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A Neutral Equation Arising from
Compartmental Systems with Pipes
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We consider compartmental models for the mathematical description of many
biological processes in which the material transport between compartments
takes a nonnegligible length of time and each compartment produces or
swallows materials. The proposed mathematical model is a neutral functional
differential equation. We describe some of the global dynamics of the solutions
to the linear model equation.

KEY WORDS: Neutral equations; compartmental systems; asymptotic
behavior.

1. MODEL EQUATIONS

In theoretical epidemiology, physiology, and population dynamics, com-
partmental models are frequently used to describe the evolution of systems
which can be divided into separate compartments, marking the pathways
of material flow between compartments and the possible outflow into and
inflow from the environment of the system. Usually the time required for
the material flow between compartments cannot be neglected. A model for
such system can be visualized as one in which compartments are connected
by (imaginary) pipes which material passes through in definite time.
Because of the time lags caused by pipes, the model equations for such
systems are differential equations with retarded arguments, as opposed to
the classical case where model equations are ordinary differential equations.
For details, we refer to Jacquez (1972), Anderson (1983), Gyori (1986),
and the references therein. A concrete example is the radiocardiogram

! Computing Centre of the Szeged University of Medicine, Pécsi U. 4/a, 6720 Szeged,
Hungary.
2 Department of Mathematics, York University, North York, Ontario, Canada M3J 1P3.

289

1040-7294/91/0400-0289$06.50/0 © 1991 Plenum Publishing Corporation



290 Gyori and Wu

based on the model pictured in Fig. 1, where the two compartments
correspond to the left and right ventricles of the heart, and the pipes
between them represent the pulmonary and systematic circulation. Pipes
coming out from and returning into the same compartment may represent
shunts and the coronary circulation. See Gyori (1982) and Kanyar et al.
(1981) for details.

In order to make it easier to refer to, we denote by C,,.., C, the
compartments of a compartmental system, by x,(¢) the amount of the
material in compartment C, at time 7, and by C, the environment of
the compartmental system. We make the following assumptions.

(H1) The change of the amount of material of any compartment C;,
1 <i<n, in any interval of time equals the difference between
the total influx into and the total outflux from C,; in the same
time interval.

(H2) The inflow rate of material from the environment C, into the
compartment C; at time ¢ is given by the input function 7,(z),
i=1,.,n

(H3) At time ¢>0, the rate of material outflow from C; in the
direction of C; is given by the so-called transport function
gi(t, x;(2)), j=0,1,.,nand i=1,., n

Fig. 1. A pipe-compartmental model of blood circulation.
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(H4) Material flows from compartment C; into compartment C,
through a pipe P; having a transit time distribution function
Fy(t,s),i=1,.,m,j=0,1,.,n t=20, s =0, where a function F:
[0, 0)x [0, o0} — [0, 00) is called the transit time distribution
function of a pipe P, if

(a)
(b)

(c)
(d)

(e)

F(1,0)=0, t>0;

for any fixed 120, F(¢, s) as a function of s is monotone
nondecreasing and continuous from the left;

lim, , ., F(t,s)=F(, 0)=1, t=0;

for any fixed u>0 the function F(7, t —u) is monotone
nondecreasing in the variable ¢, that is,

F(ty, t,—u) = Flty, t,—u), uz0, t,>1H=0

the amount of material leaving pipe P until time ¢ is given
by [& {72 h(u) du d,F(1, s), where h(z) is the rate of
inflow 1nto the pipe P for —oo0 <t < +o0.

Under these assumptions, one can easily image the situation where
material flow between compartments takes place through pipes of definite
lengths with definite positive transit time distribution. The schematic
picture of such a system is shown in Fig, 2.

