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Abstract

In this paper, we present some results on the existence of periodic solutions to
Volterra integro-differential equations of neutral type. The main idea is to show the
convergence of an equibounded sequence of periodic solutions of certain limiting
equations which are of finite delay. This makes it possible to apply the existing
Liapunov-Razumikhin technique for neutral equations with finite delay to obtain
existence of periodic solutions of Volterra neutral integro-differential equations (of
infinite delay). Some comparisons between our results and the existing ideas are also
provided.

1. Introduction

The purpose of this paper is to provide an existence theorem for periodic solutions
of the following Volterra integro-differential equation of neutral type:

%(m(t)—f C’(t,s,x(s))ds)=H(t,x(t))+f G(t, s, z(s)) ds, (11)

where H(t,z), C(t,s,x) and G(¢,s,z) are R*-valued continuous functions and there
exists a constant 7' > 0 such that

Hit+T,z)=H(t,x), Ct+T,s+T,x)=Cl,s,2) and GE+T,s+T,x)= Gt s,x)

for —0 < s< ¢t < o0 and zeR™.
Our main idea, motivated by [3], is to regard the following neutral equations with
finite delay

iz—(.ar;(t)—J‘l i, s,x(s))ds) = H{t, x(t))+r G{t, s, z(s)) ds (1-2)
dt kT t—kT

as limiting equations of (1'1) and to demonstrate the convergence (to a 7T-periodic
solution of (1-1)) of a certain equibounded sequence of periodic solutions {z,(t)}2., of
(1-2). Applying Horn’s asymptotic fixed point theorem in a standard way, we will
show that the existence of such an equibounded sequence of periodic solutions
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follows from the boundedness and ultimate boundedness of solutions to (1-2).
Consequently, we can apply the existing Liapunov—Razumikhin technique for
boundedness of solutions of neutral equations with finite delay (cf. [10]) to obtain
sufficient conditions guaranteeing the existence of periodic solutions of neutral
equation with infinite delay. ‘

Our existence theorem represents an extension of that in [3] from retarded
equations to neutral equations. Due to the addition of the neutral term

[t C(t, 8, 2(s)) ds,

our approach applies to a class of integral equations
t
z(t) = f C(t, s, z(s)) ds+ h(t) (1-3)

as well, where % is a given T-periodic continuous R”-valued function. However, the
addition of this term creates certain difficulties in our study of the existence of
periodic solutions to (1-1). In particular, solutions of (1-1) are no longer differentiable,
and consequently, the uniform continuity of solutions does not necessarily follow
directly from the boundedness. Moreover, since C #£ 0, the qualitative behaviour of
solutions of (1-1) depend heavily upon that of the solutions of the associated integral
equation (1:3). For details, we refer to [4] for neutral equations with finite delay, and
to [8, 9, 13-18] for neutral equations with infinite delay.

It has been proved that for retarded functional differential equations and for some
integral equations, the existence of a periodic solution is implied by the uniform
boundedness and uniform ultimate boundedness of solutions in phase spaces
satisfying certain well-known phase space axioms formulated in [5] (see [1-3, 7, 19]
and references therein). One should be able to extend this result to neutral equations
of type (1:1) without using the limiting equations (1-2) at all. Such an extension can,
however, be applied to a concrete example only when (i) an appropriate phase space
is chosen and (ii) the uniform boundedness and uniform ultimate boundedness of
solutions in the phase space are verified. Even for retarded equations with infinite
delay, the choice of an appropriate phase space is not a trivial task. Moreover, little
has been done for the boundedness of solutions of neutral equations with infinite
delay. Our present research provides an alternative for establishing the existence of
periodic solutions of neutral equations with infinite delay. Namely, by going through
the limiting equations (1-2), we avoid the afore-mentioned two technical tasks but
still obtain the existence of periodic solutions of (1-1) from the existing theory of
periodic solutions of neutral equations with finite delay, such as the Liapunov—
Razumikhin technique developed in [10]. For details, we refer to Remark 4-5.

The rest of this paper is organized as follows. In Section 2, we present our existence
results and relate the existence of periodic solutions of (1-1) to the uniform
boundedness and uniform ultimate boundedness of solutions of (1-2). A relation
between the boundedness of solutions of (1-2) and the qualitative behaviour of
solutions of the integral equation (1-3) is given in Section 3 where some sufficient
conditions for boundedness of solutions of (1-2) are provided in the spirit of the
Liapunov-Razumikhin technique. Finally, in Section 4 we briefly discuss the
assumptions in our major existence theorem and illustrate the difference between our
major result and that in [7] by a simple example.
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2. Main results
Consider the Volterra integro-differential equation of neutral type

%(x(t)—J’ C(t,s,x(s))ds)=H(t,x(t))+f G(t, s, x(s)) ds, (2-1)

where H(t, x), C(t,s,z) and G(t,s,x) are R"-valued continuous functions for —oo <
s <t < oo and xeR*, and there exists a constant 7 > 0 such that

H{t,x)=H(t+T,x), C¢+T,s+T,z)=C(s,x), and Git+T,s+T,x) =G(t,s,x)

for —0 < s <t < oo and zeR".

