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SPECIAL SYMMETRIC PERIODIC SOLUTIONS
OF DELAYED MONOTONE FEEDBACK SYSTEMS

YUMING CHEN AND JIANHONG WU

ABSTRACT. A delay differential system with monotone
feedback is considered. For the positive feedback nonlinear-
ity, it is shown that the existence of a special symmetric 4-
periodic solution is equivalent to the existence of a fixed point
for a mapping defined on a cone in a Banach space. The coex-
istence of multiple (including infinitely many) special symmet-
ric 4-periodic solutions is established. Sufficient conditions for
the uniqueness of special symmetric 4-periodic solutions are
also given. A related singularly perturbed system is consid-
ered, where it is shown that the limiting profile of a special
symmetric 4-periodic solution is pulse-like of unbounded am-
plitude and that the product of each component of the solution
with the singular parameter approaches a sawtooth wave with
the slope determined by the limit of the nonlinearity at infin-
ity. Similar conclusions can be drawn for a negative feedback
nonlinearity by the consideration of involved symmetry and,
in particular, special symmetric 2-periodic solutions are con-
sidered. It is observed that special symmetric 4-periodic so-
lutions of the positive feedback system have line segment-like
waves as limiting profiles in the plane, while special symmetric
2-periodic solutions of the negative feedback system approach
a diamond-like wave.

1. Introduction. In this paper we consider the following system of
delay differential equations

ftl(t) = fl(xl(t)vx2(t - 1))’

(1) .
@2(t) = fa(z2(t), 21(t — 1)),
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where f; : R? — R, i =1, 2, is locally Lipschitz continuous and satisfies
the symmetry condition

(2) fl(xay) = fi(fxay) = 7fi(x7 7y) for (ZL‘7y) € R’2
and the positive feedback condition

(3) yfi(z,y) >0 for (x,y) € R? with y # 0.

If f; is Cl-smooth and (9£;(0,0)/0y) > 0 for i = 1 and 2, then, with-
out loss of generality, we can assume (9f1(0,0)/0y) = (92(0,0)/0y) =
a. This can be achieved in the general case if we rescale zo by

V(9£:(0,0)/9y)[(0£2(0,0)/dy)z>.
Linearizing system (1) around the origin gives

Xl(t) = an(t — 1),
@ {Xz(t) =aXi(t—1).

The characteristic equation associated with (4) is given by

(5) 0= = A +ae (A —ae ™).

A —ae
—ae A

Equation (5) has purely imaginary solutions only when a = ((2k —
1)/2)m for some k € N, the set of all positive integers, and for
a = ((2k — 1)/2)m the only purely imaginary solutions of (5) are
+((2k — 1)/2)mwi. Moreover, for such a = ((2k — 1)/2)7, system (4)
has a particular periodic solution

X1(t) = sin (2k2_ 1)7Tt,

Xo(t) = (=1)*Lsin <2k2_ 1)71'15,

with the minimal period 4/(2k — 1). Clearly this periodic solution
satisfies

2
Xl(t) = —X1 (t + m) for t € :R,7

(6) X1(6) > 0 on (0, %)

2
Xg(t) =—-X5 (t + m) for t € R.
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It is therefore natural to study periodic solutions (z1,z2) of the non-
linear system (1) with the following symmetry properties:

2
.I'](t) = —I (t + m) for t € :R,7

(7) z1(t) >0 on (O, %—271>,

2
xg(t) = —Xo (t + m) fort € R.

Obviously, 4/(2k — 1) is the minimal period of (z1,22). We call such a
periodic solution a special symmetric 4/(2k — 1)-periodic solution.

Let (z1,x2) be a given special symmetric 4/(2k — 1)-periodic solution
of system (1). Then

zi(t—1) = (=1)F 1y (t - le_ 1)’

ot — 1) = (—1)% Lay (tf le_ 1).

Hence,

=
—
—
~~
~—

|

R
a(t) = (<11 o (wa(0) 21 (1 %—171))

Renaming ¢ by t/(2k—1), 21 and 22 by z; and (—1)*~!zy, respectively,
we get
1
n(t) = o—
2k —1
(8)

_ 1
T2(t) = 5

fi(zi(t), z2(t — 1)),
fa(za(t), z1(t — 1)).

Thus (x1,z2) is a special symmetric 4-periodic solution of system (8).
Note that (8) coincides with system (1) with f; and f2 being replaced
by (1/(2k—1)) f1 and (1/(2k—1)) f2, respectively. So in what follows we
will only consider special symmetric 4-periodic solutions of system (1).

We remark that if (3) is replaced by

fi(x,0) =0 and WM) for (z,y) € R?, i=1,2,

Y
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then we can show that any periodic solution (x1,x2) of system (1)
with the minimal period 4 must be a translation of a special symmetric
4-periodic solution. In fact, (vi(t),v2(t)) = (x1(2t), z2(2t — 1)) satisfies

{ b1 (t) = 2f1(v1(t), va(t)),

%) Ba () = 2fa(va(t), v1 (t — 1)),

which is a monotone cyclic feedback system with delay considered by
Mallet-Paret and Sell [16]. Thus by Theorem 7.1 and Theorem 7.2 of
[16], we have v;(t + 1) = —v;(t) fort € Rand i = 1,2 and if v1(0) =0
then vy (¢) > 0 (< 0) on (0, 1). Therefore, it is easy to see that (z1,x2) is
the translation of a special symmetric 4-periodic solution of system (1).

