JOURNAL OF MATHEMATICAL ANALYSIS AND APPLICATIONS 155, 78-92 (1991)

Fundamental Inequalities and
Applications to Neutral Equations

J. R. HADDOCK AND JIANHONG WU

Department of Mathematical Sciences,
Memphis State University, Memphis, Tennessee 38152

Submitted by Kenneth L. Cooke
Received December 9, 1988

Two fundamental inequalities are derived for nentral functional differential equa-
tions with stable D-operator. These inequalities provide some exponential estimates
about the relation between solution operators and D-operators, an essential charac-
terization of neutral functional differential equations, and an effective tool for the
application of Liapunov’s direct method and Razumikhin techniques to bounded-
ness, stability, and convergence of solutions.  © 1991 Academic Press, Inc.

1. INTRODUCTION

The purpose of this paper is to establish two basic inequalities for
functional differential equations (FDEs)

& D(x) = 111, %),

where D:C([—r, 0], R") - R", f:R x C([—r, 0], R"} - R" are con-
tinuous, and x, is the usual notation for FDEs. These inequalities involve
some exponential estimates with respect to the solution operator x, and the
corresponding D-operator. They will provide an essential characterization
of neutral FDEs, and an effective tool for the application of Liapunov’s
direct method and Razumikhin techniques to boundedness, stability, and
convergence of solutions.

The motivation of this study comes from the investigation of the neutral
equation

d
E[x(z)-cx(t—r)]=g(t, x(1), x(t—r)), (1.1)

where 0<c<1, g:RxRx R— R is continuous and satisfies the order
relation
gt x, y)<0 if 0<y<x
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A prototype is
% [x(8)—cx(t—r)]= —h(t, x())+ h(t, x(t—r)) (1.2)

with
h:(t,x)e RxR—-h(t, x)eR continuous and nondecreasing in x.

Equation (1.2) can be considered as describing the motion of a com-
partmental system with one pipe and one compartment producing material
itself (see, e.g., Gy6ri [2]). For the retarded equation case (¢ =0), boun-
dedness of solutions and convergence of orbits to equilibria can be
obtained via an invariance principle of Liapunov—Razumikhin type (see,
e.g., Haddock and Terjéki [3]). However, for neutral equations (in the
case ¢ #0), very little has been done along these lines. Available literature,
based on the inequality

lx ) <be™ lxol + p sup |Dx,] (1.3)

0<s<t

(where b, p, and o are nonnegative constants), allows one to deal with the
boundedness, stability, and convergence of solutions in the case where the
ordinary part dominates the functional part such as

g(t, x, y)<0 if O<y<x

But this essentially excludes such equations as those describing com-
partmental systems.

To lay the foundation for a qualitative theory of NFDEs whose ordinary
parts do not dominate the functional parts, we will derive two fundamental
inequalities,

.l <be™ lIxoll + (p—ge™") sup [Dx,| (1.4)

0<s<st

and

x| < be™* llxo] + (p—ge™) sup e P~ |Dx, (1.5)

0<s<t

where b, p, q and «, f, 7 are nonnegative constants. They indicate, more
precisely than (1.3), how properties of D reflect some general property of
the solution operator to NFDEs. In these inequalities, whether g is zero or
not provides an essential classification of retarded equations and neutral
equations; the case where ¢ # 0 corresponds to a neutral equation which
can not be reduced to a retarded equation. The irreducibility condition
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g # 0 plays an important role in qualitative thery of NFDEs. By inserting
the term —ge " in inequality (1.3), we are able to apply Liapunov-
Razumikhin methods to such irreducible neutral equations as (1.2) to
obtain some stability, boundedness, and convergence results. It is interest-
ing to note that these results for irreducible neutral equations can not be
applied to retarded equations.

At this point we find it convenient to introduce some fundamental
notation. Let R” denote the real Euclidean space of n-vectors and let |x|
denote the norm of the vector x in R”. Let r>0 be given, and let
C=C([—r,0], R") denote the space of continuous functions from the
interval [ —r, 0] into R". For ¢ € C, the norm of ¢ is defined by

gl = sup [g(s)I.