The model equation is then

xi(1) = x () = — z [ gt x,(u)

n

+§1ff gy, x; () du d, Fi(1, 5)

-y f: J“— gilu, x;(u)) du d, F (1, s)+f L(t) dt

for all t=7=0. Setting /=0 and

x(1)=q,(1) for <0, i=1,...n

we obtain the following model equation:

x(1)

c<¢>+zj [ et x ) dud o)

- Z J. gi(u, x:(u)) dll-l—j 1,(t) dt
j=0"0 0



292 Gyéri and Wu

—— 9y — —_—— Soj =
Co (o8 CJ Co
- 9j 9. — I,tx)
7 1 'S ]

=0

Fig. 2. Schematic of the ith and jth compartments in a compartmental system with pipes.

where

n

C@)=0/0)= X [ [ gyl 0,0)) dud,Fy(0, 5)

Jj=10 -

For simplicity, we consider a special case where

Fy(t, 5)=Fyl(s), 120, §=0, i=1l,.,n j=01,.n

where F,(s) is monotone nondecreasing and continuous from the left with
F,;(0)=0 and F,(c0)=1. In this case, the model equation becomes

n

5(0)=Ci(0) = Y, [ galae x,(u) du

i=0"0

n o par—S t
+ 3 [ gy xw) dudFy(s)+ | Lwdu (LD

j=1 0 — 0 4]
for =0, i=1,.,n We now make the following assumption, which is the
major difference between our model equation and those investigated by
Araki-Mori (1979), Bellman (1970, 1971), Brown and Godfrey (1979),
Gyéri and Eller (1981), Gydri (1982, 1986), Lewis and Anderson (1980),

Mazanov (1976), and Ohta (1981).

(HS5) Each compartment is “active” in the sense that at the moment ¢
some material is produced or swallowed by each compartment.
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We can interpret this flow of material as a part of the net inflow rate I,(¢)
of material from the environment into the compartment C,, and hence we
assume that I,(u) satisfies

j’zi(u) du=J' S.(u, x,(1) dGi(t—u)+j’h,.(u) du (1.2)
0 — o0 0 .

where S;: [0, ¢} x [0, c0) = (— o0, +00), G;: {0, 00) = (—00, +0), and
h;: [0, c0) » (—o0, +oc) are given continuous functions. Substituting (1.2)
into (1.1) and taking derivatives, we obtain the following neutral functional
differential equation:

d oo
Zi‘t[xi(f) - L St —u, x;(t —u)) dG,»(M)}

= - ¥ gt x()+ 5 f: gyt =5, 5,1 )) dFy(s) +ho(r)  (1.3)

j=1

for all £=0.

If S, is identically zero, Eq. (1.3) is reduced to a retarded integro-
differential equation which has been widely investigated in the literature
[see Gyori and Eller (1981), Gyori (1982, 1986), and references therein for
details]. In this situation, the compartments are “passive,” which means
that they do not produce and swallow material, and therefore the law of
the mass conservation holds true.

In the case where S, is not identically zero, [~ Si(u, x,(u)) dG,(t —u)
represents the net amouont of material produced (S;>0) or swallowed
(S;<0) by the compartment C; during the time interval [0, t]. Such a
system can be visualized as one in which there exists a pipe T, setting out
off and returning to the compartment C; which the produced or swallowed
material passes through. In such a situation, G, can be regarded as the
transit time distribution function for the pipe 7, and thus G, is monotone
nondecreasing and continuous from the left with G,(0)=0 and G,(c0) =1,
where i=1,.., n

The major purpose of this paper is to propose the model equation
(L.3) for “active” compartmental systems and to make a start at the study
of the qualitative analysis of such a model equation.

