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Slowly Oscillating Periodic Solutions for a Delayed
Frustrated Network of Two Neurons'

Yuming Chen? and Jianhong Wu?

Department of Mathematics and Statistics, York University, 4700 Keele Street,
North York, Ontario M3J 1P3, Canada

Submitted by Hal L. Smith

Received March 20, 2000

In this article, we study a delayed frustrated network of two neurons. We obtain
a two-dimensional closed disk bordered by a slowly oscillating periodic orbit, and
we give a complete description about the dynamics of the flow restricted to this
closed disk. © 2001 Academic Press
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1. INTRODUCTION

The system of delay differential equations

X(t) = —pyx(t) + Fyy(x(t — 7)) + Fpo(y(t — 7)) + 1,

(1.1)
V() = —myy(t) + Fy(x(t — 731)) + Foo(y(t — 735)) + 1,

arises as a model for a network of two saturating amplifiers (or neurons)
with delayed outputs. Such a system without delays was first proposed by
Hopfield [9, 10] and later modified by Marcus and Westervelt [14] by
incorporating the time delays in order to account for the finite switching
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speed of the amplifiers. Some progress has been made towards the
description of dynamics of the generated semiflows and the existence of
periodic solutions has been the central subject in a few papers including an
der Heiden [1], Baptistini and Taboas [3], Chen and Wu [5], Gopalsamy
and Leung [8], Ruan and Wei [16], and Téaboas [18].

Some of the aforementioned work on the existence of periodic solutions
used the Nussbaum’s method by applying the ejective fixed point principle
of Browder to an invariant cone in the state space (an der Heiden [1],
Baptistini and Téaboas [3], Taboas [18]). Some used the well-known local
Hopf bifurcation theory and the obtained results are local (Gopalsamy and
Leung [8]), while others used the S'-equivariant degree theory of Erbe et
al. [7] and the obtained results are global (Ruan and Wei [16]). In [5], using
the discrete Lyapunov functional theory developed by Mallet-Paret and
Sell [12, 13] and following the geometrical analysis used by Krisztin et al.
[11], we studied the positive feedback system

x(t) = —prx(t) + vf(y(r — 1)),
y(t) = —ury(t) + 7f(x(t — 1)),

which describes the dynamics of two identical saturating amplifiers, with
either excitatory or inhibitory interaction. In the case of excitatory interac-
tion, we obtained a phase-locked periodic solution for system (1.2) when 7
is larger than a certain critical value 7.

The purpose of the present work is to study the dynamics for a network
of two neurons with negative feedback. More precisely, we consider

X(t) = —px(t) + F(y(t — 1)) +1,,
y(t) = —my(t) = G(x(t — 7)) + I,

where w, and u, are positive constants, 7, and 7, are nonnegative
constants with 7= 7, + 7, > 0, I, and I, are constants, and F and G are
bounded C'-functions with

(1.4) F'(£)>0 and G'(£)>0 foréeR.

(12)

(1.3)

Such a network is referred to as frustrated network by Bélair et al. [2]. To
apply the theory of cyclic systems developed in Mallet-Paret and Sell [12,
13], we will, in Section 2, transform system (1.3) into

w(t) = —mpu(t) + 7f(v(t)),
0(t) = —Tuou(t) — 7g(u(t — 1)),

with the origin being the only equilibrium point and f and g satisfying
f'(é€)>0and g'(¢£) > 0forall £ R.

(15,)
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Our first step towards the description of the global attractor of the
semiflow generated by (1.5,) is to show the existence of a slowly oscillating
periodic solution for 7 larger than a certain 7, > 0. We obtain the
existence of such a periodic solution following the geometric approach of
Krisztin et al. [11] and using some ideas of Walther [19] for the scalar case.
Namely, we will consider the global forward extension of a leading two-
dimensional unstable manifold tangent to the eigenspace of the generator
of the linearization of (1.5) at the zero solution associated with a pair of
eigenvalues with the largest positive real parts. To distinguish the oscilla-
tion frequencies, measured by the discrete Lyapunov functional, between
the solutions in the aforementioned eigenspace and solutions in its com-
plement, we need some detailed information about the eigenvalues of the
linearized equation of (1.5) at zero. We will show, in Section 3, that there
exists a 7, > 0 such that when 7> 7, all eigenvalues are nonreal, are
simple, and are given by conjugate complex pairs {a; £ ib}; <, With
b, € (0, 7) and b, € (2k — Dm,(2k + D7) for k € N. Moreover, a, > 0
and a, >a,> - >a, > =+ > —oas k - «,

The main result is obtained in Section 4, where we show that for 7 > 7,
there is a unique slowly oscillating periodic orbit in the closure of the
global forward extension W of a two-dimensional C'-submanifold con-
tained in the unstable set of the origin. Besides this, we show that W is
homeomorphic to the unit disk in R> and we describe completely the
dynamics of the flow restricted to V.