Our focus in this paper is on the qualitative properties of special
symmetric 4-periodic solutions of system (1): the existence, uniqueness
and limiting profiles. Our work relies heavily on the work of Mallet-
Paret and Sell [16] for cyclic systems of delay differential equations.
Our work is also inspired by that of Ivanov [9], where the special
symmetric periodic solutions (SSPSs) of the scalar negative feedback
delay differential equation

(10) #(t) = —f(x(t), 2(t — 1)),

with f satisfying (2) and (3) considered. When f(z,y) is independent
of z, equation (10) is a special case studied by Nussbaum [18]. In [18],
Nussbaum obtained some general results on the existence of special
symmetric period solutions of

?(t) = - Z [fi(@(t =) + fi(@(t — g +75))]

J

Il
-

NE

gk (2(t — 6k)) — gr(@(t — 2¢ + 6x))]

b
Il
_

under conditions on lim, o fj(z)z7!, lim,_eo fi(z)z™!, lim,_o
gr()r™! and lim, . gx(z)2 ™!, where for 1 < j <nand 1 <k < m,
f; and gy, are continuous and odd and satisfy « f;(«) > 0 and zgx(z) > 0
for all z € R. Recently, we [3] generalized the approach of Ivanov [9]
and studied 4/3-periodic solutions for delayed positive feedback sys-
tems. An important difference between our work [3] and that of Ivanov
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is that we did not use the standard phase space to construct the cone
mapping. As will be shown later, if f; = fs, then a special symmetric
4-periodic solution (z1,x2) is phase-locked, i.e., zo(t) = x1(t + 2) for
t € R, Corollary 2.4. Thus, 22(t—1) = —z1(¢—1) and hence x; satisfies

#(t) = = fi(z(t),2(t = 1)),

which is equation (10) with f = f;. However, due to the lack of
symmetry (i.e., fi # fo in general), we may not have the phase-
locked property of the special symmetric 4-periodic solution (x1,x2)
(i.e., xo(t) = x1(t + 2) for t € R does not always hold). Thus we
cannot relate the existence of special symmetric 4-periodic solutions of
system (1) to that of SSPSs of equation (10). So the main contribution
of this paper is to extend the method developed in [3, 9] for scalar
equations to the planar case.

Equation (10) arises in the modeling of various physical, biological
and ecological phenomena and has been intensively studied. Existence
[10, 11], uniqueness/nonuniqueness [19], stability [6] and limiting
profiles [14] of slowly oscillating periodic solutions and/or SSPS of
equation (10) have been obtained. All the results mentioned above and
almost all of the existing results are obtained under the condition of
negative feedback, except the recent work of Krisztin, Walther and Wu
[13] and Krisztin and Walther [12]. There are a few results on periodic
solutions of planar differential delay equations (for example, see [1, 7,
17, 20]), but again under the condition of negative feedback. Recently
we obtained in [2, 4, 5] some results about the global attractor of the
positive feedback system

i(t) = —pa(t) + f(y(t — 1)),
(11) { y(t) = —py(t) + f(z(t — 7)),

with p and 7 being positive constants, f(0) = 0 and f'(§) > 0 for
¢ € R. Our work here applies to system (11) with u = 0.

The remaining part of the paper is organized as follows. In Section 2
we show that the existence of a special symmetric 4-periodic solution of
system (1) is equivalent to the existence of a fixed point of a mapping
constructed on a cone in the Banach space Cy := C([0,1]; R?). This
approach enables us to provide, in Section 4, a straightforward example
of system (1) which possesses any number (including infinite many) of
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special symmetric 4-periodic solutions. In Section 3 we obtain sufficient
conditions for the uniqueness of special symmetric 4-periodic solutions
of system (1). In Section 5 we describe the limiting profiles of the
special symmetric 4-periodic solutions of a singularly perturbed system
and we obtain pulses of unbounded amplitudes, each component of
whose multiplications with the singular parameter tends to a sawtooth
wave. Finally, in Section 6 we relate the special symmetric 2-periodic
solutions of a negative feedback system to the special symmetric 4-
periodic solutions of system (1) with f; and fy satisfying (2) and (3)
under the symmetry condition.

2. Existence. In this section we show the existence of special
symmetric 4-periodic solutions of system (1) with f; (i = 1,2) being
locally Lipschitz continuous and satisfying (2) and (3). First we
describe some properties of special symmetric 4-periodic solutions.

Let (x1,x2) be a special symmetric 4-periodic solution of system (1).
Let v1(t) = x1(2t) and v2(t) = 22(2¢t — 1). Then (v1(t),v2(t)) satisfies
the system (9). Let V' be the discrete Lyapunov function introduced
by Mallet-Paret and Sell [15, 16]. By the monotonicity of V' and the
periodicity of (v1,v2), VT (((v1)e,v2(t))) = 21 for ¢ € R and for some
[ € N. Thus, all zeros of v; and v9, and hence all zeros of 1 and o,
are simple. Since (x1,23) is a special symmetric 4-periodic solution of
system (1), we have

19 xi(t+2) = —x;(t) forteRandi=1,2,
(12) {xl(()) =0, z1(t) >0 on (0,2).

