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We consider a system of delay differential equations modelling the excitatory
interaction of two identical neurons. Assuming the delay is sufficiently large, we
show that the closure of the forward extension Ws of a 5-dimensional leading
unstable manifold of the trivial solution contains a phase-locked periodic orbit and
a synchronized periodic orbit and we classify the dynamics of the semiflow restric-
ted to Ws. We also obtain the precise information about the Floquet multipliers of
the synchronized periodic orbit, which enables us to establish the existence of
heteroclinic orbits from the synchronized periodic orbit to the phase-locked orbit.
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1. INTRODUCTION

We consider the following system of delay differential equations

{d(l) = —pu(t) + f(v(1 —1)),
v(1) = —po(t) + flu(t — 1)),
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or equivalently (after rescaling the time variable)

{ﬂ(t)= —pru(t) +tf(v(1—1)), (1.1)

(1) = —pro(t) + tf (u(r — 1)),

where 7 and y are given positive constants, f: R— R is a C'-map satisfying
the following set of conditions:

f(0)=0, f'(¢) >0 for all £e R (Monotone Positive
Feedback);

f(&)=ué has exactly three zeros £~ <0< &* and
max{ f'(&7), f'(&Y)} <u < f'(0) (Dissipativeness and
Instability of 0);

f(&)=—f(=¢) for all e R (Symmetry);

&'(€)
S(&)

The function (0, c0)3 &> € R is monotonically

decreasing (Concavity).

It should be mentioned that some results obtained in this paper do not
require the symmetry and concavity conditions on f, and that the function

f(§)=arctan(pl),  CeR
or

eV — e

f(&)= feR

eyé+€—y5 ’

satisfies the above set of conditions with y > u.

System (1.1) describes the dynamics of a network (Hopfield [5, 6]) of
two identical saturating amplifiers (neurons) with excitatory interaction,
where the delay was incorporated (Marcus and Westervelt [12] and
Wu [16]) to account for finite switching speed of amplifiers. In the applica-
tion of the above model to associative information processing where a
network is triggered by an appropriate external stimulus and relaxes
towards the attractor that encodes previously stored memories (Herz [3]),
it is important to describe completely the structure of the global attractor,
and in particular, to describe the existence and stability of equilibria and
periodic solutions and to describe their connecting orbits and basins of
attraction.

Our ultimate goal is to describe the global attractor of system (1.1), and
our focus here is on the existence of connecting orbits from a synchronous
periodic solution to a phase-locked periodic solution, here a solution (u, v)
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of (1.1) is synchronous if # =v in their domains of definition, and a phase-
locked T-periodic solution of (1.1) is a solution satisfying u(¢) = v(z — %) for
all e R. The existence of such connecting orbits suggests a mechanism for
desynchronization of the network. We refer to Terman, Kopell and Bose
[15] and references therein for discussions about synchronization of
related models in neurology.

Clearly, a synchronous solution of (1.1) is completely governed by the
scalar delay differential equation for w( =u=v):

w(t) = —ptw(t)+f(w(t—1)), (1.2)

which was recently studied by Krisztin, Walther, and Wu [9] and by
Krisztin and Walther [8]. Considering Eq. (1.2) in the phase space
C=C([—-1,0]; R) and linearizing it at the stationary point 0, it is
obtained that the zeros of the characteristic equation

A+ur—1f(0)e*=0 (1.3)

form the spectrum of the generator A4, of the solution semiflow of the linear
equation

Z(t)= —utZ(t) + tf'(0) Z(t —1). (1.4)

All zeros of (1.3) are simple eigenvalues of A,. There is one real eigenvalue,
the other eigenvalues form complex conjugate pairs with real parts less
than the value of the real eigenvalue. Defining

_ 2n—arccos(u/f'(0)) o 4r —arccos(u/f"(0))
TEOI [/(0)]> =

one finds that for 7 > 7, the realified generalized eigenspace of 4, associated
with the spectral set of the eigenvalues with positive real part is at least
3-dimensional, while for 7, <7 < 7} it is exactly 3-dimensional. When 7> 7,
there exists a 3-dimensional local unstable manifold W3, s. 1oc Of the solution
semiflow generated by equation (1.2), which is, at zero, tangent to the
3-dimensional realified generalized eigenspace of the generator A, associated
with the positive real eigenvalue and the pair of complex conjugate eigen-
values with the greatest real part. Krisztin, et al. [9] described the fine

structure of the closure of the global forward extension Wg,,s of Ws, 5. loc
under the solution semiflow of equation (1.2). In particular, they proved

that W:;,s is a 3-dimensional submanifold of C which contains a smooth
invariant disk bordered by a periodic orbit. The disk separates Wls into
halves: one half contains connecting orbits from the stationary point 0 or
the periodic orbit to a positive stationary point, the other half contains
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connecting orbits from the stationary point 0 or the periodic orbit to a
negative stationary point. Under the above assumptions on f it is also
proved in [ 8] that if T €(z,, %) then WM is indeed the global attractor of
the solution semiflow of equation (1.2).

It is interesting to note that the characteristic equation of the lineariza-
tion at 0 of the full system (1.1), namely,

{X(t)z —utX(t)+zf"(0) Y(r—1), (15)
Y(t)= —utY(t) +1/"(0) X(t—1) '
can be decoupled as

[A+ut—1f"(0) e *][A+ut+1/'(0) e *] =0, (1.6)

where the first factor corresponds to the characteristic equation (1.3).
Defining

_n— arccos(u/f'(0))
[/(0)]*—u?

one sees that for 7> 7, the zeros of the equation 4+ ut +1f'(0) e ~*=0 are
simple and occur in complex conjugate pairs, at least one pair of complex
conjugate zeros has positive real part, while for 0 <7 <7, all zeros have
nonpositive real parts. In Chen and Wu [2], it was proved that when

T> 1,4, there exists a complete analogue Wid of W3,s for the full system
(1.1). In particular, the full system (1.1) has a phase-locked periodic
orbit O,.

Consequently, when 7> 7 ( > 7,), the unstable space of the generator of
the C,-semigroup generated by (1.5) is at least 5-dimensional and there
exists a 5-dimensional local unstable manifold Ws, e tangent, at zero, to
the realified generalized eigenspace of the generator associated with the
positive real and the two leading pairs of complex conjugate eigenvalues
with positive real parts. The global forward extension Ws of W5 Joc
contains W , and W, ,={(¢p, »)|@pe Ws,}, and in particular, Ws con-
tains a phase-locked periodic orbit O, and a synchronous periodic orbit
O,. The purpose of this paper is to describe completely the global
dynamics of the semiflow of system (1.1) restricted to W5 and to establish
the existence of heteroclinic orbits from the synchronous periodic orbit O,
to the phase-locked periodic orbit O,.

We now briefly describe our main results, technical tools and approach.
First of all, we make the following change of variables

x(t)=u(2t),
{y(l)=v(2l— 1)
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to get an equivalent cyclic system of delay differential equations

{X(l) = —2ux(1) + 2t/ (y(2)),
Y1) = = 2ury(1) + 2tf (x(1 — 1)).

Powerful technical tools and general results have been developed in the
recent work of Mallet-Paret and Sell [10, 11], and our present work
provides some evidence to support the statements in the above papers
“(that the work [10, 11]) opening the door to a general inquiry into the
structure of the attractor of the (cyclic) system” and to support the expec-
tation in the featured review of Smith [14] that “further progress on this
interesting class of systems in the future” (due to the work of Mallet-Paret
and Sell [10, 117).

In what follows, we are going to describe our approach only for the
transformed system (1. 7) with Oy, Oy, W3 4, Ws, and W3 s denoting the
analogues of O,, O,, W3 4 Ws, and W3 ., respectively. The fundamental
technical tool for (1.7) is an integer-valued Lyapunov functional
Vi C(K)\{0} - {0,2, .., 0}, where K=[—1,0]U{1}, C(K)={¢p: K-
R|pis continuous} is the phase space of system (1.7) and V(¢) measures,
roughly, the number of sign changes of ¢ € C(IK)\{0}. Important proper-
ties of ' have been established in [10], applications of these properties
show that solutions of (1.7) can not decay too fast at oo (Theorem 4.1 of
Chen and Wu [2] for (1.7), but more general results for general cyclic
systems were announced in [10, 11]) and lead to the following charac-
terization of Wi:

(1.7)

there exists a solution z#: R —» R?
W\{0} =< @ e C(K)\{0} | of (1.7) with z§ = ¢, V(z?) <4 . (T1)
forallte Rand zf - 0ast— —

Also
No—y)<4 if o, peWs and ¢ #y. (T2)
Another important observation we make is that

every non-constant periodic solution of (1.1) is either syn-

chronous or phase locked. (T3)

This, together with the concavity and symmetry conditions, enables us to
show that

there exists at most one periodic orbit in each level set

“1(2k), k=1,2, .., of V. (T4)
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One can also apply this Lyapunov functional to show that
there exists no homoclinic connections of O, and O,. (T5)

The most important application of V' is perhaps the proof of the Poincaré-
Bendixson Theorem for cyclic systems ( Mallet—Paret and Sell [ 11]) which,
together with the existence of a heteroclinic connection from 0 to non-tri-
vial equilibria of (1.7) (Hirsh [4] or Smith [13]), enables us to
completely describe the dynamics of the semiflow on Ws. To be more
precise, we introduce the separatrix

S={peC(K)|p=0or V(z?)>0 for all >0}

and let z, and z_ denote the nonzero equilibria of (1.7) given by the
unique positive and negative zeros of f(&) =ué, £ € R. Then we show that

if e (WsnS)\{0},\ then a(¢p) = {0}, w(¢)= O, or O,,
if p € Ws\S, then a(p) = {0}, w(p)={z,} or {z_},
ifpebdWs\(Su{z.,z,}), thena(p)=040r O,,w(p) ={z,} or{z_},
if o e (bdWs N S)\{O, U 0,4}, then a(p) = O4and w(p) = 0,,

(T6)

where hdWs= Ws\Ws. To show that there is indeed a connecting orbit
from O, to O,, we need further information about the Floquet multipliers
of O,. We apply the general theory of Mallet—Paret and Sell [10] and
some type of homotopy argument to show that

there exist exactly 3 Floquet multipliers of O,, counting mul-
tiplicities, outside the unit circle, and the associated realified (T7)
generalized eigenspace is contained in ¥ ~'({0,2})u {0}.