2. QUALITATIVE ANALYSIS OF LINEAR MODELS

In this section, we describe some qualitative properties of solutions to
linear model equations. Of major interest is the stability and asymptotic
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stability problem. This problem has significance from the viewpoint of
theory and application. In application, due to the self-regulating feature, a
biological system endeavors to get to an equilibrium state which appears,
in the model equation, as the model equation possesses an equilibrium
point and the solution tends to such an equilibrium point as 7— oo.
Theoretically, if the equilibrium state of the system is asymptotically stable,
then the knowledge of the equilibrium state and the numerical solution on
a finite interval allows one to make an inference for the infinite interval.
We make the following assumption in our model equation (1.3):

(H6) g,(t, x,)=a,x; and S,(t, x;)=b,x,, where ay, b; are constants,

and a,; 20, i=1,.,n j=0,1,.,n

Let

u;(s)=b,G,(s) for I1<i,j<n and s=0

Then we have
(i) ry(s), 1<i,j<n, are monotone nondecreasing functions on
[0, oo) with r,(0)=0, r () < co.
With respect to u;(s), we assume that
(H7) uds), 1<i<n, are monotone nondecreasing functions on
[0, oo) with 2,(0)=0, u,(c0) < 1.
We further assume the following continuity conditions:

(H8) for any continuous function x:R— R, the functions
Fo x(t—s)du(s) and i x(t—s)dry(s), i j=1..,n, are
continuous for all ze [0, cv); and

(H9) h,(t), 1 <i<n, are continuous functions on [0, o).

Under the above assumptions, Eq. (1.3) can be written as

: [x,-(z) [ xta-9 du,-(sﬂ

- —/1,.x,.(t)+j+w S x,(— s) dry(s) + i) 2.1)
0

j=1
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According to Wu (1986, 1987) and Wang and Wu (1985), for any
@ =(@r @n), @, €BC((—00,0], R), the set of bounded continuous
functions on (—o0,0], there exists a unique function x=(xi,.., x,):
(—o0, +0) » R" such that x,(z) = @, (¢) for ¢ < 0, x,(7)—
{0 x:(t—s) du,(s) is differentiable on [0, co) and (2.1) holds for all
t = 0. Throughout this section, we assume that solutions of Eq. (2.1) satisfy
the following property: x,(1)=0 and x,()— 3 x,(t—s) du;(s)>0 for
t=>0 and i=1,.,n provided that ¢,(s)=>0 for all s<0 and
0:(0)— [ @.(—s)duy(s)=0 for i=1,.,n In the next section, we
investigate this property.
Our first result describes the stability and boundedness of solutions.

Theorem 2.1. If there exist positive constants d,..., 4, such that

& ryl () a;
Ai— 4 —>0 2.2)
j;l—uj(oo)aj (
where
r(20), 1<i#j<n

lr_ij‘(oo):{fgod[rii(s)—,liui(s)l, I<i=j<n

then we have the following conclusions:

(i) if hi(t)=0 for i=1,..,n and t =0, then the zero solution of Eq.
(2.1) is stable; and

(ii) if [& |hi(1)] < +o0, then all solutions of Eq. (2.1) are bounded.

Proof. Let

V()= max {a,. [xi(t)—fw xi(t—s)dui(s)]}

Ig<i<n
and

W(r) =max{(V(1), max a(1—u;(0) ]}

where

ol =sup |@,(s)

s<0
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If at moment ¢ >0, we have W(s) < W(¢) for se [0, t], then only two cases
may occur.

Case 1. W(t)=max,_;.,a;(1—uw)) ¢l and

max {a;(1—u,())l¢,l}> V(1)

1<jgn

In this case, by the continuity of V, we have W(r)=
n.laxlgjgn{aj(l —u;(0))llg,l} for t>¢ and close to ¢ Therefore
W+ (t)=0, where

W (1) = Tm Wit)— W(t)

>t T—1

Case 2. W(t)= V(t)>maxlsisn.(1 —u;(0)) a; llo,].
According to the definition of W™*(¢), we can find a sequence {¢,}
such that t, > 0* as k— oo and

. Wi(t+1t,)— Wit

W (1) tim U= W)
k— oo tk
If there exist infinitely many ¢, such that

W(t+1)= max (1—u(o))ale,

lgj<n

then

maxl<j<n(1 ‘_”j(oo)) aj”¢j” — W(1)

Iy

W ()= lim
k— oo

Noting that W(z) = V(#) > max, ;.,(1 — u;(0))a;lle,l, we obtain
W (1) <0.