Let uq(t) = x1(t) and us(t) = x2(t —1). Using (2) and (12) we get from
system (1) the following system of ordinary differential equations

{ul(t) = fi(ui(t), ug(t)),

(13) (1)

2
no
—~
<
[
—~
~
~—
<
—_
—~
~
~—
~

Note that 4;(0) = #1(0) must be positive since 0 is a simple zero of x7,
and hence u2(0) > 0.

Proposition 2.1. (i) The phase portrait of system (13) is symmetric
with respect to coordinates uy = 0 and us = 0.
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(ii) If (u1,u2) : R — R? is a periodic solution of system (13) with
initial value (0,u) and w > 0, then uy is odd and us is even, ug(w/4) =0
and uz(t) > 0 on (—(w/4), (w/4)) where w is the minimal period of
(u1,u2).

Proof. Let V : R? — R? be any vector field which generates
aflow ® : R x R? — R? and S an invertible 2 x 2 matrix. It
is well known that, if V' is antisymmetric with respect to S, i.e.,
SV (u1,uz) = =V (S(ur,uz)) for (uy,us) € R?, then ®(t, S(uy,us)) =
Sq)(ft, (ul,u2)) for (t, (U17U2)) € R x RQ.

Now it is easy to check that, because of (2), V(u1,u2) = (f1(u1,uz),
—fo(uz2,u1)) is antisymmetric with respect to the following invertible

matrices
1 0 -1 0
s=(0 %) (V1)

Thus the phase portrait of system (13) is symmetric with respect to
coordinates u; = 0 and uy = 0. O

(ii) follows directly from (i).

As an immediate consequence, we get

Corollary 2.2. Let (x1,72) : R — R? be a special symmetric 4-
periodic solution of system (1). Then both x1 and x2 are odd, x2(0) =0
and z2(t) <0 on (0,2).

Corollary 2.3. If (u1,us) is a periodic solution of system (13) with
the minimal period 4 and (u1(0),u2(0)) = (0,u) with w > 0, then
(1, x2) with x1(t) = u1(t) and x2(t) = ua(t+ 1) is a special symmetric
4-periodic solution of system (1).

Proof. By Lemma 2.1 we know that ui(¢) > 0 on (0,2). Direct
substitution shows that (—u;, —ug) is the same trajectory. Therefore,
(ur(t),uz(t)) = (—u1(t + ¢), —ua(t + ¢)) for t € R and some c € [0,4).
Then (uq(t),u2(t)) = (u1(t + 2¢),ua(t + 2¢)), which implies 2¢ = 4m
or ¢ = 2m for some integer m. Since ¢ € [0,4), either ¢ = 0 or
c =2 If ¢ =0, then uy = 0, a contradiction. Thus ¢ = 2 and
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hence w;(t +2) = —u;(¢) for t € R and ¢ = 1,2. This, combined with
(2) and (13), implies that (z1,x2) is a special symmetric 4-periodic
solution of system (1). 0

Corollary 2.4. If fi = fo and (u1,us2) is a periodic solution of
system (13) with the minimal period 4, then us(t) = ui (t+1) fort € R.
Particularly, if (x1,x2) is a special symmetric 4-periodic solution of
system (1), then zo(t) = z1(t + 2) fort € R.

Proof. As in the proof of Lemma 2.1, V is also antisymmetric with
1o
to the diagonal u; = us, and hence also to the diagonal u; 4+ us = 0,
in addition to the coordinates u; = 0 and ug = 0. If (uj,u2) is a
periodic solution of system (13) with the minimal period 4, then direct
substitution shows that (—us,u;) is the same trajectory. Therefore,
(ug (t),u2(t)) = (—ua(t + ¢),ur(t + ¢)) for t € R and some ¢ € [0,4).
From the proof of Corollary 2.3, we know that w;(t + 2) = —u,(t) for
t € Randi=1,2. Hence u;(t) = uq (t+2¢+2) and us(t) = uz(t+2c+2)
for t € R. This implies that 2c¢ + 2 = 4m for some integer m. Since
c €[0,4), either c=1 or ¢ = 3. If ¢ = 3, then ua(t) = uy (¢t — 1). Thus
uy satisfies &(t) = f1(z(t),z(t — 1)). This, combined with u;(¢) > 0 on
(0,2) implies that u; > 0 on (0,00), a contradiction. Thus, ¢ = 1 and
hence us(t) = uy(t + 1). This completes the proof. O

respect to ( ) Thus the phase portrait of system (13) is symmetric

Now we are ready to study the existence of special symmetric 4-
periodic solutions of system (1). Let K C Cs be the cone defined by

_ . _ both ¢; and — @9 are increasing
K={e=toneecn ol o T

Define G : K — C5 by
(14)

¢ ¢
@00 = (= [ filerteheatt = 0 s~ [ aleals) a1 - 9)as)
for ¢ = (¢1,92) € K and ¢t € [0,1]. Due to the positive feedback
condition (3), it is easy to see that K is invariant with respect to G.