An immediate consequence of (T7) implies that there exists a 3-dimen-
sional C'-smooth local unstable manifold W% (P) of a Poincaré-map P
associated with a certain hyperplane. This manifold contains at least one
point of a connecting orbit from O, to z, and at least one point of a
connecting orbit from O, to z_. Since Wi, (P) is 3-dimensional, there
exists a continuous curve in W% (P)\O, connecting these points, and a
continuity argument shows that the curve contains a point ¢ € W% (P)n S,

loc
which gives that

there exists a connecting orbit from O, to O,. (T8)
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There are several questions remaining to be answered. Denoting by
W*(0,) the forward extension of W73 (P) we conjecture that

foc
(bdWs N SO\{ O, 04} = (W (04) nSO\{ O, U O,}
={¢la(p)=0sand w(p)=0,}.  (Cl)
Also, note that
9 (W5 nS\{0} = w(p) =0, 0r O,.
It is thus important to describe
Hi={pe(W;S\{0} |o(¢)=0;}, =24

(the basins of attraction of O, in Wy). Finally, we note that the next critical
value of v when (1.6) has a pair of purely imaginary zeros is 7, 4=
(3m —arccos(u/f’(0))/ /[ f'(0)1>—u?) (>7,). It is then reasonable to
expect that Wy is the global attractor of (1.1) if Te(z,, T, 4)-

The remaining part of this paper deals with (1.7) only and is organized
as follows. Section 2 summarizes some results of Chen and Wu [2] and
Krisztin et al. [9] and establishes the existence of periodic orbits in
WsNV~42) and W5V ~1(4). In Section 3, we prove that every non-con-
stant periodic solution is either synchronous or phase-locked. This,
together with a result of Krisztin and Walther [8] on uniqueness and
absence of periodic orbits for scalar positive feedback equations and the
analogous result for scalar negative feedback equations, enables us to show
the uniqueness of periodic solutions of system (1.7) in each level set of V.
Section 4 gives information about the Floquet multipliers of O,, and
Section 5 describes the dynamics on W5 and establishes the existence of
heteroclinic orbits from O, to O,.

2. EXISTENCE OF PERIODIC ORBITS IN W

In this section, we summarize some results of the monograph of Krisztin
et al. [9] and the work of Chen and Wu[2], which will be needed
throughout the remaining part of this paper.

Consider the following system of delay differential equations

{x(l) = —2ux(1) + 2/ (y(1)),
V(1) = = 2pury(t) + 21/ (x(1 = 1)),
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where we assume
) feCY{R;R), f(0)=0 and f'(¢)>0 for all {eR;

(H2) f'(0)>u>0;

(H3) there exists M >0 so that %Qu if |&] > M,

(H4) 7> 1,=(2r —arccos(u/f"(0)\/[/(0)1° — ).
It follows easily from (H3) that there are £~ <0< & so that (f(&7)/¢~
=p=(f(ET)/EF) and (f(E)/E)>p for £e (&7, EF)\{0].

Set K=[—1,0]u {1} and let C(K) denote the Banach space of con-

tinuous functions ¢: KK — R with the supremum norm || -|. Throughout this
paper, we will always tacitly use the identification

C(K)=C([—1,0]; R)x R

and write an element ¢ € C(K) as (¢|;_1, 07, 2(1))"€ C([ —1,0]; R) xR
We will also use the identification

CHK)=CH[—1,0]: R) xR
and the C!'-norm on C!(K) is defined as

ol =max{ sup [@(0)l, sup [p(O)l, (1)]}.

e[ —1,0] e[ —1,0]
Set

K={peC(R)|p(0)=0 for all e K}.
For any ¢ € C(K)\(Ku (—K)), define the number of sign changes by

there exist 0° <! < ... < @* with each }

@) S“p{ ‘ 0'c < and p(0") p(0) <0 for 1 <i<k

and let sc(p)=0 if either p e K or —@pe K. The Lyapunov functional
V: C(K)\{0} - 2N U {00}, introduced by Mallet-Paret and Sell [10, 11],
is defined as

W)= {sc(gp) if sc(¢) is even or infinite,
Py +1 if se() s odd.
The subset
@(1)=0implies ¢(0) p(—1) <0,
R={peC\(K) @(0) =0 implies @(0) @(1) >0,

(
(
@(—1)=0implies (1) p(—1) <0,
(0) =0 for some e (—1, 0) implies ¢(d) #0
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of C(IK) plays an important role in the evaluation of the Lyapunov
functional V. It is not difficult to see that for each ¢ € R there exists ¢ >0
such that

Viy)= Vo) forall YyeCYK) with |y —o|;<e

Another important property of V is the following:

Lemma 2.1. For any n >0 and for any given positive constants b, = b,
there exists k>0 such that if tyeR, if b,c:[to—6,10+1]1>R are
continuous functions with

by < b(1), c(t) < by Sor all te[ty—6,15+1],

and if xe C([ty—T,to+31; R)nC ([to—6, 1o+ 3]; R) and ye C'([1,—6,
to+3]; R) satisfy (x40 ¥(10))" #0 in C(KK), and

{X(t)= —pux(1) +b(1) y(1),
(1) = —py(t) + (1) x(1—1)

Sor all te(ty—6,ty+3], and V((x,—6> ¥(1og—6))") <4, then

1y — 15 P20 = DN <K 1705 p(20)) 71 -

The proof of Lemma 2.1 is similar to that of Corollary 4.4 in [2],
and thus is omitted. For other properties of V, we refer to the work of
Mallet-Paret and Sell [10, 11].

Following Smith [13] and Mallet-Paret and Sell [ 10], for each @€
C(IK) there exists a unique pair of continuous maps x: [ —1, c0) > R and
¥: [0, 00) — R such that (x, y)™: (0, oo) — R? is continuously differentiable
and satisfies system (2.1) for >0, x| _; o3=@|[_1,07and y(0)=¢(1). Let
z? =(x?, y?)" denote the above unique pair and define z? = (x?, y?(¢))" €
C(K) for t>0. Note that we define x? € C([ —1, 0]; R) in the usual sense
(namely, x?(0) =x?(t+0) for e[ —1, 0]) and we use subscripts for either
z? e C(K) or x?eC([—1,0]; R), these should be easily distinguished
from the context, specially from the spaces involved.

It is easy to see that @: R* x C(K) 2 (#, ¢)+—z? € C() is a continuous
semiflow with at least three stationary points 0, z_ and z,, where 0, z _
and z . denote the constant maps on [ with the values given by 0, £~ and
&+, respectively.

We now introduce the leading unstable sets W5 and W5 of the origin.
Recall from Section 3 of [ 2] that the spectrum of the generator of the C,-
semigroup {D,®(t,0)},>, is given by a real number 4,>0 and a sequence
of complex conjugate pairs {4;, Z;} >, with
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Ao>ReA;>Re i, > --- > — 00,
Im A, €(n, 2n),
Im Z,; € (2(2j — 1) =, 4jn), 1<jeN,
Im 2, € (4m, 2(2/ + 1) m), 1<jeN.

Hypothesis (H4) is equivalent to
Re 1,>0.

Now, as in Section 3 of [2], let E,, E,, E,, O, O, denote the realified
generalized eigenspaces of the generator of the Cy-semigroup { D, (7, 0)},~,
on C(K) associated with the spectral sets {4}, {41, 41}, {42> %2}
{2, 4;12<jeN}, {4, 7, 13<jeN}. Then

J> 1
AK)=E,®E, @0,
C(K):Eo @El ®E2(‘BQ2’

Q1=E2 ®Q2-

Choose f; € (max{1, e®%+1}, eR¢%), j=1,2. By Theorem 1.4 of [9], we
find convex bounded open neighborhoods N, of 0 in E,® E; @ E, and
0, s0f 0in Q, and a C'-map W5, toc: No1z = Qo With ws 4,.(Non) = Q5 s,
Ws. 10:(0) =0, Dws ;,.(0)=0 and so that the graph W .= {x +Ws, 10(x)|
% € Nopo} coincides with the set

there is a sequence (¢,)° _, with
Po=@, Pn = @(1, (0,,,1),

®€Ns 1oe=Non+ Oy 5 | and ¢,f," € Ns 4, for each
integer n <0 and

®uBs

">0asn—-0
Applying again Theorem 1.4 of [9] we find convex bounded open
neighborhoods Ny, of 0 in E,@®E, and Q, 5 of 0 in Q, and a C'-map

W3, 1oc: Nor = Q1 With Noy + Q1 3 S Nopo + Os 55 W3, 10 Not) = Q1,35 W3 100(0)
=0, Dws 1,.(0) =0 and so that the graph Ws ;.= {x + W3 (%) | % € No1}
coincides with the set

there is a sequence (¢,)% . with

(pO (/)’ (pn (1’ (/)n—l)’ and (ronﬂl_nEN3,loc

eN =N,
@ €N, e o+ Qs for each integer n <0 and

e " —>0asn - —o
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Our focus in [2] and this paper is the leading unstable sets 1W; and W,
ie., the forward extensions of W, ;. and W ., respectively, defined by

W ¢(R+XW1 loc) l=3,5

It is easy to show that W, < W and that for each ¢ € W;, (i=3, 5), there
exists a unique C'-map z?=(x?, y?)": R— R? with z¢=¢ satisfying
system (2.1) for all e R. Moreover, z? € W,, (i=3,5), for all teR and
zf >0ast—> —oo.

The closed cone K in C(IK) defines a partial ordering on C(IK). Thus, we
can talk about, for ¢, Y e C(K), ¢ =y if p(0)=y(0) for all ek, o>
if @(0)>y(0) for all OelK, and @ >y if = and ¢ #y. It is easy to
verify that the semiflow @ is monotone. More precisely, we have

(1, 0)=>D(t, ) if >0, 0>y in C(K),
&(t,K)=K, &, —K) =K for >0,
D1, 0)>>D(t, ) if =2, 0>

An important subset of C(K) is the following closed set S, called
separatrix,

S={peC(K)|p=0or V(z)>0 forall t>0}.

It is shown in [2] that S is a nonordered set, that is, if ¢ < then at least
one of them is not in S. Moreover, S is the graph of a Lipschitz continuous
mapping from E, @ O, to E,, and thus we can speak of ¢ being above S
or below S for ¢ € C(IK)\S. See [2] for details.

The following results were proved for W, but the same arguments can
be utilized for W5. We then only state the results:

Lemma 2.2, (1) z_<<o <<z, forall peWs and z_< @<z, for all
peWs.

(1)  There exist x, n € W5 so that both x*(t) and y*(t) are positive and
increasing for t € R, and both x"(t) and y"(t) are negative and decreasing for
teR. Moreover, lim,_  x*(t)=1lim,_ , y*(t)=¢" and lim,_  x"(t)=
llmtaooy”(t) 267 .

(iii) W, and bd W, = W,\W, are compact and invariant with respect to

=3,5.

(1V) The map @y :RxW;3(t,¢)—>z7 € W, is a continuous flow,

=3,5.

(v) For each p € Ws, ¢ € C\(K), and the map Ws3 @+ @ e CY(K) is
continuous.
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(vi) If o€ Ws is above S, then z? —z_ as t —> oo. If p € Ws is below
S, then z¢ - z_ as t — 0.

(vii) If o, e W, and @ #, then V(o —y)<i—1,i=3,5.
(viii) For i=3,5, we have
there exists a solution z%: R - R?

WA{0} =< e C(K)\{0} | of system (2.1) withz§ =, V(z?)<i—1
forallteRandz? —-0ast— — 0.

(ix) Let (x, y)": R— R? be a nontrivial solution of

{X(l) = —2urx(1) + 2¢/7(0) y(1)
W)= = 2uty(2) + 2¢/(0) x(r = 1).