If there are infinitely many ¢, such that W{(t+1t)=V(t+1,)#
max; ¢ ;<. [1—u;(0)] a;ll@,|, then we have

W*(t)= lim w

k— o tk

Let J={j; 1<j<n, a;[x;(1)— |3 x;(t —s) du,(s)}=V(¢)}. Then J is a
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finite set, and thus we can find an integer me J and a subsequence of {¢,}
(denoted by {r,} for simplicity) so that
W (1) = lim A [ X, (E+ 1) — xm(lt +te—s) du,(s)]— V(?)
k— o0 k

<Gi{om| =[xt =51 (0]}
<a, {—zm [xm(z) —f:) X, (f—s) dum(s)]

n z JOHO (1= 5)d|F | (5) + t)}

=am[_ Py ey [ xte—s) i) (s)+hm(t)]
a J—1 0

m

On the other hand,

max a,(1—u;(o0)) o, } < W(t)= V(1)

1<j<n

W(s)=max{V(s),

for se [0, 1] implies that

aj[xj(s)—f xj(s—u)duj(u)]sV(t) for 0<s<1

Therefore if these exists 7€ [0, 1] such that x,(t) =sup _, ., <. x;(s), then

140

a;

x;(1) <f+w x;(1—s) du,(s)+

which implies that
1 Vit)

L—u(0) g

x(r) <
Moreover, if there exists no e [0, ¢] such that x,(t)=sup_, .., x,(s),
then obviously

49
xj(S) < ”QDJ“ Sm for s<t¢
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In summary, we have

V{t)
_gl;ﬂx,(s) a,(1—u,(o0))
and hence
o [® & Pyl (0)
jg[ A=)l ()< ¥ R sV
Therefore
¥+ . _ c am|fmj| (@)
()= | = 3 T TS V0 0, b <)

So, in both case 1 and case 2, we have shown that if at the moment >0,
W(s)< W(t) is satisfied for se [0, t], then W™ () <mMax, <, @ lhn(t)].
Therefore, by the well-known comparison principle in the theory of
functional differential equations (cf. Lakshmikantham and Leela, 1969), we
obtain that

W) < W(O)+ max a, [ |h,()d, 120
Q

I<m<n
This implies that

V(1)< W(0)+ max a,,,j b, (s)ids, =0
[¢]

l<m<n

and hence

Ol ST 1| W0+ max a, [l ds [+ 1ol >0

1<m<n

Therefore our conclusions follow from the inequality

W) <max] max 4] 0.0)- [ 0.5) dufo) || max al1 - we o}

1<i<sn 1ign
The proof is complete.

Theorem 2.2. Suppose that

(l) /1 =1 11(0) :Bi>0’ lslgn,
(ii) |h,-| eL [0, «0), and
(iii) [q sdry(s)< +oo for i, j=1,.,n.
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Then we have the following conclusions:

(a) all solutions of Eq. (2.1) are bounded;
(b) if B;>0 fori=1,.,n, then {3 |x,(1)] dt < +o0 for 1 <i<n; and

(¢) if h(t)=0 for 1<i<nand t 20, and ,>0 for 1 <i<n, then
x;(t)=>0ast—> o0 foralli=1,.,n

Proof. Integrating Eq. (2.1), we get
xi(l)—foxi(t—s)du,-(s)=g0,-(0)—J @i (—s)du(s)— 4, f x;(s) ds
0
rptoo 7 t
+ —s5)d du+ | h(s)d
LJO g (u—s) dry(s) du L (s) ds
Noticing that