2. MODEL DERIVATION

Consider the system of delay differential equations
X(t) = —mx(t) + F(y(t — 7)) + 1,

Y1) = =may(1) = G(x(t = 7)) + I,
where w, and u, are positive constants, 7, and 7, are nonnegative
constants with 7= 7, + 7, > 0, I, and I, are constants, and F and G are
bounded C'-functions with

(2.2) F'(£)>0 and G'(£)>0 foréeR.

(2.1)

THEOREM 2.1.  For any I, and I,, system (2.1) has a unique equilibrium.

Proof. We first prove the existence of equilibrium. Let C;, = {(x, y) €
R%; x| < i '(M + |1D, Iyl < u; '(M + | L)}, where M > 0 is a bound
for both F and G. Then C,, is a compact subset of R% Define F,,:
C,, » R? by

(23) Flz(an) = (:u’l_l(F(y) +Il)’ ,u,z_l(—G(x) +12))'
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It is easy to see that F,, is continuous and F,,(C,,) € C,,. Therefore, by
the Brouwer fixed point theorem, there exists a fixed point (x,, y,) of F,
in C,, and hence system (2.1) has an equilibrium (x,, y,).

Now, we show that if (¥,, ¥,) is an equilibrium point of system (2.1),
then X, = x, and j, = y,. In fact, from

—mxg + F(yo) + 1, = — ¥ +F()70) + 1

and
Yo — G(xg) + = —p, 5y — G(%)) + I,
we get
(2.4) (X _fo) =F(yy) — F(f’o)
and
(2.5) a( Yo — Fo) = _(G(xo) - G(’Eo))
It follows from (2.2), (2.4), and (2.5) that
(2.6) (xo = %) (yo = ¥o) = 0.

Thus, the combination of (2.2), (2.4), and (2.6) gives %, = x, and J, = y,.
This completes the proof.

Let (x,, y,) be the unique equilibrium obtained in Theorem 2.1 and
introduce the following change of variables:

u(t) =x(7t+ 7)) —xg,
o (1) =x(rt+ 1) =3,

v(t) =y(7t) = yq-
Then (u, v) satisfies

a(r) = —mpu(r) + 7f(v(1)),

(2.8)
0(t) = —Tu(t) — 78(u(t — 1)),
where
f(€) =F(&E+y,) — F(yy)
and

8(&) =G(&+xy) —G(x)

for all ¢ € R. It is easy to see that the origin is the only equilibrium point
of (2.8,). Moreover, f and g are bounded C'-functions and satisfy

(HI) f(0) = 0=g(0),
f'(€)>0 and g'(&)>0 foréeR.
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With (H1) holding, system (2.8.) is a cyclic system of negative feedback
in the sense of Mallet-Paret and Sell [12, 13]. Hence the discrete Lyapunov
functional theory developed by Mallet-Paret and Sell can be applied to
system (2.8,).

Let K =[—-1,0] U {1},

C(K) = {¢: K = R; ¢ is continuous}.

Then C(I) is a Banach space with the supernorm, which we choose as the
phase space for (2.8,). Throughout this article, we will always tacitly use
the identification

C(K) = C([-1,0]; R) x R

and write an element € C(K) as (f|—1,0, (1) € C(—1,0;R) X R.
We also use the identification

CY(K) = CY([~1,0];R) X R

and the C'-norm on C'(IK) is defined as

Il = max{_sup w(0) sup Li(0)L (D).

6e[—1,0] 0s[—1,0]

Following Smith [17] and Mallet-Paret and Sell [12], for each ¢ € C(K)
there exists a unique pair of continuous maps u: [—1,%) - R and v:
[0,) = R such that (u,v): (0,%¢) - R? is continuously differentiable and
satisfies (2.8,) for ¢ > 0, ul—10; = @li-1,0, and v(0) = ¢(1). Let z¢ =
(u®,v?) denote the above unique pair and define z? = (u?,v¢(¢)) € C(K)
for t > 0, where uf(6) = u®(t + 6) for 6 € [—1,0]. Then the map &:
R*X C(K) = (¢, ¢) = z? € C(K) is a continuous semiflow, with only one
stationary point 0.

Due to the monotonicity condition (H1), one can easily show that, for
any given ¢ > 0, the map ®(¢,-): C(IK) — C(K) is injective. In particular,
for each ¢ € C(K) there exists at most one z = (u,v): R - R? which
satisfies (2.8.) and such that z, = (u,, v(0)) = ¢. If such a solution exists,
it will be also denoted by z¢: R —> R?.

3. THE EIGENVALUES OF THE LINEARIZED
EQUATION

Before studying the periodic solutions of (2.8_), we need some informa-
tion about the eigenvalues of the infinitesimal generator of the C,-semi-
group {D,®(z,0)}, . ,.
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The location of these eigenvalues determines the stability of the origin.
The linearization of (2.8,) at the origin is given by

X(t) = —mu, X(2) + 7f(0)Y(1),

Y(t) = —1u,Y(t) — 7g'(0) X(t — 1).

The corresponding characteristic equation is

(32,) A+ 7(p+ m)A+ T py + 708" (0)e ™ = 0.