Then

(X0, ¥(0)"e Eg ®E,  if and only if V((x,,y(1))") <2
forall t<0,

(x0,3(0))"€Eq @E, @E,  if and only if V((x,, p(1))") <4
forall t<0.

Let us note that (viii) of Lemma 2.2 implies that W, does not depend on
the choice of ;. (viii) of Lemma 2.2 also implies that W5 < Ws. Therefore,
by Theorem 5.10 of [2], we have the following:

THEOREM 2.3.  Under the hypotheses (H1)—(H4), there exists a nontrivial
periodic orbit of system (2.1) in W5 V=1(2).

To obtain one nontrivial periodic orbit for system (2.1) in W5 n V' ~1(4),
we first recall some results from the monograph of Krisztin et al [9].
Consider the following scalar delay differential equation

u(t) = —zuu(t) + tf(u(t—1)) (2.2)

subject to our hypotheses (H1)-(H4). We use the Banach space
C([ —1,0]; R), equipped with the supremum norm |-|,, as the phase
space of (2.2). Then F: R*xC([—1,0];R)>(t,¢)—~ul e C([—1,0]; R)
is a continuous semiflow, where u?: [ —1, o) — R is the unique solution of
(2.2) with uf=¢. The spectrum of the generator of the C,-semigroup
{D,F(t,0)},-, is given by 1,/2 and the sequence of complex conjugate

pairs {15/2, A5,/2} ;=1
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Let P,, L, and Q, be the realified generalized eigenspaces of the generator
of the Cy-semigroup {D,F(t,0)},., on C([ —1,0]; R) associated with the
spectral sets {4o/2}, {22/2, 2,/2} and {15;/2, A5;/2} ;- ,, respectively. Then

Choose f, € (max{l,e e’/2). Then there exist convex bounded
open neighborhoods Np, Ny and Ny of 0 in P,, L, and O, respectlvely,
and a C'-map w, :Np, +NL - 0, with range in Ny, wy(0)=0, Dw(0) =
and so that the graph ={x+w 0y €Np + NL} coincides with the
set

Re 12/2}

s, loc —

there is a sequence (¢,,)°  with ¢, = ¢,

¢ (1 ¢n1 and(ﬁﬁ slac
for each integer n <0 and (;5,, p"—-0

asn —> — oo

¢ENs,loc:NPx+NLS+NQS

Let
W,=F(R* x W 15.).

For ¢ € W, define *p € C(K) by

S(p(e):{u"’(%)), fe[—1,0],

u? (= =p(=1), 0=1,
where u?: R — R is the unique solution of Eq. (2.2) passing through ¢. Let
W, ={"0eCK)|peW,.

We want to show that W, < Ws. For this purpose, we have to use the
discrete Lyapunov functional for a scalar delay differential equation with
monotone feedbacks.

For ¢ € C([ —1,0]; R)\{0}, define the number of sign changes

there exist —1<0°<0'< ... <0k<0}

scy(¢) =sup {k?l ‘ and (0"~ 1) p(07) <0 for 1 <i<k

with the convention that sc(¢)=0 if either ¢(0) =0 (or <0) for all O¢
[ —1,0]. We define the Lyapunov functional V,: C([ —1,0]; R)\{0} —
2N U {0} by

{scs(¢) if sc,(¢) is even or infinite,
se(¢)+1 if scy(¢) is odd;
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and the Lyapunov functional V_: C([ —1,0]; R)\{0} - (2N + 1)U {0} by

c(¢) if sc(¢) is odd or infinite,

V(9= { S(¢)+1 if scy() is even.

V. possess similar properties to those of V, and we refer to Mallet—Paret
and Sell [ 10] or Krisztin, Walther and Wu [9] for details.
Note that W \{0} can be characterized by

there is a solution #?: R — R of
WA\{0} =<peC([—1,0]; R) | equation (2.2) with u§ =@ and V_ (u?) <2 7,
forallteRand u? - 0ast— —oo

(2.3)

according to Proposition 5.3 of [9].

ProrosITION 24. W, = Ws.

Proof. For any given 0 #£¢@p e W, let

x(t)=u?(2t),
{y(l) =u?(2t—-1),

Then (x, y)” satisfies system (2.1) with (x,, ¥(0))" = ¢, and (x,, ¥(1))"— 0
as t > —oo. To show that ¢, € W, by (viil) of Lemma 2.2, we only need
to show that V((x,, y(¢))") <4 for all e R. If not, assume that there is a
to € R such that V((x,, ¥(ty))™) =6, then by the nonincreasing property of
V, we have

teR.

V(x,, (1)) =6 forall 1<1,.

Using the definition of V, we can find a ¢, <t, such that y(z,)=0. Since
V(x4 y(£1))") =6, x has at least 5 sign changes on [¢, — 1, ¢;] and hence
there is a t,€[#,—3,¢,] such that x has at least 3 sign changes on
[t,—3,1,]. Thus, V. (u$,) >4, which contradicts (2.3) since ¢ € W,\{0}.
This completes the proof.

Remark 2.5. From [9], we know that under the hypotheses (H1)-(H4)
Eq. (2.2) has a nontrivial periodic orbit in W, n V' 7'(2). Then it is easy to
see that system (2.1) has a nontrivial periodic orbit in W,  nV~'(4).
Indeed, assume the nontrivial periodic orbit in W, n V'3 '(2) is given by the
periodic solution r*: R — R of (2.2) which is normalized so that r*(0)=0
and r°(—1)>0. Then (r%,r5)": Rt (r7(21), r*(2t—1))" e R* satisfies
(2.1) and this gives a periodic orbit of system (2.1) in W, ;. Now, we claim
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that V(((r),, r5(¢))”)=4 for all teR. First, there exists a nonnegative
integer v such that V(((r]),, r5(¢))")=2v for all t€ R by Lemma 5.7 of [ 11].
Secondly, v > 1 since r* is oscillating. Thirdly, v <2 by using Proposition 2.4
and (vii) of Lemma 2.2 and the fact that 0 € Ws. Thus, v=1 or 2. Finally,
we show v =2. If this is true, then the claim is proved. Let us assume v=1.
Particularly, V(((r7)e, 75(0))") =2. Note that r5(0) =r*(—1)>0 and when
0 <0 and sufficiently close to 0 we have r{(0) =r7(20) <0. Thus, ] has at
most one sign change on [ —1,0], i.e., r* has at most one sign change on
[ —2,0]. Then there exists an interval of length 1 in [—2,0], say
[to—1,t,], such that r* has no sign change on it. This means that
Vi (r;)=0, a contradiction. Therefore, we have proved the following
theorem.

THEOREM 2.6.  Under the hypotheses (H1)-(H4), system (2.1) has a
nontrivial periodic orbit in Ws n V~Y4).

3. UNIQUENESS OF PERIODIC ORBITS WITH GIVEN
OSCILLATION FREQUENCIES

In this section, we will show that under certain stronger assumptions
than (H1)-(H4), every periodic solution of (2.1) is either synchronous or
phase-locked. This, coupled with some results of Krisztin and Walther [8]
for scalar equations, enables us to derive some results about the uniqueness
and absence of periodic solutions in each level set of V.

Throughout the remaining of this paper, in addition to (H1)-(H4), we
assume

(H5) (1) f(&)=—/f(—¢) forall {eR.

(i1)) The function A: (0, o0)3 ¢ %e R is strictly decreasing.

Observe that (H1)-(HS) imply that —uid + f has exactly three zeros
€7, 0, T with & <0<C™, f(0)>p, [1(E7) <p, f(ET) <u.

In order to characterize uniqueness and absence of periodic orbits of
Eq.(2.2) and another scalar equation with negative feedback, we
consider the characteristic Eq.(1.3) with parameter 7>0. The zeros
20/2, A2/2, 25/2, ... depend analytically on 7. From (H2) we get 4,/2 >0 for
all 7> 0. If je 2N\{0} then there is a uniquely determined parameter 7/ so
that

Re 4;(t/) = 0.
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We have

;_ Jm—arccos (u/f'(0))
T VTor—a
Note that 7?>=1, and t*=1’. We compute
(Re A))' (/) >0
for 0% je 2N, and conclude that for every je 2N\{0}
1<t/ (>17) if and only if Re Z,(r)<0 (>0).

Hence we obtain that the following two results on the uniqueness and
absence of periodic orbits of Eq. (2.2) are equivalent to Theorem 3.5 in [ 8].

LemMMA 3.1.  Let either k=0 or ke N\{0} and 0 <t <t Then there is
no nonconstant periodic solution u: R — R of Eq.(2.2) so that V,(u,)=2k
forall teR.

LemmA 3.2. Let ke N\{0} and t>0. If u": R—>R and u*> R—> R are
two periodic solutions of Eq.(2.2) with V _(u})=V_(u?)=2k for all teR,
then there exists a o € R so that

ul(t) =u*(t + o) forall teR.

Similar results were previously established by Cao[1] for slowly
oscillating periodic solutions of a negative feedback differential delay
equation without the oddness condition on f. Analogously to the positive
feedback case in Lemmas 3.1-3.2, by using the oddness of fin (HS), Cao’s
results can be extended to periodic solutions with higher oscillation
frequencies as well. More precisely, we consider the negative feedback
equation

(1) = —zuo(r) — f (v(r — 1)) (3.1)
for the parameter 7> 0 and the characteristic equation
J4tu+tf'(0)e*=0 (3.2)

of the linearized equation at 0. Then {1 ,(7)/2, Ay, (7)/2]j€N} is the
zeroset of (3.2). Setting

szjn—arccos(,u/f’( )
[/(0)12—
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for je2N + 1, we have Rel,(7/) =0, and obtain analogously to the positive
feedback case that, for every je2N + 1,

<t/ (>1/) if and only if Re 4,(r)<0 (>0).

The proof of the following two lemmas can be carried out similarly to
that of Lemmas 3.1-3.2 So, we omit the proofs and refer to Section 3
of [8].

Lemma 33. Let keN and 0<t<t**'. Then there is no periodic
solution v: R— R of Eq. (3.1) so that V_(v,)=2k+1 for all teR.

LemMA 34. Let keN and ©>0. If v R—> R and v>: R— R are two
periodic solutions of Eq. (3.1) with V_(v})=V_(v*)=2k+1 for all teR,
then there is a o € R such that

vNt)=vXt+0)  forall teR.