[ 17 ) diry (o)
0

0

= [ [ sy dryls) dut [ | i s) dryls) d
0vo

_f j u—s)dr;(s) du+j f @ (u—s) dry(s) du
_Jj (u—s) du dr(s) +” —§) dry(s) du
:JOI Jot x;(v) dv drij(S)‘Jolf: x,(v) dv dry(s)

+j j — ) dry(s) du

We obtain

n

x,(6)— L x,(1—s)du,(s)+ 2, f x;(s) ds — Z Jfotx v) dor;(1)

=0.0) = [ pu=s) du )+ [ hts) ds

+'§ for 0, (u—s) dry(s) du—__i fotftisxj(u)dv dry(s) (23

865/3/2-9
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from which it follows that

i[ﬂl f x;(t—s) duy(s }réj[vi—érﬁ(v)}x(v)dv
<3 [0 ot anio |+ X [ o

vy x T | 0ytu—s) dry(s) (2.4)
i=1 j=1
On the other hand,
1 o0 t 5
JJ (pj(u——s)dr,»j(s)du=J f @ (u—5) du dr(s)
0 vu 0vo
+£ jo ©;(u—s) dudr(s)
<[ sdryls) o)+ [ tdry(s) o]
<[ sdryls)lo)] (2:5)
4]
and
x,.(z)—jwx,.(x—s)du,.(s)ds>o for ¢30,i=1,.,n
Then from inequality (2.4), it follows that
(2.6)

i [x,—(t)—ro x,;(t—9) du,-(s)} < M(p) for 120
P 0

where
M(p)=

[go,.(())—j: (—5) du(s] Zj (s) ds

||'M=

1

“ X %[ dnys) o)

i=1 j=1

i

Equation (2.6) implies that

M
xi(l)St%+|lwi\| forall =0

and thus (a) 1s proved.
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If 8,>0, from inequality (2.4) it follows that

Zﬁfxw <M(9)
Therefore, since x,(z) >0 for all ¢, we have

fxwwsimw

which implies (b).
To prove (c), we consider the integral (& & x;(t—s)dt dr(s). By
interchanging the order of integration, we have

LOO fooo X;(t—s)dt dry(s)
=wa LI x;(t —s) dr;(s) dt+joo - @ (t—s)dr;(s) dt

- j:’

<ry(o0) [ x(0)doot [ sdry(s) )|

[ xte—s) dr,.j(s)+j0°° [ ot —s)dry(s) a

8

and thus
0 ") d
—i,-fo xi(e) di< | dl[ (0=

—j )lx,(t)dt-l—f f Zx(t s) dry(s) dt

~ oo

x,(t —5) dui(s)]dt

< h;v,.j (0 dit Y r,.j(oo)f x,(v) do
0 =1 0

n

Z Sdrl, () o)l

which implies that

5; [xl-(t) _ J": xX.(i—s) du,.(s)] e L'[0, 20)
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and thus
fim ':x,-(l) —fw x,(t—5) du,.(s)] —C <o
t— 4]

exists. Consider now the difference

<
1 —u;(c0)

Evidently, lim, , ,,[ y,(¢) — [ p:(1 —s) du;(s)] = 0. Let

Yty =x,(0)~

p(t) — f (t—5) du,(s)=h(2)
For any £>0, choose T > 0 sufficiently large so that

<e forall =27

0+ | it o

Therefore, for all 1> T, we have

ior<| [ ve=s) duts) +:

Su(0) sup  [y(s)[+e

t—T<s<t

Choose t,,€1,=[nT, (n+ 1) 7] so that

vt =Itn€alx 1y:(2)l

then
‘yi(tn), <8+u‘(00) ,yi(znfl)l

if there exists ue [¢,— T, nT] with |y,(u)| =max, ., _r.r |y:(?)], or

|y(z)l e+ |y;(2,)] ui() (27)

if maxse[t,,fnT tn] Iy (t)l _maxte[nT ] ly ([)I Therefore if l)’ (tn l)l =
g/[1—u,(c0)], then |yt <e/[1—u(co)], and hence |y,(f)l<
g/[1—u(oc)] for all kzn—1. If |p,(2,) >&/[1 —u;(c0)], then |y,(t,)] <
g+u;(c0) | y,(t,_1)|. This implies that either there exists a positive integer
K such that

