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ANALYSIS OF A MODEL REPRESENTING
STAGE-STRUCTURED POPULATION GROWTH
WITH STATE-DEPENDENT TIME DELAY*

WALTER G. AIELLOY, H. I. FREEDMAN?, anp J. WU$

Abstract. A stage-structured model of population growth is proposed, where the time to ma-
turity is itself state dependent. It is shown that under appropriate assumptions, all solutions are
positive and bounded. Criteria for the existence of positive equilibria, and further conditions for the
uniqueness of the equilibria are given. The stability of the equilibria are also discussed. In addition,
an attracting region is determined for solutions, such that this region collapses to the unique positive
equilibrium in the state-independent case.
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1. Introduction. In [2], a stage-structured model of population growth consist-
ing of immature and mature individuals was analyzed, where the stage-structure was
modeled by the introduction of a constant time delay. Previously, other models of
population growth with time delays were considered in the literature [1], [7], [8], [10],
(11], [14], [16], [17], [20]. Age- and stage-structured models of various types (discrete
and distributed time delays, stochastic, etc.) have also been utilized [4], [12], [15],
(18], [21].

In [9], it was observed that for Antarctic whale and seal populations, the length
of time to maturity is a function of the amount of food (mostly krill) available. Prior
to World War II, it was observed that individual seals took five years to mature, small
whales took seven to ten years, and large whale species took twelve to fifteen years
to reach maturity. Subsequent to the introduction of factory ships after the war, and
with it a depletion of the large whale populations, there was an increase in the krill
available for the seals and the remaining whales. It was then noted that seals took
three to four years to mature and small whales now only took five years. Maturation
time for large whales also significantly decreased.

Since the amount of food available per biomass for a fixed food supply in a
closed environment is a function of the total consumer biomass, we modify the model
considered in [2] to include a monotonically decreasing, state-dependent time delay.
The existence of a such monotonically increasing time to maturity has been observed
in other contexts as well. For example, Andrewartha and Birch [3, p. 370] describe
how the duration of larval development of flies is a nonlinear increasing function of
larval density. We believe that this is the first time such a population model has
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appeared in the literature. It is the purpose of this paper to analyze as best we can
the proposed model.

In the next section, we propose our model. In §3, we obtain positivity and bound-
edness results. An equilibrium analysis will follow in §4. In particular, we show that
multiple positive equilibria can exist (where the constant time delay case only allows
at most one), and we obtain criteria for the uniqueness of an equilibrium and for its
asymptotic stability. In §5, we examine the global behavior of solutions. Such be-
havior has been considered important in the literature [5]. A brief discussion follows
in §6.

2. The model. In [2], we utilize the system

Zi(t) = azm(t) — yzi(t) — ae ™ 7TTm(t — 1),

(2'1) j;m(t) = ae"’Y"'.’I:m(t — 7') - ,Bzgn(t)?

where z;(t) and z,(t) represent the immature and mature populations densities re-
spectively to model stage-structured population growth. There, T represents a con-
stant time to maturity. o, 3, and -y are positive constants.

Here we modify system (2.1) to account for the observed dependence of T on the
population density. Hence we consider the system, where z = x; + T,

&i(t) = azm(t) — yzi(t) — ae~ 1T Azy (t — 7(2)),
(2.2) Em(t) = ae~ 1" Rzm (t — 7(2)) — Bzk.(¢),

zi(t) = @i(t) 20, Tm(t)=pm(t) >0, -7 <t <0,
where - =d/dt, a>0,8>0,v>0, 7 < 7(2) < ™M, (Tm and 7 are defined
in (2.3) below), pm(t) is the given initial mature population, and ¢;(t) is the derived
immature population (as explained in what follows) on —7as < t < 0. Since 7(2) is

observed to be an increasing function of population density with a lower limit, we
further assume that 7/(z) exists ( = d/dz), so that

(2.3) (z) >0, 0<tm <7(2) < 701,

with lim, o+ 7(2) = Tm and lim, o 7(2) = M.

Now, for the model to make sense, i.e., so as to exclude the possibility of adults
becoming immatures except by birth, we must impose conditions on 7(z(t)) so that
t—7(2(t)) is a strictly increasing function of t. Thus we need (d/dt)7(z) = 7/(2)2(t) <
1. This is equivalent to

T/(2)(&i(t) + Em(t)) <1 or 7/(2)(axm(t) —yz:i(t) — Bz (t)) < 1.