The case of u, = u, was studied by Baptistini and Taboas [3] and Taboas
[18]. For the general case, though the analysis is more complicated, we
have parallel results to those in the aforementioned two papers. General
treatments of equations like (3.2_) are given by Bellman and Cooke [4] and
Pontryagin [15]. Here, we want to show that solutions of (3.2,) are
distributed in a union of a sequence of strips S, (defined later); the real
parts of these solutions are monotonically decreasing in k € N and un-
bounded. Results of this nature are expected in Mallet-Paret and Sell [12,
Theorem 3.2 and Corollary 3.3], and our discussions in this section seem to
confirm their expectation.

For the sake of convenience, let p=u, + n,, ¢ =, u, and r =
f'(0)g’(0). Then (3.2,) can be rewritten as

(3.1)

(3.3,) (A + 7pA + 77g)e* + 7r = 0.

Following Theorem 13.9 of Bellman and Cooke [4], we need information
about the solution of the following equation:

(34,) a’? — 12q = Tpa cot a.

It is easy to see that for each 7 € (0,%) Eq. (3.4,) has a unique solution in
(0, 7), denoted by a(r). Then we have a differentiable function «:
(0,) — (0, 7).

LEMMA 3.1.  The function « is strictly increasing on (0, ).

Proof. Differentiating (3.4,) with respect to 7 and rearranging the
terms, we have

da 27q + pa cot «

dr  2a— tpcota+ Tpa
Using 1/sin* @ = 1 + cot® « and (3.4,), we get
pa('rzq + az)

da
(3.5) EZ 2 2 2,22 2 2 : >0,
7p(7q+a)+7pa +(a —Tq)
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which implies that « is strictly increasing on (0, ). This completes the

proof.

LEMMA 3.2. The function h: (0,%) — (0,%) given by h(r) = 322 jg
strictly increasing on (0, ).

Proof.  Using (3.4.) and (3.5), we get

) do C de
pal|rsin a + 7rCos QE — Tprsin a~g-

ih(T) = 22
dr puo
rpasin a + r(a? — 17q)sin a$t — 7prsin ag*
7’
rsin a da
= p2a2 pa + (az — Tzq - TP)E}
_ rsin a [1 . (r%q + a*)(a® — 7%q — 7p) }
pa Tp(Tzq + az) + 2 p%a’ + (az - 'rzq)2
ra[73(p? — 2q) + 2a?|sin a
B p:Tp(Tzq +a?) + mpa’ + (a® - 7'261)2
ra[Tz(;L% + ,u%) + 2a2]sin @
B p:Tp(Tzq +a?) + mpa’ + (a - ﬂrzq)2
> 0.

This completes the proof.

Lemma 3.1 implies that both lim_ _, j+a(7) and lim_ _, . a(7) exist. More-
over, it follows easily from (3.4.) that lim_ _, ,-a(7) = 0 and lim, _, ,a(7)
= 7. Note that

« 2 9 .2 N\1/2
[—pcosa+(p cos” a + 4gsin® a) ]

1/2}

T 2gsin a

by solving (3.4_) with respect to 7. Thus

, 4qsin’ a
cos’ @ + ——5—
p

r
h(t) = Z[—cos a+

It follows easily that
(3.6) lim A(7) =0

07"
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and

(3.7) lim A(7) = .

T— 0

PRoOPOSITION 3.3.  Assume (H1) and w, p, > f'(0)g'(0). Then the origin
is locally asymptotically stable.

Proof.  Since w, p, = f'(0)g’(0), i.e., g = r, it follows from (3.7) that

lim h(7) < 1.

This, combined with Lemma 3.2, implies that
h(t) <1 for r > 0.
It is known that if
h(t) <1

then all roots of (3.3.) and hence of (3.2,) lie to the left of the imaginary
axis (see, for example, Bellman and Cooke [4]), which means that the
origin is (locally) asymptotically stable. This completes the proof.

Now, assume that
(H2) iy < f'(0)8'(0).
Again, it follows from (3.7) that
lim (1) > 1,

T— 0

which, combined with (3.6) and Lemma 3.2, implies that there exists a
unique 7, € (0,) such that

<1 for r € (0,7,),
(3.8) h(7){ =1 forr = 7,,
>1 forr € (7,,).

As discussed in the proof of Proposition 3.3, we know that if = < 7, then
the origin is locally asymptotically stable. Therefore, in order to obtain
periodic solutions of (2.8.) as a Hopf bifurcation from the origin, it is
necessary to assume that

(H3) T> 7.
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Note that hypothesis (H3) is equivalent to that (3.2_) has at least one root
with positive real part.

From now on, we always assume that (H1)—-(H3) hold.

Observe that A is a root of (3.2,) if and only if its complex conjugate A
is. Therefore, we can restrict our study to the upper semi-plane C, = {A €
C; Im A > 0}.

LeEmMA 3.4.  Equation (3.2_) has no real root.

Proof. Clearly, (3.2,) has no nonnegative real root. We then only need
to show that (3.2,) has no negative real root. Since a(7) € (0, ), we have
0 < sin a(7) < a(7). It follows from (3.8) that 7r > p. We also know that
e* > 1+ Afor all A € R. Thus, when A < 0, we have

N+ TpA + 12q + Tire?
> A+ mph 4+ 73g + (1 — A)
=AM+ 1(p—7Tr)A+13(q +7)
> 0.