&
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or
[yt ) <e+uloo)]y(t, 1)l for n=1,2,. (2.9)

In the latter case, we have

vt <e+u(o0) e+ u(0) | yi(t, )]
< .-

<e[l+u o0)+ -+ +uf(o0)]+ul " (c0) M(p)]

& +1
<———+u M
ooy Y (00) M(p)
Therefore, in both of these cases, lim, _, , y;(#)=0 and thus lim, , , x,(¢) =
C,;=0. On the other hand, | x,(¢) dr < oo, therefore C;= 0. This completes
the proof.

3. NONNEGATIVE PROPERTY OF SOLUTIONS

In our model equation (2.1), x,(z) denotes the amount of material in
the compartment C,; and x,(z)— [ x,(1—s) du,(s) denotes the amount
of material swallowed by C;. Therefore it is reasonable to require
that solutions corresponding to nonnegative initial condition and
9:(0)—[F @,(—s)du,(s) 20, 1<i<n should satisfy that x,(r)>0 and
x,(1) = [§ x;(t — ) du,(s) >0 for 1 <i<<nand 7> 0. The aim of this section
is to present some sufficient conditions to guarantee this property of
solutions to our model equation (2.1).

Our first result is as follows.

Theorem 3.1. Assume that

(H10) r.(s)— Au,(s), 1 <i<n, are monotone nondecreasing.

Then for any ¢ =(¢,,..®,), ©;€ BC((—0o0, 0], R), there exists a unigue
solution (x,(2),..., x,(¢)) of Eq. (2.1) through (0, ¢). Moreover, if h,(tf=0
for all 120, ¢/(s5)=0 for s<0 and wi(0)~f8° @ (—5)du(s)=0 for
I<i<n, then x,(1)20 and x,(t)— g x;(t —s) du,(s)=0 for 1>0 and
I<ign

To prove this result, we need the following.

Lemma 3.1. Suppose that

(i) f: [0,0)> R and ¢: (—o0,0]— R are bounded and con-
tinuous;
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(ii) u:[0,00)—> R is monotone nondecreasing with u(0)=0,
u(c0) <1, and for any bounded and continuous x: R— R, the
Sfunction j}‘f’ z(t — 5) du(s) is continuous for t = 0; and

(iti)  @(0) =g o(—s) du(s)+ f(0).
Then the equation
x(0)=[  xls)duli—s)+f(1), 10

- (3.1)
x(1) = @(1), 1<0

has a unigue solution x(1) defined for all 1 20 and satisfying

F+ [ o dutr—s)

— o0

1
) € ———
(1)l 1—u(oo)or2sa§;

Movreover, x(t)20 for t=0if f(t)=0 for t=0 and ¢(t) =0 for t<0.
Proof. Equation (3.1) is equivalent to the following integral

equation:

x(t) :jt X(i—s) du(s)+ F(1), 120
0 (32)

x(0)=F(0)
where

Fo=1w+ [ o) due—s)

For any given 7> 0, let M = max, < r |F(s)|. Define a function sequence
{x"} on [0, T] as follows:

x°(t) = F(1)
x"(t)zr xOD(—s) du(s)+ F(1), n=1,2,.
0
It is easy to prove that
1x"(£) = x"~ 1 (1)] < Mu"(0)
and

M
|x"(2)] <1—~_—

u(©)
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Therefore, u(oc) <1 implies that {x"(z)} converges to a function x(t)
uniformly, which solves Eq. (3.2) and satisfies |x()] < M/[1—u(c)]. T'is
any given positive number, and thus the sequence {x"} converges to a
solultion of (3.2) uniformly on any compact subset of [0, o). Obviously,
if £(1)=0 for all 120 and o(s) =0 for all s<0, then x"(¢)=0 for all 120
and all integers n. Therefore lim, _, ., x"(¢) =x(z) > 0. This completes the
proof.