Let BC denote the Banach space of bounded continuous functions from (— o0, 0]
to R™ with the supremum norm |-|z.. By a solution of (2:1) through (¢,, ¢)e R x BC,
we mean a continuous function z: R > R" such that z, (s) = z(t, + ) is identical to ¢(s)
for s < 0, z(t)— [ C(t, s, 2(s)) ds is continuously differentiable and (2-1) is satisfied for
t = t, For the remainder of this section, we assume that for every (fy, @) €R x BC
there exists a unique solution of (2:1) through (¢, ¢), denoted by z(t;t,, ¢). More-
over, we assume that solutions of (2:1) depend continuously on initial functions
in the sense that for any t,e R, peBC, A > 0 and € > 0 there exists > 0 such that
|2(t; g, Yr) —x(t; to, P)| < € for all te[t,, t,+A] provided that € BC and [y — @lge < 9.
The fundamental existence, uniqueness and continuous dependence theory for
neutral equations has been developed in [13, 14, 18]. Some new results in this theory
will be presented in Section 4.

Denote by X, the Banach space consisting of all T-periodic functions from R to R*
and endowed with the supremum norm |:|,.. We assume:

(A 1) There exists a constant M > 0 such that for each positive integer k, the
equation

d
Loo-[  ctsyons)-mep+| oesyena @
t—kT t—kT

has a T-periodic solution y,(t) such that |y,|, <M.
(A 2) The mapping P: X, X, defined by

P(¢)(t)=¢(0)—f C’(O,é’,¢(8))018+J7 C(t, s, p(s)) ds

+ fH(u, d{w)) du+ r J'u G(u, s, P(s)) ds du,

for (¢, ¢)€[0, T} x X, is continuous.
(A 3) Sup,c(o, 11, pexpom | Ji—iw G(t, 8, $(s)) ds| < o0 and the sequence

{f Ct, s, ¢(s)) ds}Oo
t—kT k=1

is equicontinuous on [0, T'] for every given ¢ € X (M), where

Xp(M) ={peXp:|plr < M}.

(A44) lim  sup ( JHT (L, s, (s)) ds| + ‘ JHT Cl, s, ¢(s))ds‘) =0.

k—wte[0,T], ¢ X p(M)
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(4 1) is our major assumption. It will be shown below that this assumption is
satisfied if solutions to (2:2), satisfy certain boundedness conditions which can be
verified by the Liapunov—-Razumikhin technique. (4 4) is a certain ‘fading memory’
assumption, in the sense of [2], which represents the reality that a system should
remember its past, but that the memory should fade with time. In Section 4, we will
illustrate that (4 2) and (4 3) are very weak assumptions which are satisfied if C' and
G satisfy certain integrability conditions.

We are now in the position to state our main result on the existence of T-periodic
solutions of the equation (2:1) as a limit of T-periodic solutions to the system (2-2),
with finite delay as k— co.

THEOREM 2-1. If assumptions (A 1)—(A4 4) kold, then equation (2:1) has a T-periodic
solution.

Proof. Let {y,(t)}r., be a sequence of T-periodic solutions of equation (2-2), with
ly ()] <M for all integers k and t€[0,7"]. Then (4 3) implies that

[(d/dt) (y(t) — ik C(t, 8, yx(9)) ds)l < N

for some constant N > 0 and for te [0, T, fork = 1,2, .... Therefore forall ¢,,1,€[0, 77,

we have
tZ

Yil(ts) —y(ts) +f

t,—kT

1

C’(tz,é‘,yk(s))dé‘—f C(ty, 8, yx(s)) ds

6—kT

< N]tl - tzl
which yields

lye(te) —yi(ty)] < +Nt, —t,).

J12 C’(t2,8,yk(s))ds—J11 C(ty, 8, y,(s)) ds

kT L—kT
Note that the family of functions {[_,.,C(t,s,¥,(s))ds}C, is equicontinuous. It
follows that {y,(t)} is also equicontinuous. By the Ascoli-Arzela theorem, we can
assume, without loss of generality, that {y,(¢)} converges to a continuous 7T-periodic
function z(¢), uniformly on [0, T'].

Due to the continuity of the map P, we have
lim P(y,) (t) = P(x) (¢),

k—> oo

for t€[0,T]. On the other hand, by definition of P, for te[0, T,

P(ya) () = 32(0)— f 010, 5, 33(5) ds+f O, 5,34(5) ds+fﬂuyk w)du

fJ (u, 8, ¥,(8)) ds du
0d—

= {yk(O)_f C(O,S, yk(s))ds+f 0(t7s’ yk(s))ds
kT t—kT

+ffu G(u, s,yk(s))dsdu-l-J‘H(u,yk(u))du}
0Ju—-kT 0

-kT —-kT
+f C(t, s, yk(s))ds—f C(0, s, y,(s)) ds

-0 ~00

u—kT
+fJ G, 8,y,(s)) ds du.
0J -0
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Notice that y,(t) satisfies equation (2:2),, so we obtain

—kT

kT
P(y,) (1) = yk(t)+J’ Clt,s, yk(s))ds—J- C(0,8,y,(s))ds

ff Gu, s, y,(s)) du.