This implies that (3.2_) has no negative real root, completing the proof.
COROLLARY 3.5.  All roots of (3.2.) are simple.

Proof. By way of contradiction, we assume that A, is a root of (3.2.)
with multiplicity larger than 1. Then A, satisfies both

(3.9) Ao+ TpAy + T2 + e M =0
and
(3.10) 20 + 7p — Tre M = 0.

Hence, it follows from (3.9) and (3.10) that A, satisfies
X+ (tp+2)A + g + p = 0.

Noting A = (rp + 2) — 472q — 4rp = 72p> + 4 — 47%q = 7%(u, —
wy)* + 4 > 0, we know that A, is real, a contradiction to Lemma 3.4. This
completes the proof.

LEMMA 3.6. There is no root of (3.2_) in line a + bi, whereb = 2k + D
for some k € N, = N U {0}.

Proof. If A =a + 2k + Dwi for some k € N satisfies (3.2), then,
separating the real and imaginary parts, we have

a* — (2k + 1)’m + 7pa + 72q — e = 0,
202k + D)7+ 7p(2k + )7 =0
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and the system is not compatible. In fact, from the second equation, we
have a = — 7. Substituting it into the left hand side of the first equation,
we get

2,2

T
—(2k + 1)’m? - + 72q — 1ire™/?

72( My — Mz)z
4

a contradiction. This completes the proof.

For k € N, define

= —(2k + 1’72 — — Tire™/? <0,

{reC;0<ImA< 7w}, k=0,

S = {reC;(2k — 1)m <Im A < (2k + 1) 7}, k e N.

Then Lemma 3.4 combined with Lemma 3.6 asserts that there exists a
subset A ¢ N, such that all roots of (3.2,) in C, are in the union of
strips S, for k € A4.

To continue our discussion, we need a result about the continuous
dependence of the roots of (3.2.) on 7. Since this result will be used
repeatedly, we state it for the sake of easy reference.

THEOREM 3.7 [6, Lemma XI1.2.8]. Let Q be an open set in C. Let w be
an open subset of Q) whose closure @ in C is compact and contained in ().
Let 7 be such that no root of (3.2.) is on the boundary of w. Then there exists
a neighborhood U of T in R such that

() forany € U, Eq. (3.2.) has no zeros on the boundary of w;
(ii) the number of zeros of (3.2.) in w, taking multiplicities into
account, is constant for T € U.
For k € N, define
b, = a(7y) + 2km
and
Toby
by

T, =

Then it is easy to check that ib, € S, is a root of (3.2, ).
LEMMA 3.8. Forany k € N,, Eq. (3.2.) has at least one root in S,.
Proof.  Let

A, = {r> 74; (3.2,) has at least one root in S,}.
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If k€N, then 7, € A;. If k =0, since ib, € S, is a root of 3.2, ), it
follows from Theorem 3.7 that there exists a 7, > 7, such that 7, € A4,
Thus A4, # <. It also follows from Theorem 3.7 that A4, is relatively open
in (74, %). Since (7, ) is connected, the proof is complete by showing that
A, is also relatively closed in (7,,%). Let {s,}’_; € 4, be a sequence such
that s, — s, as n — « for some s, > 7,. Foreach n € N, let o, + i, €
Sy be aroot of (3.2, ). It follows from (3.2,) that {«, + iB,};_; is bounded.
Therefore, there ex1sts a subsequence of {a, +iB,), say itself for the
convenience of notation, and «, + iB, with B, € [2k — Dm,2k + D]
if keN, and B, €[0, 7] if k=0, such that «, +iB, = o, +iB, as
n — . Taking the limit in (3.2, ), we know that «, + iB, is a root of
(3.2,). It follows from Lemmas 3.4 and 3.6 that &, + i, € S, and hence
s, € A,. This completes the proof.

LEMMA 3.9. For any k € N, let a,(7) + ib, (1) € S, be a solution of
(3.2,). Then a, (1) < 0 if T € (74, 7,) and a,(7) > 0 if 7> 7.

Proof. We only consider the case where 7 < 7, since the other case
can be dealt with similarly. It follows from (H3) that k € N. By way of
contradiction, assume that there exist a 7 < 7, and a solution a,(7) +
ib,(7) € S, of (3.2.) such that «,(7) > 0. Let o, (7) + iB,(7) € S, be the
solution curve of (3.2,) passing through a,(7) + ib,(7), ie; o (7) +
iB,(7) = a,(7) + ib,(7) (this is guaranteed by Lemma 3.6 and Theorem
3.7). Let

B, = {T< T o (1) > 0}.

If o, (7) > 0 then 7€ B,. If a,(7) = 0, then b(7) # 0 by Lemma 3.4. It
follows from (3.2,) that

doy (7) = 2[ Bk(ﬂ]4 + 77 Bk(?)]z[ ui + M%]
T w8+ ) + B + 78R

> 0.