In the remaining part of this section, we show that the above results,
together with some special “coupling and decoupling” techniques described
below and the consideration of the symmetry properties of (2.1), yield
uniqueness and absence of periodic orbits with given oscillation frequency
for system (2.1). We start with

ProposITION 3.5. If (x, y)": R — R? is a nonconstant periodic solution of
system (2.1), then there exists a k € N\{0} such that

V((x,, y(t)")=2k  forall teR. (3.3)

Proof. 1t is known that there is a k€N such that (3.3) holds and
(x,, y(1))"eR for all teR (see Lemma 5.7 of [11]). We only need to
show that k#0. If k=0, x and y are either both nonpositive or both
nonnegative. Without loss of generality, we assume that both x and y are
nonnegative. Since all zeros of x must be simple, we conclude that x is
positive. We claim that y is also positive, since all possible zeros of y must
be simple (otherwise from the second equation of system (2.1), we know
that x has a zero, which is a contradiction to the positiveness of x).
Let m=min, g{x(?), y(¢)}, M =max, g{x(?), y(1)}. As (x, y)” is a non-
constant periodic solution of system (2.1), either me(0,&") or M>¢&*
holds.
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If me(0,¢7) holds and s, € R is given so that x(s;) =m (or y(s;) =m),
then X(s;)=0 (or y(s;)=0). Hence, by system (2.1) and by f(&)> ué,
0< &< &*, which follows from (H1) and (H5),

X(s1)= —2urx(sy) + 2t/ (y(sy)) = —2urx(sy) + 2zf(x(s;)) >0
(or p(s;) = —2uty(sy) + 2tf(x(sy — 1)) = —2uzy (s,) + 2t/ (¥(s,)) > 0),

a contradiction.

If M>¢* and s, € R is chosen so that x(s,) =M (or y(s,)=M), then
X(s5,)=0 (or y(s,)=0). On the other hand, the fact —ué+ f(&) <0 for
&> &7, which is implied by (H1) and (HS5), and the monotonicity of f
combined yield

X(82) = —2utx(5;) + 2tf(¥(52)) < —2u7x(s,) + 27f(x(5,)) <0

(or y(s3) = —2uzy(s,) + 2tf(x(s, — 1)) < —2uty(s,) + 27/ (y(s,)) <0),

a contradiction. This completes the proof.

PropoSITION 3.6. If (x, y)": R — R? is a nonconstant periodic solution of
system (2.1), then both x and y are oscillating (that is, both have zeros).

Proof. 1Tt is easy to see from system (2.1) that both x and y are
oscillating or both have no zeros. If the proposition is not true, then
Proposition 3.5 combined with the definition of ¥ and the periodicity of
(x, y)" implies that x(z) y(¢) <0 for all ¢ e R. This implies that x is either
strictly increasing or strictly decreasing on R, which contradicts the
periodicity of x, and hence the proof is completed.

Now, let (x, y)": R — R? be a nonconstant periodic solution of system
(2.1) with minimal period T,. Since x is oscillating (by Proposition 3.6)
and since f'is odd, Theorem 7.2 of [ 11] implies that

x<l—|—€0>= —x(1),

reR. (3.4)
y <t+ T°> — (1),

2

Furthermore, let (%, 7#)": R — R? be defined by

{i(l)=y(t),
y(t)=x(t=1),
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Then it is easy to check that (X, 7) is also a nonconstant periodic solution
of system (2.1) with the same minimal period 7,. Let #,,#,:[0, Ty] —
C(IK) be defined by

1n1(2) = (x,, ()",
(1) = (X,, 9(1))",

for ¢t e R, respectively. Then by Lemma 5.7 of [11], either I7 |5, | =11 |n,|
or I1 |y, | nIT |,| = & holds, where IT: C(IK) — R? is defined by

(p)=(9(0), p(1)"eR?,  pe(K). (3.5)

We claim that I7 |n,| n Il |n,| # . By way of contradiction, we assume
II'|\n,| Il |n,| = &. By Proposition 3.6 and by Proposition 7.3 of [11],
(0,0)" e int(I |,|) and (0,0)" eint(Il |n,|). Therefore, either IT |n,|<
int(Il |n,|) or II |n,| =int(II |n,|) holds. We consider the case I || =
int(I1 |n,|). Then

max x(#) <max X¥(¢) =max y(f) <max j(¢) =max x(¢),
teR teR teR teR teR

a contradiction. This verifies the claim. Hence, IT |n,|=1I |#,|, which
implies that there is a o€ [0, T,) such that

{X(t)=y(t+0),

W) =x(i—1+0), €%

Then x(z)=x(t+20—1) and y(¢t)=y(t+20—1) for teR. So 26 —1=
mT, for some integer m, or o = (1 +mT,)/2. By the periodicity of (x, y)”,
we must have either =1 or o =(1+ T,)/2. Thus, we have proved the
following result:

ProrosITION 3.7. Let (x, y)™: R— R? be a nonconstant periodic solution
of system (2.1) with the minimal period T,. Then either

x(t)=y(t+3),
{ym:x(z—;), ref (36)
or
x(t)=y<t+l+2To>,
reR (3.7)
To—1
y(l)=>c<t+ 7 >

holds.
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Note that the case g =21 corresponds to synchronized periodic solutions
and = (1+T,)/2 corresponds to phase-locked periodic solutions for the
untransformed system (1.1). In the following, we will call a periodic
solution (x, y): R— R? of (2.1) synchronous or phase-locked if it satisfies
(3.6) or (3.7), respectively.

ProrosiTiON 3.8. (i) For keN, system (2.1) has no synchronized
periodic orbit in V=Y (4k +2).

(ii) For ke N\{0}, system (2.1) has no phase-locked periodic orbit in
-1
(4k).

Proof. (i) Assume, by way of contradiction, there is a synchronized
periodic solution (x, y)”: R — R? of (2.1) such that (x,, y(¢))" e VY 4k +2)
for teR. Then using system (2.1) and (3.6), we have

X(t) = —2urx(t) + 27 (x( ).

N\'—‘

Let u: R3 7+ x(5) € R. Then u satisfies (2.2). Since y is oscillating, we can
choose a ¢, € R such that y(7,) =0. Then we know that x has at least 4k + 1
sign changes on the interval [t,—1, f,]. Thus there is a subinterval of
length 1, say [#; — 21, 1,1 <[t —1, to], such that x has at least 2k + 1 sign
changes on [#; — 2,1 1, which implies that V', (u,,)>2k +2. Since u is
periodic and V is nonincreasing, we have V' (u,) > 2k + 2 for all 1€ R. Note
that all zeros of x, and hence of u, are simple. Choose 7, € R such that
u(t,)=0. Then u has a sign change at ¢, and has at least 2k + 1 sign
changes on each of the intervals (¢, — 1, ¢,) and (¢,, t, + 1). Thus u has at
least 4k + 3 sign changes on [#,—1,7,+ 1], which means that x has at
least 4k +3 sign changes on [(1,—1)/2, (1, +1)/2]. Thus V((x, 112,
y((t,+1)2))") =4k + 4, a contradiction to our assumption.

(i1)) This can be proved similarly using (3.4), (3.7), the assumption
(HS), and V_. This completes the proof.

ProposITION 3.9. (i) For keN, if (x,y)":R—R? is a phase-locked
periodic solution of system (2.1) such that V((x,, y(t))")=4k+2 for all
teR, then v: R — R defined by v(t) = x(5) for all t € R satisfies Eq. (3.1) and
V_(v,)=2k+1 for all te R.

(i) For keN\{0}, if (x,»)":R—>R* is a synchronized periodic
solution of system (2.1) such that V((x,, y(¢))")=4k for all teR, then
u: R — R defined by u(t)=x(3) for all teR satisfies (2.2) and V _(u,) =2k
for all teR.
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Proof. First note that from (3.4) and (3.7), we have
To—1 1
y(t)—x<t+ 7 >——x<t—2>.

3(1) = —2uex(t) — 22/ (x(1 — )

since fis odd. Thus it is easy to check that v satisfies equation (3.1). Now,
choose a zero ¢, € R for y. Then x has at least 4k + 1 but at most 4k + 2
sign changes on [fo—1,7,]. Then either on [7y—1,7,—%] or on
[to—3, to], x has at least 2k but at most 2k + 1 sign changes. This means
that v has at least 2k sign changes either on [2¢,—2,2f{,—1] or on
[2t,—1, 2t4]. Thus the periodicity of v and the nonincreasing property of
V_ combined yield that V' _(v,) =2k + 1 for all e R. In the same way we
find that x has at most 2k + 1 sign changes on one open half of [#,— 1, #,].
Periodicity of v and monotonicity of V imply V' _(v,) <2k +1 for all teR.
This completes the proof of (i). Part (ii) can be proved similarly.

Thus, x satisfies

Now, as immediate consequences of Lemmas 3.1-3.4 and Propositions
3.7-3.9, we have

THEOREM 3.10. (i) For any given ke N\{0}, system (2.1) has at most
one periodic orbit in V~1(2k).

(1) Al periodic solutions of (2.1) are either phase-locked and belong
to V=Y 4k + 2) for some nonnegative integer k, or synchronous and belong to
V—1(4k) for some positive integer k.

(ili) For any given 1e N\{0}, if 0 <t <7/, then system (2.1) has no
periodic orbit in V~Y(2k) for any integer k> 1.

In particular, by Theorems 2.3 and 2.6, we know that under the
hypotheses (H1)—(HS5), there are one and only one periodic orbit of system
(2.1) in ¥~2) and also one and only one periodic orbit of system (2.1)
in V~1(4), and both orbits belong to W5. We will denote these uniquely
determined periodic orbits by O, , and O, , (or O, or O, if dependence on
7 is not needed to be explicitly mentioned), respectively.

4. THE FLOQUET MULTIPLIERS OF THE SYNCHRONOUS
PERIODIC ORBIT

Recall that the system (2.1) has a unique periodic orbit O, , in V' ~'(4)
which is synchronized and can be derived from the periodic orbit of the
scalar equation (2.2) discussed by Krisztin ez al. [9].
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The purpose of this section is to get some information about the Floquet
multipliers of O, .. In particular, we want to show that O, , has exactly
three Floquet multipliers outside the unit circle. We will need a result
about the continuity of O, , with respect to 7. By the results of Sections 2-3
and [9], for 7> 1, there is a unique periodic solution r*: R— R of (2.2)
which has minimal period w®e(1,2) and which is normalized so that
rf(0)=0, r*(—1)>0. Let

H={peC(K)|p0)=0, o(1)>0}.

Then the function (p%, ¢°)": Rat+ (r*(2t), ¥*(2t —1))" e R? is a periodic
solution of (2.1) with minimal period 7% =w?/2, and (p§, ¢°(0))" € H,
O, .={(pi,q*(1))"|0<t<T*}. Moreover, (p% ¢°)” is the unique
representation of O, , with (pg, ¢7(0))” € H. We define, for =1, (p*, ¢°)
=(0,0).

PROPOSITION 4.1.  For every 1°>1, and for every sequence (t,)_, in
(t,, 0) with t,—1° as n— oo, the sequence of periodic solutions
T, T, tr| oo TO TO tr .
{(p™, q™)"} *_, converges to (p*, q%)" as n — oo uniformly on any compact
subset of R.

(o)

Proof. 1t suffices to show that for any sequence (7,)_, in (7,, 00) with
7, = 1% as n— oo, there is a subsequence (1), such that (p™, ¢"x)" —
( p’o, q’o)” as k — oo uniformly on any compact subset of R.