Consequently, it follows from (4 4) that

lim P(y,) (t) = =(0),
k-
for t€[0, T). Therefore z(t) = P(z) (t) for t€[0, T']. This means that x(¢) is a solution of
equation (2-1). Clearly «(t) is T-periodic. This completes the proof.

To guarantee the existence of equibounded T-periodic solutions for the family of
equations (2-2), with finite delay, we introduce the following concepts.

Definition 2-2. Let 6: R, — R, be a given continuous function. A family of functions
{f(t)} is called a d-equicontinuous family of functions on [a,b] if each function f
is defined on [a,b] and, for any ¢ > 0 and ¢,,¢,€[a,b] with |t,—¢,| < d(¢), we have

Lfita) = ft)] <e.

Clearly, if f:R,— R, is continuous and 0 < f(x) < é(x) for all = >0, then a
d-equicontinuous family of functions is also a f-equicontinuous family of functions.

Definition 2-3. Let 6: R, - R, be a given continuous function. A function f defined
on [a, b] is said to be §-uniformly continuous on [a, b] if, for any € > 0 and ¢,, {,€[a, b]
with |¢, —¢,| < 8(e), we have |f(t,)—f(t,)| < €.

Clearly, a family of functions consisting of all §-uniformly continuous functions on
[a,b] is a d-equicontinuous family of functions. Conversely, every function in a 4-
equicontinuous family is §-uniformly continuous.

THEOREM 2'4. Suppose that

(i} for each integer k and each given initial datum, the solution of (2:2), ts unique,
and solutions are continuous with respect to initial data;

(i1) the solutions of equations (2:2), are uniformly bounded and umformly ultimately
bounded for B at t = 0;

(iii) for any L > O there exists M > 0 such that for all continuous functions x: R~ R"™
with supteklx(t)l <L, [L |G, s,z(s))ds| €M and {[_,7C(t, s,2(s))ds} is a d-equi-
continuous family of functions on R, for some 6.

Then for every k=1,2,..., equation (2:2), has a T-periodic solution y,(t) with
lyx(0)l < B for te[0,T).

Here and in what follows, solutions of equations (2-2), are said to be uniformly
bounded at ¢t =0 if for any B, > 0 there exists B, >0 such that ¢eBC and
|¢lgc < B, imply |y(¢, ¢, k)| < B, fort > 0, where y(t, ¢, k) denotes the solution of (2-2),
through (0, ¢). Moreover, solutions of (2-2), are uniformly ultimately bounded for B
at t = 0 if for any B, > 0 there exists 7(B;) > 0 such that ¢e BC' and |p|lgc < B,
imply that |y(¢, ¢, k)| < B for all ¢ = T(B;).
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Proof. For any fixed k, we set

Y, ={¢:[—kT,0]>R";¢is continuous} and |¢l, =sup_,r <s<olP(s)l.

Then (Y,[],) is a Banach space.
Evidently y(t, ¢, k) depends on the restriction of ¢ to [ — k7', 0] only. Therefore from
the uniform boundedness assumption, we can find 8, > £, = f, = B such that

¢eY, with ||, < B implies |y(¢, ¢,k) < f,fort >0,
¢eY, with ||, < 4, implies |y(t,¢,k)| < f,fort >0,
peY, with |g|, < 4, implies |y(t,¢,k)| < f,fort >0,

On the other hand, from the uniform ultimate boundedness assumption, we can find
a positive integer m such that

ly(¢, p, k) < B fort = mT (2:3)

if €Y, and ||, < B,. Moreover, by the uniform boundedness assumption and (iii),
there exists a constant M > 0 such that
d
l—(y(t,(ﬁ,lc)—f C(¢, s, y(s, @, k))ds) <2M
dt t—kT

for all ¢€Y, with |@|, < B;, which implies that {y(t, ¢, k)} is a §,,-equicontinuous
family of functions of ¢ = 0, where 6,,(¢}) = min {§(¢/2), ¢/(4M)}. We now define three
subsets of Y, as follows:

S§ = {peY,;l¢l, <Band ¢ is 8,,-uniformly continuous};
S¥ ={pe¥,;|dl, < B, and ¢ is §,,-uniformly continuous};
St = {¢peY,;|dl, < S, and ¢ is §,-uniformly continuous).

Then S& = 8% < S% are convex subsets of Y,, S¢ and S¥ are compact and S¥ is
relatively open in S%.
We define the Poincaré map f:8% — Y, as follows:

fA) &) =yit+T,¢, k) forte[—EkT,0].