—r<s<0

Suppose x:[—r, 0)— R" is continuous. Then for any 120, x,eC is
defined by x,(s)=x(t+s) for —r<s<0. We consider the following
neutral functional differential equation

d
EI—D(xr)zf(t’ xl) (16)

with the initial condition
x, =@, (1.7)

where r>0 and f: Rx C— R" is continuous. We assume D: C—>R"is a
bounded linear operator of the form

Do=4(0) - [du0)] 4(6)

in which g is an » x n matrix, —r <8 <0, whose elements are of bounded
variation and

Var u—0 as s—0.
[—s0]

Under the above assumptions, the solution, denoted by x(o, ¢), of initial
value problem (1.6)—(1.7) exists. We further assume the uniqueness, con-
tinuous dependence, and continuation of the solution of the initial value
problem (1.6)-(1.7). For details we refer to [5].
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2. FUNDAMENTAL INEQUALITIES

Throughout this paper, we always assume that the D-operator is stable.
Then the zero solution of the homogeneous difference equation

Dy,=0, t=0 (2.1)
Vo=¢€Cp:={¢ecC:Dp=0} (2.2)

is uniformly asymptotically stable. Therefore there are n functions
61,93, .,¢, such that D@ =Irnxn identity matrix), where &=
(b1, 2, - @) (se€, €.2., [, p. 2811). The operator defined by

Y=I—PD

is a continuous projection ¥:C — Cp, and (2.1) defines a strongly con-
tinuous semigroup of linear transformations 7 (¢): Cp — Cp, t 20, by

Tr(t)Y =y, () for 120,y eCp.

Again, see [5].
Now consider the nonhomogeneous equation

Dy, = h(t), t=0 (2.3)
with the initial condition
Yo=¢eC, (24)

where he C([0, ), R"). According to [5, p.281] we have the following
result.

LEMMA 2.1.  There exist constants a and b so that, for any ¢ C and
he C([0, o), R"), the solution 1o (2.3)-(2.4) satisfies

Iyl <ae”[lgll + sup [A(s)I].

0<s<t
Let a,, be the order of the semigroup 7,(¢); that is,
a,=inf{ae R: there is a K= K(a) such that | T, (1)l < Ke*, t>0}.

It is known [ 1] that the stability of the D-operator is equivalent to a, <0,
which turns out to be equivalent to the inequality

iyl <be™*|gll +p sup |h(s)]

0<s<t

(see [5, p.287]). The following result shows the above inequality can be
strengthened significantly.
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THEOREM 2.1. If D is stable, then there exist constants b, p, ¢ =0 and
a>0 such that p=q >0 and, for any he C([0, o), R"), each solution y of
the nonhomogeneous system (2.3)-(2.4) satisfies

Iyl <be “lgl+(p—e “q) sup [A(s)]. (25)

0<s<rt

Moreover, q #0 whenever ¥ #0.

Proof. Let y.(a, ¢, h)(0)= y(t;a, ¢, h) denote the solution of (2.3)
through (a, ¢). By the superposition principle of solutions of linear systems
and (2.3) with t =0, we have

y(t, 0’ ¢9 h)= y(t’ 0’ ql¢s 0) + y(ta Oa ¢D¢a h)
= y(; 0, ¥, 0) + y(t; 0, Dh(0), h).

Since D is stable, a, < 0. This implies that there exist constants L > 1 and
>0 so that L ||P]e *>1 and |T,(t)¢| < Le ™ ||¢| for any ¢ Cp.
Therefore,

y:(0, P, 0)| < Le ™ | P <L [P e ™ lIgll. (2.6)
Next find a ¢ > r sufficiently large so that
Lij¥|e " e"=L*<1.