Recall that p™(t), ¢™(t)e[E~,&"] for all teR and neN. Then by
system (2.1) and using the Arzéla—Ascoli Theorem and the method of
diagonalization, there exist a subsequence (n,), a constant 7* >1/2 and a
C'-map (x, y)": R— R? such that

T — T* as k— oo,

@Tnk’ qrﬂk’ prnk’ q'rnk) - (x’ y’ 'X..’ J}) a'S k - w

uniformly on any compact subset of R

and (x, y) satisfies (2.1) with 7 =1°

If there is a o € R such that (x,, ¥(#))" #0 in C(K), then (x,, y(¢))"
#0 for all £e R using system (2.1), then T* is a period of (x, y)” and
hence (x,, y(¢))" e R for all € R, and therefore by the C'-continuity of V,
we have for all e R,

V(e p(20)7) = lim V((pi, g™(1))") = 4.

k— o
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Clearly, we have x(0)=0, y(0)>0 and y(0) must be positive since
(x,, »(1))"€R for all e R. So (x, y)"=(p™, ¢°)".

In case °=1,, we must have x =y = 0. For otherwise, the above discus-
sion guarantees the existence of a nontrivial periodic solution (x, y) of (2.1)
with =1, satisfying V((x,, y(¢))")=4 for all teR, a contradiction to
Theorem 3.10.

In case 7°> 7, it remains to exclude the possibility of x =y =0. Assume
(z,) is such a sequence that 7, — ° as n— oo but (p™, ¢*)" -0 as n— o
uniformly on any compact subset of R. Let

Tn Z
) = q(fn;’w ’
. 9 *® teR
q n
Un(t)_ T, T, \tr ’
1(p™ q™) || o

for all neN, where for a bounded continuous map (x, y)": R— R?
I, »)Il oo = Sup, e max{|x(¢)], |¥(1)| } . Then for ne N, [u"(1)| <1, [v"(1)]
<1 and V((u?, v"(¢))”)=4 for all te R and (u", v")" satisfies

0(1) = — 2, (1) + 2, [01 F(sq(0)) ds v(0),
teR.

5"(1) = —2t,u0"(t) + 21, jl Fi(spo(t— 1)) ds u'(t — 1),
0

Using the Arzela—Ascoli Theorem we find a subsequence (n;), a constant
T*>1/2 and a C'-map (u, v)": R — R? such that

Tm— T* as k- oo,
(u™™, V"%, U, ") > (u, v, U, V) as k— oo

uniformly on any compact subset of R
and (u, v)" satisfies

{u(t) =" —27%u(r) + 27°"(0) v(1),
B8(1) = —2t%w(t) + 2% (0) u(t — 1).

(4.1)

Moreover, ||(u, v)"||,=1. Thus (u, v) is nonzero and periodic with a
period T*, which implies that (u,,v())"€R and V((u,, v(t))")=
limy _, o, V((pim, ¢(1))")=4 for all reR. The boundedness of (u,v)”
implies that (u,, v(0))” is in the center space of the linear system (4.1). But
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we know that for %>z, the zeros of the characteristic equation of (4.1),
given by

(O 4 22% + 22°7(0) e ~#2)( ) + 2¢°% — 27°f"(0) e —#2) = 0,

are given by a real 1, and a sequence of complex conjugate pairs

{2;, 4;} ;=1 such that

Ao>Re i, >Re 4, >{(I){ edy> -
Im A, € (n, 2n),
Im Z,; € (2(2j — 1) =, 4jn), j=1,
Im iy, e@n22j+)n), j=1

Thus, if @ #0 is in the center space of (4.1), then V(p)=6 by (ix) of

Lemma 2.2, a contradiction. This proves that (p% ¢°)" — (p™, ¢%)" as
7 — 7° uniformly on any compact subset of R. This completes the proof.
Consider now the system of variational equations

{X(t) = —2zux(1) + 2¢f"(q"(2)) y(1),
Y1) = =2muy(1) + 2¢f"(p*(1 = 1)) x(1 = 1).

The monodromy operator M®: C(K)— C(K) is defined by M*p=
(x%., y?(T7))" for each ¢ e C(K), where the pair x”: [ —1, c0) > R and
y?:[0, 0) > R is the solution of (4.2,) passing through ¢. Let X(¢)=
x(5) + y(*5Y) and Y(1) = x(£) — y(*4L) for 1> — 1. Then X and Y satisfy

(4.2,)

X(t)= —tuX(t)+of"(r?(t—1)) X(t—1) (4.3,)
and
Y(t)= —tuY(t)—tf'(r(t—1)) Y(t—1), (44,)

respectively, for 1>0. Let M5: C([ —1,0];R)3¢—>X¢. e C([—1,0]; R)
and M3:C([-1,0];R)sy—> Y% eC([—1,0]; R) be the monodromy
operators of (4.3,) and (4.4,), respectively, where X% [ —1, o0) » R is the
solution of (4.3,) passing through ¢ and Y¥: [ —1, oo) — R is the solution
of (44,) passing through . As w*e(1,2) and T*=w"/2, by using the
Arzéla—Ascoli Theorem and the variational equations, we obtain that the
operators (M), M3, M3, are compact. Let ¢°%, ¢} and ¢} denote the
spectrum of M~*, M7 and M7, respectively. Then every nonzero element of
them is an eigenvalue of finite multiplicity of the corresponding
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monodromy operator, which is called the Floquet multiplier of the corre-
sponding system.
ProOPOSITION 4.2. ¢"=0]U0o5.

Proof. It is easy to see that 0 e 6" na] N o5 Now, let 0# A eo”. Pick an
eigenvector 0 # ¢ € C(IK; C) associated with the eigenvalue A. Then there is
a global solution z¢=(x?, y?)": R— C? of (4.2,) such that z%.=/l¢.
Therefore, we have

(XP(t+T7), y?(t+ T7)" = Ax%(1), y*(¢))"  forall teR. (4.5)

0 0+1
Xgo) = (5) 43 (557

i Q) (151)

Then X,, YoeC([ —1,0]; C). We claim that either X, #0 or Y, #0.
Otherwise, we have

Let

0el[ —1,0].

—1,0].
L(0+1) 0e[—1,0]
y 2 — Y

Therefore, we get ¢ =0 by using system (4.2,), which is a contradiction to
the choice of ¢. Thus the claim is proved.

If Xy #0, let X(7)=x?(%) + y?(“51) for all 1€ R. Then X satisfies (4.3,)
and X_ .= 41X, from (4.5), which implies that 1€ ¢}. Similarly, if Y, #0,
then Aeo’. Hence, 6" o] uoaj}.

Conversely, let 0#iecjuags. If Aeog], choose an eigenvector
0#yeC([—1,0]; C) of M7 associated with A, then we have a solution
XY:R— C of equation (4.3,) with X¥=¢ and X¥.=/¢. Therefore, we
have

XY(t+0")=iX"t) forall teR. (4.6)

Define ¢ € C(IK; C) by
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Obviously, ¢ #0 and it is easy to check that

{x(r):)ﬂ'(zz), eR

W) =X"2r-1),

is a solution of (4.2,) passing through ¢. (4.6) implies that (x;-, y(77))”
=/, i.e., Aeg’. Similarly, if Aeg}, we have leg®. Thus, ciuag; S0
This completes the proof.

Remark 4.3. It is interesting to note that (4.3,) is the variational
equation of (2.2). Krisztin et al. [9] have got some information about 7.
Particularly, there is a positive 4}, € ] which is larger than 1, and for every
eai\{0,1, A7}, |4| <1. Moreover, there is a ¥, € C([—1,0]; R) with
Y.(0)>0 for e[ —1,0] such that ¥, is an eigenvector of M| associated
with 4;. Using the above argument, we can get ¢, e K such that
M*p,=1,0,.

For 2eC\{0}, let G(|]) denote the realified generalized eigenspace of
M associated with the spectral set {{ e ¢” ||| =|4|}. Using Theorem 3.1 of
[10], the following result can be proved similarly to Proposition 3.8.

ProrosiTioN 4.4. (1) If 0#Aieag] then the vrealified generalized
eigenspace G(|1]) < V=Y (4k) L {0} for some ke N.

(i) If 0#Aea}, then the realified generalized eigenspace G(|A|)<
V=Y (4k+2) 0 {0} for some ke N.

Proposition 4.4 implies that o] n o3 ={0}. Note that (p§, ¢°(0))" e G(1)
with V((pg, ¢°(0))")=4. These facts combined with Theorem 3.1 of [10]
and Remark 4.3 yield that O, . has at most three Floquet multipliers,
counting multiplicities, outside the unit circle and if A# A} is such a
Floquet multiplier then G(|4])<= ¥ ~'(2) U {0}. In the following, we shall
show that O, . has exactly three Floquet multipliers outside the unit circle.

Recall that ™ and the operators M7, M} were defined for 7> 7,. Now
we extend their definitions also to 7=7,. It is not difficult to see that

In(1%)=2 <27z — arccos f/'l(lo)> i

Setting 8, = 2w —arccos(u/f”(0)) and using 7> =7, we obtain that i, is a
purely imaginary zero of

v+ru—rt,f'(0)e "=0. (4.7)
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We define w® as the minimal period of the function ¢+ ¢, that is,

B 2r
~ 2m—arccos (u/f"(0))’

"

Let F, and F_ be the Cy-semigroups generated by the solutions of
X(t) = —7,uX(t) +7,/'(0) X(¢—1)

and
Y(1) = —z,u¥(1) —7,f'(0) Y(t—1),

respectively. Define M =D, F_ (0%, 0)and M3 =D, F_(w%, 0). Then a( M)

NCeCTIZ 1} ={1,e"™},  o(M3)n{LeC L= 1} ={e™, &™),
where v,>0 is a simple zero of (4.7), and v, with Rev,>0 and
Imv, €(5, n) is a simple zero of

v+t u+t,f'(0)e"=0. (4.8)

Note that Im(w®v,) e (%, 2n) since w e (3, 1).

ProposITION 4.5. Im(w®v,) # 7.

Proof. Let vi =0, +if); where ; >0. From (4.7) and (4.8) we get

T u=1,1"(0)cos f3,,
49
{ﬁz= —1,/'(0) sin S5, (4.9)
and
ay + = —1,f"(0) e ™ cos B,
; 4.10
{ﬁﬁ =1,/'(0) e~ sin f3;. (4.10)

If w*p,=mn, then f,=2f,, and therefore from the second equations of
(4.9) and (4.10), we have

—27,1'(0) sin B, cos B, =27, f"(0) e ™ sin f5;.
Consequently,

cos f;=—e" ™.



PHASE-LOCKED PERIODIC SOLUTIONS 157
Then from the first equations of (4.9) and (4.10), we get
Tt =1,/"(0) cos f=7,f"(0)[2 cos’f; — 1]

=7, /(0)[2¢e"2 —1] = —a, +1,/"(0) e =24, (4.11)

The first and the fourth terms imply (4.12) and the last two terms imply
(4.13),

T, f(0) e~ =1, f(0)—a,. (4.12)
e, _ 1+ [(0)
- (4.13)

Equations (4.12) and (4.13) imply that

Tl (0 =]
1= ) .