The relationship between a fixed point of G and the special symmetric
4-periodic solution of system (1) is given by the following
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Theorem 2.5. System (1) has a special symmetric 4-periodic solu-
tion if and only if the mapping G has a nonzero fized point.

Before proving Theorem 2.5 we introduce the following special sym-
metric 4-periodic extension @ = (P1,$2) : R — R? for a given
v = (p1,92) € K, namely, ¢ is a 4-periodic function and for i = 1
and 2,

@i(t) t e [0,1],

o Jez-t ten2,
=9 To-9) e,
[3,4]

7(,01(4715), te 3,4

Note that the definition of ¢ implies that both ¢; and @ are odd. Also
P1(t+2) = —p1(t) and @a(t +2) = —@o(t) for t € R.

Theorem 2.5 follows directly from

Lemma 2.6. 0 # ¢ € K is a fized point of the mapping G if and
only if ¢ is a 4-periodic solution of system (1).

Proof. Necessity. Let 0 # ¢ € K be a fixed point of the mapping G.
Differentiating (14), we have

{ @1(t) = —f1(p1(t), p2(1 = 1))
Ga(t) = —fa(pa(t), w1 (1 = 1)),

for ¢ € [0,1]. Since @;(t —1) = —@;(1 —¢) for i = 1,2, using (2) we get
{@1@) = f1(@1(t), pa(t — 1))
Ga(t) = fa(@2(t), p1(t - 1)),
for t € [0,1], i.e., ¢ solves system (1) on [0,1]. For ¢ € [1,2], we have
Put) = —p1 (2= 1) = —gu(2- 1)
= —f1($1(2 — 1), P2(1 — 1))
= f1(¢1(1), p2(t — 1))
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and ~ ]
Pa(t) = —p2(2 — 1)

= —f2(P2(2—1),1(1 — 1))

= f2(P2(t), P1(t — 1))
since both @1 and @9 are odd and @;(t — 2) = —@;(t) for t € R and
i = 1,2. Therefore, ¢ solves system (1) on [1,2]. The proof of ¢ solving
system (1) on [2,4] is similar.

Sufficiency. Let ¢ € K be such that ¢ is a 4-periodic solution of

system (1). Then ¢ # 0. Integrating system (1) for ¢ € [0,1] and using
Pi(s —1) = —@;(1 — s) for i = 1 and 2, we have

since ¢1(0) = 0 and ¢2(0) = 0 by Corollary 2.2. Therefore, 0 # ¢ € K
is a nonzero fixed point of the mapping G. This completes the proof.
O

The following result justifies our extension of ¢ for ¢ € K.

Corollary 2.7. Let p = (p1,p2) : R — R? be a special symmetric
4-periodic solution of system (1), and denote ¢ := pljo.1). Then p € K
and @ = p.

Proof. Since p is a special symmetric 4-periodic solution of system
(1), p1(0) = p2(0) =0, p; > 0, and pa < 0 on [0, 1], and ¢ # 0. Note
that p1(t — 1) = —p1(1 — t) and p2(t — 1) = —p2(1 — t). Thus

(15) {P1(t) = fi(p1(), p2(t = 1)) = —f1(p1(t), p2(1 — 1)),
p2(t) = fa(p2(t), p1(t — 1)) = = fa(p2(t), p1(1 — 1)),
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which implies that both p; and —ps are increasing on [0,1]. Hence
¢ € K. Integrating (15) for t € [0, 1] gives us

- / Fil1(s), a(l — 5)) ds,
- / Jolpa(s), 01 (1 — 5)) ds,

ie., 0 # ¢ € K is a fixed point of G. Thus ¢ is a 4-periodic solution
of system (1) by Lemma 2.6. Observe that if (z1,z2) is a special
symmetric 4-periodic solution of system (1), then w;(¢) = x1(¢) and
us(t) = wo(t — 1) satisfy (13). Thus ¢ = p since ¢ = plp,1;. This
completes the proof. a

3. Uniqueness. Recall that if (21, 22) is a special symmetric 4-
periodic solution of system (1), then uq (¢) = 1 (¢) and us(t) = a2(t—1)
satisfy system (13). In what follows, for a periodic solution (u;,us) of
system (13) with initial value (0,u) and u > 0, we denote by T, the
minimal period.

Definition 3.1. (a) Let (z;,5;) € R? i = 1,2. We say that
(z1,91) < (w2,92) if 21 < x2 and y1 < yo but (z1,y1) # (T2, Y2).

(b) Let ¢(x,y) be a function defined on D C R2. We say that ¢ is
increasing on D if (z;,y;) € D, i = 1,2, and (x1,y1) < (22,y2), then
o(z1,11) < @(x2,y2). Similarly, we can define decreasing ¢ on D.

Theorem 3.2. Suppose that both (fi(z,y)/y) and (f2(x,y)/y) are
decreasing (increasing) on {(z,y);y > 0}. If 0 < w; < ug, then
Ty <Tuy (Tuy > Ty)-

Proof. We only give the proof for the case where fi(z,y)/y and
fa(z,y)/y are decreasing.