Now we are in the position to state the proof of Theorem 3.1. The
following proof is constructive and, therefore, provides a computational
procedure for finding the solution.

Proof of Theorem 3.1. It is easy to prove that Eq. (2.1) is equivalent

to
5 (0= [ 5= duts) +e | 0.0)- [ 0i(=s) )|
+er,m,‘u> U‘” 5 xj(u——s)dfij(s)—l—hj(u)} du
0 "
where
 (s) = (), if i#j
o ‘{r,-,-<s)—i,-uf(s>, if 0=
that is,
5= xi(r =) du(s) 4 e [qo,-<0> [ o9 du,—(S)J
+jte”""(’_”)r ‘Z x,(u—s) dF,(s) du
[ e M ) dut £i(1) (3.3)
where
ﬁ(z)=f;e~f%<f~u> | 3 o,u—s) drys) du (3.4)

We construct now a function sequence {x7}) defined by
x?(t)=f Xt —s) duy(s) + Fi(t),  t>0
0

x(1)=o(1), 1<0
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and
xh()= [ xk(e—s) duyls)
0
n t A u
+3 Je_”("”f X Nu—s) dry(s) du+ F(t), 120
=170 0
xf(r) = (1), 1<0
for k=1, where
F0 = 00~ [ o= duto) |

! Ai(t—u ‘ ! —Ai{t—u = —
+Lew( )h,-(u)du+j§lfoe e )L @;(u—s)di(s)du

This sequence is well defined by Lemma 3.1, and for any 7> 0, we have
(x%r)< N, 01T

where

f 0.t —5) duy(s)

|

1
N=—— (
1T o?f‘é‘r[m( I+

From the definition of x! and x?, it follows that
xH() =20 = [ Dbt =)~ %2t —5)] di(s)
4]
N P _ -
+,-§1 L e fo x0(u—s) dF,(s) du

and therefore by using the same argument for Lemma 3.1, we have

1 ” v u _
Ix!() — x2(1)| Sl—-—ﬂ—ﬂosup Y JL) e A=) JO xj(.)(u—s) dF ,(s) du

St j=1

M. n v opu
<———— su N, di,(s) du
l—ui(T)jglosvzt‘[O J.0 rj( )

M.N;, !
<__’l_ _i' ¢t
) 2, D

j=1
< NKi
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where

M,= max e ™

l

0<1<T
M. n
K= max ————— AT
1<i<n1»u,-(T)j§, U( )
N= max N,
1gi<gn

Generally, suppose that

N(Kt)e~

W, 0T

X1~ X2 (0)] <

then by using the same argument for Lemma 3.1, we obtain

|Xf(l)—~xf.‘*1(z)|\ (T) ZJ A= u)

j=1

X r Ixf~Hu—5) — x5~ (u—s)| diy(s) du

! - _NM k1
ST 2, G 1y DK o
(IZ) O0=<i<T

Therefore, by induction on %, we claim that

K
max |x*(t)—x*~1( ( l) 0<i<T

1<i<n k!

from which it follows that the sequence {x}} converges to a function {x;}
which solves Eg. (3.3). Ev1dently, o e H0 fuxi= u—s) dry(s) du is
nonnegative provided that x ~1 is nonnegative, and by 1nduct1on as well
as Lemma 3.1, we know that x%(t) and x¥(1)— [P x¥(t—s) du,(s) are
nonnegative for 1<i<n, k=1,2,., and r>0, and hence, x,(7)=0,
f&& x,(t—s) du,(s) =20 for 1 <i<n and ¢>0. This completes the proof.
The previous result imposes a strong assumption (H10) on the transit
time distribution function r () and the function u;(z) reflecting the “active”
feature of the compartment C;. This assumption essentially requires that r,
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and u; have the same jump points and, therefore, excludes the following
simple equation:

%[x(t)—ax(l—r)] = —cx(t) + bx(t — o), t=0 (3.5)

where g, b, ¢ 20 and 0 <o <7 are constants. For this scalar equation, we
have the following.