Using this, and the first and third terms of (4.11) as well as (4.10), we have

Tyt = W —2,f(0) u;}f(o()()) o~ LSO -1,

or, using the definition of 7,

"
SOV~ (2n—axcoos o) /TFO =T @ T2
21"(0) '

Then wu/f'(0)e(0, 1) is a zero of the equation

H_ix: e &X)
2

in (0, 1), where g(x)=./(1—x)/(1 +x) (2n —arccos x). Equivalently, the
equation

F(x)=In(1+x)—In2+ g(x)=0 (4.14)

has a solution in (0, 1). On the other hand, lim, _, ;- F(x)=0 and F'(x) =

25— (2m —arccos(u/f'(0)))/(1 + x) /1 —x*><0 for all xe(0,1). Conse-
quently, F(x)>0 for all xe(0,1), a contradiction. This completes the
proof.
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PROPOSITION 4.6.
0 0
M: > M and ~ Mi—->M5 as t-1°>1,,

MMy  and M5—>M% as to1).

N

Proof. We only show Mj —> M7 as t— 7}, the other cases can be
discussed similarly. We complete the proof in four steps.

Step 1. w*—>w% as 1>t . For 7> 1, recall that r* is the periodic
solution of (2.2) so that V' (r})=2 for all teR and r*(0)=0, r*(—1)>0.
Defining the function

()

Lai s

u“ :Rat— eR

for all > 7, where |x|, =max, g |x(2)| for any bounded and continuous
function x: R —» R. We easily obtain that

(1) = —muf(z)ﬂff'(srf(z— 1)) ds u(¢—1)
0

for all e R. By Proposition 4.1, ¥*— 0 as 7 — 7, uniformly on R. Using
the above equation and the Arzéla—Ascoli Theorem we find that each
sequence (7,)s° in (7,, o0) with 7, > 7, as n— oo has a subsequence
(Tw)i=0» and there exists a C'-function u: R— R such that u™ — u and

U — U as k — oo uniformly on any compact subset of R, moreover

u(t) = —prou(r) + 7, f'(0) u(t —1)

and V_ (u,)<2 for all teR, u(0)=0 and |u|,=1. These facts and
Proposition 5.1 from [9] yield that for every real ¢, u, belongs to the
realified generalized eigenspace of A, associated with the spectral set
{if,, —if,}, where f,=2n —arccos(u/f"(0)). From f, € (x, 2n), u(0) =0,
u(—1)=0 and |u|,=1, it is easy to see that u(¢)=sin(f,¢). Then from
™€ (1,2) and from the convergence of u®« — u on any compact subset of
R it follows that

™% — as k- oo.

, W' > 0SasToT .
Hence, o” s as & also follows

Step 2. Uniform boundedness of X ?(¢) for p e By={pe C([ —1,0];
R)|lelo=1}, te[ts, 1,4+ 1] and te[ —1,2]. Here |- ||, is the supremum
norm on C([ —1,0]; R), X>?: [ —1, o0) — R denotes the solution of (4.3,)
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with X5?=¢e C([ —1,0]; R) and we assume r*=0. By the variation-of-
constants formula, we have

X200 =e~p(0) + [ 1f (7L~ 1) eTHOX T L, 120,
0

Note that r*({)e[¢~, &1 ] for all {eR and 7> 7,. Thus there is an N >0
such that |zf'(r*({))| <N for te[7,, 7,4+ 1] and { € R. Therefore,

t
X7l <1+ | NIXElod, 120, peBy telr.T+ 1]

Applying the Gronwall inequality, we get
1X7 7)o <e™<e?, 0<t<2, ¢eB;, tel[r,1,+1]
Step 3. The estimate of |XP?—X»?|, for te[0,2]. Using
Proposition 4.1, for any ¢>0 we can choose J, €(0,1) such that for

0<t—1,<d;, we have

le™™ —e™ M| <¢ for all re€[0,2],
lf (r({—1)) e ™ =9 —¢_£"(0) e %H =9 <¢

for 0<{<t<2 uniformly.

Then from
XT2t) = X" ?(1) = (e”™ —e ™M) <P(0)+fot [of'(r{({—1)) e ™=
—7,f'(0) e EHTOT X O(( 1) dC
[ 2 1(0) e A ) - X )
we get, for all ze[0,2] and ¢ € By,
IXme — x5, < (1 +62N)6+£:N X5 — X0 o dL.

Applying Gronwall’s inequality again we obtain

IX7e—Xelo<(l+e) ™, 0<i1<2, peB.  (415)
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Step 4. M5 > M7 as -1} . For any ¢ € By,

IMip —MPolo= sup [X*%(@"+0)— X" (" +0)]
0e[—1,0]

< sup X0 +0)— X+ 2(wf +0)|
0e[—1,0]

+osup X0 +0)— X (0% +0).  (4.16)
0e[—1,0]

Note that

X 20" +60) — X7 ?(% + 0)

— —t (@' +0) _ ,—t u(ws+0)
(e e ) #(0)

"+ 0
[ (o) e OO (1) d

s+ 6

@+ 6 _
+f T f'(0)[e FHEHIZO _pmru@THO=0] X o({ 1) dL,
0

since w*e(1,2) and w*e(1,2). By Step 1, we know that w*— w™ as
7t} . There exists J, € (0, 1) such that when 0 <t7—1,<J,, we have

X% 2(0F +0) — X %% +0)| <e,  —1<0<0. (417
Therefore, when 0 <7—t,<min{Jd,, J,}, (4.15)—~(4.17) combined yield
IMip—MTPolo<eN'

for some constant N’, which implies that M| - M7 as t— 7). This
completes the proof.

Proposition 4.5 and Im w%v, € (%, 2x) imply that ¢®*" is a non-real
element of g(M%) with |e“*"1| > 1. Therefore, it is simple by Theorem 3.1
of [10]. Because of the discrete property of the Floquet multipliers, we can
find a connected bounded open set O in {{e C | |{| > 1} which contains no
other element of o(M7%) but e”*", and for {€ O we have Im {#0. Let B
be the boundary of O and

T __ 1 7\ —1
0 = JB(ZI—Mz) dz.
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By the spectral theory of perturbations of linear operators (see, for
example, [7, pp.213-214]), there exists a ¢,>0 such that when
0<t—1,<¢y, Wwe have

dim Range Q° =dim Range Q%

= the multiplicity of e”*"t as an eigenvalue of Mg =1.

Therefore, if 7 € [ 7,, 7, + €¢), then there is a simple complex 15 € g5 in O. By
Theorem 3.1 of [10] and Proposition 4.4, we get the following result:

ProposITION 4.7.  There exists a &y>0 such that for te(ty, ,+¢&),
"N {LeC|[{|>1}={A%, A5, A%} with ALeo’ and 75 € ol and 27> |15).

Now, let

there exist exactly three Floquet multipliers, counting

4 - multiplicities for O, out side the unit circle
={T>7, . . . .
and the associated realified generalized eigenspaces

are contained in ¥ ~1(0)u ¥ ~1(2) U {0}

Note that Proposition 4.7 implies 4 # (J. Using the above spectral theory
of perturbations of linear operators similarly to Proposition 4.7, we can
show that A4 is relatively open in (t,, o0). Now, let (z,,) = A with 7, - %>
7, as n— o0. Let Aj, A3 be the other two Floquet multipliers outside the
unit circle (not necessarily different) other than 47 for O, . for each ne N.
Therefore, by Theorem 3.1 of [10], both A}» and A} are in g%. Note that
the results in Step 2 of the Proof of Proposition 4.6 ensure that (1}) and
(4%) are bounded. Thus, there exist a subsequence (n;);°_, and Af and 15
such that A7 — Af and 7% — 15 as k — oo. By the aforementioned spectral
theory of perturbations of linear operators, we have that both 4§ and A5
belong to a;°, and either 1§ # A5 or 2§ = A¥ is a double eigenvalue of M.
Observe that {i%, 1} cal, G(1)=V~'(4)u {0} and G(A2)< V~(0)
U {0}. Also recall that o noX={0}, I<|Af|, 1<|Af. If [Af]|=1,
then we have G(|1f|)=G(1)= V" (4k+2)u {0} for some keN by
Proposition 4.4(ii) since A{ eo, a contradiction. So, |[A{|> 1. Similarly,
we can show |4} | <A% and 1 <|A¥|<A%. This means t°€ 4 and hence 4
is relatively closed in (t,, o0). Therefore, the connectedness of (7, 00)
implies the following main result of this section:

THEOREM 4.8. A =(t,, 0).
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5. DYNAMICS ON W, AND THE CONNECTING ORBITS
FROM 0, TO 0,

Recall that under the hypotheses (H1)—(HS), system (2.1) has only one
periodic orbit in ¥ ~!(2), denoted by O,, and only one periodic orbit in
V~Y(4), denoted by O,. Both O, and O, are in Ws. The purpose of this
section is to describe the dynamics of the semiflow on Wi, in particular, we
establish the existence of a connecting orbit from O, to O,.

PROPOSITION 5.1.  There exist no homoclinic orbits with respect to the
periodic orbits O, and O, (that is, there exists no solution (x, y)": R — R?
of (2.1) such that (xo, (0))" ¢ O, (¢ O,) and a((xo, p(0))") = w((xo, »(0))")
=0, (=0,)).

Proof. We only show that O, is not homoclinic, the case for O, is sim-
pler and can be dealt with similarly. By way of contradiction, let
z=(x, )" R—>R? be a solution of system (2.1) such that ¢:=
(x0, ¥(0))"¢ 0,4 and a(p)=w(p)=0,. Recall that O, is determined by
(p, )" R — R? with the minimal period Te (3, 1). It is easy to show that

V(z,)=4 with z,=(x,, y(1))" for all reR.

This yields that both x and y are oscillating and all their zeros are simple
since z, € R for all reR. Let 4={z,|teR} and let (z,) be such that
t, > —oo and z, —(po, q(0))" as n— oo. Note that z_ << (p, ¢(0))" <<
z,. Therefore, for any 7eR, there is a 7, <7 such that z_ <z, <z,
from which it follows that z_ <<z, <<z, by the monotonicity of @. So 4
is invariant and bounded. Using system (2.1) we know that {z, |re R} is
also bounded. Consequently, 4 is an invariant and relatively compact
subset of C(KK) by the Arzéla—Ascoli Theorem.

Note that if 7#s in R, then z, # z,. Otherwise, z is periodic and thus
¢ € 0, since a(p)= 0,, a contradiction. Now, we want to show that

Wz, —z,)=4 for all f#sinR. (5.1)
Note that z, € S for all e R. Therefore,
Mz, —z,)=2 for all 7#sinR. (5.2)
To show (5.1), we first show

Mz, —z,)<4 for all 7#sinR. (5.3)

s
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Let us consider the two sequences (z,_,7)s and (z,_,7)q . Using the
compactness of 4 and a(¢@) = O,, there exist a strictly increasing sequence
(ne) -, and reals 7', s' in [0, T') so that

thnkT_)(ptlﬂ q(ll))tr and Zs— m T (psl q( )) as k—’OO
Now we complete the proof of (5.3) in two cases.