We know that 7/(z) > 0 is true. Now, if 7/(z) = 0, we have a constant delay and,
clearly, t — 7(2(t)) is strictly increasing. Hence we assume 7/(z) > 0, in which case

(2)(0@m () — y2i(t) — Baia(t)) < 7'(2)(awm(t) — Bri (),

provided that z;(t) > 0. Thus if 7/(2)(azm(t) — Bz () < 1, t — 7(2(t)) is strictly
increasing. However, (azm(t) — Bz%(t)) attains its maximum value of a2/43 when
Tm = a/20. Thus if

(2.4) 7/(2) < 46/a?,

t — 7(2(t)) will be strictly increasing. Thus we have proved the following theorem.
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THEOREM 2.1. Let (2.3), (2.4), and zi(t) > 0 when t > 0 hold. Then t — 7(2(t))
is a strictly increasing function of t.
Now, let 7, be defined so that

0
(2.5) Tu=T ((pm(O) +/ acpm(s)673d3> .

T
Such a 7, exists, since if we regard (2.5) as an expression in which 7, is a variable,
as the left-hand side increases from zero to infinity, the right-hand side will increase,
but is bounded below by 7., and above by 7as. The value 7, so defined may not be
unique, so we set

7o = inf {Tu  1u = 7(om(0) +/

—Tu

’ awm(s)e’Y’ds)} .

We then define ¢;(0) = ffn apm(s)ersds, which by the change of variable r = s + 7,
and then resubstituting s for r becomes

(2'6) ‘Pi(O) = / ’ a‘P’m('s - Ts)67(3_"'~')ds.
0

In this manner, ¢;(0) represents the accumulated survivors of those members of
the immature population born between time —75 and 0.

For values of t, —7s < t < 0 we understand that z,(t) = ¢m(t), and that
zi(0) = ¢i(0). Note also that 7(2(0)) = 7s.

3. Positivity and boundedness. Since the solutions of system (2.2) represent
populations, it is important to show positivity and boundedness. Positivity implies
that the system persists, i.e., the populations survive. Boundedness may be interpreted
as a natural restriction to growth as a consequence of limited resources. We develop
these considerations in the following theorems.

THEOREM 3.1. Let om(t) > 0 for —mar <t < 0. Then zm(t) > 0 fort > 0.

Proof. Suppose that z,(t) = 0 for some value of t. Since £, (0) > 0, by continuity
of solutions, such a value of ¢t must be strictly greater than zero. Let t* = inf {¢: t >
0, Zm (t) = 0}. Then from system (2.2) &m (t*) = e~ 77t (z,, (t* — T(2(t*))). Since
7(2) > 0, t* — 7(2(t*)) < t*, implying that z, (t* — 7(2(¢*))) > 0 by definition of ¢*.
This, in turn, implies that &, (t*) > 0, giving us a contradiction. Therefore no such
t* exists, and the theorem is proved.

The next theorem shows that for a given positive initial function, z,(t) is uni-
formly bounded away from zero.

THEOREM 3.2. Let om(t) > 0 for —tpr < t < 0. Then there exists a by =
bm(©m) > 0 such that Tm(t) > 6m for all t > 0.

Proof. Let 6m(pm) = § min{inf_r, <t<o ¢m(t), @8- 1e=7™}. Assume that there
exists a t* such that t* = inf{t : ¢t > 0,2 (t) = dm}. Since zm(0) = vm(0), and
©m(0) > 26,,, by continuity it follows that t* > 0. Hence

Em (t*) =ae™ T EEN g, (t* — 7(2(t*))) — B (t*)
> ae~ V™, — B62,

> ae~v™E,, — Lae—rm b, = Lae—r1™m G, > 0.
= 2 2

Since z(t*) > 0 is impossible by definition of ¢*, we have a contradiction. Therefore
no such t* exists and Zm(t) > Om(¢m) for all ¢ > 0. This proves the theorem.
We now show that the mature population is bounded.
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THEOREM 3.3. Let om(t) > 0 for —taq < t < 0. Then there exists Apy =
Apm(pm) > 0 such that zm(t) < Ay, fort > 0.

Proof. Our proof is split into two cases. (a) First, suppose that £, (t) > 0 for all
t > T for some T' > 0. Then for ¢t > T + 7,

0 < &m(t) = ae= 17Dz, (t — 7(2(1))) — Bri(t)
< ae= =Wz (t) — Bai(t),

since &m (t — 7(2(t))) < &m(t). This, in turn, implies that
T (t) < af-le~17®) < af-le=1™m

for t > T, since zm(t) > 0, giving us our desired result.

(b) Now assume that there exists a sequence {¢»}22; such that &, (t,) = 0, and
such that om(tn) is a local maximum, where zm(t) < zm(tn), 0 < t < tn, for all n.
Then by a similar analysis at ¢ = t,,, the result follows.