Thus there is a 7€ (7,7,) such that 7€ B,. Therefore, B, # . Let
7 =sup B,. Then 7 < 7, and «,(7) = 0 by the definition of 7 and Theo-
rem 3.7. Thus, 7 & B,. However, using the above calculation, we have
(da,/dr)(7) > 0, which means that «,(7) <0 for all 7< 7 and close
enough to 7, a contradiction to the definition of 7. This completes the
proof.

COROLLARY 3.10. For any k € N, ib, € S, is the unique solution of
(3.2,) in S.
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Proof. 1If a; +iB; € Sy is a solution of (3.2, ), we claim that & = 0.
In fact, if kK € N, the claim follows directly from Lemma 3.9 and Theorem
3.7. For k = 0, note that «, + i, can be extended to a solution curve of
(3.2,) around 7,. Then we can use Lemma 3.9 and Theorem 3.7 to obtain
a, = 0. Thus, the claim is proved. Recall that ib, € §, is a solution of
(3.2,). Note that if ib € S, is a solution of (3.2, ) then it follows from
3.2, )that b e Qkw,2k + Dm). Let v> 0 be such that B, = b, v. Then
veE (2k77/bk,(2k + Dm/b,). Again, from (3.2, ) we have

2.2 2
(3.11) cot(byr) — =T _
T, pb, v

Let H: Qkw/b,, 2k + Dm/b,) — R be defined by

H(v) = cot(b,v) — biv? ~miq
T, pb, v
Then H(1) = 0 and
H,(V) = —— zbk _ ’Tkpb,’:zv2 + T]?quk
sin®( b, v) (1o pbyv)’

Thus Eq. (3.11) has one unique root v = 1; i.e., 8, = b,. This completes
the proof.

It follows from Lemma 3.9 and Corollary 3.10 that Eq. (3.2,) has pure
imaginary roots only when 7= 7, for some k € N_ and the roots are
ilbk.

Now, we are ready to state the main result of this section.

THEOREM 3.11.  Equation (3.2.) has a unique solution, denoted by a,(7)
+ ib (1), in S, fork € N,. Moreover, a, > 0,a,,, < a, foreachk € N,
and a;, —> —© as k — o,

Proof. The existence and uniqueness of the solution of (3.2_) in each
S, follow easily from Lemma 3.4, Corollary 3.5, Lemma 3.6, Theorem 3.7,
Lemma 3.8, and Corollary 3.10. From Lemma 3.9, we have a, > 0. We
only need to show that a,,, <a, for each k € N . If this is true, then
lim, _, .a, exists and it follows from (3.2 ) that lim, _, ,a, = —oo.

Now, we come to show that a,,, < a, for each k € N,. Let

Cp = {m> 705 a;,(7) <ap(r)}.

By Lemma 3.9, if 7 € (7, 7., ), then a, () < 0 < a,(7). Thus C, # .
It follows from Theorem 3.7 that C, is relatively open in (7, ). Since
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(1, ) is connected, C, = (7,,) if C, is also relatively closed in (7, ).
Let {s,);_, € C, be a sequence such that s, — s, as n — @ for some
sy > 7. If sy & C,, then a, (s,) = a,(s,). However, it follows from
(3.2,,) that

shr2e 200

= ay(sy) + bi(s0) +sip’ai(sy) + 509> + 250 pai(so) + 2s0a;(s0)q
+53bi(s0) (w1 + K3) + 255 pgar(sy)
+250par(s9)bi(s9) + 2a;(s0)bi(s,)

=i ((s0) +bii(s0) +s5p%ai,i(s0) +53q° + 25 paii(so)
+230“12c+1(50)q + sgb/%ﬂ(so)(ﬁ’«% + ,u,%) + ngpqak+1(s0)
+250 pag1(50) bits1(50) + 2ai.1(50) bt 1(So)

_ sp2e 20k G0,

which gives

0= [b,f(so) - b/%ﬂ(so)]
X[b,f(so) + b7 (sg) + S%(M% + ,Uv%) + 259 pa(so) + 2“1%(50)]
= [blg(s()) - b1%+1(50)]

X[b/%(so) +bi(s0) + (o + ak(so))2 + (somy + “k(so))2]~

This is impossible since a,(s,) + ib,(s)) € S, and a,, (s,) — ib,,(s)) €
S+ 1- This completes the proof.

4. THE EXISTENCE OF SLOWLY OSCILLATING
PERIODIC SOLUTIONS

Recall that the eigenvalues of the generator of the C,-semigroup
{D,®(z,0)},. , coincide with the roots of (3.2.). It follows from Theorem
3.11 that the eigenvalues are simple and given by {a, + ib}, <, where
a,>0 and a,>a, - >a,> -+ - —» as k> o, b, (0,7), and
b, € (Qk — Dm,2k + D) for k € N.

In what follows, we will let P and Q be the realified generalized
eigenspaces of the generator of the semigroup {D,®(z,0)},., on C(I)
associated with the spectral sets {a, + ib,} and {a, + ib,; k € N}, respec-
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tively. Then
C(K)y=PoQ.

