), where f satisfies f/(0) > 0
and f'(1) < 0. However, (b) of Theorem 4.15 in [9] obtained a larger interval of wave
speeds [c*, 00), where ¢* € [24/ f7(0),2+/v] and v=sup{ f(x)/x: x € (0, 1)}. Our method
is completely different from the phase-plane techniques used in [9]. The second part of
Corollary 4.2 is new and provides an iteration to compute the travelling wavefronts.

As applications of Theorem 4.2, we consider the existence of travelling wavefronts
for the following reaction—diffusion equation:
Pu(t,x)  Ou(t,x) B

0x? o
where D >0, p>1, ¢ >0 and ¢g:[0,1] — R is a function.

When g = 1, travelling wavefronts for Eq. (4.7) was studied in [24, Sections 11.1—
11.3]. Moreover, some exact travelling wavefronts can be obtained (also see [6]).

Let

—-D

uP(t,x)(1 —ul(t,x))g(u(t,x)) t=0, xeR, 4.7)

M.:{g(” ifge(O.1)
g(l)g if g=1.

Example 4.1. Assume that ¢:[0,1] — R, is increasing and continuous and satisfies
g(x) > 0 for x#0. Then for each ¢ > 2./DM,, Eq. (4.7) has a travelling wavefront
v* in [u,v]. Moreover, (4.5) and (4.6) hold, where u=U,, v="V,, y is the same as in
Example 2.1 and f(x) =x?(1 —x7)g(x).
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Proof. 1t is clear that f satisfies (C;) and (C3). By Corollaries 2.2 and 2.3, f satisfies
(C,) with 7 given in Example 2.1. Let A(x)=(1—x?)(1—x)~! for x €(0,1). If g € (0, 1],
then 4 is decreasing on (0, 1). Hence, A(x) < lim,_¢+ A(x) =1 for x€(0,1). If g > 1,
then 4 is increasing. Hence, 4(x) < lim,_, - A(x)=¢q for x € (0, 1). This implies M < M,
and the result follows from Theorem 4.2. [

5. Travelling wavefronts of reaction—diffusion equations with multiple delays

In this section we consider the existence of travelling wavefronts of a reaction—
diffusion equation with multiple delays of the form
Pu(t,x)  du(t,x)
- D
oz
where D >0, r; >0 for2<i<nand n > 2.
We always assume that F:[0,1]" — R, satisfies the following conditions.

=F(u(t,x),u(t — ry,x),...,u(t — ry,x)), (5.1)

(Hy) 0F(.)/0x; is continuous on [0,1]" for each i€ {1,...,n}.
(Hy) 0F(u)/0x; = 0 for u€o,f]" and 2 <i < n.

(H3) F(x) > 0 for x€(0,1), where x = (x,...,x) € R".

(Hy) F(0)=F(I)=0.

When n=2, the existence of travelling wavefronts for Eq. (5.1) was studied in [29],
where F satisfies some additional assumptions. We also refer to [14,35] for similar re-
sults. Here, even under weaker conditions than those used in [29] and even when n > 2,
we obtain that the existence of travelling wavefronts and provide iteration schemes to
compute the travelling wavefronts.

Since we consider the existence of travelling wavefronts u(¢,x) = z(x + ct) for
Eq. (5.1), we can write Eq. (5.1) in the form

—DZ"(t)+cZ'(t) = F(z(t),z(t — cra),...,z(t —cry)), tER (5.2)

subject to the boundary condition (4.3).

By a travelling wavefront (with a wave speed ¢) to Eq. (5.1) we mean an increasing
function z € BC*(R) and a number ¢ € R which satisfy (5.2) and (4.3).

We refer to Mallet—Paret [22,23] for the study of the existence of travelling wave-
fronts for Eq. (5.2) with D=0 and »; € R.

Eq. (5.2) can be changed into the following Hammerstein integral equation

2(t) = / h k(t,)((Fz)(s) + yz(s))ds = Az(¢), tER, (5.3)

— 00

where k is same as in Section 3 and Z :[0,1] — BC(R) is defined by
Fz(t) =F(z(t),z(t — crp),...,z(t —cry)) forteR.