Let (ugi),uéi)) be the periodic trajectory of system (13) with the
initial value (0,w;), and let 6; be the angular coordinate of the point
(ugl)(t),ug)(t)), i =1,2. Using system (13), we have

()f (u2) U1 )+u2)f (Ul ,u2))

(") + (")’

(16) 0;(t) = — <0.
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From this and the monotonicity assumptions we see that

i) = L0 N0 g )

Therefore, 6,(t) < 62(t) for all ¢t € (0,0] for some o > 0. We
claim that 6;(t) < 62(t) for all t € (0, (Ty,/4)] which combined with
Proposition 2.1 implies that T3, < T,,,. If not, then there must exist a
tg € (O, (Tu1/4)] such that Hl(to) = 92(t0). Let t* € (O, to} be the first
time such that 0 < 61(t*) = 02(t*) < w/2. Then 01(t*) > 02(t").
If (ugl),uél)) and (u(l ),u; )) are the corresponding points on the
trajectories, then (ug ,uéQ)) r(ugl),ugl)) for some r > 1. Equation
(16) implies

f2(U2)7 (2)+U2 fi (U1 y U 2))
)+ ()
u(l)fQ(rué Tugl))+u(1)f (ru1 T (1))
r((u”)” + (us")) '

Since both (f1(x,vy)/y) and (f2(z,y)/y) are decreasing on {(z,y);y >
0},

O (t*) =

(17)

Alraras)  f?,u)

<
rugl) ugl)
and
fo (rug ),rul ) fa (uél),ugl))
) < 0
rug Uy
or
(1) OIS
(18) Uz (ru1 2 ) < u21)f (ugl), (1)) for ugl) #0,
r
(1) (COREY
(19) w ' f2 (TUQ | ) < u(ll)f (ugl),ugl)) for ugl) #0.

r

It follows from (16)—(19) that

éQ(t*) > él(t*),
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a contradiction. O

Corollary 3.3. Under the assumptions of Theorem 3.2, if a special
symmetric 4-periodic solution of system (1) exists, then it is unique.

4. A nonuniqueness example. In this section we consider

{x'l(t) = fi(z2(t — 1))

(20) d2(t) = folai(t — 1))

and assume that both f; and f; are increasing and continuously
differentiable. Recall that we assume without loss of generality f{(0) =
14(0). Then the cone mapping G becomes

1) Glonp0 = (- [ (a1 8)) ds, — / t falor(1-5))ds ).

Definition 4.1. For ¢ = (p1,92) € Cs, we say that ¢ is convez if
1 is concave up and 5 is concave down on [0, 1].

Proposition 4.2. Ify € G(K), then 1 is convez in [0, 1].

Proof. From

wt):—/o fi(pa(1— 5)) ds
w2<t>=—/0 falior(1— 5)) ds

for some ¢ = (p1,p2) € K, we have

e
Pa(t) = —fa(pr(1 — 1))

for t € [0, 1]. Therefore, 1L1 decreases and ¢2 increases, and hence 1) is
convex. i
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Proposition 4.2 prompts us to introduce a subset K of the cone K
by

Ko ={p € K; ¢ is convex in [0, 1]}.

Thus cone Kj is invariant under G by Proposition 4.2. For ¢ =
(#1,2) € K, denote ||| = max{p:(1), —a(1)}.

Proposition 4.3. If f{(0) = f4(0) > 2, then the trivial fized point
@ = 0 is an ejective point of the mapping G, i.e., there exists o > 0
such that for every ¢ € U, := {p € K; ||| < o} there exists a positive
integer m = m(¢) such that G™¢ ¢ U,.

Proof. Let € be a fixed number in (0, (f](0)—2)/2). Choose ¢ > 0 such
that f1(z) > 2+4¢ and fi(x) > 2+efor x € [0,0]. Let ¢ = (¢1, ¢2) € Uy,
and ||¢| = k. By Proposition 4.2, we may assume that ¢;(t) > kt
and/or ¢o(t) < —kt for ¢ € [0,1] (if necessary, replace ¢ by G¢). Then

either
/f1 ¢21—8 d8>/f1 1—8

(2+5)/0 (1—s)ds—( 5),{

/f2¢11—s ds>/f2 (1-5))
_(2+s)/0 (1S)ds(1+2>

Thus ||G¢|| > ((1 + €)/2)k and the claim of the proposition follows.
0

or

Proposition 4.4. Suppose that there exists u > 0 such that
max{fi(u), fo(u)} < uw. Then the set K<, = {p € Ko;|¢| < u}
18 invariant with respect to G.
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Proof. For any ¢ = (¢1,¢2) € K<, we have

Gl = max{ - et - ds, [ pa -

gmax{/olfl(u)ds,/olfg(u)ds} <u O

Corollary 4.5. Assume that both f1 and fo are odd and increasing,
f1(0) = f4(0) > 2 and there exists u > 0 such that max{fi(u), fa(u)} <
u. Then system (20) has a special symmetric 4-periodic solution.