Choose B > 1 such that et < B < e“. Then we can find convex bounded
open neighborhoods N, and N, of 0 in P and Q, respectively, and a
C'-map w: N, — N, such that w(O) =0, Dw(0) = 0, w(N,) € N,, and
the graph

I/Vloc= {X+W(X); XENP}

coincides with the set of ¢ € N, + N, such that there is a sequence
(o). with ¢, = (1, ¢) for n < —1, ¢y = @, ¢, " €N + N,
forall n <0, and ¢, 87" — 0 as n » —. See Appendix I of Krisztin et
al. [11] for details.

Let

W= ®(R*X W,,)

be the forward extension of W, . This is inside the unstable set of the
origin. Moreover, for each ¢ € W there exists a unique solution z% =
(u®,v9): R > R* on Rwith z§ = ¢ and zf > 0 as t > —.

We now derive some important properties of W. For any bounded
function m: R — R, let ||mll.. = supgeRIm(g)l. Then it is easy to check
that

4 ={p e C(K); le(0) < pui'lfll. foroe[-1,0]

and |(1)| < 3 'llgll)
is positively invariant with respect to the semiflow .

THEOREM 4.1. (i) W is bounded, compact, and invariant with respect to
the semiflow ®;

(i) the map ®,: R X W2 (1, ¢) = (u¥,v¢(t)) € Wis a continuous
flow;

(i) for each ¢ € W, z% = (u?,v%): R —» R is C'-smooth and for
each fived t € R, the map W > ¢ — z¢ € C'(K) is continuous.

Proof. We only prove the boundedness of W since the remaining
assertions can be proved in the same way as Theorem 3.3 in Chen and Wu
[5]. Let ¢ € W. Then z? — 0 as t - —oo. Thus there exists ¢ < 0 such
that z? €. It follows immediately from the positive invariance of .# that
@ €.4.S0 W C.# and hence W is bounded. This completes the proof.

To characterize W, we need the discrete Lyapunov functional intro-
duced by Mallet-Paret and Sell [12]. We briefly summarize some of its
properties here. For details, we refer to Mallet-Paret and Sell [12, 13].
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Let ¢ € C(IK) \ {0}; define the number of sign changes

there exists 6° < 6! < --- < 9% with 6’ € K for
sc() =k>1; . - . )
i=0,1,...,kand ¢(0'" ")p(0') <Oforl <i<k

with the convention that
sc(p) =0 ifp(0)>(<)0 forbe kK.
Set

sc( @) if sc( @) is odd or infinite,
sc(¢) +1 if sc( @) is even.

V(e) = {
We know that V' is lower semicontinuous on C(IK) \ {0}; that is,
V(e) < liminf V(¢") if " = ¢ € C(K) \ {0}.
Let
o(1) = 0 implies ¢(0)o(—1) > 0
¢(0) = 0 implies ¢(0)¢(1) > 0
¢(—1) = 0 implies ¢(1)@(—1) >0
¢(0) = 0 for some 6 € (—1,0) implies ¢(0) # 0

R ={¢pe CY(K);

Then for each ¢ € R, there exists ¢ > 0 such that
V(g) =V(e) forye CYK) with [l — ol < e.

Moreover, if I is some interval, b, c: I — R are some positive continuous
functions, u: J; > R and v: I — R are continuous functions with

Li={t—1tel}ul
such that u,v: I > R are C'-smooth and satisfy
u(t) = —pu(r) +b(r)o(r),
0(t) = —pu(t) —c(Hu(t — 1)
for t €1, and z, = (u,,v(t)) € CI)\ {0} for ¢ € I, then

(4.1)

(4.2) V(z,) <V(z;,) fort,s €I witht>s.
(43) ifrelisgivensothatt —4 €land V(z,) =V(z,_,) <,

then z, € R.
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The following results can be established similarly to those in Chen and
Wu [5]. Instead of Corollary 4.5 there we need to replace it by the
following analog:

Let (x,y): R = R? be a nontrivial solution of (3.1) on (—,0]. Then

(x0,(0)) € Pifand only if V((x,, y(t))) = 1 forallt < 0.

This can be proved similarly to Corollary 4.5 of Chen and Wu [5], and the
key to the proof is the information on the eigenvalues we obtained
in Section 3. In particular, we need a, > a; > ---, b, € (0, 7), and b, €
(2k — D7, 2k + D7) for k € N to have different oscillation frequencies
for solutions in P and solutions in Q.

THEOREM 4.2. If o,y € Wand ¢ + i, then V(¢ — ) =1 and ¢ —
¥ €R.

THEOREM 4.3.

there exists a solution z®: R — R?
WA {0} = { ¢ € C(K)\{0}; of (28,) withz§ = ¢,V(zf) =1 for}.
allt e Randzf - 0ast - —

THEOREM 4.4. Both (u?)~'(0) N (=,0] and (u?)~'(0) N [0,%) are
unbounded for ¢ € W\ {0).