For any ¢ =0, there exists a nonnegative integer j so that jo<t<(j+ 1)a,
and, thus, by the superposition principle we have the decomposition

y(t; 0, ¢h(0), h) = y(ts jO', yja(oa ¢h(0)’ h)a h)
= y(; jo, Ph(0), h), 0)+ y(1; jo, Ph(jo), h).
According to Lemma 2.1, we can find constants ¢, d> 0 so that

1y (o, @h(jo), )| < ce®™ (1 + |®]]) sup |h(s)] (2.7)

Joss<t

for all > jo, and ¢ and d can be chosen so that

; ce(14||D)|)>2(1=L*)e 4 ||D]. (2.8)
Thus,
| y(2; jo, Ph(jo), h)| < ce®(1 + D) sup |h(s)] (29)
Jjoss<t

for jo <t<(j+ 1)o. On the other hand,
[ y(; jo, ¥y, (0, Dh(0), h), 0)] = | y(t — jo; 0, ¥y, (0, Dh(0), h), 0)|
S Le ™7 || Wy, (0, Bh(0), h)|
SLe "I ||| ||y, (0, Ph(0), h)||.  (2.10)
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Therefore, by using (2.9), (2.10) as well as

Iy.(0, Ph(0), h)l| = sup [y(t+s,0, Ph(0), )l

—r<s<0
and considering the cases 7+ s > jo and ¢+ s < jo, we obtain

| y.(0, ®h(0), h)|| < Le* e~ ||| || y;,(0, Ph(O), h)|
+ce®(1 + || @]) sup |[A(s)l.
Jo<s<t

Using the above inequality at ¢t = jo, (j—1)o, ..., 6, we get

I 5 (0, ®h(0), h)|
<[Le™e™ | P11 |2 [A(0)]
+{|Le” e > |P| " + - + [Le” e > |P| T+ 1}
x (14 @Iy ce” sup [h(s)|

0<s<jo

S[L* @[ + ce®™ (1 + |@I)(1 — L*)/(1 = L*)] sup |h(s)].

O0<s<t

Therefore, from the previous decomposition and the estimates (2.7) and
(710
\L-IU

Y we oat
J» WU BCL

| »(£;0, ®A(0), W) <L || ¥l e~ *“[L* || @] + ce(1 + | D)
x (1= L*)/(1—L*)] sup |h(s)|

[VESE

+ce® (1 + |@||) sup |h(s)|

joss<t
SLIPIL™ " 1@+ ce®(1+ D)) (1~ ™ +")/(1— L*)
+ee”(1+|2])] sup |h(s)l.

O0<s<t

From jo<t<(j+1)o, it follows that

J<- and j>t/o—1,
and, thus,
| 9(£;0, Ph(0), h)| S L || P [ " e "1™ @]
+ce®(1+ ||| )(1 — @ £7)/(1 — L¥*)
+ce®(1+1@1)] sup |A(s)].

0<s<t
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By (2.8), we obtain
| ¥(1; 0, ®h(0), h)| <L ||P] [ce™(1+ || @])/(1 — L*)+ ce (1 + [|®])
—ce® (1 4+ | @)/ 2 1oy €™ =] sup |h(s)|

[PESrE;

<[Ki—K,e 7] sup |h(s)l,

O0<s<t
where
Ky =ce™L |P|| (1+|®])/(1 —L*) + ce®(1+ || P]),
Ky=ce®“L || (1+[¥])/2(1 - L*),
and

—In L* In(L || ¥] e*")
= =o— <a

g g

It follows that

[ (50,4, B)| <Le | V] ¢l + [K, — K, e7"] sup |h(s)]

O0<s<r

<be “ gl +(p—ge ) sup |h(s)],

0<s<1t

where b=L | V| e, p=K,, g=K,, and a=a. The proof is completed.

THEOREM 2.2. If D is stable, then there exist constants B, P, Q =20 and
o, B,y >0 such that o >v and for any he C([0, ), R"), any solution y of
the nonhomogeneous system (2.3}-(2.4) satisfies

Iyl <Be ™ ||g| +(P—e "Q) sup e '~ |h(s)|. (211)

Oss<t
Moreover, Q >0 whenever ¥ #0.