Proof. We know that K<, is a closed, bounded, convex and infinitely-
dimensional set in Cy and G : K<, \ {0} — K<, is completely
continuous. Moreover, by Proposition 4.3, 0 € K<, is an ejective
point of G. Then G has a fixed point in K<, \ {0}, which follows from
Theorem 2.1 of Chapter 11 of Hale [8]. Now the existence of a special
symmetric 4-periodic solution of system (20) follows from Theorem 2.5.
This completes the proof. i

Remark 4.6. Let Ky := {(p1,02) € Ca;01(0) > 0 and p2(0) < 0 for
6 €10,1]}. Then K is a positive cone in Cy and determines a partial
order, denoted by =<, on C5. Choose ¢ as in the proof of Proposition 4.3
and define ¢ = (¢1,¢2) € Ko by ¢1(t) = ot and ¢o(t) = —ot for
t € [0,1]. Then it follows from (21) that

(G010 =~ [ A1 =) ds = -2 [ a1 - 9)ds

:2/t0(1—s)ds:at(2—t) > 61 (t)

and

(GO () =—/0 Jolé1(1— 5)) ds < —2/0 b1(1— 5) ds

= _2/0 o(l1—s)ds=—ct(t—s) < ¢a(t)
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for t € [0,1]. Thus ¢ < G¢. Noting that G is order-preserving since
both f; and f, are increasing, we get an increasing sequence (Gk¢),§°:0
in K<, by Proposition 4.4. Therefore, limy_, G*¢ exists and it is a
fixed point of G. This gives an iterative scheme to obtain a special
symmetric 4-periodic solution numerically.

Proposition 4.7. Suppose that there exists v > 0 such that

12 v2

Then the set K>, := {p € Ko;||¢| > v} is invariant with respect to G.

Proof. Let ¢ = (¢1,¢2) € K>,. Then we have ¢1(t) > vt (and/or
¢2(t) < —wt) for t € [0,1]. Thus, from (21),

|Gl = max{ - | u(a(1 — 5)) ds / faln(1 - 5)) ds)

{/ fi(v(l —s) ds/f2 (1-35)) ds}

m{fo fi(s de fovfz(S)dS} >u. o
v

=1m

Corollary 4.8. If there exist 0 < v < u such that

min{(/ov F1(s) ds/vQ), (/O fg(s)ds/UQ)} >1

and max{ f1(u), f2(u)} < u, then the set K, ., = {p € Ko; v < [l¢| <
u} is invariant with respect to G. In particular, the mapping G has a
fized point in K, ,,.

Proof. We can use the Schauder fixed point theorem to get the result
since K, , is a bounded, closed, convex set and G : K, ,, — K, , is
completely continuous. O
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Corollary 4.9. Let both fi and fo be odd and increasing such that
limsup,_, ., a(z) > 1 and liminf, .. b(z) < 1, where

Jo fi(s)ds [ fa(s)ds }

T €T

a(z) = min {

and

xT T

b(x) :max{M7 f?“”}.

Then system (20) has infinitely many special symmetric 4-periodic
solutions.

Proof. The hypotheses imply that there exist two increasing se-
quences (vx) and (ug) such that vy < up < vg41 and a(vg) > 1 and
b(ug) < 1. According to Corollary 4.8, each set K, ,, contains a fixed
point of G. This fixed point, according to Theorem 2.5, generates a
special symmetric 4-periodic solution of system (20). o

5. Limiting profiles. In this section we study the limiting profiles
of the special symmetric 4-periodic solutions of the singularly perturbed
system

ey (t) = fi(@2(t — 1)),
(22)

63'2‘2 (t) = f2($1(t — 1))

with both f; and f5 being odd, increasing and continuously differen-

tiable. Moreover, we assume that f1(0) = f5(0) > 0.

Theorem 5.1. Assume that both (f1(z)/z) and (fa(x)/x) are
decreasing on (0,00) with limy_o(f1(x)/z) = lim;_ o (f2(x)/z) = 0.
Let (25,25) : R — R? be the unique special symmetric 4-periodic
solution of system (22) obtained by Corollary 3.3. Then

x2(t) > 00 and x5 — oo uniformly on any subset of (0,1]

ase — 0T,
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Proof. For € > 0, let f{(x) = (fi(x)/e) and f5(z) = (f2(z)/e). Then
system (22) can be written as

(23 {il(t) = fi(z2(t = 1)),

g (t) = f5(x1(t —1)).

Let G. be the cone mapping corresponding to system (23). Then
there exists an €9 > 0 such that for each ¢ € (0,e() system (23), and
hence system (22), has a unique special symmetric 4-periodic solution
(25, 25) by Corollary 3.3 and Corollary 4.5. Moreover, as in the proof
of Proposition 4.3, we can choose a fixed v € (0,(1/3)) and a ¢ > 0
such that f{(z) > f(0)((2/3) + ) and f5(z) > f(0)((2/3) + ) for
x € [0,0]. Then, for any € € (0, min((f1(0)/3),e0)) and any ¢ € U,
there is a positive integer m(e, ¢) such that Gre?) ¢ U,. Thus7 we
know that 25(1) > o and/or 25(1) < —o. Let a; = (fy fi(s)ds/o),
(fy f2(s)ds/o) and ¢, = min{as,b,}. We also assume e <
(0 mm(( '(0)/3), €0, ¢s)). In the following we distinguish two cases.