Proof. 1t follows from Theorem 4.2 that ¢ € R and hence all zeros of
u? are simple. Using system (2.8_), we see that («®)~'(0) N (—oc, 0] (resp.
(u®)~1(0) N [0,%)) is unbounded if and only if (v¥¢)~1(0) N (=, 0] (resp.
(@)~ N [0,%)) is.

We now show that (1®)~1(0) N (=o,0] is unbounded. If not, assume
that (u®)~1(0) N (—o,0] is bounded. Then (v¥)~'(0) N (—,0] is also
bounded. Therefore, there exists 7, < 0 such that

Case 1. u®(t) > 0and v?() > 0 for t < T,,.
Case 2. u®(t) > 0and v¥(t) <0 for ¢t < T,
Case 3. u®(t) <0and v®() > 0fort < T,.
Case 4. u®(t) < 0and v?(t) <0 for ¢t < T,.

We only discuss Case 1 since the other three cases can be dealt with
similarly. In Case 1, it follows from the second equation of (2.8 ) that
0¢(t) < 0 for t < Ty,. Thus, v9(¢) > v¥(T,) for t < T, a contradiction to
z¢ — 0 as t > —o, This shows that (u¢)~'(0) N (—;0] is unbounded.

Next, we prove that (u?)~1(0) N [0, ) is unbounded. Assume, by way of
contradiction, (#)~(0) N [0, ) is bounded. Then so is (v ¢)~1(0) N [0, «).
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As before, there exists T, such that
Case A. u®(t) > 0and v¢(t) > 0 for t > T,,.
Case B. u*(t) > 0 and v¥(t) < 0 for ¢t > T,,.
Case C. u®(t) < 0and v(¢) > 0 for t > T,.
Case D. u®(t) <0 and v¥(¢) <0 for t > T,.

Again, we only discuss Case A since the other three cases can be dealt
with similarly. We claim that, in this case, (u®(¢), v#(¢)) — (0,0) as ¢ — .
To verify the claim, we note that it follows from (2.8_) that 0#(¢) < 0 for
t > T, + 1. Thus, lim, ,_ v9(t) = exists. Obviously, 7 > 0. In fact, we
must have 7 = 0, for otherwise, from (2.8_) it follows that

07(t) < —Tu0 fort > Ty + 1.

Thus, v¢(t) < v¥(T, + 1) — Tu,0(t — T, — 1) for ¢t > T, + 1, a contradic-
tion to v¥#(¢) > 0 for ¢ > T,. It remains to show that u¢(t) — 0 as t —> .
We prove it by showing limsup, ., u®(¢) = 0. If not, then there exist
gy > 0 and a sequence {t,)_, [T, + 1,%) such that v¥(t,) > &, for
n €N andt, - »asn — . Since W is bounded and invariant, it follows
from (2.8,) that #%(¢) is uniformly bounded on [0, ). Thus there exists
1, > 0 such that u®(¢) > g,/2 for t €I, == [t, — m,,t, + n,] and for all
n € N. Let us assume, without loss of generality, that { } are disjointed
from each other; otherwise, we choose an appropriate subsequence of {¢,}.
Again, from (2.8,), we have

0(t) < —7g(u®(t —1)) fort>0.
Thus,

&
ve(t, + my + 1) <ve(f, + 1) — ZTnnOg(go) - —w
as n — %, a contradiction to v¥(t) > 0 for t > T,. Therefore, we have
u®(t) — 0 as t — . This proves the claim. The rest of the proof is similar
to that of Lemma 5.7 of Chen and Wu [5] and thus is omitted.
Let

IT: C(K) 2 ¢~ (¢(0), (1)) € R%.

Note that ¢,y € W implies that (¢ — ) = 1 and ¢ — ¢ € R. There-
fore, T1(¢ — ) # 0. This shows that IT|j is injective.

Define [T !: TI(W) — C(K) as the inverse of I1|: W — [1(W) c R2.
Then it can be shown, similar to Lemma 5.8 of Chen and Wu [5], that
[1-': TI(W) c R* > W is Lipschitz continuous.
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Let
H = {¢ e C(K); ¢(0) =0},
H*={¢ <€ H; ¢(1) > 0}.
Clearly,
ITH = {(x,y); x = 0},
I[TH = {(x,y); x=0, y > 0}.
ITH has a natural ordering <. B
For a given x° € T1I(W), let = [T '( x°). Then ¢ € W and there is a

unique solution z¥ = (u”,v?): R —» R? of (2.8.) with z/ € W for all
t € R. This determines a C'-curve

R3¢ [z} = (u’(1),0"(1)) € TI(W) c R?,

called the canonical curve through x°. It is important to note that the
images of two canonical curves either coincide or do not intersect.
Observe that if x° € [T(W) and ¢ = [T~ '( x%), then

d
<(1,0), al_[z;"> =u’(t) = 7f(v" (1)) >0
atany r € Rwith 1z € [THY,

where (- ,-) is the usual inner product in R2. This shows that canonical
curves intersect [TH " transversally.