Proof. 1In the argument of Theorem 2.1, we have proved that there exist
constants L >1 and a >0 so that L |¥] e * > 1 and

ly.(0, ¥, 0)| < Le ™™ | ¥ <L |¥] e |I#ll.
Evidently, we can find a constant ¢ > r sufficiently large so that
L|¥le * e"=M<1.

For this given M, choose B>0 so that Mef < 1. Let z(t)=
y(t; 0, ®h(0), h). For any ¢ >0, there exists a nonnegative integer j so that
Jjo<t<(j+1)o, and thus

2(t)= Wt jo, ¥z;,, 0) + y(t; jo, Ph(jo), h). (2.12)
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Acording to Lemma 2.1, we can find constants ¢, d> 0 so that

I y.(jo, Ph(jo), ) < ce® (1 +||@[)) sup |h(s)]

Joss<t

for all t= jo, and ¢ and d can be chosen so that

Ne?f? > (1 — Me??) || e,

where
N=ce®(1 + |®|).
Therefore,
| y(t; jo, ®h(jo), H)| <N sup [h(s)] (2.13)
joss<t

for jo <t<(j+ 1)o. On the other hand,
| y(5; jo, Y27, 0)] < Le ™"~/ || ¥ |iz,,. (2.14)

Hence, by decomposition (2.12) and estimates (2.13) and (2.14) we get, for
Jjo<t<(j+1)e,

Iz < Le* e || llz;o| + N sup |h(s)]. (2.15)

Jo<s<t

Specifically, we have

2+ oll SM NIzl + N sup  |h(s)].

joss<(j+ 1)
This inequality implies, by induction on j,
j—1

Izl M7 |izol + N 3 M" sup |A(s)]

k=0 (j—l—k)yo<s<(j—k)a

j—1
<M | ®|| |h(0)| + NePU= U= D71 %" (MeP)* sup e~ P~ |h(s)|

k=0 O<s<1t
. 1—(MePy
26 — N7 T —B(r—3s)
<M’ ||| |h(0)| + Ne T Mo oi‘ii,e =9 h(s)l
. 1— (MePey/
<| M| D Bty Ne2bo 2~ - —Blt—s)p
[ Il e+ N A e ]oiﬁ,e )

. 1 — (MePy
< I:(Meﬂ«r)J ”q;” eﬂa+NeZBa _(_e_LiI

1 — Me#e

S[U = Ve M) sup o= F—) | p(s)],

O0<s<rt

sup e 7“7 |h(s)|

0<sst
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where U= Ne®*?/(1 — Me"*) and V= Ne*7/(1 — Me?) — ||®| e*. There-
fore,

Iz < Le™ [ W) LU= Ve™ ¥V 0r] sup e M9 [h(s)| + N sup [h(s)

O<s<t joss<1t

S[P—Qe "] sup e " Th(s),

O0<s<1t

with

P=_Le" || U+ Ne™,

Q=Le” |¥|V,
and

In(Me?”)
= ——<a
o

Hence,

Iy I <LIPIe ™ 14l +(P—Qe™") sup e~ "~ Ilh(s)|.

0<s<1t
This completes the proof.

Evidently, inequality (2.11) provides more information than inequality
(2.5) regarding the dependence of the solution y, to Eq. (2.3) on the non-
homogeneous term A(z). As we will see in next section, qualitative results
can be obtained by employing (2.11) to infinite delay retarded equations;
whereas, it is difficult, if not impossible, to obtain the same results by using
(2.5). However, many qualitative results depend on the value of P in
inequality (2.11) which usually is larger than p in inequality (2.5), and
therefore qualitative results based on (2.5) often are more accurate than
those based on (2.11).