Note that for ¢ € 8¥ we have |f(¢)l, < B,- Thus f*(¢) is well-defined. We claim that
fRP) (&) = y(t+2T, ¢, k) for te[—kT,0]. In fact, for ¢ €S¥, the function f(@P) is 8,,-
uniformly continuous and thus f(¢)eS%. Moreover, y(t+7T, ¢, k) and y(t, f(¢), k) are
both solutions of (2-2), with the same initial datum (0, f(¢$)). So by uniqueness,
yt+T,¢,.k) =yt f.fl¢), k) for all te[—kT, o0). In particular,

ye+2T, 0, k)y=y(t+T,f(¢), k) for —kT'<t <0,

or equivalently,
S () = y(t+2T, 0, k) for —kT <t <O.

Repeating the above argument, we see that f7(S¥) < S¥ for all positive integers j.
Similarly, f7(Sf) = S¥. It is also clear from (2-3) that f/(S¥) =S¥ for all j > m.
Furthermore, f is a continuous map since solutions of (2-2), are continuous with
respect to initial data. Applying Horn'’s fixed point theorem, we obtain a fixed point
peSEk of f. That is, y(t+T,¢,k) = ¢(t) for te[—iT,0]. Again by uniqueness,
y(t, . k) =y(t+T,¢.k), and thus y(t, ¢, k) is T-periodic. This completes the proof.
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3. Uniform boundedness and uniform ultimate boundedness of solutions

We now discuss the uniform boundedness and uniform ultimate boundedness of
solutions to parametrized neutral functional differential equations of the following

type d
EiDa(t’xt) = Fa(t’xt): (31)
where a€ A for some index set A, D,:RxC,—~R" and F,:RxC,—~R" are given
continuous functionals such that the standard initial value problem to (3-1) is well
posed, C, = {¢; d:[—v,, 0]~ R" is continuous} is endowed with the supremum norm
|1, and v, = 0 is a constant. In particular, if A = {k}2_, and v, = k7, then we arrive
at (2:2,) with specific D, and F}.

Definition 3-1. A family of maps {D,},., is said to be uniformly bounded if there
exists an unbounded non-decreasing function §: R, — R such that for any {,€R,
aeA, ¢pelC,, hel([ty,0); R"), H>0 with |¢|, <H and sup,,, |h(t) < H, the
solution, denoted by z*(¢), of the equation

‘Da(t’ xt) = h’(t)a xto = ¢ (3'2)
satisfies |2*(t)] < S(H) for all t > ¢,,.

Definition 3-2. A family of maps {D_},., is said to be quasi-uniformly ultimately
bounded if, there exists an unbounded non-decreasing function B: R, — R such that
for any M,, M, > O there exists T(M,,M,) > 0 so that for any t,eR, ae A, ¢ and
he C([ty, 0); R™) with sup, 5, lk(¢)] < M, and sup, ; , |z7|, < M,, the solution of (3-2)
satisfies [2*(¢)| < B(M,) for ¢ > t,+T(M,,M,).

A uniformly bounded and quasi-uniformly ultimately bounded family of maps is
said to be uniformly ultimately bounded.

The following result gives a very simple sufficient condition ensuring the uniform
ultimate boundedness of {D_},.,. For a broad class of neutral equations satisfying
the conditions in the next proposition, we refer to [4].

ProposITION 3-3. Suppose that there exist positive constants K, K, and a such that for
any t,eR, aeA, peC, and he C([t,, 0); R"), the solution x*(t) of (3-2) through (t,, )

salisfies lz2(t)] < K, e ¢ || + K, sup |h(s)]

tp<8<t
for t =2 t,. Then {D},., is uniformly ultimately bounded.

Proof. 1t is clear that we can take

In (BM,)
KIMI

S(r) = (K1+K2) r, TM,,M,)= a_ll , B(r)= (ﬂ+K2) T,

where # > 0 is any given constant.

In the following two propositions, we restrict our attention to the case where {D} is
of the form

Dt $) = $(0)— f Clt, s, $(s)) ds
t—a

in which a 2 0 and ¢, = C([—«a, 0]; R").
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ProrosiTiON 34. Suppose that there exist constants B, 2 0 and F€[0,1) and an
increasing function @: R, — R, such that

fIC(t,sx Nds < B max |z(s)| + B,
tO

to<E<t

and J‘% |C(t, s, z(s))|ds € @ max |x(s)])

Li—a<8<

for all t = t, and x€ C([ty—a,t];R"). Then {D,} is uniformly bounded, where S(H) =
(H+Q(H)+B,)/(1—p) for H > 0.