Fix 0 # " € TTH N TI(W). Then = [T~ '(x*) € H" N W. By Theo-
rem 4.4 and the fact that V(z") = 1 for all ¢ € R, the zeros of u”: R — R
are both unbounded from above and below and are all simple. Therefore,
there exist the smallest positive and the largest negative zeros y, () and
y_(¢) of u? with i”(y, () > 0. We define the first return map p:
[TH*N TI(W) - T1TH* N TI(W) by

p(x°) =Tlzy (., ¥ =TI""(x").

The following two results are analogs of Lemma 5.9 and Theorem 5.10
of Chen and Wu [5] and can be proved similarly.

LEmMMA 4.5. () p: TIH N TIW) - TTH N TIW) is a homeomor-
phism. The inverse p~' of p is given by

p N (x°) =T1z¥,, for x eTITH NTI(W) and = T1"'( x°).
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G) If x°, 2 e TIH N TIW) and x° < %°, then p(x°) < p( ).

(i) If x"eTIH ' NTIW) and the sequence {x"} ., cTTH'N
[1(W) satisfies p(x™) = x"*' for all integers n, then the limits y_=
lim, , . x" and x,=lim, x" exist with x_, x,€ (ITH"U{(0,0}) N
TI(W), and z"" XD is a nontrivial periodic solution of (2.8.) provided that
x; # (0,0), where i € {—, +}.

THEOREM 4.6. (i) There is a nontrivial periodic solution p = (p', p?):
R — R? of (2.8,) such that

p0€H+,p,€W,V(p,)=V(pt)=1 and p,,p, €R
forallt € R,

and the minimal period o of p is larger than 2 and is determined by three
consecutive zeros of p* or p*;

() zP—>@={p;tesRast - o forall o € W\ {0}.

DEFINITION 4.7. A periodic solution (u, v) of (2.8) is said to be slowly
oscillating if the minimal period is larger than 2 and the distance of any
two consecutive zeros of u or v is larger than 1.

THEOREM 4.8. The periodic solution p = (p', p*) of (2.8.) obtained in
Theorem 4.6 is slowly oscillating.

Proof. Tt follows from p, € R for all ¢t € R that all zeros of p' and p?
are simple. Since V(p,) = 1 for all ¢+ € R, the distance between any two
consecutive zeros of p' is larger than 1 and hence the minimal period
determined by three consecutive zeros of p' is larger than 2. It remains to
show that the distance between any two consecutive zeros of p? is larger
than 1. Assume that there exist two consecutive zeros ¢, < t, of p* such
that #, — t, < 1. Let us assume that p* > 0 on (¢, t,) since the case where
p* < 0 on (¢,,1,) can be dealt with similarly. Then p?(¢,) > 0 and p*(¢,)
< 0. It follows from (2.8)) that p'(¢;, — 1) <0 and p'(¢, — 1) > 0. Thus
there exists 7 € (¢, — 1,¢, — 1) such that p'() = 0. Since 0 <t, — 1 — ¢
<1, p' > 0on(tt, — 1]. Note that p* < 0 on (¢,,t,), where ¢, is the first
zero of p? less than ¢,. It is easy to see that ¢, — ¢, > 1 since the minimal
period is larger than 2 and is determined by three consecutive zeros of p?.
Therefore, p'(1)p*(t) < 0 for t € (¢,t, — 1). So se(p,) = 2 for t € (1,¢t, —
1) and V(p,) = 3 for t € (¢,¢, — 1), a contradiction to V(p,) = 1 for all
t € R. This completes the proof.

Define 7(t) = p, for t € [0, w]. Then [0, w] ¢~ () € C(K) and
[0, w] €t = [1(n(t)) € R? is a smooth closed curve. We have & =
{n(®); 0 <t < w}. Then we have the following results, which can be proved
in a similar way to that for Theorem 5.11 of Chen and Wu [5].
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THEOREM 4.9. (1) TI(W) = int(IT° n);
(i) bdW=W\W =a;
(i) TIW\ W) = [T (5[0, wD.
It follows from Theorem 4.9 that & is the only nontrivial periodic orbit
in W.
COROLLARY 4.10. If both f and g are odd, then p'(t) = —p'(t + %) for
i=1,2andt e R.

Proof. Since p = (p', p?): R - R? is a nontrivial periodic solution of
(2.8,) with p, € W for t € R and both f and g are odd, it is easy to check
that ¢ = (—p', —p*): R » R is also a nontrivial periodic solution of
(2.8,) with g, € W for t € R. This, combined with the uniqueness of
nontrivial periodic orbit in W, yields

—p'(t) =p'(t + a),
—p(t) =p*(t + a)

for some « € [0, w). Thus,
1y — 2
p (1) =p°(t+2a),
pi(t) =p'(t +2a).

Therefore, 2a = mw for some integer m. Note that 0 < 2a < 2w, so
m = 0 or m = 1. Thus either

p'(1) = =p'(1),
pi(t) = —p*(1)

or
pi(t+%)=-p'(1),
pi(t+%) = —p*(1).
However, p'(t) = —p'(¢) implies p' = 0, which is impossible since p is a

nontrivial solution of (2.8_). This completes the proof.
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