Case 1. 25(1) > o. Then z5(t) > ot for t € [0, 1]. Thus

w51) = =2 [ plai( - s)ds
(24) |
g—g ; f2(0(175))ds:f§bg

Noting that z§(t) < z5(1)t for ¢ € [0, 1], we have

(1) = —%/0 fi(z5(1 —s))ds

I
= | A -9)ds

1 (.71 1/t
= g/o f1(5b05> ds > 5/0 fi(s)ds

(25)

Y
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Case 2. 25(1) < —o. Then x5(t) < —ot for t € [0,1]. Thus

:77/ fi(z5(1 —9))

> L [ hioti- ) as
(26) !

= % ; fi(c(1—s))ds

= % 01 fi(os)ds = 1a[,

Noting a5(t) > z5(t) > (1/¢€)a,t for ¢ € [0, 1], we have

En=—§/vxﬁu—@m8
(21) <—1/.ﬁ(ﬂA1—@)w
< —é/o fQ(i_cas) ds < i_/ol fo(s) ds

It follows from (24)—(27) that z5(1) — oo and z§(1) — —oo as
e — 0T. Noting z5(t) > z5(1)t and z5(t) < z5(1)t for t € [0,1],
the result of the theorem follows immediately. a

Intuitively, one can picture the limiting profiles in Theorem 5.1 as
pulses of unbounded amplitudes. Now, for a special class of f; and fs,
we show that z§(1) = O(1/e) and 25(1) = —O(1/¢) as ¢ — 01 and
that, for ¢ = 1 and 2, ex$(t) approaches a sawtooth wave whose slope
is determined by lim,_,~ fi(x).

Corollary 5.2. In addition to the hypotheses in Theorem 5.1, we
assume that both fi and fo are bounded and let ar, = lim,_, o f1(x)
and by, = limy, o fo(x). Then

lim exi(t) = aoot
=0+

teo,1].
h%l &y (t) = _boot for [ }
£E—
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Proof. Since (x7,25)|0,1) is a fixed point of G (defined in the proof
of Theorem 5.1), it follows from (21) that

ex§(t) = 7/0 fi(z5(1 —s))ds
for ¢t € [0, 1].

t
cait) = - [ faai(i - 9)ds
0
Therefore,

—tfi(25(1 — 1)) < eaf(t) < —tfi(x5(1))
for ¢t € [0, 1],

—tfa(27(1)) < ex§(t) < —tfa(27(1—1))

which, combined with Theorem 5.1, implies that lim, o+ ex5(f) = aoot

and lim,_,g+ e25(t) = —boot uniformly on any subset of [0,1). Note
that
ex§(t) <ex5(1) < aco
for t € [0,1].
—boo < ex§(1) < ex(t)
Hence, lim,_g+ex5(1) = ao and lim,_g+ex5(1) = —bo. This

completes the proof. o

Note that the periodicity of (z§,x5) implies that each exf(t) ap-
proaches the sawtooth-like wave pf : R — R with pj(t) = axt and
p3(t) = —boot for t € [—1,1] and pi(t + 2) = —pi(t) for t € R. See
Figure 1. Furthermore, (ex5(t),ex5(t)) approaches the line segment
(pi(t),p5(t)) for t € R as € — 0T, see Figure 2.

Example 5.3. We can check that the odd function g : R — R
with g(z) = alog(z + 1) for x > 0 and some positive « satisfies the
assumptions of Theorem 5.1 but lim,_. g(z) = 0.

Example 5.4. It is easy to check that g(x) = atanh(fz) =
a(efr — e7P%) /(P + e7P%) with a > 0 and B > 0 satisfying the
assumptions of both Theorem 5.1 and Theorem 5.2.
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FIGURE 1. Sawtooth waves p} and p} (dashed line for p} and solid line for
p3)-

P2
A
b. |
: : > py
—A o 0 (22
b b

FIGURE 2. Limiting profile of (ezf(t),ex5(t)) is a line segment in the plane.



338 Y. CHEN AND J. WU

6. Implication for negative feedback systems. We now con-
sider the following system of delay differential equations with negative
feedback

(28) {il(t) = fi(@(t), z2(t - 1)),

To(t) = —fa(z2(t), 21 (t — 1)),

where f; : R?> — R, i = 1, 2, is locally Lipschitz continuous and satisfies
the same symmetry condition (2) and positive feedback condition (3).
Linearizing system (28) around the origin gives

{Xl(t) = aX,(t-1),

(29) )
Xg(t) = 7(1X1(t — 1)

The characteristic equation associated with (29) is given by

A —ae

-

30 0=
(30) ae A

=+ iae*)‘)()\ — iae*)‘).

When and only when a = k7 for some k € N, equation (30) has purely
imaginary zeros and these zeros are exactly £kmi. Thus system (29)
has a particular periodic solution

X1(t) = sin(kmt)
Xo(t) = (=1)F cos(kmt),
with the minimal period (2/k), and it satisfies

X (1) = =X (¢ + %) for t € R,
(31) X.(t) >0 on (0, %)
X(t) = —Xa (£ + %) for t € R.