Proof. Let (a, 1, $) be given such that |¢|, < H and sup, ., <,h(s)] < H. Denote by
t* > t, the number such that [2*(t*)| = sup, ¢, < |2*(s)]- Then

]x‘z(t*)l < lDa(t*’ x‘:*)l-l-

f* C(t*, s, 2%(s)) ds
t

*—a

<H+f° IC(t*:5:¢(s_to))|d3+J1 |C(t*, 5, 2%(s))| ds
to—a to

SH+QH)+B,+f max [2*(s)],

toSs<t*
from which it follows that

< H+Q(H)
1— /1’

So |*(t)| < S(H) for all t = t,. Therefore {D,} is uniformly bounded.

(%) < = S(H).

ProprosITION 3-5. Assume that there exist positive constants By, B, and f&[0, 1) such
that for any M,, M, > O there exists I'(M,,M,) > O such that for any x € O([t,—a, ©); R")
with |x,|, <M, and |D,(t,x,)| <M, for t > t,, we have

-r(M,, M,)
f [C(t, s, z(s))| ds < B, M,
H

0T

and f IC(t, s, x(s))|ds < f max lz(s) + B,
t—r(M, 2)

=T, M) <s <t
Jor t = t,+ T WM, M,). Then {D,} is quasi-uniformly ultimately bounded with B(M,) =
a YB,+ (1+B,) M,), where 0 < a < 1—§ is an arbitrarily given constant.

Proof. Let t,eR, ¢eC, and heC({t,—a, ©);R"} be given. If 2*(t) satisfies
ID,(t, %) < M, and [zf|, < M, for t >t then for ¢ = ¢{,+ T we have

Ix“(t)lsf |C(¢t, s, 2(s) |ds+|Dt,ﬁ|<M+f [C(t, s, 2%(s))| ds

to—a

<M, +(f f )ICt s, 24s8))lds <K My +B,M,+B,+f max |z*(s)|.
to—a t—

t-T<s<t

(33)



Periodic solutions to integro-differential equations 411
If =0, then we are finished. So we assume that § + 0.
Consider the intervals I, = [t,+nT, t{,+(n+1)T] for n > 2, and choose ¢, €1, so
that |z*(¢,)| = max,,; |z*(s)|. By (3:3), we get
|lz*(¢,)] < By+ (L+B,) M, +f  max  [|2%(s)]. (3-4)
tp-T <8<ty
Put L = B,+ (1 +B,) M,. We examine two possible cases.
(I) For some t*e[t,—T, ¢, +nl'] we have [2*(¢*)| = max, <, <, |2%(s)]. Then (3-4)
implies that
|2*(ta)l < L+ Bla(t,s)l- (3:5)

(IT) Otherwise, (3:4) gives |2*(t,)| < L+ fla*(t,)l, or

L
< ——. 36
[t < 725 (36)
If (IT) happens for some integer K > 2, then for all » > K and in both cases,
L L
L€—<—= .
If there is no such integer, then for all » > 2, (I) happens. Thus from (3-5) it follows
that
()l S Lt Bla(ty )| < L(L+ B+ B2+ ...+ B77°) + 772 [a*(2,)]
—Lﬂ+ﬂ" ’M,. (3:7)
Taking
1 1

we obtain from (3:7) that |z*(¢,)] < L/a = B(M,) for all n = N.
Therefore |z2(t,)| < B(M,) for all » = N, and hence [2*(¢)| < B(M,) for all £ = t,+NT.
This completes the proof.

Example 3-6. Let D,(t, $) be given by

mmw=¢@—f (Colt, 5, 2(6)) + Cslt, 5, 2(s)) ds (39)
t—a

where |C, (8, 8, 2)| < K, (t—s)l|, |C,{t, s, )] < K,(t—s) for —o0 < s £t < 00, and where
JPK (w)du <1 and [P K,(u)du < co. Then direct verification shows that {D}
satlsﬁes all the conditions in Propositions 3-4 and 3-5. Therefore {D,} is uniformly
ultimately bounded.

The following two results, in the spirit of Lyapunov-Razumikhin technique, give
sufficient conditions guaranteeing uniform boundedness and uniform ultimate
boundedness of solutions to (3-1).

THEOREM 3'7. Suppose that {D,} is wuniformly bounded, and that there exist
continuous, increasing, unbounded functions W,;: R, - R, for ¢ = 1,2, 3, and continuous
Sfunctions V: RxR*>R,, W:RxR, >R as well as a constant M > O such that the
following conditions hold :
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(i) DLt 3 < Willgl,), for all aeA, pC,, teR;
(i) Wi(lzl) < V(¢ x) < Wy(|z]), for all teR, zeR";
(iii) if at some teR, |D (t,z,)| =M and V(s,z(s)) < Wyo0So WiY(V(t,D,(¢, x,))) for
8§ < t, then
I/(3~1)(t7Da(t7xt)) S W(ty V(t)Da(taxt)))a

where S is defined in Definition 3-1;
(iv) solutions of 2 = W(t,2) are uniformly bounded.
Then solutions of (3-1), are uniformly bounded.