Thus, choosing Am(¢m) = max{sup_,,, <;<o ¥m(t),xf~1e=7"m}, proves the the-
orem.

Now, Theorems 3.2 and 3.3 show that, given an admissible set of initial conditions,
solutions zm (t) to system (2.2) will remain positive and will be bounded. We now
prove that solutions z;(t) will be bounded above by a bound that depends on initial
conditions.

THEOREM 3.4. Let om(t) > 0 for —m <t < 0. Then there exists a Ai(pm) =
z;(0) + ay~1Ap, such that z;(t) < A; for all t.

Proof. First, we observe that since z;(0) = ffrs apm(s)ersds, A; is indeed a
functional depending only on ¢m(t). Then from system (2.2),

%i(t) = axzm(t) — yzi(t) — ae~ ")z, (¢t — 7(2(t))).
Integrating this expression we get, for ¢t > 0,
t
z;i(t) = e~tz;(0) + ae—’Yt/ €15z, (s)ds
0
t
- ae—7t/ erse~ 17Nz, (s — 7(2(s)))ds.
0
Hence
t
z;(t) < e=7tz;(0) + ae—”ft/ €13, (s)ds
0

¢
< e 7tg;(0) + ae—'Yt/ Apersds
0

= e~ "x;(0) + ae~ 1ty 1Ay (e7t — 1)
= e~ "z;(0) + ay " 1An(l — e )
< zi(0) + ay~ 1A,

proving the theorem.
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Finally, we would like to prove that z;(t) > 0 for all values of t. However, this
does not seem to be possible without placing additional restrictions on either the initial
conditions or on the delay function 7(z). For example, if we assume that 7/(z) = 0,
then we have shown in [2] that z;(t) remains positive for all ¢, but, of course, there we
had no state dependence of the time delay.

However, it is possible to state conditions on 7/(2) that for a given set of initial
conditions will give us the positivity of z;(t), while at the same time maintaining the
essential character of the state-dependent time delay.

THEOREM 3.5. Suppose that (2.4) is satisfied and that 7'(2) > 0 is small enough
so that the inequality

t

(3.1) 6m evsds > Am/

t—Tm —Ts

E=Tm a27(2) .
40 — o27'(2)

holds for all values of t. Then z;(t) > 0 for allt > 0.
Proof. Suppose that z;(t) = 0 for some value of ¢. Define

Ysds

t* = inf{t >0: :L'qg(t) = 0}.
Since z;(0) > 0, ¢* > 0 by continuity. Then integrating the first equation of (2.2),
we get
t*
zi(t*) = e~ z;(0) + et / €75xm(8)ds
0

t‘
et / er3e=T(= D (s — 7(2(5)))ds.
0

Since z;(¢t*) = 0 and since z;(0) = fi)rs aeVszm(s)ds, this is equivalent to

(3:2) | ermantayis = [ ertercozn(a - rla(e))ds,

—Ts

Substituting r = s — 7(2(s)) into the right-hand side of (3.2) and then resubsti-
tuting r for s we get,

t t*—7(2(t")) e’ysxm(s)
L= [ s

Now, since z;(t) > 0 for ¢ < ¢*, by Theorem 2.1 we have that t — 7(2(t)) is an
increasing function of ¢ for ¢t < t*, so that 1 — 7/(z)2(t) > 0 holds for —7s < t <
t* — 7(2(¢t*)). Since zm,(t) > 0 as well, we get the inequality

t* t* —Tm s
/ e’stm(s)dsg/ —ﬂ(—'—s)—ds.

1o T()3()

This gives us

t* t*—Tm 1
s < - s
J.__eramopis < L. (1 —6) 1) & am(s)ds

L[ e
1-7'(2)2(s)

(3.3)

V5T (8)ds

—Ts
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Now the left-hand side of inequality (3.3) satisfies

t t
(3.4) / €13z, (8)ds > 6m/ evsds.
t

*—Tm t*—Tm

The right-hand side satisfies

/ T _T@H) e de < / T AT OHE)

-y 1=T7(2)%(s) —r, ™1 —17/(2)2(s)

However, 7/(z) > 0 and 7/(2)2(t) < 1, so, since /(1 — z) is an increasing function for
0 < z < 1. Furthermore, for fixed 7/(2), 7/(2)2(t)/(1—7'(2)2(t)) is maximized when
%(t) is at its maximum value, which, as we saw in the previous section, is 2(t) = a2/48.
So we have that

T , . t*—Tm 2.1
/ A Meysds < Am/ L(z)e'ysds

—r, ™1 —11(2)2(s) —ry 4B —027'(2)

is true. Thus we have the following inequality:

T ' (2)%(s) vop (2)ds
L. i

(3.5)
= Tm a?7'(2)

<A YT\
- —ry 4B —027'(2)

ersds.