Theorem 3.2. If

ae* < 1 and ace’s < be“’

then the set

&= {w e C([—r,07, [0, 0)); ¥(0) — ap( —1) — ace® fo e (u) du>0}

contains nonidentically zero functions, and for all ¢ € @, the solution x(t) of
Eq.(3.5) through (0, ) remains positive for t = 0.

Proof. By integration, we obtain
x(ty=ax(t—1)+e ¢ |:QD(0) —ap(—1)—ac j e“x(s—1)ds
0
+b J e“x(s—~o) ds} (3.6)
0

for all 1=0.
For re[0,t] and s€ [0, t], one has s —t<0 and x(s—1)=o(s—1).
Since ¢ € @, we find

@(0)—ap(—1)—ac fl e“x(s—1)ds
=@0)—ap(—1)—ac JI e“p(s—1)ds
Ze0)—ap(—1)—ac r e“p(s—1)ds

0

= (0) —ap(—1)—ace* JO e“o(u)du>0

—T
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In this case from Eq. (3.6), it follows that
x(t)>be ™t | e*x(s— o) ds (37)
0

for all re [0, t]. Since x(7)=@(#) =0 for —r<¢<0, by (3.7) we find that
x(0)>0.

We now show that x{z)>0 for all re[0, c]. Otherwise there exist a
t,€(0, 1] such that x(¢;)=0 and x(¢)>0 for 0<7<r,. But in this case,
Eq. (3.7) yields

riy

x(1,) > be™ " J e“x(s—0o)ds=0
0

which is a contradiction. Thus x(¢) >0 for all re [0, 7].
For ¢t > 1, we have
Al —

——acf e”x(s~r)ds+bJ Uec‘"”)x(u)du

0 —a

0 0
= —ace” j e“x(u) du+ be” J e“x(u) du

—7 —g

+ (be — ace®r) j B e“x(u) du + be” J - e“x(u) du.
0 t

-7

Thus, Eq. (3.7) yields

x(Y=ax(t—1)+e ¢ [qo(()) —ap(—1)—ace” JPO e“plu) du

-7

0

+be""J e‘”q)(u)du]+e‘“’[be“’—ace”]j ) e“x(u) du
0

t—0
+e “be J e“x(u) du
-1

for all 1= t. But ¢ € @ and hence

I—t
x(t) > ax(t— 1)+ e “(be” — ace ™) j e“x(u) du
o}

I—a

+ e""be”[ e“x(u) du, izt (3.8)
t—1

Since x(7)=20, —r<it<1, and x(7)>0, by an argument similar to that

given above and (3.8), we find x(¢) >0 for all ¢ and the proof is then

complete.
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As an important corollary to the following generalization of the closed
compartmental system,

% [x(t) —axe(t—1)] = —bx(t) + bx(t — o), t=0 (3.9)

where a2 0, 0< o <1, and b >0 are real numbers, we get the following.

Corollary 3.1. If ae” < 1. Then for all o € ®,, where D, is defined by

-7

D, = {l[/ € C([—1,01, [0, 0)); ¥(0) — ay(—1) — abe” fo e®y(u) du >0}

the solution x(t)=x(p)(t) of Eq. (3.9) through (0, @) is positive for t = 0.

Remark 3.1. As we found, if each compartment produces or swallows
material, then the model equation becomes a neutral equation, as opposed
to the classical case where model equations are retarded functional differen-
tial equations, and the study of the nonnegative property of solutions turns
out to be very difficult and requires further investigation. S
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