THEOREM 3-8. Suppose that {D,} is uniformly ultimately bounded and solutions of
(3-1), are uniformly bounded. Assume also that there exist continuous, increasing and
unbounded functions W;: R, - R, for i =1,2,3, continuous functions V:Rx R* > R,,
W:Rx R, xR~ R, and constants M, N > 0 such that (i) and (ii) of Theorem 3-7 are
satisfied and such that the following conditions hold :

(iii) for any B > O there exist § > 0 and h > O with the property that whenever ¢ is such
that x| < f, MLV, Dt ) and V(s ,x(s)) < WooBo W Y(V(t, D, )+ for
se[t—h,t], then

V(3-l)(t’ Da(t’ xt)) < - W(t’ V(t’ Da(t> xt))’ 6) 5

(iv) for any H > 0 and t,eR there exists To(H) > 0 such that the solution of z =
—W(t, 2, 8) with 2(t,) < H satisfies z2(t) < N for all t = t,+ T,(H).
Then solutions of (3-1) are uniformly ultimately bounded at t = 0.

The ideas of the proof of the last two results are similar to those in [10]. For details,
we refer to [16, 17].
We conclude this section with the following simple example:

d

a(z(t)——f C(t,s,x(s))ds)=Ax(t)+f G(t, s, xz(s)) ds+f(¢) (3°9)

where xeR", 4 is an n X n stable matrix, f: R— R" is continuous with
IfOI <L < oo, |Ctsa) <K(lt—s)z| and |G, s )| < Ult—s)ll

fors < tandze IR" where K and U are non-negative functions such that [§ K(u)du =

m < 1 and [QU(t)dt < c0.
Since 4 is stable there exist a unique 7 x n positive definite and symmetric matrix
B and constants ¢ and b > 0 such that

AT™B+BA = —1, a?|z)* < 2"Bx < b¥zf>.

ProrposiTION 3-9. If
4 2
I = l—b—(2m(1+—m) +m? (”m) +2|AB|m (ﬂ)
al 1—m 1 m
20 (1+m ©

then solutions of (3-9) are uniformly bounded.



Periodic solutions to integro-differential equations 413

Proof. First of all, we know from Example 3-6 that {D,} is uniformly bounded, and
S(H) = ((1+m)/(1—m))H for H > 0. Let

Vit,x) = xTBx, W,(r) = a%?, W,(r)=b%* and W,(r)=(1+m)r

for r = 0. It can be easily proved that V(s,z(s)) < W,0So W (V(t,D,(t,x,)) for s <t
implies that

4
i)l < &

14+m
a2

2
m) |Da(t, x,)|2 for s< ¢, (310)
and thus

Visoy(t, Dylt, ,)) < —UD, (8, ,)|* + 2L|B| D, (¢, ,)|.
Therefore by Theorem 3-7, solutions of (3-9) are uniformly bounded.

ProrosiTiON 3-10. If conditions of Proposition 39 are satisfied, and there exist a
constant y > 0 such that m+vy < 1 and

4 A \2 AN\ _\2 209 0
* = 1—b—4(2m(—2 ”) +m? (—2 7) +2|ATB|m(2 ") 420 (3 )| J U(t) dt) > 0,
a Y Y 04 b*y 0

then solutions of (3-9) are uniformly ultimately bounded.

Proof. First of all, we know from Proposition 3:5 and Example 3-6 that {D,} is
uniformly ultimately bounded with B(M,) = ((2—v)/y)M, for M, = 0. Using all the
functions employed in the argument of Proposition 3-9, we can show that condition
(iii) in Theorem 3-8 is satisfied with W(t, z, 8) = 1*/(2b%) z (cf. [16] and [17] for details).
Therefore, by Theorem 3-8, solutions of (3-9) are uniformly ultimately bounded.

4. Discussion

For convenience of later reference, we start this section by listing some growth,
Lipschitz and uniform continuity conditions on the kernel functions €' and G of
equation (2-1).

(H 1) For any M > 0 there exists a continuous function @,,: R, - R, such that
o0
j @y (t) <00 and |C(t, s, 2)|+|G(t, s, 2)] € Qplt—s)
0

for 0 <¢t,s < T and zeR*(M) = {xeR";|x| < M}.
(H 2) For any M > 0 there exists a continuous function U,,: R, - R, such that
Je Uyls)ds < co and

[C(t,8,2)—C(t, s, )| +1G(t, 5, 2) = G(t, 8, y)| < Up(t—s)|x—yl

for 0 < 5,t < T and z,ye RYM).
(H 3) For any e, M > 0 there exists § > 0 such that

J1 [IC(t+A,s,2)—C(t,s,x)|ds < €

for any te R, ze R*(M) and A€ (0,4).
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Remark 4-1. The local existence and uniqueness of solutions to (2-1) through (¢,, ¢) €
R, x BC has been considered in [13, 18]. A standard application of the fixed point
theorem for set-condensing mappings shows that if H(¢, z) is local Lipschitz in zeR"
and if (H 1) and (H 2) are satisfied, then for any (¢,, §)e R, x BC, (2-1) has a unique
solution through (¢, ¢).