Case 1. t'#s, Thenbothz,+1_,,kT—>(p, gt + 1) andz, r
= (psis1>q(s*+1))" in CY(KK) as k— co. Recall that V (r,—r,) =2 for
all ¢, s in R such that r, #r,. Similar arguments to those in the proof of
Proposition 3.8 yield that if z, s in R such that (p,, ¢(¢))” # (p,, g(s))” then
V((p,, q())"—(p,, q(s))”)=4 and hence for such ¢ and s we have
(p:, q(1))" —(ps, q(s))" € R. By the continuity of ¥ on R in the C'-topology,
we have V(z,,y_, 7—Z;41-nr) =4 for all sufficiently large ke N. Thus,
we have V(z, —z,) <4 by the nonincreasing property of V.

Case 2. t'=s'. Foree(0,T), we obtain z,, ,_, 7= (pyi,. q(t' +¢)"
#(pg1, q(s')" as k— oo. For 0<e<min{7, |t—s|}, the arguments in
Case 1 are applicable for #+¢ instead of t. We obtain z,,,—z,7#0 and
MNz,4,—2,) <4 for 0<e<min{7, |s—s|}. Then the lower semi-continuity
of V produces

Mz, —z,) <liminf V(z,, ,—z,) <4.

e—>0t
Now, we show that
Mz, —z,) =4 for all ¢#sinR, (5.4)
Using arguments similar to those for of (5.3). We show it by way of con-
tradiction. If (5.4) is not true, then by (5.2) we can assume that there exist
to # 5o in R such that V(z, —z,)=2. Then, by the nonincreasing property
of V' and (5.2), we have
M(zyhi—Zg+0) =2 and Zy+t —Zg+ €ER forall >4 (5.5)
Consider the sequences (z, 4, 7)o and (zg ;7)o - Using the relative com-

pactness of 4 and w(¢)= 0,, there exist a strictly increasing sequence
(ne) g and reals > and s in [0, T') such that

Zt0+nkT_’(Pt2>Q(zz))tr and Zsg+m, T = (P2, q(s?)" as k- 0.

We will arrive at contradictions in two cases.
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Case A. *#s>. Then both =z, .y, 7~ (Prir,q(+1)" and
Zs0+l+nkT—’(Ps2+1a q(s*+1))" in CY(IK) as k— co. Note that V((p,,1,
g+ 1)"—(peir, q(s>+ 1)) =4 and  (pyy, q(2+ 1) —(peiys
q(s*+1))" e R. Thus, V(Z414m 17— Zsy+1+m, 1) =4 for all sufficiently large
ke N, which contradicts (5.5).

Case B. r*=s> For &€(0,T), we obtain z, .., 7= (pPryi,
q(1*+¢))" #(ps2, q(s*))" as k > co. Thus, for 0 <& <min{7, |o—s,|}, the
arguments in Case A are applicable for 7,4+ ¢ instead of #,. Using the
nonincreasing property of V, we have V(z, 444, — 25 44) =4 for 0<e<
min{ 7, |t,—so|}. Note that z, ,3,, =2, 3 as e—>0". Thus z, ,4,, —
Zyy+a I CY(K) as ¢ > 0*. This, combined with Zyy+4— Zg+4 € R, implies
that

V(Zt0+4_ZS0+4) = lim V(Zt0+4+£_ZS0+4) =>4,
e—>0t

a contradiction to (5.5). Therefore, (5.1) is proved.
Note that (5.1) implies that 17|, is injective, where I7 is defined by (3.5).
Observe that if y°e IT4 and = IT~(%°), then

<(1, 0)7, % Hz‘,”> =x%(t)=2¢f(y"(1)) >0

atany reR with IIzVeRj .,
where RF , ={(u, v)" |u=0,v>0} =R> This, combined with the facts
that both x and y are oscillating and all their zeros are simple, implies that
RS . is transversal to the curve /14 ={Ilz,|teR}. Fix 0#y°ell4An
R .. Then ¢ =I1""(x°)e A. Let y(y) be the smallest positive zero of x¥
with x¥(y(y))>0. We define the first return map p: 14 "R , — I14 n

R3, . by
p()(o)znsz), W:H_l()(o)-

By Lemma 5.9 in [ 11], the map p is continuous and strictly monotone with
respect to the natural ordering of Rg, +» which produces a contradiction to

(@) =w(p)=0,. This completes the proof.

PROPOSITION 5.2. If ¢ € C(K)\{0} with w(¢p)=/{0}, then V(p)=6.

Proof.  Assume that there exists ¢ € C(K)\{0} so that w(¢)= {0} and
V(@) e {0,2,4}. Then z# — 0 as 1 — oo, where z? is the solution of system
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(2.1) with z§ = . The monotonicity of V implies V(z?) <4 for all 1> 0. We

o0

can find a sequence (7,)5° in R* such that ¢, > o0 as n—> o0 and

max{|x?(z,)|, |y?(¢,)|} = sup max{|x?(z, +s)|, | y?(t,+5)|}

s=0

for all neN.
For ne N, define x": [ —1, o) » R and »": [0, o) - R by

x?(t,+1)

n j— Z_la
= (L
yo(t,+1t)
"oy >0.
¥ max{ |[x?(z,)|, [y?(z,)|}’ =0
Then max{|x"(0)[, [»"(0)[} =1 and |x"(#)| <1, [y"(1)|<1 for 1>0 and

ne N. Moreover,
1
(1) = = 2eux"(1) + 22 | f(sy(1,+ 1) dsy"(0)
0

Y1) = —2ruy™(t) + 27 JOI f(sx?(t,+t—1))dsx"(t—1)

holds for all >0 and ne N. Clearly,

flf'(sxv’(znﬂ— 1)) ds - £'(0)
0

1
J, S sy7(t, 4 00) ds = 1(0)

as n— oo uniformly on any compact subset of R*. We apply the
Arzéla—Ascoli Theorem to find a subsequence ((x", y™)")¥_,, a pair of
functions xe C([0, o0); R)n CY((1, o0); R) and ye CY[0, o0); R) such
that

ny

(x™, y™) — (x, )™ uniformly on any compact subset of [0, c0),

(X", y™) > (X, p)” uniformly on any compact subset of [ 1, c0)

as k — oo and

t>1.

{x(l)=—2TﬂX(I)+2Tf’ 0) y(1),
W(t) = —2zup(t) + 2zf7(0) x(t — 1),
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Obviously,
max{ |x(¢)|, | y(7)|} <max{|x(0)|, |»(0)|} =1 for all ¢>0.
The lower semicontinuity of V" and V(zz +1) S V(z%) <4 combined yield
V((x,, (1)) <4 for all >1. (5.6)
Choose a € (0, Re 4,). There exists M >0 so that
[ D,@(1,0) || < Me™ || forall r<0  and peE,®E, QE,.

Then for ¢ > 1, we have

trH

1 Prgy@ g @ e(X1> Y1)l = D2 P(1 =0, 0) Pry e p@r(X.. ¥(0))
0
<Me* =) I Pre,oE okl (X, y(@)”|
<M= || Prygp o, |-

Letting ¢ — o0, we obtain that
(x1, »(1))"€ Q,\{0}.
Lemma 2.1 combined with (5.6) yields a constant k> 1 such that
I, —vs (=) <k (xps ()7 for =7
Then it is to see that there exist constants K> 0 and >0 so that
I(x,, ()| > Ke™#  forall t>1.

This estimate implies that there is a minimal keN such that
Prg, (xy, »(1))"#0, where Ej is the realified generalized eigenspace of the
generator of {D,®(t,0)},, associated with the spectral set {4, 4, }. Since
Pri, e @e(X1, ¥(1))"=0, we have k > 3. Note that

(X, Y(0)" = Prg (x,, p(1))" +o(Prg (x,, y(1))")  as t - o0

and V(Prg(x,, ¥(1))") =6 for all t>1 since k>3. Thus, by the lower
semi-continuity of V, there is a sufficiently large 7,>1 such that
V(x4 ¥(t0))") = 6, which contradicts (5.6). This completes the proof.

PROPOSITION 5.3. Let ¢ € S\{0} with V(¢)<4. Then w(¢) is a nontrivial
periodic orbit.

Proof. Let ¢eS\{0} with V(p)<4 be given. Then {z?[r>0} is
bounded (Theorem 2.9 of [2]). Assume that w(¢) is not a nontrivial
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periodic orbit. Let ¥ e w(9)\{0} and z¥ be the solution of system (2.1)
with z§ =. Observe that V(y)<4. The Poincaré—Bendixson Theorem
obtained by Mallet-Paret and Sell [11] tells us that

WY) valy) S E,

where E denotes the set of stationary points of system (2.1). We have

a(y)vw(f) cw(e) <SS,

since w(¢) is invariant, and S is closed and positively invariant. Noticing
that 0 is the only stationary point in S, we conclude

a(y) vw(y)={0}.

Particularly, w(y) = {0} follows. By Proposition 5.2, V() > 6, which gives
a contradiction. Consequently, w(¢)={0} which again leads to a
contradiction to Proposition 5.2. This completes the proof.

PROPOSITION 5.4. For ¢ €(WsnS)\{0}, a(¢)=0 and w(¢p)=0, or O,
depending upon whether there is a t, € R such that V(Z;’(’)) =2 or not.

Proof. z? -0 as t > —oo follows directly from (viii) of Lemma 2.2,
which also implies V(@) <4. By Proposition 5.3, w(¢) is a nontrivial
periodic orbit, which is in ¥ ~!(2) u ¥ ~!(4). By the uniqueness of periodic
orbits in ¥ ~!(2) and V' ~'(4), we get w(¢)= O, or O,. The remaining part
of Proposition 5.4 is obvious due to the monotonicity of V. This completes
the proof.

PROPOSITION 5.5. For ¢ € Ws\S, a(@)={0} and o(p)={z .} or {z_}
depending upon whether ¢ is above or below S.

Proof. The results follow directly from (vi) and (viii) of Lemma 2.2.

PROPOSITION 5.6. If o ebdWs\(Su{z_,z.}), then a(p)=0, or O,
and w(p)=1{z,} or {z_}.

Proof. The conclusion that z¥ —»z, or z_ as ¢t — oo follows from (vi)
of Lemma 2.2. Note that a(¢) = V=10)u V=1 (2)u ¥V ~1(4) U {0} by (vii)
of Lemma 2.2 and the invariance of bd Ws. Therefore, we only need to
show that a(¢) is a nontrivial periodic orbit. If this is true, then a(p) <
V=42)u ¥V ~44) by Proposition 3.5, and hence the result follows from the
uniqueness of periodic orbits in ¥ ~(2) and ¥ ~1(4). Let us assume that ¢
is above S and hence w(¢)={z_ }. The case of ¢ being below S is similar.
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By way of contradiction, assume a(¢) is not a nontrivial periodic orbit.
We prove that a(¢) ={z,}. Let Y ea(¢), then by the Poincaré-Bendixson
Theorem,

ay)vo)={z,,0z_}.