Finally, putting inequalities (3.3)—(3.5) together, we get that, at t*,

t* t* —Tm, 2.1
6m/ evsds S Am/ _q_L@_evsds
t

. vy 4B —a27'(2)

must be true. This contradicts the hypothesis of our theorem, so no such ¢* can exist
and z;(t) > 0 for all ¢ > 0. This proves the theorem.

Whether Theorem 3.5 imposes conditions on 7/(z) that are too stringent remains
the subject of further research. For the remainder of this paper, however, we assume
that x;(t) is positive for all . In any case, since our conditions for z;(t) remaining
positive depend in part on m(pm) and on Ay, (pm), a given set of initial conditions
for system (2.2) may or may not be admissible, depending on the system parameters.
Thus we achieve sufficient conditions for the positivity of x;(¢) by placing restrictions
on both 7/(z) and on the initial conditions.

However, noting that Theorem 3.5 gives only sufficient conditions for an initial
function to give a meaningful solution, we can also state the following theorem.

THEOREM 3.6. Suppose that e=7™m < 8y /Am. Then z;(t) > 0 for all t > 0.

Proof. From the proof of Theorem 3.5, we know that if t* = inf{t > 0: z;(t) =
0} < oo, then (3.2) is true. The left-hand side of (3.2) satisfies

"
(3.6) Smy~ (7" —e=7s) < / €15xm(8)ds

—Ts
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by substituting the lower bound 6,, for the function z,,(s) and integrating. In a
similar manner, the right-hand side of (3.2) satisfies

t'
3.7) / o= (s — 7(2(5)))ds < Amy=le=17m (e — 1).
0

Now, let
fit) =6my~ (et —e=77) and fo(t) = Apy—le=1™m (et —1).

Also, f{(t) = émert and f}(t) = Ame~7™mert. Hence, if e=7m < §,,/An, were true,
then f3(t) < fi(t) would be true for all ¢. Since f2(0) < f1(0) is true, then it would
be necessary that f2(t) < fi(t) be true for all ¢ if e=7™™ < 8, /A, were to hold.
However, (3.2) together with (3.6) and (3.7), implies that fi(¢*) < f2(t*). Therefore
if e=7™m < 8m/Am then no such t* could exist, and z;(¢t) = 0 would be impossible for
any t. This proves the theorem.

Theorem 3.5 seems to imply that as 7/(z) gets larger, the more restricted the set
of admissible initial functions becomes, and that if 7/(z) approaches the value 43/a?
for some value of z(t), that the set of admissible functions approaches the null set.
Theorem 3.6, however, seems to imply that there will always be some initial function
that gives a solution to the system where z;(t) remains positive, independent of any
behaviour of 7(z).

We are not able, however, to bound z;(¢) below by any value strictly greater
than zero. The conditions we must impose on the system and its initial conditions to
get such a strictly positive lower bound for z;(t) remain a subject for further study.
However, in §5 we will see that the limit as ¢ approaches infinity of z;(t) is strictly
positive given some simple assumptions on 7(z).

4. Equilibria: Existence and local stability. There are only two types of
equilibria, namely, the origin (denoted by Ey(0,0)) and one or more interior equilibria
(denoted by E(&i,&m)).

Clearly, there are no axial equilibria other than Ey. This is obvious biologically
as well, since the mature population cannot survive without the immatures, and vice
versa. R

Showing that E always exists is equivalent to showing that the algebraic system

(4.1) aTm — YT — e~ 1T gy, =0,

(4.2) ae= () — Br, =0

always has at least one positive solution. Let I'; be the solution curve for z; > 0, z,, >
0 of (4.1) and let I'2 be the solution curve for (4.2).

Let us first consider the solution curve I';. This curve is strictly decreasing,
passing through (0,a) in the z; — z, plane, where a is the unique positive root of
Ba = ae~77(4), To show that I'; is strictly decreasing, we compute dz,,/dz; along 2.
From (4.2), we have that zm = a8~1e~77(?), so that differentiating (4.2) we get

dem  aye~1m(@)7/(2)

dzi B+ aye= 1727/ (2)’
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which is always less than zero since 7/(z) > 0 is assumed. Furthermore, limz; o0 Zm (z3)
= b along I'z, where b= 3-lae~7™™m,

I'; has the following properties: (0,0) € I'1. Furthermore, on I't, limg,; o0 m (2:)
= o0o. Hence I'1 and T"2 must intersect at positive values, establishing the existence
of E. .