It is therefore natural to study periodic solutions (x1,z2) of system
(28) with x; and o satisfying

z1(t) = —1 (t + %) fort € R,

(32) 21 (t) > 0 on (0, %)

2o(t) = —mo (t + 1) for t € R.
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Obviously, (2/k) is the minimal period of (z1,z2). Using the same
technique used in Section 1, we can show that it is sufficient to consider
2-periodic solutions of system (28) satisfying (32). We call such a
periodic solution a special symmetric 2-periodic solution.

Given a special symmetric 2-periodic solution (x7,z2) of system (28),
define (u1,uz) : R — R2 by u1(t) = x1(t/2) and ua(t) = 22((t — 1)/2)
for t € R. Then (uy,us) satisfies (7) with kK = 1. Moreover, using (2)
and (32), we can easily check that (u1,us) also satisfies

(1) = 5 i (0), ualt = 1)),

ia(t) = 3 folua(t),wa(t = 1).

Note that system (33) coincides with system (1) with f; and f being
replaced by (1/2)f1 and (1/2)fa, respectively. Hence, (u1,uz2) is a
special symmetric 4-periodic solution of system (33). On the other
hand, if (u1,us) is a special symmetric 4-periodic solution of system
(33), by defining (x1,72) : R — R? by z1(t) = u1(2t) and x5(t) =
uz(2t + 1) for t € R, then (x1,x2) satisfies (32) with & = 1. Moreover,
using (2) and (7), we can check that (z1,x2) also satisfies system (28).
Hence, (21, x2) is a special symmetric 2-periodic solution of system (28).
Therefore, we have established a one-to-one correspondence between
a special symmetric 2-periodic solution of system (28) and a special
symmetric 4-periodic solution of system (33). Thus, similar results to
those about special symmetric 4-periodic solutions of system (1) can
be obtained for special symmetric 2-periodic solutions of system (28).
In particular, we have

(33)

Theorem 6.1. Suppose that both (fi(z,y)/y) and (f2(x,y)/y) are
decreasing (increasing) on {(z,y);y > 0}. If a special symmetric 2-
periodic solution of system (28) exists, then it is unique.

For the case where both fi(x,y) and fo(x,y) are independent of x,
we have results about existence and nonuniqueness. More precisely, we
consider

(34)
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and assume that both f; and f5 are odd, increasing and continuously
differentiable. Also, recall that we assume f;(0) = f4(0).

Theorem 6.2. Assume that both fi and fo are odd and increasing,
11(0) = f5(0) > 4 and there exists u > 0 such that max{ f1(u), fa(u)} <
2u. Then system (34) has a special symmetric 2-periodic solution.

Theorem 6.3. Let both fi and fo be odd and increasing such that
limsup,_,., a(x) > 1 and iminf, . b(z) < 1, where

Jo fi(s)ds [ fa(s)ds }

222 222

a(x) = min {

and

o) {fl(x) fz(w)}.

2z 1 2z

Then system (34) has infinitely many special symmetric 2-periodic
solutions.

Now we state the results on limiting profiles. Consider

ex1(t) =  fi(ze(t — 1)),
(35) .1( ) 1(z2(t — 1))
edg(t) = — fa2(z1(t — 1)),
with both f; and f5 being odd, increasing and continuously differen-
tiable. Moreover, we assume that f1(0) = f5(0).

Theorem 6.4. Assume that both (fi(x)/x) and (fo(x)/x) are
decreasing on (0,00) with lim, o (f1(x)/z) = lim, o (f2(x)/z) = 0.
Let (25,75) : R — R? be the unique special symmetric 2-periodic
solution of system (35) obtained by Theorem 6.1. Then

2(t) = oo and x5(t) — —oo wuniformly on any subset of (0,1)

as e — 0T,
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FIGURE 3. Sawtooth waves ¢ and ¢} (dashed line for ¢j and solid line for

43)-

Theorem 6.5. In addition to the hypotheses in Theorem 6.4, we
assume that both f1 and fao are bounded and denote oo = lim,_, o0 f1()

and by, = lim, o fo(x). Then

lim ez5(t) = acot

e—0t 1
for t € [0, 5} .

lim ex5(t) = boo(t — (1/2))

e—0*t

Note that the periodicity of (z5,x5) implies that each ex$(¢) ap-
proaches the sawtooth-like wave ¢f : R — R with ¢f(t) = aoot
for t € [—(1/2),(1/2)] and ¢} (t) = boo(t — (1/2)) for t € [0,1] and
g (t+1) = —q}(t) for t € R, see Figure 3. Furthermore, (ex§(t), cx5(t))
approaches the diamond (qi(t),q5(t)) for t € R as ¢ — 0T, see Fig-
ure 4. Remember that, for the special symmetric 4-periodic solutions
(x5 (t), 25(t)) of system (22), (ex5(t),ex5(t)) approaches a line segment.
These results indicate a difference between the dynamical behaviors of
positive feedback and negative feedback systems.
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FIGURE 4. Limiting profile of (ex§(t),ex5(t)) is a diamond in the plane.
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