3. REMARKS AND APPLICATIONS

As we will find, constants p in inequality (2.5) and P in inequality
(2.11) are of paramount importance for qualitative analysis of the neutral
equation (1.6). This particularly is true for applications of Liapunov-
Razumikhin techniques to stability, boundedness, and invariance
principles. In some simple cases, the calculations can be accomplished
specifically. For example, considering the D-operator defined by
D¢ = ¢(0)— Cé(~—r), where C is an nxn constant matrix, we have the
following two results.
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CLam 3.1. If|Cl <1, then p=1/(1—|C)).

CLAaM 32. For any positive a<—In|C|/r, (2.11) holds with
P=1/(1—|C| e*). Moreover, Q =|C| e*/(1 —|C| e*), and Q, >0, a>7 if
C#0.

Proof of Claim 3.1. Let (j—1)r<t<jr for some integer r. Repeating
the equality
x(1)— Cx(t—r)=h(t)

at t,t—r, .., t—(j—1)r, we get
|x()] < |C| |x(2 —r)| + |A(2)]
<|CI? |x(t ~2r)| + |C| |h(t —r)| + |A(2)|
<|CP |x(t=3r) +|CI1? |h(t —2r)| + |C| |h(t —r)| + | A(2))

<|CH Jx(t = jr)l +1CV At = (= D) +|CV 2 [h(r— (j—2)r)|
+ - +CHA(E =) + [A(1)]
<ICH gl +[ICH ™ +1CP 72+ - +1] sup |h(s)]

0<s<t

LIV p o))

<1 gl +
1- ICI 0<s<1t

1 IC]
< —t[—In|C|/r] _ h .
e "¢"+[1_|q 1_|C|[ﬁ.,,,a/,],]0sup |h(s)|

<5<

Hence,
T L 1 e
=TT PPro e o

This completes the proof.

Proof of Claim3.2. Let (j— 1)r<t<jr for an integer. Then we have

j—1
[x() < ICY |x(t—jr)| + Y, ICI* [A(t—kr)|

k=0

ji—1
<ICI gl + 3 (ICe™)* sup e =2 |h(s)]

k=0 0<s<1t

_ 1-(|C| e”y
< e—tnlcyn: —a(1—s)
e el +—— IClew P ¢ [Aa(s)|

1—(ICl e (IC] e*))™"

<e7(ln|C|/r)l +
< 141 TP

sup e *U" =9 |h(s)|.
O0<s<1t

This completes the proof.
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Remark 3.1. The above argument reveals an interesting fact about the
classification of functional differential equations. Whether ¢ is zero or not
provides an essential characterization of retarded equations and neutral
equations. In fact, if (1.6) is a retarded equation, then the exponential
estimate (2.5) in Theorem 2.1 holds true only if g=0 and (2.11) in
Theorem 2.2 holds true only if @ =0.

Motivated by this observation, we introduce the following concepts

DEerINITION 3.1. The D-operator (or neutral equation (1.6)) is irre-
ducible if (2.5) holds with ¢ > 0.

DeriniTION 3.2. The D-operator (or neutral equation (1.6)) is strongly
irreducible if (2.11) holds with Q0 > 0.

In the qualitative analysis of neutral equations, the irreducibility assump-
tion (g #0 or Q #0) plays an important role. To illustrate the significance
of this irreducibility assumption, we present the following boundedness and
stability result. For boundedness and stability definitions, we refer to [5].

THEOREM 3.1. Suppose D is irreducible and {D¢, f(t, ¢)> <0 for all
(t, ))e Rx C with ||l < p|D¢|. Then solutions of (1.6) are uniformly
bounded. Moreover, if f(1,0)=0, then the zero solution is uniformly stable.