As before, we write u~ = lim,_ _ . z(¢) and p* = lim,_, o, z(¢).
By a similar argument to that in Lemma 4.1, we obtain
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Lemma 5.1. Under (H,) and (H,), if z€[0,1] is increasing and z = Az, then

F(u™) = F(i")=0.
Proof. We outline the proof. Assume that F(u") > 0. Since z is increasing and F is
continuous, there exists #; € R such that F(z(¢;)) + yz(#;) > 0. Let t, = max{#,# +

cry, ...,y +cryt. Then z(¢ — cry) = z(ty) for ¢ = t5. By the proof of Theorem 2.2, we
have for ¢ > fo,

(Zz)(1) = F(z(t1) = F(2(1),2(t1),....,2(11)) — F(z(01)) = — p(2(¢) — 2(11))-
This implies (Zz)(¢t) + yz(t) = F(z(t,)) + yz(t,) for ¢ > t;. Hence, we obtain

/ efﬂ"s((gf’z)(s)) + yz(s))ds = (F(z(t1)) + yz(t ))/ e 15 ds — oo.

to

By a similar argument to that of Lemma 4.1, we must F (ut)=0and F(u=)=0
and F(u=)=0. O

By an argument similar to that of Theorem 4.1, we obtain

Theorem 5.1. Assume that F satisfies (H,)~(Hs) and there exist uc[0,1] with u#0
vel with u<v and c€R such that u < Au and Av <v. Then Eq. (5.1) has a
travelling wavefront v* in [u,v]. Moreover, for a,b € R with a < b.

[on = v"llctaey = 0, (54)
where —Dv! + cv), + yv, = F (v,—1) + you—1 (nEN) and

UV < <0, < <0 SV =0 (5.5)
As a special case of Theorem 5.1, we have

Corollary 5.1. Assume that (H;)—~(Hs) hold and there exist uc[0,1]1NY with u#0
and veI'NY with u <v and c € R such that the following conditions hold:

(i) —Du"(t) + c/(t) < F(u(t),u(t — cry),...,u(t —cr,)) a.e. on R and
(i) F(v(t),v(t —cra),...,vo(t —cry)) < — DU (t) + cv/'(t) a.e. on R.

Then the results of Theorem 4.1 hold.
Applying Corollary 5.1, we obtain the following result.

Theorem 5.2. Assume that F satisfies (H))—(H3) and the following condition:

I F®)
M .—sup{x(1 — )

:xE(O,l)}<oo.

Then for each ¢ =2vVDM’, Eq. (5.1) has a travelling wavefront v* in [u,v], where
u="U,. and v="V,. Moreover, (5.4) and (5.5) hold.
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Proof. Since M’ < oo, F(0)=F(1)=0 and (H4) holds. By calculation, we have for
t € R with ¢ # ¢,

—Du"(t) + e/ (t) = 0 < F(u(t),u(t — cry),...,u(t — cry)).

Hence, (i) of Corollary 5.1 holds. Note that
=DV (t) + ' (1) = —2 v(t)(l —u(t)) = Mv(t)(1 —v(t)) = F(u(t)) for t€R.

By (H;), we have F(v(t)) = F(u(t),v(t — crp),...,v(t — cry)) for t € R. This implies
that (ii) of Corollary 5.1 holds. The results follow from Corollary 5.1. [J

Remark 5.1. The first part of Theorem 5.2 improves (ii) of Theorem 2.7 in [29],
where D=1, n=2 and F satisfies extra conditions: F € C»'(R2, R) and 0F(0)/dx; +
0F(0)/dx, > 0. But, Schaaf [29] obtained a minimal speed c*. Our method is com-
pletely different from the sub- and superlinear techniques due to Atkinson and Reuter
[3], used in [29].

As applications of Theorem 5.2, we consider the existence of travelling wavefronts
of the following delay reaction—diffusion equation:

62u(t x) Ou(t,x)
0x? ot
where D,k >0, g, p; =1 and 1, >0 (i=2,...,n).

=kuP*(t — ry,x), ..., uP"(t — rp,x)(1 — ui(t,x)), (5.6)

Example 5.1. For each ¢ > 2\/Dk , Eq. (5.6) has a travelling wavefront v* in [u,v],
where F(x)=k(1 —x)x3”,...,x}", u=U, and v="V,. Moreover, (5.4) and (5.5) hold.
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