It is not necessarily the case that F is unique, since I'; and I's may intersect at
more than one point. Such nonuniqueness of stable equilibria has also been observed
in nature in the case of Antarctic whales (see [13]).

It is therefore desirable to obtain criteria for there to exist a unique equilibrium.
Both I'; and 1"2 define z,, as a function of z;, rm = g1(x;) and zm, = gz(a:,), respec-
tively. Then E will be umque, provided that ¢} (Z;) > g4(&:) for every such E, since if
there were more than one E, the reverse inequality must hold for alternate equilibria.

Now from (4.1) we have that az, —yx; —ae~77(2)z,, = 0 along I';. Hence, along
this curve, z,, (@ — ae~717(2)) = yx;. Taking derivatives with respect to z; gives us

(1 — azme 7(3)7'(2))

4-3 / i = .
(43) g(@:) a(l—e17() + yzme~ 1T 7(2))
From (4.2), we see that
(4.9) o) = — aye= 171! (z)

B+ ayer AT (z) ]
where in (4.3) and (4.4), z, is the appropriate function of x;.
Now from (4.1) and (4.2) we get the relations

e—‘y‘r(ﬁ) = a—llﬁj-m,

4.5
o B = 71 (& — Bbm)m,
and also
s Y= BEhr(2)]
RO = i+ 15 (B)
(4.6)
. T T (2
gh(dn) = — 12T

14+ 9Em7’(2)
Hence g1 (&:) > g4(&:), provided
@7 YE=BERTE)]  EmT(E)
a — BEm + Byiz.T(2) 1+ y&m7'(2)

Now from (4.2), clearly &m < aB3-1. Hence o — B2m + ByE5.7/(2) >

By22.7'(2) > 0. Hence inequality (4.7) is equivalent to
(1 +9Em7(2))(1 — B2%7(2)) > &mT'(8)(—a + BEm — ByE%.7'(2)).
However, the left-hand side of this equality becomes
1+ &m7/(2)(y — BEm) — BydnT' (2)2.

Thus the inequality becomes

14 &m(y — BEm)T'(2) — ByET'(2)2 > §:m7"(2)( —a+ BEm — ;87:2'?,,7”(2)),
which, by combining terms, gives us that g{(Z;) > g5(&;), provided
(4.8) 14 Em7'(2)(a+ v —282m) > 0.

AWe are now ready to state and prove a theorem giving criteria for uniqueness

of E.




Downloaded 11/13/15 to 130.63.174.132. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journals/ojsa.php

ANALYSIS OF A MODEL 863

THEOREM 4.1. If any one of (i) v > a; (i) &m < "‘2—"51 for all Tm; (iii)
7(8) < 1/(&m(2B%m — a — 7)) holds, then E is unique.

Proof. If (ii) holds, then inequality (4.8) is valid. Since Zm, < af~1, then if (i)
holds, (ii) also holds. Finally, it is clear that if (iii) holds, then inequality (4.8) is valid.
This proves the theorem.

As much as possible, we carry out a stability analysis of the equilibria, noting
that the linearized stability theory for state-dependent delays is not yet completely
developed. The following analysis, which is only a local stability analysis, is only
formal in nature.

Let E*(x},x) be an arbitrary equilibrium. Then the variational system of sys-
tem (2.2) about E* is given by

s (0= Lerte) (29)

(4.9)
n 0 —ae (") zi(t — 7(2*))
0 ae (") Tm(t —71(2%)) )’
where
(4.10) & = aye 7@ T (2% zh.

This leads to a characteristic equation given by

Aty —&* ae~TEDOFY) — o — £
(4.11) det = 0.
{* A+ 2ﬂx:n + 5* — ae—TE")(A+7)

For the equilibrium E(0,0), clearly £* = 0, and (4.11) reduces to
A+ (A = ae=™mO+1) = 0.
Clearly A = —+ is one of the eigenvalues. All other eigenvalues are given by solutions
of A = ae~m+7)

which always has a real, positive solution. Hence Ej is a saddle point.
For any interior equilibrium E(Z;, £m), we set

£ = aye= 7T (8) & = By22.7(8).
Expanding the characteristic equation (4.11) gives us