Proof. Let x(t)=x(t; 0, ¢) be a solution of (1.6), and set

M =max{|D| li¢l, b I¢l/q}

and

W(t)=max{V(Dx,), M?},

where ||D|| is the norm of bounded linear operator D:C— C and
V(x)=|x|? for all xe R". Then we assert

|Dx,| <M

for all 1= g. To prove this assertion, it suffices to prove W(:) < W(o) for all
t>o. By way of contradiction, if this is false, then by a standard com-
parison principle we can find a real number t so that W(s) < W(z) for all
6 <s<t with D*W(t)>0. For this given 1, we claim that V(Dx,)> M~
Otherwise, W(t) =M for all te [z, t+ ], where A > 0 is sufficiently small,
and, thus, D* W(t)=0, which is contrary to D*W(7)>0. So |Dx,|>M
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and thus W(t)= V(Dx,). On the other hand, W(s)< W(r) for 6 <s<t
implies |Dx,| <|Dx,| for 0 <s<t. Now, find a sequence ¢, - 0" so that

W(t+1t,)— W(1)

D*W(t)= lim p
. W(E+t,)—-V(Dx,)
= lim ; .

n

If there is a subsequence {t, } =1,} so that W(t +1,)= M, then |[Dx.| > M
implies

M—V(Dx)_ . M-M

D*W(zr)= lim =0
> 0 e mo oo Ly
which is contrary to D" W{(t)> 0. Therefore
Wit+1t,)=V(Dx_,,}
and
D+ W(t)= nlin; V(Dx., ,"t) - V(Dx,) _ V(l.ﬁ)(Dxr)'

n

This i.mplies the existence of a 7> ¢ so that |Dx | <|Dx,|<Mforo<s<r,
and V¢ (Dx.)>0. However, by (2.5), we have

Ixl <be = gl + (p —ge~“C~ ) [Dx | < p | Dx.[.  (3.1)

By our assumption, this imples V“As)(Dx,) <0, which yields a contradic-
tion. Therefore, |Dx,| < M for all 1= a. From (2.5) it follows

lx |l <b 8l + pM.

This completes the proof.

The next result can be proved in a similar fashion.

THEOREM 3.2. Suppose that D is strongly irreducible and
(D¢, f(t, ¢)> <0 for all (t, $)e Rx C with |¢|| < P |D¢|. Then all solutions
of (1.6) are bounded. Moreover, the zero solution is uniformly stable if

f(t,0)=0.

Remark 3.2. In the argument of Theorem 3.1, a key step is the verifica-
tion of (3.1) in which the irreducibility assumption ¢ # 0 is crucial. There-
fore, it is interesting to note that the argument can not be applied to
retarded equations.
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Remark 3.3, Stability conditions in Theorem 3.1 and Theorem 3.2
depend on the values of p and P. As we noticed in Claim 3.1 and Claim 3.2,
P usually is larger than p, and therefore stability results based on (2.5) are
more precise than those on inequality (2.11).

As an illustration, consider the scalar equation

d
7 [x()—cx(t=r)]= —gl(t, x(2), x(t —r)), (3.2)

where 0 <c< 1, g: Rx Rx R— R is continuous, and

(i) g(t, x, y)<0 for all x, y, te R with x< y,
(i1) g(t, x, y)=0 for all x, y, te R with x> y.

Obviously,
(D¢, g(t, $(0), p(—r))> = —[$(0) — cd(—r)] g(z, $(0), $(—r)).

According to Claim 3.1, D¢ is irreducible with p =1/(1 — ¢). Consider any
given ¢ € C with

|<|¢(0)—C¢(—r)l‘

1—c¢

l¢(—r)

Four cases can occur:

Casel. ¢(—r)=0 and ¢(0)—cop(—r)=0.
In this case, (1 —c¢)d{—r) < P(0)— cg(—r) and thus ¢{ —r) < ¢$(0). This
implies g(z, ¢(0), #(—r)) =0 and, thus,

[#(0) — cg(—r)] g(1, $(0), p(—r)) 2 0.
Case2. ¢(—r)=0 and ¢(0) — cd(—r)<0.
In this case, ¢(0)<cd(—r)<@(—r). This shows that g(z, ¢(0), #(—r))
<0 and, thus,
[#(0) — cg(—r)] g(1, $(0), p(—r)) 2 0.
Case3. ¢(—r)<0 and ¢(0)~ cg(—r)=0.
In this case, ¢(0)=cd(—r)=@(—r). This shows that g(z, #(0), ¢(—r))
=20 and thus

[4(0) —cg(—r)] g(1, $(0), #(—r)) 2 0.