Remark 4-2. Under the assumptions {H 1) and (H 3), solutions of (2:1) depend
continuously on the initial data. In fact, if the conclusion is not true, then we
can find a constant ¢,€ (0, 1) and sequences {,} © BC and {t,} < (¢,,t,+ 4] such that
W —lge < k7' and |x(t; by, i) —(t;5t,, P)| < €, for tE[ty, ¢,) and

[2(Ee s to, ¥ie) — (L3 L, DY = €.

For simplicity, let x,(t) = x(f;t,, ¥,) and x(t) = z(¢;¢,, §). Without loss of generality,
we may assume that {¢,} is an increasing sequence and ¢, —>t,+a as k— co for some
ae(0,4].

Define
x,(t) for telty, t;]

_
Yelt) = ‘lxk(tk) for te (£, ty+ ).

We now claim that {y,(t)} is equicontinuous on [¢,,,+ ). Indeed, if not, then there
exist ¢, > 0 and sequences {s,} < (t,,!,] and {A,} € (0, o) such that lim,_ A, =0,
8 — Ay =ty and |y,(s,) — Y, —Ap) =€, fork=1,2, ...
Let
7, = inf{se[ty, t,]; [y,(s) —yuls — A = ;.
Clearly ly.(7.) —ys(7, —Ax)| = €,. On the other hand, it follows from equation (2-1)
that

(Y6 (Th) = YT — Ap)| = |2 (T4) — 24 (T, — A))]

fk C(1y, 8, ,(s)) ds— fk_Ak Clt,— Ay, 8, x,(8)) ds

—

+ f ’ H(s,xk(s))ds+fk fu Glu, s, 2,(s)) ds du

KBk

Bk
< f |C(7y, 8, 24(8)) — C(71,— Ay, 8, 7(8)) ds

—a0

+fk |C(1k,s,xk(s))|ds+J"k |H{(s, z,(s))|ds
Te—Ag

Te—Ap
x
+
L

Consequently, by the assumption (H 1) we have

du.

r G(u, s, x,(s)) ds

VAN

fk_ * |C(7y, 8, 2(8)) = O(T,, — Ay, 8, ,(8)) | ds

—a0

[Y5(Te) — Yie(Tie— Ayl

+C’*A,C+H*A,c+fk J @ (u—s)dsdu,
Te—Ag J —00
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where

M=1+ sup |z(3),

—0 < 5 < tyta
C* = sup{|C(t,s,2)|;t, S s <t S ty+a, |2 < M},
H* = sup{|H(s,2)|;t, < s < by +a, 2| <M}
By the assumption (H 3), we can choose K so large that for all k > K, we have

Te—Ag
f (Ol 5, 24(68)) — Ol — Ay, , () ds < By,

—®
and C*Ak+H*Ak+f Q@ (s)ds A, < 3€,.
0

Therefore |y, (t,) — ¥ (e — Al < Y6, +3¢, = 3¢, which contradicts the fact that
[%(7%) — Y& (Te — Ag)l = €,. This proves the equicontinuity of {y,(¢)} on [, +].

By the well-known Ascoli-Arzela theorem, we may now assume that {y,(t)} is
uniformly convergent to y(¢) on [t,, {,+]. Moreover, from equation (2-1), we have

ylt) = yk(to)_fo C(ty, s, yxls ))d8+J1 C(t, 8, yxls )d8+J1 H(s,y,(s))ds

fJ Gu, s, y,(s))dsdu

for t€[ty,t,+a]. Taking k— oo in the above equality and applying the Lebesgue
dominated convergence theorem, we obtain

y(t) = y(to)—r C(to,s,y(8)>ds+f C(t, s, y(s)) dS+J1 H(s,y(s))ds

IJ- G(u, s,y(s))dsdu

for te [ty, ty+a]. Obviously y, = ¢. So y is a solution of (2-1) through (¢,, ¢), and thus,
by uniqueness, z(t) = y(t) on [ty,t,+a] and

|xk(tk)_x(tk)| = |yk(tk)_y(tk)| -0 ask— o0.

This contradicts the fact that |z.(f,)—z(;) =€, for k=1,2,..., completing the
proof.

Remark 4-3. The assumption (4 2) is satisfied if C and G satisfy the Lipschitz
condition (H 2). Indeed, let ¢ € X and € > 0 be given. From the continuity of H(t, s),
we can find 8,€(0, 1) such that |H(s,y(s))—H(s, $(s))| < e/(4T) for s€[0,7] and
yeX, with [y—@|, <8,. Let U, be a continuous function defined as in the
assumption (H 2) with M = |¢|;, and put

€

2 f U, (5)ds@+T)

0, = , 6 =min (8, 0,,}€).
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Then for (¢,y)€ [0, T) x X with |y —@|, < 8, we have

PG () —P(g) (0)] = 'IP(O)—¢(O)— f (00, 5, () — C(0, 5, )] ds
+f [C(t’ S, lﬁ(é‘)) —C(ta S, ¢(8))] dS +f [H(u’ '1["(“)) —H(u’ ¢(u))] du
oo 0

+ f f (G, ,1(5))— G, 5, p(s))] ds
0J—

< 14(0)— $(0)] + J“ Up(—8) () — $(s)] ds

-

+f Upy(—8) Iy(s)— pls)] ds + f J Up(t—3) (s) — (s)] ds dus

+ f VB, ) — H (o, ()]

< %e+(2 foo Uy, (8) déH-TfOo Uy (8) ds)lzﬁ—¢|T+T-4—€q—,

This completes the proof.