Note that 0 ¢ a(y)/) since a(y) S a(p) = bdWs and 0 ¢ bdWs. Hence, a(yy) <
{z,,z_}. By Proposition 5.2 and the monotonicity of @, w(y)={z,} or
{z_}. We claim that w(y)={z,}. If not, w(y)={z_}, then there exists
a 1* € R such that z% << 0 since z_ << 0. Note that y € a(¢). There exists a

sequence (¢,)s° such that ¢, - —oo and z"’—»tﬂ as n— oo. Then

Zy e z% as n— oo by (iv) of Lemma 2.2. Thus, there is an S, such that

z? , »<<0, which contradicts w(¢)={z .} since z¢ << 0 for t>s + t* by
o+

using the monotonicity of @. Then a(zp) {z,}, for otherwise a(y) ={z_}

implies that there is a z, € R such that z‘/’ << 0, and hence the monotomclty
of @ implies z¥ << 0 for all 7> 1, Wthh contradicts w(y)={z,}. From
a(y)={z,} and the monotonicity of @, we know that z¥ >> 0 for all 7€ R.
Now we claim that =z .

To prove the claim, we first assert that either x¥ or y¥ is monotone. If
not, then as x¥(¢) — ¢* for t— + oo, both x¥ and y¥ have minimal values
which are less than £*. Let ¢, € R be such that

x¥(ty) = inf x¥(t) <&+,
teR

Then from
0=x"(19) = —2zux¥(1o) + 2t/ (y"(1,)),
we have y¥(¢,) < x¥(¢,) using the remarks following (H4). Thus,

inf 1¥(¢) < inf x*(1). (5.7)

teR teR

On the other hand, let 7, € R be such that

yH(ty)=inf y¥(1) <&+

teR

Then, from
0= y¥(1y) = =2zuy¥(1y) + 2tf(x¥ (1, — 1)),

we have x¥(t; — 1) < y¥(¢,), which contradicts (5.7). This shows that either
x¥ or y‘” is monotone. Consequently, either x¥=¢* or y¥=¢* holds due
to a(Y)=1{z,} and w(¥)={z,}. Then system (2.1) and the remarks
following (H4) combined yield x¥ =y¥ =&+, Therefore, Y =z, .
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Now a(p) =w(¢)={z,}. The same argument as above yields ¢ =z _,
which contradicts our assumption. The proof is complete.

PROPOSITION 5.7. a(@)= 0, and w(p)= 0, for every ¢e(bdWsn S)\
(0O, U O0y).

Proof. By (vii) of Lemma 2.2 and Proposition 5.3, w(¢) is a nontrivial
periodic orbit. If we can show that a(¢) is also a nontrivial periodic orbit,
then by Proposition 5.1 and the uniqueness of periodic orbits in V' ~1(4)
and V~1(2) we get a(¢)= 0, and w(¢)= 0,, since both a(¢) and w(p)
are in V1(2)u VY(4).

If a(¢) is not a nontrivial periodic orbit and ¥ € a(¢), then we can apply
the Poincaré—Bendixson Theorem again to get

ap)vap)={z,,0,z_}.

As a(Y)vo(y)=a(p)=S, we must have o(y)={0}. Then (viii) of
Lemma 2.2 implies that y € W, which is a contradiction since € a(@) S
bd W by the invariance of bd Ws. This completes the proof.

In the remaining part of this paper, we shall show the existence of con-
necting orbits from O, to O,.

Let (p, ¢)"™: R— R? be the solution of (2.1) with minimal period 7> 0
determining the orbit O, as in Section 4. For the sake of convenience,
denote ¢, =(py, ¢(0))" € C(K). For r>0, let C(K) ¢, and C(K), . denote
the realified generalized eigenspaces of the monodromy operator M =
D,®(T, ¢,) associated with the spectral sets {(eo||{|<r} and
{Cea||l|>r}, respectively. Recall that M has exactly three Floquet multi-
pliers 4,, A;, A, with A,>]|4,|>|4,| outside the unit circle. Choose
A€(0, 1) so that

. 1
A >max {V» l,maxgem |¢|<1|C|}.
2

Then, by Theorem 1.3 of [9], there exist convex open neighborhoods N, _
of 0 in C(K),~, N, of 0 in C(K) ., and a C'-map

w N, . - C(K) <,
so that
w*(0)=0, Dw*(0)=0, w*(N,.)SN,,
and with N“= N _; + N, _ the shifted graph

W o, N*)={po+x+w"(x) | xeN -}
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is equal to the set

there is a trajectory (y")° , of &(T, )
with x® =y, 2%(x" — po) € N*

Nu
XE€Pot for all ne —N and A"(y" — @y) = 0

as n— — oo
The unstable set W*(0,) of the periodic orbit O, is defined as
W*(04) = D(R* x W*(pq, N¥)).

Now let O,={r,|1€[0,w]} be the orbit of (2.2) with minimal period
w>0in W,V 72) and such that p(¢)=r(2t) and ¢(1) =r(2t—1). We
know that the spectrum of the monodromy operator M, =D, F(w, ry) is
contained in ¢ and it has exactly one Floquet multiplier 4, outside the unit
circle. Similarly, for the A chosen above, there exist convex open
neighborhoods N,_ of 0 in C,_ and ]Vgl of 0 in C; (where C,_ and
C, are the realified generalized eigenspaces of M, associated with the
spectral sets {(e€o,|[{|>1} and {{eo,||{|<1}, respectively) and a
C'-map

wh: ]V1< - Cqy,
so that

w4 0)=0,  Dw“0)=0, w“N,_)=N_,,

and with N“=N,_ + N _, the shifted graph
W*(ro, N*) = {ro+x+wi(x) | xe N, .}
is equal to the set

there is a trajectory (y")° , of Flw, -)
with %=y, A"(x"—ry) e N*

for all ne —Nand A"(y"—ry) >0

as n— — oo

)(er0+]V“

LEMMA 5.8. (W*(ro, N*)),:={°p |pe W"(ro, N*)} € W*(O,).

Proof. Let e W*ry, N*). Then there exists a solution x¥: R—> R of
Eq. (2.2) such that

xl=y and  A"(x¥,—re) =0 as n— —oo. (5.8)
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Define

{x(t)zx‘#(Zt), eR

W) =x¥(2t—1),
Then (x, y)” satisfies system (2.1) and (x,, (0))” ="*y.
From A*(x¥ —ry) >0 as n—> —oo and 1€(0, 1), we know x¥% —r, as
n— —oo. Then it is easy to get

Vo(x¥)<2 and ¢ <x¥V<&, forall teR (5.9)

Note that x¥ satisfies
1
(1) = —tux¥(t) +rj f(sx¥(t—1)) dsx¥(t—1), teR.
0

Let b(t)=1 (o f (sx¥(t—1))ds, by=ming s+ g f'(s¢)ds (>0) and
by=max,— (s e+ rs(l,f’(sé)ds (>0). Then by<b(t)<b, for all teR.
Thus, Lemma VL3 of [9] and (5.9) imply that there is a constant k,>0
such that

Ix¥_ llo<kolx¥|, forall reR. (5.10)

Recall that |@fo=sup << [@(0)] for p e ([ —1,0]; R).
Recall that T=9%. Using (5.10), we have for ne —N,

12Xz, Y(nT))" = @)
=/"max{ sup |x(nT+0)— p(0)l, [y(nT)—q(0)|}

—1<6<0

=/"max{ sup [x¥(nw+20)—r(20)|, |x¥(nw—1)—r(—1)|}
—1<0<0

< A" max{ It s =71l lIx%, — 7o llo}

< j‘n max{ 1’ kO} erl/:a)_ rO HO’
1e.,

1A"((X 7 Y(0T))" = o) < A" max {1, ko} [x}, —7olle  forall ne—N.
(5.11)

Therefore, A*((x,7, y(nT))" —¢@,) >0 as n—> —oo by (5.8). Then there is
an ny € — N such that

A((x,7, y(0T))" — o) e N* for all n<n,. (5.12)
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Especially, (x,, 7, y(n, T))"—@,eN* since Ae(0,1). Let 1" =X 1ny 1>
y((n+ny) T))™ for all ne —N. Then (x")° _ is a trajectory of &(T, -) with
1°€po+N* Moreover, for all ne —N, 2"(x"—@q)=A"((X(sn) 1>
V(1 +16) T = @) = 2~ 2™y 1 70 ¥(m+10) T))" — )], Using
(5.8), (5.11), (5.12), and A€ (0, 1), we have A"(y" — ¢@,) e N* for all ne —N
and 2"(y" — ¢o) — 0 as n » — oo. Therefore, y°c W*(¢p,, N*) by definition.
Note that sy = ®d(—n,T, ¥°). This implies ‘Y € W*(0,), and hence the
proof is completed.

By Proposition 12.1 of [9], we can find ¢, € W*(ro, N*) such that
¢p_ <ro<<¢, with respect to the natural partial ordering on
C[—1LO0LR) and a(¢,)=o(¢p_)=0,. ¢, ¢S;:={yeC([-LOLR)|
(x¥)71(0) is not bounded from above}, since S is a nonordered set and
ro €S,. If ¢_ is above S,, then x?-(¢t) - ¢* as t— oo (Proposition 4.5 of
[9]), where x?~:[ —1, 00) > R is the solution of equation (2.2) passing
through ¢_. Thus, x%- >0 for some #* >0 and hence for 7> r* we have
0 < x?- <r,, a contradiction. So ¢ _ is below S; and x%- - ¢_ as t > oo.
Similarly, x?+ ->¢, as r—>o0. Let ¢, ="¢,. Then ¢, € W*O,) by
Lemma 5.8, and a(¢, )=0,, w(¢p,)={z,} and ¢, ¢S. Thus, by
Theorem 4.12 of [2], ¢_ is below S and ¢, is above S. Let ¢, =
F(sy,¥,) for some s, >0 and ¥, € W*(¢p,, N*). Then, obviously,
() =04, 0y )={z,}, y_ is below S and y is above S. Note that
W*(@,, N*) is the shifted graph of a C'-smooth function from C(IK), - into
C(K) <, defined on an open neighborhood of 0 in C(K),;_, we can con-
struct a continuous curve y:[—1,1]3sp(s)e W*(¢p,, N“)\O, <
W*“(04)\O,4 with p(£1)=y . Let

A, ={se[—1,1]]|y(s) is above S},
A_={se[—1,1]]y(s) is below S}.

Then both 4, and A _ are nonempty and relatively open in [ —1, 1] since
S is closed. By the connectedness of [ —1, 1], there is an s*e(—1, 1) such
that s*¢ A4, uA_. Set Yy=y(s*). Then Ye(W*O0,)S)\O,. Since
Y e W*0,), we have a(y) = O,. Then there exists a sequence (¢,)s such
that ¢, > —oo and z¥ —> ¢, as n— o and hence z¥,, = (p;, ¢(1))” in
CY(K) as n—co. Thus, V(z¥,,)=4 for all sufficiently large negative
integers n by the Cl-continui'iy of ¥V on R and V((p,, q(¢))")=4 and
(p,» q(t))" € R for all e R. This implies that V() <4 by the nonincreasing
property of V. Using Propositions 5.1 and 5.3, and the uniqueness of
periodic orbits on each level set of V, we have the following result about
the connection from O, to O,.

THEOREM 5.9. There exists a connecting orbit from O, to O,.
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