Cased. ¢(—r)<0 and ¢(0)—cg(—r)<0.
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In this case, —¢(—r)< —[¢(0) — cd(—r)]/(1 —¢); that is, (1 —c) ¢(—7r)
= #(0) — cg(—r). This implies ¢( —r) = ¢#(0), and thus g(¢, #(0), ¢(—#)) <0
which shows

[4(0) — ch(—r)] g(z, $(0), (—r)) = 0.

In summary, for any ¢eC with || <|d(0)—cd(—r)|/(1 —c), we
have (D¢, g(t, #(0), #(—r))> <0. Therefore all solutions are uniformly
bounded, and each constant solution (that is, the zero solution of the
family of equations (d/df)[x(t)—cx(t—r)]= —g(t,e+ x(t), e+ x(t—r))
for any e € R) is uniformly stable.

Remark 34. For the above example, the constant P in (2.11) is
1/(1 —ce™) for any given costant o >0 (see Claim 3.2). Therefore ||| <
P {D¢| does not imply necessarily [#(0)— cd(—r)] g(t, ¢(0), d(—r))=0.
This indicates that certain qualitative results based on (2.11) are not as
accurate as those based on inequality (2.5). However, inequality (2.11) does
have certain merits over inequality (2.5). Particularly, some qualitative
results like an invariance principle and convergence theorems can be
established in a similar way to retarded equations by employing (2.11). The
details will be given in a forthcoming paper [8].

Remark 3.5. Based on inequality (1.3) one can also derive some
stability theorems of Liapunov-Razumikhin type as Lopes did. These
theorems essentidlly require the nonnegative property of (D¢, f(z, $)> <0
for all ¢ € C subject to |4} < (a/(1 —c¢)) |Dg| (x> 1 given). Unfortunately,
Il <(a/(1—c)) |Dg| does not necessarily imply (D4, f(t, ¢)> <0.
Therefore these stability theorems do not apply to such neutral equations
as (1.2) in which the ordinary part does not dominate the functional part.

To conclude this paper, we state two asymptotic stability theorems of
Liapunov-Razumikhin type. The basic idea for the proof is contained in
Haddock and Wu [4] and Wu [7].

THEOREM 3.3. Suppose f(t,0)=0, the D-operator is irreducible (strongly
irreducible), and, for each pair (u,v) with 0<u<v<oo, one can find
positive constants ¢ = &(u, v) and w=w(u, v) such that

<D¢’ f(t’ ¢)> < —¢

whenever (t,9)e Rx C, u<|D(t,9)| <v, and |¢|| < p|D(9)| + w (or
¢l < P |D(g)| +w). Then the zero solution is uniformly asymptotically
stable.

As a simple consequence of this theorem, we get the following result
which is a generalization of Liapunov-Razumikhin type asymptotic
stability to neutral equations and a reformulation of Lopes’ theorem [6].
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THEOREM 34. Let f(1,0)=0, the D-operator be irreducible (or strong
irreducible). Suppose that there exists a function F: [0, o) — [0, o0) such
that F(s)>s for all s>0, and that

(D¢, (1, ¢)) < —w(|D($)])

whenever ||¢|| < F(p |D(¢)|) (or |¢|| < F(P| D(¢)|), where w is an increasing
continuous function on [0, c0) with w(0)=0. Then the zero solution is
uniformly asymptotically stable.

Applying Theorem 3.3 to Eq. (3.2), we get the following sufficient condi-
tion to guarantee uniform asymptotic stability:

. xX—cC
mf{(x—cy) gt x, y); u<|x —cy| <v, max{|x|, |y|}<|1—y|}>0
—C

for any v2u>0.
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