Remark 4-4. Assumption (4 3) is implied by the growth condition (H 1) and the
uniform continuity condition (H 3). To prove this, we fix ¢ € X, with |¢|, < M. Let
ty,t,€[0,T] with ¢, > t,. Then it follows from (H 1) and (H 3) that for any given
€ > 0 there exists § = (M, €) > 0 such that for £k =0,1,2,...,

fkTMQM(sMK%e and f " 1Ot 5, $(5))— Clty, 5, $(3)) ds < e,
kT —

whenever ¢, —¢,| < 8. Therefore, if |t, —¢,| < 8, then

21

fz C(t2’87 ¢(8))dS—J‘ C(t1,3,¢(8))ds
to—kT

t,—kT

<

f C Oty s, Bs)) ds— f " Oty s s ds

kT ¢,—kT

+f1 |C(ty, s, B(5)) = Cty, 5, $(s))l ds
t—kT

kT

< f |ty 5, $(5))] ds + f (Clta, 5, $(s))] ds
£ ¢

—kT

+ f Ot 5, () — Ol 5, 4(5))] ds

s o= +ET
< f Qur(s)ds + f Qun(s) ds +1¢

0 kT
<

+le+

e
S

=€.

©) cg-
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This proves the equicontinuity of the sequence of functions

f C(t, s, ¢(s)) ds,
t—kT
fork=1,2,..,0on[0,7]

Remark 4-5. Theorems 2-1 and 2-4 can also be applied to integral equation of the
type :

x(t) = f(¢) +f Clt, s, z(s)) ds, (4-1)

where f: R— R" is continuous and f(t+T') = f(t) for teR. In [7], Islam proved that
(4'1) has a T-periodic solution if solutions of (4-1) are g-uniformly bounded and
g-uniformly ultimately bounded, where g:(—c0,0]—>[1,00) is a continuous and
decreasing function with g(0) = 1 and lim,_ __ g(r) = co. Islam did not use limiting
equations at all, but his result holds only when (i) solutions of (4-1) are g-uniformly
bounded and g-uniformly ultimately bounded, and (ii) [% C(¢, s, #(s)) ds satisfies
certain Lipschitz condition for every continuous function ¢: (— 00, 0]— R" such that
sup, < ol9(s)l/g(s) < co. Our assumptions for the existence of T-periodic solutions of
(4-1) are slightly weaker than those of [7] in the following sense : first of all, g-uniform
(ultimate) boundedness implies uniform (ultimate) boundedness of solutions of (4:1);
secondly, we avoid the problem of choosing the weight function g and the phase
space. In particular, we require certain Lipschitz conditions on [*  C(¢, s, ¢(s)) ds only
for bounded continuous functions ¢: (— 00, 0]— R”. To illustrate this, we take as an
example the simple scalar integral equation

x(t) = f(t) + f a(t —s) h(s, x(s)) ds, (4:2)

where a: R, - R and %:R?— R are continuous, and A(t+ 7T, z) = h(t, z) for (t,z)e R%.
Applying Propositions 34, 3-5 and a version of Theorems 3:1, 3-2 for integral
equations, we conclude that (4-2) has a 7T-periodic solution if the following conditions
are satisfied:

(C 1) Ah(t,z) is local Lipschitz in z€ R and there exists a constant a > 0 such that
|h(t, z)| < a|x| for all t€[0,T] and zeR;
(C2) afRla@)dt < 1.

On the other hand, under the assumption (C 2), there exists a function ¢g: (— 00, 0] >
[1, 00) with g(0) = 1, lim,_,_ g(r) = o0 and « [P |a(t)| g(—t) dt < 1 (cf. [1, 18]). In order
to apply Islam’s result to obtain a 7-periodic solution of (4-2), in addition to (C 1) and
(C 2), we have to assume that there exists a constant L > 0 such that

(C3%) [Pplat—s)—a(r—s)|+/(g(s))ds < Lit—1l,

(C4%) |fia(s)ds| < L|t—1],

(C5%) |fe)—fr) < Llt—l,
for t, 7€{0, T']. Note that (C 4*) implies that a is bounded, but we do not need this
boundedness. Moreover, the verification of (C' 3*) is not a trivial matter if ¢ is not
explicitly constructed.
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