A2 + [y + 2B%m — ae~TEA NN
+7(€ + 2B%m — ae"TAOHN) — £(€ + 2B, — ae~TA(THN)
=é(—a - é + ae~T(B) ()]

which is equivalent to

A2 + [y 4 2B&m — ae" TN 4+ y(€ + 282m — ae~TEON)) — £(282y) = —af
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so that
A2 + [y + 2B2m)A + V(€ + 2B3m) — £2B8m + of = ae=TAOFN)(A + 7).
Then, since £ = aye= 7" &)1/ (2)2 = ByéZ,7'(2) we have
X2+ [y +2B&m) A+ BYEm [YEmT! (2) + 2 — 2822, 7 (2) + a@mT'(2)] = BEme 77 (A +7),
which gives us
(4.12) A2+ [28%m + YA+ BYEM[2 + Em(a + 7 — 2B2m) T/ (2)] = BEme~1TTBA (A + )

as the characteristic equation. This characteristic equation is similar to one described
in [19], but differs in the signs of some of the coefficients. Also see [6] for general
theory in this regard.

In [2], where 7/(z) = 0, it was shown that E is globally asymptotically stable.
Our first stability result for a state-dependent time delay is that if 7/(2) = 0, local
asymptotic stability holds.

THEOREM 4.2. Let 7/(8) = 0. Then E is locally asymptotically stable.

Proof. If 7/(2) = 0, the characteristic equation (4.12) can be written as

(4.13) A+7) A +288m — Bome=17) = 0.
Again A = —« is one eigenvalue, and the others are given by the equation
(4.14) A+ 2B%m = BEme 7T,

Suppose that Re A > 0. Then from (4.14) we compute the real parts of A and get

Re A + 2BEm = BEme17(ARe X cos (y7(2)Sm A)
S /Bi‘m.
Hence Re A < —fBZ,, < 0, a contradiction proving the theorem.
We now consider the case where 7/(2) > 0. We let A = u + iv and separate the
characteristic equation (4.12) into real and imaginary parts, giving
(4.15) w2 — V2 + (28%m + Y)u + n = BEme"H[(y + p) cos v + vsin v,
' 2uv + (2B%m + Y)v = BEme~TH{v cos Fv — (v + p) sin ],

where
F=91(2), n=P07Em[2+ Em(a+y —26Em)T'(2)).
We will think of 1 as a parameter that varies with 7/(2). When 7/(2) = 0, then
1 = 237vEm, and for this value of 7, E is asymptotically stable.
Suppose now that there is a first value of 7/(2) > 0 such that for this value n = 7
gives us that y = 0, so that E loses its stability. Then (4.15) becomes
V2 — ij = —&m[y cos fv + vsin 7/,

4.16
( ) (28%m + Y)V = BEm|v cosFv — ysinfv].

Squaring and adding (4.16) gives
(4.17) VA + [3822, + 4fim + 72 — 2002 + [ — B2y2d%] = 0.

For such 7} to exist, (4.17) must have real roots. Hence we can now prove the following
theorem.
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THEOREM 4.3. If either (i) &m < (a+7)/28 or (i) Zm > (a+7)/28 and
7/(8) < 3/(42m (28%m — a — 7)) holds, then E is locally asymptotically stable.

Proof. After substituting for 7, (4.17) becomes, after combining like terms and
rearranging,

v = 2Byii(a + 7 — 2B3m)T (2)12 + 82722 m [ (e + ¥ — 2B2m)T' (2)]?
+ [38283 + y2Jv? + 3824242, + 4829283 (a + 7 — 2Bm )7 () = 0.

Thus we get the relation

f?) = V2 = Byaht! (2) (e + 7 — 262m)]? + [36227, +2]v?
+ 3624222, + 4324285, (o + v — 2B%m)7'(2) = 0.

Observe that the first three expressions in f(v2) are always positive. So, if , <
(a+7)/2p, the last expression is also positive since &, > 0, 7/(2) > 0 by assumption,
and (o + v — 28%m) > 0 will be true. Hence f(¢2) > 0, and no such # can exist.

Now, if £ > (a +7)/28, then (a+7—2B%m) < 0. Then if 7/(2) < 3(Em(260%m —
a — 7)) we have

382422%, + 4827283 (a + v — 2BEm)T'(2) > 3624242, — 4324243, - % =0.
m

Since the first two terms of f(v2) are positive, then f(»2) > 0 must hold. So if either
(i) or (ii) holds, then f(v2) > 0 for all ¥2 > 0, and (4.17) has no real solution. Then
for that value of 7/(2), p = 0 is impossible. Hence, since u < 0 when 7/(2) = 0, by
continuity, p < 0 for that value of 7/(2), proving the theorem.

We note that in the case where E is not unique, unstable (saddlepoint) equilibria
must exist.

5. Global behavior of solutions. In this section we are interested in obtaining
some global properties of the solutions of our model. In particular, we wish to ascertain
that their behavior is reasonable, provided the initial inputs are reasonable.

The first results show that if the mature population remains below or above a
certain value for length of time 734, it will do so from then on.

THEOREM 5.1. Let (z:(t), zm(t)) be a solution of system (2.2).

(i) If there exists t1 > —Tm such that T, (t) < af-le= "™ fort; <t < t1+ 7,
then zm(t) < af~le=1™ for allt > t;.

(ii) If there exists ta > —Tm such that xm(t) > af~le 1™ for ts <t <tz + Tu,
then £ (t) > af~le= Y™ for allt > ta.

Proof. We prove the result for case (i). The proof of case (ii) follows analogously.
Suppose that there exists t* > t1 + 7as such that z,(t*) = aB-1le=7™= and zm(t) <
af~le=1™m for t; <t < t*, where Zm (t*) > 0. However, from system (2.2),

Em(t*) = ae™ @y (t* — 7(2)) — Bod(t*)
= ae~ 1" @z, (t* — 7(2)) — a2f-le=21m

< ae~ 1 [y (t* — 7(2)) — af~le=1™m] < 0,

a contradiction.
From this theorem, the following corollary follows immediately.
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COROLLARY 5.2. (i) If pom(t) < af~le="™, —1pr < t < 0, then zm(t)
af~le=vm for all t > 0. (ii) If om(t) > af~le~1™M, —1py <t < 0, then Tm(t)
af~le=1™ for allt > 0.

In the case where we know that z,,(t) is monotone, then we can show that the
limit as ¢ — oo of Zm(¢) lies in a certain bounded interval.

THEOREM 5.3. Suppose that xm(t) is eventually monotonic. Then af—te~1m <
limt o0 Zm(t) < af~-le=71™m.

Proof. Since zm(t) is eventually monotonic and zn,(t) is bounded, there exists
0 < Zm < 00 such that limi—oo Tm(t) = Tm, limi—co Zm(t) = 0. Hence from system
(2.2), taking the limit superior as t — oo, we have that

—~7r(lim N Tm
0=3, (ae yr(limsup o ()+&m) ﬂs‘vm) .

<
>

_ —~7(limsup x; (t)+Zm)
Thus Z,, = af~le tmroo "

ing the theorem.

We can now state bounds on the eventual behaviour of z.,(t), independent of
admissible initial conditions.

THEOREM 5.4. Let (zi(t),zm(t)) be a solution of system (2.2). Then

, so that aB~le—7™ < Z,, < af~le=7™m  prov-

(5.1) af~le~rm < litm infzm,(t) < tlim Sup Zm(t) < af-le=71mm.
— 00 —00

Proof. If zm(t) is eventually monotonic, the result follows from Theorem 5.3.
Hence we assume that zm,(t) is oscillatory. We prove that limsup, . Zm(t) <
af—~le~7™. The other inequality follows analogously.

Define the sequence {tx} as those times for which z,(¢) achieves a maximum,
i.e., Zm(tk) =0, Em(tk) < 0. Define

(5.2) Zm = limsup{zm (tk)}.

k—o00

Then 0 < &y, < 00 and limsup,_, o Tm(t) = Em.
If Z,, < af~le—7™m, we are done. Hence assume that

(5.3) Tm > af~le=1m,

Then from system (2.2), 0 = &m(tx) = ae™ "Rz (tk — 7(2k)) — Bxé(tk), where
2k = xi(tk) + :ltm(tk).

We now choose a subsequence of {tx}, relabelled as {tx} so that limg_cc Zm (tx) =
Zm and tg41 > ti+ 7. We then choose a further subsequence of {t}, again relabelled
{tx} so that limg_,00 2k = Z, where Z = lim sup,,_, . 2.

Now let &7, = limsup,,_, o @m (tx — 7(2)) for this subsequence {tx}. We choose a
final subsequence of {tx}, once again relabelled {tx}, so that limk_,00 Zm(tx —7(2k)) =

#

zk.

Now from the definition of 7, and inequality (5.3), we get, taking the limit as
k — oo,

0= ae @z _ BEZ, < ae=V™m (:I:ﬁ — Zm).

If a;ﬁ < &, we have a contradiction.
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Hence we assume that xﬁ > Zm. Then we have that for each k, we can choose a
value t; such that £, (t;) = 0, Em(t;) < 0, and limsup,_, , Tm(t:) > TH > Fm. This,
however, contradicts the definition of Z,, in expression (5.2), so z¥ > &m cannot be
true. This eliminates the last possibility and proves the theorem.

We can now use the above estimates to obtain estimates on the z;. We first note
that we can find T'(¢) > 0 to large that

(5.4) af~le= 1™ — g < Tp(t) < af~le1™m +¢

for given £ > 0 whenever ¢ > T. Then the first equation of (2.2) can be written in the
integral equation form

(5.5) i(t) = e="t=D)[z,(T) + a/T ev(s=T) (:L'm(s) — e 1) gy, (s — T(z(s))))ds].

Although (5.5) is valid for all ¢, we will utilize it only for those t > T + 7.
THEOREM 5.5. Let (z:(t), Zm(t)) be a solution of system (2.2). Then

1im Sup :L“L(t) S azﬁ_l’y—l(e_'YTm —_ e—2’yTM).
t—oo

Proof. Utilizing (5.4) and (5.5), we get for t > T + 71
(5.6)

¢
zi(t) < e 7Dz (T) + a/ e7(=T) (af~1e=1™m + € — e~ 7™M (aff~le=1™ — ¢))ds],
T

where € > 0 is arbitrary. Hence from (5.6) we get that

lim sup z;(t) < limsup e=7¢-T)z;(T)

t—o0 t—oo

+ limsup ae=7¢-T[af-le-1™m — af—le=27™™
t—o00

t
+e(1+ e=™m)] / e(s=T)ds
T

— [02,3'1(6_'777" _ e—27‘rM)

¢
+ ae(1 + e=7™m)] limsup e~ 7(t=T) / eY(s=T)ds

t—oo T
— 7_1[02,3_1(6_77-"‘ — e—2’YTM) + ag(]_ + e~ 7™ )](]_ — thm e“’Y(t‘T))

= a2f-1y1(e=1mm — e=2vma) 4 ary-le(1 + e ),

Since ¢ is arbitrary, the theorem is proved.

Similarly, we can obtain a lower bound on z;(t).

THEOREM 5.6. Let Tar < 27m. Let (zi(t), zm(t)) be a solution of system (2.2).
Then liminf; ,coxi(t) > a2f-1y~1(e=1™M — e=277m),

Proof. The proof for this theorem is similar to the proof of Theorem 5.5.

In this theorem for the lower bound, we require that 7 < 27, for the lower
bound to be positive, otherwise we do not have any new information. That is, if
TM — Tm > Tm (t00 large a spread), we are unable to obtain an explicit limiting lower
bound on z;(t).
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6. Discussion. The main purpose of this paper is to analyze a model of stage-
structured population growth where the age to maturity is state dependent. It is
found that there always exists a positive equilibrium, but, unlike the constant delay
case, this equilibrium may not be unique. Criteria for uniqueness are obtained, as well
as criteria for local asymptotic stability.

In §5, we obtained explicit bounds for the eventual behavior of z;(t) and zm(t).
These bounds were in terms of 7, and 7as. In the case that 7as = 7, i.e., in the case
where our system reduces to the constant delay case, then lim;—.co (2:(t), Zm(t)) exists
and tends to (£i, #m) (which is unique), thus incorporating the results of [2]. We should
note that Theorem 5.6 allows for the possibility of the number of immatures z;(t), to
become arbitrarily small if 7ps < 27,,. Neither our requirement that 7/(z) < 43/a? to
avoid retrogression of matures into immatures, nor our requirement for Theorem 3.5
that &, [, t—r,,, evsds > Am, ff;:"‘ (a27'(2)/(48 — a27/(z)))eVsds for all t precludes s
from being less than 27,,, since for any difference Tps — 7, 7/(#) can still be made as
small as needed to satisfy our requirements for a valid model. In any case, Theorem 3.6
assures us that we can find admissible initial functions for a wide variety of cases.

There is a connection between the various criteria for uniqueness and stability
of equilibria, as well as the criterion for avoidance of retrogression of immatures into
matures. Namely, the requirement that 7/(2) < 4a—24 is involved in all three. Bio-
logically, this says that the change in length of time to maturity cannot change too
rapidly as the population density changes. This is, of course, biologically reasonable.

We should also note that the requirement that 7/(z) < 43/a2 to avoid retrogres-
sion and the requirement that

6m/t ersds > Am/ o (a27'(2) /(48 — a27'(2)))ersds

—Tm —Ts

in Theorem 3.5 that gives sufficient conditions for the positivity of z;(t) are linked;
as 7/(z) approaches the value 43/a2? where retrogression of mature and immatures
occurs, the set of admissible initial functions allowed by that theorem approaches the
null set.
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